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The complete description of quark and antiquark spin polarization effects in high energy spin-polarized
electron positron annihilation is to first order inas contained in nine hadron tensors. The hadron tensors are
interrelated in such a way that only four of these tensors have to be calculated; the other five are obtained by
simple transformations. The general basic cross section for description of longitudinal and transverse quark and
antiquark polarization and polarization correlations is obtained. We find that the quark longitudinal polarization

and longitudinal polarization correlations are in general considerable both forq q̄ andq q̄g final states, and that
the effect of a negative longitudinal electron beam polarization, which adds to the natural polarization, en-
hances the quark polarization effects. Transverse quark polarizations are in general small for relativistic quarks,
being proportional tomf /E. As for longitudinal polarization enhancement may be obtained by the use of
longitudinal electron beam polarization. General analytic formulas for longitudinal and transverse quark po-
larization effects are given, including initial electron beam polarization. Specific analytic and numerical results
for bottom and top quarks are presented.@S0556-2821~97!01213-7#

PACS number~s!: 13.65.1i, 13.87.2a, 13.88.1e

I. INTRODUCTION

Spin polarization effects in high energy quark-antiquark-
gluon production in electron positron annihilation seem to
gain interest in current experiments. On the one hand, it is
now possible to obtain substantial electron linear polarization
at the SLAC Linear Collider@1# which improves measure-
ments of cross sections and asymmetries. On the other hand,
it is to be expected that observations of final state quark,
antiquark, and gluon polarizations may improve our under-
standing of the physical production process itself, as well as
the mechanism of jet production.

Previously, the gluon linear and circular polarization have
been calculated for polarized electrons and positrons in the
quark mass zero approximation@2#, where it was shown that
gluon bremsstrahlung has a remarkably high degree of linear
polarization. The degree of polarization is strongly influ-
enced by beam polarizations effects. It has been suggested
@3# that measurements of gluon polarization effects through
gluon jet oblateness could constitute sensitive tests on mod-
els of jet production.

The quark-antiquark polarization-independent cross sec-
tion including quark mass effects has been studied by several
groups@4,5# for unpolarized beam particles and@6# for po-
larized electrons and/or positrons, and final correct results for
cross sections and asymmetries have been established.

Longitudinal polarization of quarks produced by unpolar-
ized electrons and positrons obtained from the cosu-even
part of the cross section has been given by Ko¨rneret al. @7#
and by Grooteet al. @8# who in particular discuss bottom and
top quarks. In a different, recent paper@9# the corresponding
transverse quark polarization is discussed. Recently, Groote
et al. @10# have given results for the cosu-odd parts of the

cross section related to the longitudinal quark polarization. In
this work they discuss electron and positron polarizations.

The possibility of detection of polarization properties of
the heavy quarks,c,b, andt have been studied recently@11#.
In particular, it has been shown that as a result of the rapid
top quark decayt→bW, its polarization is little affected by
hadronization. It is predicted that the polarization of the top
quark is to a high degree transported to theW boson whose
polarization can be studied from observations of itsW→ ln
decay mode. Through this mechanism it might be possible to
study the spin structure of the electroweak interaction of the
top quark. Such knowledge is not obtainable from charm or
beauty quarks since the strong hadronization effects effec-
tively might depolarize the produced polarized quarks.

In the present paper we give a complete calculation of
q q̄ andq q̄g final state quark-antiquark polarization effects.
The calculation is presented in such a way that the structure
of the polarization-dependent hadronic tensors, which is ba-
sically complicated, is made apparent and may be checked in
several ways throughout the calculation. It is shown in Secs.
II and III how the different hadron tensors are related, and
that the nine hadronic tensors are obtained by simple trans-
formations from four tensors which need to be calculated.
The general basic formula for the complete fermion
polarization-dependent cross section is given in Sec. IV. This
includes electron and positron transverse and longitudinal
beam polarization effects and final state quark and antiquark
longitudinal and transverse polarizations effects.

In Sec. V we obtain the cross section for longitudinally
polarized quarks and antiquarks. The cross section contains
quark and antiquark longitudinal polarizations and polariza-
tion correlations. We have restricted our calculation to lon-
gitudinally polarized electron and positron beams, since
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these are more interesting experimentally. The case of trans-
verse polarized beams my be obtained from the formulas in
Sec. IV when necessary. The explicit formulas for final state
q q̄ andq q̄g quark-antiquark polarization effects are given
in Sec. VI. We also give theq q̄ cross section at theZ0
resonance to show how theZ0 polarization for a longitudi-
nally polarized electron beam couples to the quark and anti-
quark polarizations and polarization correlations. Forq q̄g
final states we define polarization-dependent form factors
which are defined similarly to the form factors used in pre-
vious papers@6#. The longitudinal quark polarizationPi and
polarization correlationCi are defined in Sec. VII. Specific
formulas forPi andCi are given forq q̄ andq q̄g final states
and numerical results are obtained forb andt quarks. In Sec.
VIII transverse polarization of quarks is discussed and results
for q q̄ andq q̄g final states are given. In particular, we show
that beam polarization may affect the magnitude of the trans-
verse quark polarization considerably. Specifically, we show
that a longitudinal polarization of the electron beam may
under certain circumstances be transferred to a transverse
polarization of the final state quark. Specific formulas are
given and numerical results are obtained.

II. THE QUARK AND ANTIQUARK POLARIZATIONS

The cross section for flavorf , differential in angles and
scaled quark and antiquark energiesx and x̄ , respectively, is
given by @12#

d5s f
q q̄g

dVdxdxd x̄
5

a2

~2p!2
as

s
$Lgg

mnHggmn
f 12Ref ~s!LgZ

mnHgZmn
f

1u f ~s!u2LZZ
mnHZZmn

f %, ~2.1!

wherex is the azimuthal angle of the electron momentum
p2 in the coordinate system with thez axis along the quark
momentumq. Lgg

mn ,LgZ
mn , and LZZ

mn are the lepton (e1 ,e2)
tensors andHggmn

f ,HgZmn
f , and HZZmn

f the corresponding
hadron tensors for photon interaction, interference of photon
andZ0 interaction, andZ0 interaction, respectively. We in-
clude the effects of electron and positron longitudinal and
transverse polarization. The lepton tensors are given by

Lgg
mn5JL1

mn1jL2
mn1L3

mn ,

LgZ
mn52~vJ2aj!L1

mn2~vj2aJ!L2
mn1vL3

mn1aL4
mn ,
~2.2!

LZZ
mn5@~v21a2!J22vaj#L1

mn1@~v21a2!j22vaJ#L2
mn

2~v22a2!L3
mn ,

which include longitudinal polarizationP6
i , effects

J512P1
i P2

i andj5P2
i 2P1

i . Transverse polarization ef-
fects are contained inL3

mn andL4
mn . The lepton tensors are

@12#

L1
mn54~p1

m p2
n 1p2

m p1
n 2gmnp1p2!,

L2
mn524i«ab

mnp1
a p2

b ,
~2.3!

L3
mn54~p1p2!~P1

'mP2
'n1P2

'mP1
'n!1~P1

'P2
' !L1

mn ,

L4
mn54i«abgd@P1

'ap1
b ggm~P2

'dp2
n 2P2

'np2
d !

2~p1 ,P1
' ⇔p2 ,P2

' !#.

The hadronic tensors are

Hggmn
f 5 (

colors,S, S̄,e

Hmg
f H̄ng

f 5~2s!21Qf
2HVmn

f ,

HgZmn
f 5( Hmg

f H̄nZ
f 5~2s!21Qf@v fHVmn

f 2afHAmn
f #,

~2.4!

HZZmn
f 5( HmZ

f H̄nZ
f 5~2s!21@~v f

21af
2!HVmn

f 22afv fHAmn
f

12af
2mf

2HVmn
Z f #.

In order to simplify the presentation we define the term

H̃Vmn
f 5HVmn

f 1HVmn
Z f . ~2.5!

We extend the hadron tensors to include quark and antiquark
polarizations

HVmn
f 5HVmn

0,f 1HVmn
S, f 1HVmn

S̄, f 1HVmn
S S̄, f , ~2.6!

and similarly forHAmn
f andHVmn

Z f . The hadron tensors are
obtained in Appendix A:

H̃Vmn
0,f 52 1

4 Trq”Mmaq”̄ M̄ n
a ,

H̃Vmn
S, f 52

mf

4
Trg5S”Mmaq”̄ M̄ n

a ,

H̃Vmn
S S̄, f5

mf
2

4
TrS”MmaS”̄ M̄ n

a ,

HAmn
0,f 52 1

4 Trg5q”Mmaq”̄ M̄ n
a ,

HAmn
S, f 52

mf

4
TrS”Mmaq”̄ M̄ n

a ,

HAmn
S S̄, f5

mf
2

4
Trg5S”MmaS”̄ M̄ n

a , ~2.7!

mf
2HVmn

0,Z f 52
mf
2

4
TrMmaM̄ n

a ,

mf
2HVmn

S,Z f52
mf

4
Trg5S”q”MmaM̄ n

a ,

mf
2HVmn

S S̄,Z f52 1
4 TrS”q”MmaS”̄ q”̄ M̄ n

a ,
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and the correspondingH̃Vmn
S̄, f ,HAmn

S̄, f , and HVmn
S̄,Z f tensors are

obtained by the transformation (q↔ q̄ ,S↔ S̄,m↔n,
mf→2mf). Here Sm and S̄m are the polarization four-
vectors for the quark and antiquark, respectively, and the
reduced matrix elementMma is given by

Mma5Wagm1
1

2qg
gag”gm2

1

2 q̄g
gmg”ga , ~2.8!

as explained in Appendix A. The quantity

Wa5
qa

qg
2

q̄a

q̄g
, ~2.9!

is convenient for simplification of the calculations and for
the presentation of the results. It satisfiesW•g50, thereby
demonstrating explicitly the gauge invariance of the matrix
element, Eq.~2.8!, Mmag

a50.
The quark polarization four-vectorS5(S0 ,S) is given in

terms of the polarization of the quark in its rest systemz by

S05z i uqu
mf

,

S5z'1z iq̂
Ef

mf
. ~2.10!

Here z' is the transverse andz i5z•q̂ is the longitudinal
polarization, Fig. 1. The covariant polarization satisfies

q•S50, S252z2521, ~2.11!

for the unit polarization vectorz.

III. THE HADRON TENSORS

The structure of the hadron tensors, Eq.~2.7!, is such that
only four trace calculations are necessary. The other hadron
tensors are obtained by transformations indicated below. We

choose the four tensorsH̃Vmn
S S̄, f ,HAmn

S S̄, f ,HVmn
S,Z f , and HVmn

S S̄,Z f,
which are explicitly given below.

The hadron tensors are

H̃Vmn
0,f 52

1

mf
2H̃Vmn

S S̄, f~S, S̄→q, q̄ !, ~3.1!

H̃Vmn
S, f 52

1

mf
HAmn
S S̄, f~ S̄→ q̄ !, ~3.2!

H̃Vmn
S S̄, f5mf

2FW2Sa S̄b1
1

qg
~SWga2SgWa! S̄b

2
1

q̄g
~ S̄Wga2 S̄gWa!Sb2

1

~qg!2
Sgga S̄b

2
1

~ q̄g!2
S̄ggaSbG tambn , ~3.3!

with

tambn5gamgbn1gangbm2gabgmn , ~3.4!

HAmn
0,f 52

1

mf
2HAmn

S S̄, f~S, S̄→q, q̄ !, ~3.5!

HAmn
S, f 52

1

mf
H̃Vmn
S S̄, f~ S̄→ q̄ !, ~3.6!

HAmn
S S̄, f5 imf

2FW2Sa S̄b1
1

qg
~SWga2SgWa! S̄b

1
1

q̄g
~ S̄Wga2 S̄gWa!Sb2

1

~qg!2
Sgga S̄b

1
1

~ q̄g!2
S̄ggaSbG«ambn . ~3.7!

Note that except for the change of sign on the third and fifth
term and the replacement oftambn by the antisymmetric ten-
sor i«ambn , Eqs.~3.3! and ~3.7! are identical:

HVmn
0,Z f 5

1

mf
2HVmn

S S̄,Z f~S, S̄→q, q̄ !52W2gmn1
2gmgn

~qg!~ q̄g!
,

~3.8!

mf
2HVmn

S,Z f5 imfFW2Saqb2
1

qg
~SWqa2qWSa!gb

1
1

qg
~Sgqa2qgSa!SWb2

gb

q̄g
D G«ambn .

~3.9!

FIG. 1. Production ofq q̄g final states~andq q̄ final states for

g50). The production (q-q̄-g) plane is in thex-z plane, and the
electron momentump2 and linear polarizationPel are described by
the polar angleu and the azimuth anglex. The unit longitudinal
quark polarization vectorzi and transverse polarization vectorz'

give the directions of the respective quark polarizations.
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The hadron tensorHVmn
S S̄,Z f is very complicated when written out in full. By the use of Eq.~B3! in Appendix B we can write it

in the form

mf
2HVmn

S S̄,Z f52F12W2Saqb1
1

qg
$~qWgb2qgWb!Sa1~SWga2SgWa!qb%G S̄g q̄ d~«abm««gdn

« 1tabm«tgdn
« !

1
1

~qg!~ q̄g!
@gmq

gSdgs2gm
g ~qgSd2Sgqd!gs# S̄a q̄b~«abn««sgd

« 1tabn«tsgd
« !1~q,S⇔ q̄ , S̄!. ~3.10!

The H̃Vmn
S̄, f ,HAmn

S̄, f , and HVmn
S̄,Z f tensors are obtained from correspondingS-dependent tensors by the transformation

(q↔ q̄ ,S↔ S̄,m↔n,mf→2mf). For completeness we give in Appendix A the hadron tensors in terms ofWa written out in
full. The calculations are checked by comparison with previously obtained results@12#:

HVmn
0,f 5

1

~qg!~ q̄g!
F SQq2mf

2Qg

q̄g
D qaQbtambn2SQ222mf

2Qg

q̄g
D qmqn1mf

2@~Qg!gmn2gmgn#1~q⇔ q̄ !G ,
HAmn
0,f 5

2 i

~qg!~ q̄g!
«mnabF SQq2mf

2Qg

q̄g
D qaQb2~q⇔ q̄ !G , ~3.11!

HVmn
0,Z f 5

1

~qg!~ q̄g!
F S q q̄2mf

2 qg

q̄g
D gmn1gmgn1~q⇔ q̄ !G .

In this way the calculations ofHVmn
S S̄, f ,HAmn

S S̄, f ,HVmn
S, f , andHAmn

S, f are checked by comparison with Eq.~3.11!, by the use of the

transformations indicated. Note also that the rather complicated tensorHVmn
S S̄,Z f equalsmf

2HVmn
0,Z f for S5q and S̄5 q̄ , which is a

test on this calculation.
Expressed in terms of the momenta and polarizations theS- and S̄-dependent tensors are

H̃Vmn
S, f 5

imf

~qg!~ q̄g!
FSaH SQq2mf

2Qg

q̄g
D ~Q2q!b1S q q̄2mf

2 q̄g

qg
D q̄b2 q̄gqbJ 1S q̄ga q̄b1Sg

q̄g

qg
Qa q̄bG«ambn ,

~3.12!

H̃Vmn
S S̄, f52

mf
2

~qg!~ q̄g!
F S q q̄2mf

2 qg

q̄g
D $S, S̄%mn1S S q̄2Sq

q̄g

qg
D $ S̄,g%mn1

Sg

qg
~ q̄g$ S̄,Q%mn2Qg$ S̄, q̄%mn!1~q,S⇔ q̄ , S̄!G ,

~3.13!

where$a,b%mn5aabbtambn5ambn1anbm2abgmn ,

HAmn
S, f 5

mf

~qg!~ q̄g!
F SQq2mf

2Qg

q̄g
1Q q̄2mf

2Qg

qg D $S, q̄%mn1SQ2

2
2mf

2Qg

q̄g
D $S,g%mn1

Sg

qg
~ q̄g$Q, q̄%mn2Qg$ q̄ , q̄%mn!

1S q̄$ q̄ ,g%mn2 q̄g$S,Q%mnG , ~3.14!

HAmn
S S̄, f52

imf
2

~qg!~ q̄g!
F H S q q̄2mf

2 qg

q̄g
DSa1S q̄ga1

Sg

qg
~ q̄gQa2Qg q̄a!J S̄b«ambn2~q,S⇔ q̄ , S̄!G , ~3.15!

mf
2HVmn

S,Z f52
imf

~qg!~ q̄g!
Fqa~SgQb2S q̄gb!1SaH S q q̄2mf

2 q̄g

qg
D ~Q2 q̄ !b1S q q̄2mf

2 qg

q̄g
D qb2qgQb1QgqbJ G«ambn ,

~3.16!
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mf
2HVmn

S S̄,Z f52H F2
q q̄

~qg!~ q̄g!
1
1

2S mf
2

~qg!2
1

mf
2

~ q̄g!2
D GSaqb1

1

qgF S 2
q q̄

q̄g
1
mf
2

qgD gb2S qb2
qg

q̄g
q̄bD GSa

1F S Sqqg2
S q̄

q̄g
D ga2SgS qa

qg
2

q̄a

q̄g
D GqbJ S̄g q̄ d~«abme«gdn

e 1tabmetgdn
e !

1
1

~qg!~ q̄g!
@gmq

gSdgs2gm
g ~qgSd2Sqqd!gs# S̄a q̄b~«abne«sgd

e 1tabnetsgd
e !1~q,S⇔ q̄ , S̄!. ~3.17!

IV. THE POLARIZATION-DEPENDENT CROSS SECTION

The cross section for arbitrary~longitudinal and transversal! quark polarization and quark-antiquark polarization correla-
tions may be written down using Eq.~2.1! with the hadron tensors Eqs.~3.12!–~3.17! and the lepton tensors Eqs.~2.2! and
~2.3!, where longitudinal as well as transverse electron and positron polarizations are included. In this way a complete
description of all fermion polarizations effects to first order in the strong coupling constantas may be obtained.

The complete polarization-dependent cross section, Eq.~2.1!, may be written in the form

d5s f
q q̄g

dVdxdxd x̄
5
1

4

a2

~2p!2
as

2s
@hf

~1!~s,j,J!L1
mn~HVmn

0,f 1HVmn
S S̄, f !1hf

~2!~s,j,J!L2
mn~HAmn

0,f 1HAmn
S S̄, f !1m̄f

2hf
~5!

3~s,j,J!L1
mn~HVmn

0,Z f 1HVmn
S S̄,Z f!1hf

~7!~s,j,J!L2
mn~HVmn

S, f 1HVmn
S̄, f !1hf

~8!~s,j,J!L1
mn~HVmn

S, f 1HVmn
S̄, f !

1m̄f
2hf

~9!~s,j,J!L2
mn~HVmn

S, f 1HVmn
S̄, f !1hf

~3!~s,j,J!L3
mn~HVmn

0,f 1HVmn
S S̄, f !1hf

~4!~s,j,J!L4
mn~HVmn

0,f 1HVmn
S S̄, f !

1hf
~6!~s,j,J!L3

mn~HVmn
0,Z f 1HVmn

S S̄,Z f!1hf
~10!~s,j,J!L3

mn~HAmn
S, f 1HAmn

S̄, f !1hf
~11!~s,j,J!L4

mn~HAmn
S, f 1HAmn

S̄, f !#,

~4.1!

where we have added a factor 1/4 to account for the specifi-
cation of quark and antiquark polarization states. In Eq.~4.1!
the coupling functions for longitudinally polarized electron
and positron beam particleshf

( i )(s,j,J) are given below in
Eqs.~5.6! and ~5.7! while the coupling functionsh( i )(s) re-
lated to transversal beam polarization are given by@6,13#

hf
~3!5Qf

222QfRef ~s!vv f1u f ~s!u2~v22a2!~v f
21af

2!,

hf
~4!522Qf Imf ~s!av f , ~4.2!

hf
~6!52u f ~s!u2~v22a2!af

2 ,

and the new functions

hf
~10!522QfRef ~s!vaf22u f ~s!u2~v22a2!v faf ,

hf
~11!522QfRef ~s!av f . ~4.3!

The contribution of the cross section equation~4.1! is facili-
tated by the observation thatL1

mn ,L3
mn , andL4

mn are even in
mn while L2

mn is odd. Correspondingly, the hadron tensors

HVmn
0,f , HVmn

S S̄, f , HAmn
S, f , and HAmn

S̄, f are even inmn while

HAmn
0,f , HAmn

S S̄, f , HVmn
S, f , andHVmn

S̄, f are odd.

V. THE CROSS SECTION FOR LONGITUDINALLY
POLARIZED QUARKS AND ANTIQUARKS

In this section we shall discuss longitudinally polarized
quarks and antiquarks. We shall restrict ourselves to longitu-
dinally polarized beam electrons and positrons, since these
are more interesting experimentally. The case of transverse
lepton polarization may be included from Eq.~4.1! in the
present formulation when needed.

Leaving out L3
mn and L4

mn terms, describing transverse
beam polarization, we write the cross section equation~4.1!
in the convenient form@12#

d5s f
q q̄g

dVdxdxd x̄
5
1

4

a2

~2p!2
as

s

1

~12x!~12 x̄ !
@hf

~1!~s,j,J!~X01X0
S S̄!1hf

~2!~s,j,J!~Y01Y0
S S̄!1hf

~5!~s,j,J!~Z01Z0
S S̄!

1hf
~7!~s,j,J!~X0

S1X0
S̄!1hf

~8!~s,j,J!~Y0
S1Y0

S̄!1hf
~9!~s,j,J!~Z0

S1Z0
S̄!#, ~5.1!
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where

X01X0
S S̄5~HV

0,f1HV
SS̄, f !ab~p1

a p2
b 1p1

b p2
a !,

Y01Y0
S S̄5~HA

0,f1HA
SS̄, f !ab~p1

a p2
b 2p1

b p2
a !,

Z01Z0
S S̄5~HV

0,Z f1HV
SS̄,Z f!ab~p1

a p2
b 1p1

b p2
a !,

~5.2!

X0
S5~HV

S, f !abm̄f
2~p1

a p2
b 2p1

b p2
a !,

Y0
S5~HA

S, f !ab~p1
a p2

b 1p1
b p2

a !,

Z0
S5~HV

S,Z f!abm̄f
2~p1

a p2
b 2p1

b p2
a !,

with the definitions for (HV
0,f)ab , etc.,

4

s
~12x!~12 x̄ !HVmn

0,f 5~HV
0,f !abtambn ,

4

s
~12x!~12 x̄ !HVmn

S, f 5~HV
S, f !abi«ambn ,

~5.3!

4

s
~12x!~12 x̄ !HAmn

0,f 5~HA
0,f !abi«ambn ,

4

s
~12x!~12 x̄ !HAmn

S, f 5~HA
S, f !abtambn

for the symmetric and antisymmetric tensors, and

Lgg
mn5JL1

mn1jL2
mn ,

LgZ
mn52~vJ2aj!L1

mn2~vj2aJ!L2
mn , ~5.4!

LZZ
mn5@~v21a2!J22vaj#L1

mn1@~v21a2!j22vaJ#L2
mn ,

with J512P1
i P2

i and j5P2
i 2P1

i , and L1
mn and L2

mn

given in Eq.~2.3!. We have further used the multiplication
rules @14#

tmanbt
mgnd52~ga

ggb
d 1ga

dgb
g !,

«manb«mgnd522~ga
ggb

d 2ga
dgb

g !. ~5.5!

The coupling functionshf
(1) ,hf

(2) , andhf
(5) are given previ-

ously @12#

hf
~1!~s,j,J!5Qf

2J22QfRef ~s!~vJ2aj!v f

1u f ~s!u2@~v21a2!J22vaj#~v f
21af

2!,

hf
~2!~s,j,J!52QfRef ~s!~vj2aJ!af

22u f ~s!u2@~v21a2!j22vaJ#v faf ,

~5.6!

hf
~5!~s,j,J!52u f ~s!u2@~v21a2!J22vaj#af

2 ,

with

f ~s!5
1

4sin22uW

s

s2MZ
21 iM ZGZ

tot .

The new coupling functions related to the single polariza-
tionsS or S̄ are

hf
~7!~s,j,J!5Qf

2j22QfRef ~s!~vj2aJ!v f

1u f ~s!u2@~v21a2!j22vaJ#~v f
21af

2!,

hf
~8!~s,j,J!52QfRef ~s!~vJ2aj!af

22u f ~s!u2@~v21a2!J22vaj#v faf ,

~5.7!

hf
~9!~s,j,J!52u f ~s!u2@~v21a2!j22vaJ#af

2 .

Note thathf
(7)(j,J)5hf

(1)(J,j),hf
(8)(j,J)5hf

(2)(J,j), and
hf
(9)(j,J)5hf

(5)(J,j), which reflect the transformation
properties ofHVmn

0,f to HVmn
S, f , HAmn

0,f to HAmn
S, f , andHVmn

0,Z f to
HVmn
S,Z f . It should be noted that the coupling functions are the

same for interactions with no polarization dependence~e.g.,

HV
0,f) as for interactions withS, S̄ dependence~e.g.,HV

SS̄, f).
TheX0 ,Y0, andZ0 functions are given previously@12#:

X05S 12
m̄f
2

2

xg
12x

D @x2~11bx
2cos2u!1m̄f

2#1
m̄f
2

16
@xg

2~11cos2ug!28xg#1~x⇔ x̄ ,u⇔ ū !,

Y052H S x2
m̄f
2

2

xg
12x

D xbxcosu2~x⇔ x̄ ,u⇔ ū !J , ~5.8!

Z052
m̄f
2

4 H 4S 12
m̄f
2

2

xg
12x

D 2xg
2~12cos2ug!24xg1~x⇔ x̄ !J .

The polarization functions are
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X̃0
S5z iH x x̄S 12xg2

m̄f
2

2

xg

12 x̄
D ~cosu2bxb x̄cosū !1F S x2

m̄f
2

2

xg
12x

D ~2x2m̄f
2!2m̄f

2~12x!Gcosu
22S x2

m̄f
2

2

xg

12 x̄
D x̄ ~12x!

xbx
b x̄cosū 2

x̄

bx
S 12xg2

m̄f
2

2

x1 x̄

x
D @xbxcosu1~22x!b x̄cosū #J , ~5.9!

Y0
S5z iH x x̄S x1 x̄2

m̄f
2

2

xg
2

~12x!~12 x̄ !
D ~bx2b x̄cosū cosu!22~12x!xbx1xS 12

m̄f
2

2

xg
12x

D
3@xgbx1cosu~xbxcosu1 x̄b x̄cosū !#1

x̄

bx
S 12xg2

m̄f
2

2

x1 x̄

x
D @xg1b x̄cosū ~xbxcosu1 x̄b x̄cosū !#

1
2 x̄

xbx
S x2

m̄f
2

2

xg

12 x̄
D F12x2

x̄ xg
2

~12b x̄
2cos2 ū !G J , ~5.10!

Z0
S52m̄f

2z iH F12xg1
x

2
~22 x̄ !S x1 x̄

x
2

xg

12 x̄
D 2

m̄f
2

2

xg
12xGcosu1F2

12xg
x2

1
1

2S x1 x̄

x
2

xg

12 x̄
bx
2D Gx x̄bx

b x̄cosū J ,
~5.11!

while the polarization correlation functions are given by

X̃0
S S̄5z i z̄ i x̄ H xS 12xg2

m̄f
2

2

xg
12x

D ~cosucosū 2bxb x̄ !2
1

bx
S 12xg2

m̄f
2

2

x1 x̄

x
D @xgb x̄1cosū ~xbxcosu1 x̄b x̄cosū !#

2
2b x̄

xbx
S x2

m̄f
2

2

xg

12 x̄
D S 12x2

x̄ xg
2
sin2 ū D J 1~x⇔ x̄ ,bx⇔b x̄ ,u⇔ ū !, ~5.12!

Y0
S S̄5z i z̄ iH x x̄S 12xg2

m̄f
2

2

xg
12x

D ~bxcosū 2b x̄cosu!1 x̄ S 12xg2
m̄f
2

2

x1 x̄

x
D @xgcosū 1b x̄~xbxcosu1 x̄b x̄cosū !#

1
2

xbx
S x2

m̄f
2

2

xg

12 x̄
D F x̄ ~12x!2

m̄f
2

2
xgGcosū J 2~x⇔ x̄ ,bx⇔b x̄ ,u⇔ ū !, ~5.13!

Z0
S S̄5m̄f

2z i z̄ iH F2S 12xg2
m̄f
2

2

xg
12x

D cosu1
xg

2~12 x̄ !
xbx x̄b x̄~cosū 2cosqcosu!2

1

2
@xbx1 x̄b x̄cosq#

3~xbxcosu1 x̄b x̄cosū !Gcosū 1
1

4
@xg

21~xbxcosu1 x̄b x̄cosū !2#cosqJ 1~x⇔ x̄ ,bx⇔b x̄ ,u⇔ ū !. ~5.14!

Here cosq is given by

x2bx
2 x̄ 2b x̄

2sin2q54~12x!~12 x̄ !~12xg!2m̄f
2xg

2 ,

xbx x̄b x̄cosq5x x̄12~12x2 x̄ !1m̄f
2 . ~5.15!

VI. QUARK-ANTIQUARK LINEAR POLARIZATION EFFECTS IN qq̄ AND qq̄g FINAL STATES

It is of considerable use for the understanding of the polarization effects to write down the cross section fore1e2→q q̄ for
longitudinally polarized electrons, positrons, and quarks and antiquarks. From the same procedure as above, replacingMma by
gm , one readily finds
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d2s f
q q̄

dV
5

3

16

a2

s
bH hf~1!~s,j,J!@~12z i z̄ i!~11cos2u!1m̄f

2~11z i z̄ i!sin2u#12hf
~2!~s,j,J!~12z i z̄ i!bcosu2

m̄f
2

2
hf

~5!

3~s,j,J!@~12z i z̄ i!~11cos2u!1~11z i z̄ i!sin2u#12hf
~7!~s,j,J!~z i2 z̄ i!cosu

31hf
~8!~s,j,J!b~z i2 z̄ i!~11cos2u!2hf

~9!~s,j,J!m̄f
2~z i2 z̄ i!cosuJ , ~6.1!

with b5A12m̄f
2 and where the lepton longitudinal polarizations are contained in the coupling functionsh( i )(s,j,J), Eqs.

~5.6! and ~5.7!.
It may be instructive to write down theq q̄-cross section at theZ0 resonance, which shows more clearly the correlations of

electron and quark-antiquark polarizations:

d2s f
q q̄~2E5MZ!

dV
5
3

16S a

4sin22uW
D 2 1G2 ~v21a222vaP2!b$~v f

21af
2!@~12z i z̄ i!~11cos2u!1m̄f

2~11z i z̄ i!sin2u#

24PZ0
v faf~12z i z̄ i!bcosu2m̄f

2af
2@~12z i z̄ i!~11cos2u!1~11z i z̄ i!sin2u#

12PZ0
~v f

21af
2!~z i2 z̄ i!cosu22v fafb~z i2 z̄ i!~11cos2u!22PZ0

m̄f
2af

2~z i2 z̄ i!cosu%. ~6.2!

We have here for simplicity and also because it is experimentally relevant, considered polarized electrons only, with polar-
izationP2 , while P150. The polarization of the created and decayingZ0 boson is@12#

PZ0
5

22va1~v21a2!P2

v21a222vaP2
. ~6.3!

The cross section fore1e2→q q̄g is obtained from Eq.~5.1!, written out in the notation of Ref.@12# with Fi(x, x̄ ) the
polarization-independent form factors,Fiz(x, x̄ ) and Fiz̄ (x, x̄ ) the polarization-dependent form factors, andFiz z̄ (x, x̄ ) the
polarization correlation form factors. Integration overx gives

d4s f
q q̄g

dVdxd x̄
5

a2

8p

as

s

1

~12x!~12 x̄ !
H hf~1!~s,j,J!@F1~x, x̄ !~11cos2u!1F4~x, x̄ !#1

m̄f
2

2
hf

~1!2~s,j,J!@F2~x, x̄ !cos2u

1 1
2F5~x, x̄ !#12hf

~2!~s,j,J!F3~x, x̄ !cosu12hf
~7!~s,j,J!@z iF1z~x, x̄ !2 z̄ iF1z̄ ~x, x̄ !#cosu1hf

~8!~s,j,J!

3@z i$F2z~x, x̄ !~11cos2u!1F5z~x, x̄ !sin2u%2 z̄ i$F2z̄ ~x, x̄ !~11cos2u!1F5z̄ ~x, x̄ !sin2u%#1hf
~9!

3~s,j,J!
m̄f
2

2
@z iF3z~x, x̄ !2 z̄ iF3z̄ ~x, x̄ !#cosu2z i z̄ iS hf~1!~s,j,J!@F1z z̄ ~x, x̄ !~11cos2u!1F4z z̄ ~x, x̄ !#

2
m̄f
2

2
hf

~1!2~s,j,J!@F2z z̄ ~x, x̄ !cos2u1F5z z̄ ~x, x̄ !#12hf
~2!~s,j,J!F3z z̄ ~x, x̄ !cosu D J , ~6.4!

wherehf
(1)25hf

(1)2hf
(5) andhf

( i )5hf
( i )(s,j,J).

The form factors are given by the polarization-independent functions@12#

F1~x, x̄ !5S 12
m̄f
2

2

xg
12x

D x2bx
21S 12

m̄f
2

2

xg

12 x̄
D x̄ 2b x̄

2
~12 3

2 sin
2q!,

F2~x, x̄ !5xg
22 3

2 x̄
2b x̄

2sin2q,

F3~x, x̄ !5S x2
m̄f
2

2

xg
12x

D xbx2S x̄2
m̄f
2

2

xg

12 x̄
D x̄b x̄cosq, ~6.5!
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F4~x, x̄ !52S 12
m̄f
2

2

xg

12 x̄
D x̄ 2b x̄

2sin2q1m̄f
2F2~12xg!1xg

2S 12
m̄f
2

2~12x!~12 x̄ !
D G ,

F5~x, x̄ !5 x̄ 2b x̄
2sin2q22~xg

214xg24!22m̄f
2

xg
2

~12x!~12 x̄ !
,

and the functions related to polarizations are

F1z~x, x̄ !5xS x2 x̄
x̄b x̄

xbx
cosq2

m̄f
2

2

xg
2

~12x!~12 x̄ !
D 1

m̄f
2

2 H 2~12xg!1S x1 x̄1
12x

12 x̄
xgD x̄b x̄

xbx
cosqJ , ~6.6!

F2z~x, x̄ !5x2bxS 12
m̄f
2

2x

xg
12x

D 1
x̄ 2

bx
2

m̄f
2

2xbx
x̄ S x1 x̄1xg

12x

12 x̄
D 2

xg
2bx

S 12
m̄f
2

2x

xg

12 x̄
D ~ x̄ 2b x̄

2sin2q1m̄f
2!

2
x x̄

4
~bx2b x̄cosq!S x̄ 2b x̄

2sin2q1m̄f
2 xg

12 x̄
D , ~6.7!

F3z~x, x̄ !5 x̄ 2b x̄
2sin2q24~12xg!1

m̄f
2xg

2

~12x!~12 x̄ !
, ~6.8!

F5z~x, x̄ !5
x̄ 2

bx
2

m̄f
2

2xbx
x̄ S x1 x̄1xg

12x

12 x̄
D 2

xg
2bx

S 12
m̄f
2

2x

xg

12 x̄
D ~2 x̄ 2b x̄

2cos2q1m̄f
2!

2
x x̄

4
~bx2b x̄cosq!S 2 x̄ 2b x̄

2cos2q1m̄f
2 xg

12 x̄
D 1

m̄f
2

2
xF S x̄x 112

xg

12 x̄
D x̄b x̄cosq2bxxgG . ~6.9!

TheFiz̄ (x, x̄ ) functions are obtained by interchanging quark and antiquark quantities. For the case that we can compare with
similar expressions in the works of Groothet al., we agree with Ref.@8# on our form factorF5z(x, x̄ ) and with Ref.@10# on

F1z(x, x̄ ) andF3z(x, x̄ ).
The polarization correlation functions are

F1z z̄ ~x, x̄ !5F2x x̄S 12xg2
m̄f
2

4

xg
2

~12x!~12 x̄ !
D cosq1

x̄b x̄

xbx
x̄ xgS x2

m̄f
2

2

xg

12 x̄
D 1

x̄

bx
S 12xg2

m̄f
2

2

x1 x̄

x
D

3~ x̄b x̄1xbxcosq!1~x⇔ x̄ ,bx⇔b x̄ !G2
3

2
sin2q

x̄ 2b x̄

bx
F12

m̄f
2

2 S 11
x̄

x
1

xg
2

x~12 x̄ !
D G , ~6.10!

F2z z̄ ~x, x̄ !5S ~22xg!
22m̄f

2
xg
2

~12x!~12 x̄ !
D cosq2xbx x̄b x̄S xg

12x
2
1

2

xg

12 x̄
1
3

2D sin2q, ~6.11!

F3z z̄ ~x, x̄ !52
x x̄

2 S 2~12xg!2
m̄f
2

2

xg
2

~12x!~12 x̄ !
D ~bxcosq2b x̄ !2

xg
2
S 12xg2

m̄f
2

2
D ~ x̄cosq2x!1

m̄f
2

4
xgS x̄ 2x cosq2

x2

x̄
D

2
1

2
~xbx1 x̄b x̄cosq!F S 12xg2

m̄f
2

2
D ~ x̄b x̄2xbx!2

m̄f
2

2 S x̄ 2x b x̄2
x2

x̄
bxD G2S x2

m̄f
2

2

xg

12 x̄
D S x̄2

m̄f
2

2

xg
12x

D
3S 12x

xbx
cosq2

12 x̄

x̄b x̄
D , ~6.12!
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F4z z̄ ~x, x̄ !5F x x̄S 12xg2
m̄f
2

4

xg
2

~12x!~12 x̄ !
D ~cosq1bxb x̄ !1

x̄

bx
S 12xg2

m̄f
2

2

x1 x̄

x
D ~xgb x̄2 x̄b x̄2xbxcosq!

22
x̄b x̄

xbx
~12 x̄ !~12xg!S x2

m̄f
2

2

xg

12 x̄
D 1~x⇔ x̄ ,bx⇔b x̄ !G12sin2q

x̄ 2b x̄

bx
F12

m̄f
2

2 S 11
x̄

x
1

xg
2

x~12 x̄ !
D G ,
~6.13!

F5z z̄ ~x, x̄ !52xg
2cosq2

1

2

12x

12 x̄
xbx x̄b x̄sin

2q. ~6.14!

We give in Figs. 2, 3, and 4 the form factors as functions ofx for x5 x̄ for bottom and top quarks.

FIG. 2. The form factorsFi(x, x̄ ) for the b
quark for x5 x̄ at theZ0 resonance, 2E591.2
GeV. The numbers attached to the curves refer to
1–5: F1 ,F2 ,F3 ,F4, and (1/4)F5; 6–9:
F1z ,F2z ,(1/4)F3z , and F5z ; 10–14:

F1z z̄ ,(1/4)F2z z̄ ,F3z z̄ ,F4z z̄ , andF5z z̄ , respectively.

FIG. 3. Same as Fig. 2 for the top quark for
the energy 2E5500 GeV.
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VII. LONGITUDINAL QUARK POLARIZATION AND
POLARIZATION CORRELATIONS

From the cross sections, Eqs.~6.1!, ~6.2!, and ~6.4!, we
obtain the longitudinal polarization of the emitted quark in
the final statesq q̄ or q q̄g,

Pi5
ds~z i51!2ds~z i521!

ds~z i51!1ds~z i521!
. ~7.1!

We define the longitudinal polarization correlation as a mea-
sure of how often quarks and antiquarks are emitted with the
same helicities,z i z̄ i511, compared to opposite helicities,
z i z̄ i521,

Ci5
ds~z i z̄ i51!2ds~z i z̄ i521!

ds~z i z̄ i51!1ds~z i z̄ i521!
. ~7.2!

Note that in the first case we sum over the states
z i5 z̄ i561 while in the second case the sum is taken over
the statesz i52 z̄ i561.

For the presentation of the results it is convenient to con-
sider polarization effects odd and even in cosu separately.
This separates the forward-backward antisymmetric cross
section from the symmetric cross section. We use the for-
ward and backward cross sectionssF andsB , respectively,
and define the forward-minus-backward polarization

Pi ,FB5
sF~z i51!2sF~z i521!2@sB~z i51!2sB~z i521!#

s~z i51!2s~z i521!
. ~7.3!

For the q q̄ final stateswe find from Eq.~6.1! the longitudinal quark polarization, when the antiquark polarization is not
recorded:

Pi
q q̄~u!5

@2hf
~7!~s!2hf

~9!~s!m̄f
2#cosu1hf

~8!~s!b~11cos2u!

hf
~1!~s!~11cos2u1m̄f

2sin2u!2hf
~5!~s!m̄f

212hf
~2!~s!bcosu

. ~7.4!

For the integrated cross section the polarization is

Pi
q q̄5

2hf
~8!~s!b

hf
~1!~s!~21m̄f

2!2
3

2
m̄f
2hf

~5!~s!

, ~7.5!

which becomes, for energies at theZ0 resonance, from Eq.
~6.2!,

Pi
q q̄~2E5MZ!52

2v fafb

v f
2S 11

m̄f
2

2
D 1af

2b2

, ~7.6!

which is independent of the beam polarization. All quarks
which may be produced at this energy, i.e., all except the top
quark, have sizable longitudinal polarizations,293% for
d,s, andb quarks and260% for u andc quarks at theZ0
resonance. We give in Figs. 5, 6, and 7 the angular distribu-
tion of the longitudinal polarization, Eq.~7.4!, for the b

FIG. 4. Same as Fig. 2 for the top quark for
the energy 2E51000 GeV.
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quark at theZ0 resonance and for the top quark at the ener-
giesE5250 GeV andE5500 GeV. We also include here
the effects of electron beam polarization.

The forward-minus-backward polarization defined in Eq.
~7.3! is

Pi ,FB
q q̄ 5

3

4

2hf
~7!~s!2hf

~9!~s!m̄f
2

hf
~1!~s!~21m̄f

2!2
3

2
m̄f
2hf

~5!~s!

, ~7.7!

which at theZ0 resonance becomes

Pi ,FB
q q̄ ~2E5MZ!5

3

4
PZ0

v f
21af

2b2

v f
2S 11

m̄f
2

2
D 1af

2b2

. ~7.8!

Here the polarization is proportional to theZ0 polarization
and, therefore, depends strongly on the beam polarizations.
For no beam polarization the forward-minus-backward po-
larizations of all quarksu,d,s,c, andb are moderate, while
for a beam polarization of' 60% the quark polarizations are

of the same order of magnitude asPi
q q̄, Eq. ~7.6!.

For the integrated cross section the longitudinal polariza-
tion correlation defined in Eq.~7.2! is

Ci
q q̄52

hf
~1!~s!~22m̄f

2!2 1
2 m̄f

2hf
~5!~s!

hf
~1!~s!~21m̄f

2!2 3
2 m̄f

2hf
~5!~s!

. ~7.9!

For the q q̄g final stateswe find from Eq.~6.4! the lon-
gitudinal quark polarization corresponding to Eq.~7.4! for
q q̄ states

FIG. 5. Longitudinal polarization of theb
quark at theZ0 resonance as a function of cosu

for q q̄g final states. Curves 1, 3, and 4 are for

x5 x̄51, 0.60, and 0.51, respectively, for an un-
polarized electron beam, while curves

1* ,2* ,3* , and 4* are for x5 x̄51, 0.75, 0.60,
and 0.51, respectively, for a longitudinally polar-
ized electron beam,Pel

i 520.63. The curves for

x5 x̄51 give at the same time the quark polar-

izations forq q̄ final states.

FIG. 6. Same as Fig. 5 for the top quark for
the energy 2E5500 GeV. Here the curves 1–4

correspond tox5 x̄51, 0.90, 0.80, and 0.76, re-
spectively, for no beam polarization, while the
curves marked with asterisks are for a beam po-
larization,Pel

i 520.63.
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Pi
q q̄g~u!5H F2hf~7!~s!F1z~x, x̄ !1hf

~9!~s!
m̄f
2

2
F3z~x, x̄ !Gcosu1hf

~8!~s!@F2z~x, x̄ !~11cos2u!1F5z~x, x̄ !sin2u#J H hf~1!~s!

3@F1~x, x̄ !~11cos2u!1F4~x, x̄ !#1
m̄f
2

2
hf

~1!2~s!@F2~x, x̄ !cos2u1 1
2F5~x, x̄ !#12hf

~2!~s!F3~x, x̄ !cosuJ 21

.

~7.10!

Note that the longitudinal polarization is sizable for large regions of anglesu, as shown in Fig. 5 forb quarks and Figs. 6 and
7 for top quarks, and that the electron beam polarization is to a substantial degree transferred to the quark. Our results have
overlapping features with results of Refs.@8# and@10# which representq q̄ final states including orderas radiative corrections,
initiated by unpolarized beams.

The polarization for theu-integrated cross section becomes

Pi
q q̄g~x, x̄ !5

hf
~8!~s!@2F2z~x, x̄ !1F5z~x, x̄ !#

hf
~1!~s!@2F1~x, x̄ !1 3

2F4~x, x̄ !#1
m̄f
2

4
hf

~1!2~s!@F2~x, x̄ !1 3
2F5~x, x̄ !#

. ~7.11!

We give in Fig. 8,Pi
q q̄g(x, x̄ ) for x5 x̄ , for b quark at the resonance and for top quark for energiesE5250 GeV and

FIG. 7. Same as Fig. 5 for the top quark for
the energy 2E51000 GeV. Here the curves 1–4

correspond tox5 x̄51, 0.85, 0.70, and 0.57, re-
spectively, for no beam polarization, while the
curves marked with asterisks are for a beam po-
larization,Pel

i 520.63.

FIG. 8. Longitudinal quark polarization for
the cross section integrated overu as a function

of x for x5 x̄ . Curve 1 is for theb quark at the
Z0 resonance irrespective of the polarization of
the electron-positron beams. Curves 2–4 are for
the top quark for the energy 2E5500 GeV.
Curves 2, 3, and 4 are for an unpolarized beam,
for Pel

i 520.63, and for Pel
i 521.00, respec-

tively. Curves 5–7 are for the top quark for the
energy 2E51000 GeV. Curves 5, 6, and 7 are for
an unpolarized beam, forPel

i 520.63, and for
Pel

i 521.00, respectively.
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E5500 GeV.
The forward-minus-backward polarization defined in Eq.~7.3! becomes forq q̄g final states

Pi ,FB
q q̄g ~x, x̄ !5

3

4

2hf
~7!~s!F1z~x, x̄ !1hf

~9!~s!
m̄f
2

2
F3z~x, x̄ !

hf
~1!~s!F2F1~x, x̄ !1

3

2
F4~x, x̄ !G1

m̄f
2

4
hf

~1!2~s!FF2~x, x̄ !1
3

2
F5~x, x̄ !G

. ~7.12!

Inspection of Eq.~5.2! for hf
(7)(s) andhf

(9)(s) shows that the polarization is proportional toPZ0
at theZ0 resonance as for the

case ofq q̄ final states.Pi ,FB
q q̄g (x, x̄ ) is given in Fig. 9 forb and top quarks. It should be noted that whilePi

q q̄g(x, x̄ ) is sizable

for unpolarized beams, the forward-minus-backward polarizationPi ,FB
q q̄g(x, x̄ ) is dependent on a high beam polarization to be of

any importance.
The linear polarization correlation forq q̄g final states for theu-integrated cross section is

Ci
q q̄g~x, x̄ !52

hf
~1!~s!F2F1z z̄ ~x, x̄ !1

3

2
F4z z̄ ~x, x̄ !G2

m̄f
2

4
hf

~1!2~s!FF2z z̄ ~x, x̄ !1
3

2
F5z z̄ ~x, x̄ !G

hf
~1!~s!F2F1~x, x̄ !1

3

2
F4~x, x̄ !G1

m̄f
2

4
hf

~1!2~s!FF2~x, x̄ !1
3

2
F5~x, x̄ !G

. ~7.13!

We giveCi
q q̄g(x, x̄ ) in Fig. 10 forb and top quarks.

FIG. 9. The forward-minus-backward polar-

ization as a function ofx for x5 x̄ . Curves 1–3
are for theb quark at theZ0 resonance. Curves 1,
2, and 3 are for an unpolarized electron-positron
beam, forPel

i 520.63, and forPel
i 521.00, re-

spectively. Curves 4–6 are for the top quark for
the energy 2E5500 GeV. Curves 4, 5, and 6 are
for an unpolarized beam, forPel

i 520.63, and for
Pel

i 521.00, respectively. Curves 7–9 are for the
top quark for the energy 2E51000 GeV. Curves
7, 8, and 9 are for an unpolarized beam, for
Pel

i 520.63, and forPel
i 521.00, respectively.

FIG. 10. The longitudinal polarization corre-

lation as a function ofx for x5 x̄ . Curve 1 is for
the b quark at theZ0 resonance irrespective of
the polarization of the electron-positron beams.
Curves 2 and 3 are for the top quark for the en-
ergy 2E5500 GeV, for unpolarized beams and
for Pel

i 521.00, respectively. Curves 4 and 5 are
the same as 2 and 3 for the energy 2E51000
GeV.

420 56HAAKON A. OLSEN AND JOHN B. STAV



VIII. TRANSVERSE QUARK POLARIZATION

We obtain in this section the cross sections for transverse
quark and antiquark polarization inq q̄ andq q̄g final states.
We do not discuss here the transverse polarization correla-
tions. We note that the transverse polarization terms in the
cross section are proportional to the reduced massm̄f and
are, therefore, small for light quarks in contrast with the lon-
gitudinal polarization-dependent terms discussed above. The
only exception is the transverse polarization correlation term

described byhf
(5)(s)Z0

S S̄ in Eq. ~5.1!. This can be seen most
easily from the relevant hadron tensors, Eqs.~3.12!, ~3.14!,

and ~3.16! for terms linear inS and Eq.~3.17! for S S̄ cor-
relation. From Eq.~2.10! the transverse quark polarization
four-vector is given by

S'5~0,z'!. ~8.1!

For the q q̄ production process only one scalar product
z'p̂252z'p̂1 containsz', therefore the~maximum! trans-
verse polarization liesin the production (p2-q) plane. The
polarization perpendicular to the production plane vanishes.
The cross section for quark polarization is easily obtained,
corresponding to Eq.~6.1!:

d2s f
q q̄

dV
5
3

16

a2

s
b$hf

~1!~s,j,J!~11cos2u1m̄f
2sin2u!12hf

~2!~s,j,J!bcosu2hf
~5!~s,j,J!m̄f

21m̄fz
'p̂2@2hf

~7!~s,j,J!1hf
~8!

3~s,j,J!bcosu2hf
~9!~s,j,J!#%, ~8.2!

wherez'p̂25z'sinucoswz with the azimuth anglewz measured in the positive sense from the (p2-q) plane, Fig. 1. At the
Z0 resonance the cross section becomes

d2s f
q q̄

dV
~2E5MZ!5

3

16S a

4sin22uW
D 2 1G2 ~v21a222vaP2!b$~v f

21af
2!~11cos2u1m̄f

2sin2u!24PZ0
v fafbcosu22m̄f

2af
2

12m̄fz
'p̂2@PZ0

v f
22v fafbcosu#%. ~8.3!

For theq q̄g production cross section the transverse polarization is contained in the scalar productsz'p̂2 andz' q̄52z'g, and
the transverse polarization does not any more, in general, lie in the (p2-q) plane. The cross section corresponding to Eq.~6.4!
is found to be given by

d5s f
q q̄g

dVdxdxd x̄
5

a2

4~2p!2
as

s

1

~12x!~12 x̄ !
H hf~1!~s,j,J!X01hf

~2!~s,j,J!Y01hf
~5!~s,j,J!Z01

m̄f

2
@z'p̂2$hf

~7!~s,j,J! f X

1hf
~8!~s,j,J! f Y1hf

~9!~s,j,J! f Z%1z' q̂̄$hf
~7!~s,j,J!gX1hf

~8!~s,j,J!gY1hf
~9!~s,j,J!gZ%#J , ~8.4!

where thef andg form factors, related to transverse polar-
izations, are functions ofx and x̄ , and of the anglesu,w, and
x. It should be noted that the magnitude and direction of the
transverse polarization depends on the azimuth anglex be-
tween the production (q-q̄-g) plane and (p̂2)

', with q along
the z axis,

z'p̂25z'sinucos~x2wz!, ~8.5!

wherewz now is measured in the positive sense from the
(q-q̄-g) plane.

We demonstrate this effect in Eq.~8.4!, where we did not
integrate the cross section over azimuth anglex, as was done
for the longitudinal polarization cross section.

The scalar productz'q̂̄ is

z'q̂̄52z'sinqcoswz . ~8.6!

The f andg form factors are given by

f X58~x1 x̄21!22m̄f
2

xg
2

~12x!~12 x̄ !
,

f Y52xbxS 12
m̄f
2

2

xg
12x

D cosu
22 x̄b x̄S x1 x̄212

m̄f
2

2

xg

12 x̄
D cosū ,

f Z522@x1 x̄2xg~22 x̄ !#1m̄f
2

xg
2

~12x!~12 x̄ !
,

~8.7!
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gX54xbx x̄b x̄cosu12 x̄ 2b x̄
2 x2 x̄

12 x̄
cosū ,

gY5
x̄ 2b x̄

12 x̄
@ x̄2x1~12x! x̄b x̄

2cos2 ū #

2xbx x̄
2b x̄

2cosucosū ,

gZ5xbx x̄b x̄~ x̄24!cosu2x x̄2b x̄
2cosū .

The transverse polarization is given by

P'5
ds~wz!2ds~wz1p!

ds~wz!1ds~wz1p!
. ~8.8!

For theq q̄ final state we find, from Eq.~8.2!,

P'
q q̄5m̄fcoswzsinu

2hf
~7!~s!1hf

~8!~s!bcosu2hf
~9!~s!

hf
~1!~s!~11cos2u1m̄f

2sin2u!2hf
~5!~s!m̄f

212hf
~2!~s!bcosu

. ~8.9!

The corresponding formula at theZ0 resonance is, from Eq.~8.3!,

P'
q q̄~2E5MZ!52m̄fcoswzsinu

PZ0
v f
22v fafbcosu

~v f
21af

2!~11cos2u1m̄f
2sin2u!22m̄f

2af
224PZ0

v fafbcosu
, ~8.10!

FIG. 11. ~a! Transverse polarization in the
production plane (wz50) for theb quark at the

Z0 resonance forq q̄g final states. Curves 1–4

are for x5 x̄51, 0.90, 0.60, and 0.51, respec-
tively, and x50 for unpolarized electron-
positron beams, while the corresponding curves
marked with asterisks are forPel

i 520.63. The

curves 5 and 6 are forx5 x̄50.90 and

x5 x̄50.51 for x5p/2 for unpolarized beams,
while the corresponding curves marked with as-
terisks are for Pel

i 520.63. The curves for

x5 x̄51 give at the same time the quark polar-

ization for q q̄ final states.~b! Transverse polar-
ization perpendicular to the production plane
(wz5p/2) for theb quark at theZ0 resonance for

q q̄g final states forx5p/2. Curves 1–3 are for

x5 x̄50.90, 0.70, and 0.51, respectively, for un-
polarized electron-positron beams, while the cor-
responding curves marked with asterisks are for
Pel

i 520.63.
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which shows that electron beam polarization equation~6.3!
and Fig. 1 in Ref.@6#, may affect the transverse polarization
considerably. In fact, for the integrated cross section the po-
larization is proportional toPZ0

:

P'
q q̄~2E5MZ!5 3

8pPZ0

m̄f

11
m̄f
2

2
1
af
2

v f
2b2

coswz ,

~8.11!

which gives for ab quarkP'
q q̄50.040PZ0

.

Note that atu5p/2 theZ0 longitudinal polarization is to
a larger degree transferred to the quark as a transverse polar-
ization in the (q-p2) plane@from Eq. ~8.10!#:

P'
q q̄~2E5MZ!52PZ0

m̄f

11m̄f
21

af
2

v f
2b2

, ~8.12!

which gives for ab quark P'
q q̄50.068PZ0

. This gives a

24.9% transverse polarization of ab quark for an electron
beam polarization of263%. With no beam polarization the
b quark transverse polarization is as low as21.1%. Large
effects of electron beam polarization are demonstrated in
Figs. 11 and 12 forb and top quarks forq q̄ final states.

The transverse quark polarization forq q̄g final states
from Eq. ~8.4! is given by

P'
q q̄g~x, x̄ !5

m̄f

2
$sinucos~x2wz!@hf

~7!~s! f X1hf
~8!~s! f Y

1hf
~9!~s! f Z#2sinqcoswz@hf

~7!~s!gX1hf
~8!

3~s!gY1hf
~9!~s!gZ#%$hf

~1!~s!X01hf
~2!~s!Y0

1hf
~5!~s!Z0%

21. ~8.13!

We give in Figs. 11 and 12P'
q q̄g(x, x̄ ) for b and top quarks

for wz50, transverse polarization in the production plane,
and forwz5p/2, transverse polarization perpendicular to the
production plane. It should be noted that also forq q̄g final
states the electron beam polarization has a dramatic effect on
the quark polarization, in particular in the vicinity of

u5p/2. This may be understood as a transfer of longitudinal
electron polarization to transverse polarization of the quark,
when the quark is emitted close to perpendicular to the elec-
tron beam direction. It should be noted that this gives a
check on the sign of the quark polarization: the negative
natural and electron beam polarizations give a final state
negative quark polarization. To the extent that our findings
can be compared with the results of Ref.@9#, we are in gen-
eral agreement with their results except that they define their
transverse quark polarization with opposite sign. It should,
however, be noted that our results are differential inx̄ and
alsox as mentioned above, and that we include the effect of
electron beam polarization.
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APPENDIX A

It is convenient for the calculation to rewrite the
Z-coupling matrix element

ū fFe” q”1q”1mf

2qg
gm~v f2afg5!

1gm~v f2afg5!
q”̄ 1g”2mf

2qg
e” Gv f ,

in the form ū fMma(v f2afg5)e
av f with

Mma5Wagm1
gag”gm

2qg
2

gmg”ga

2 q̄g
, Wa5

qa

qg
2

q̄a

q̄g
.

~A1!

By removal of the explicit appearance of the mass,Mma has
become an odd function ing, which appears to simplify trace
calculations. When we apply the projection operators
1
4(11g5S” )(q”1mf) and

1
4(11g5S”̄ )(q”̄ 2mf) for quarks and

antiquarks, respectively, we find for theZZ hadron tensor
HZZmn

f , Eq.~2.4!, which is summed over gluon polarizations,

1

8s
HZZmn

f 52 1
4 Tr ~11g5S” !~q”1mf !Mma~v f2afg5!~11g5S”̄ !~ q”̄ 2mf !~v f1afg5!M̄ n

a

52 1
4 Tr $~v f

21af
2!@q”Mmaq”̄ M̄ n

a1mfg5S”Mmaq”̄ M̄ n
a2mfq”Mmag5S”̄ M̄ n

a2mf
2S”MmaS”̄ M̄ n

a#

22v faf@g5q”Mmaq”̄ M̄ n
a1mfS”Mmaq”̄ M̄ n

a2mfq”MmaS”̄ M̄ n
a2mf

2g5S”MmaS”̄ M̄ n
a#

2~v f
22af

2!@mf
2MmaM̄ n

a1mfg5S”q”MmaM̄ n
a2mfMmag5S”̄ q”̄ M̄ n

a1S”q”MmaS”̄ q”̄ M̄ n
a#%. ~A2!

From this equation follow the hadron tensors listed in Eq.~2.7! by comparison with Eqs.~2.4! and ~2.5!:

H̃Vmn
0,f 52F1

2
W2qa q̄b1~qW21!

ga q̄b

qg
2Wa q̄b1~q⇔ q̄ !G tambn ,
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H̃Vmn
S, f 5 imfFW2Sa q̄b1

1

qg
~SWga2SgWa! q̄b1

q̄W

q̄g
gaSb2WaSb2

Sg

~qg!2
ga q̄b1

1

q̄g
gaSbG«ambn ,

H̃Vmn
S S̄, f5mf

2F12W2Sa S̄b1
1

qg
~SWga2SgWa! S̄b2

Sg

~qg!2
ga S̄b1~q,S⇔ q̄ , S̄!G tambn ,

HAmn
0,f 52 i F1

2
W2qa q̄b1~qW21!

ga q̄b

qg
2Wa q̄b2~q⇔ q̄ !G«ambn ,

HAmn
S, f 52mfFW2Sa q̄b1

1

qg
~SWga2SgWa! q̄b2

q̄W

q̄g
gaSb1WaSb2

Sg

~qg!2
ga q̄b2

1

q̄g
gaSbG tambn , ~A3!

HAmn
S S̄, f5 imf

2F12W2Sa S̄b1
1

qg
~SWga2SgWa! S̄b2

Sg

~qg!2
ga S̄b2~q,S⇔ q̄ , S̄!G«ambn ,

mf
2HVmn

0,Z f 5mf
2F2

1

2
W2gmn1

gmgn

~qg!~ q̄g!
1~q⇔ q̄ !G ,

mf
2HVmn

S,Z f5 imfFW2Saqb2
1

qg
~SWqa2qWSa!gb1

1

qg
~Sgqa2qgSa!SWb2

gb

q̄g
D G«ambn ,

FIG. 12. ~a! Same as Fig. 11~a! for the top
quark for 2E5500 GeV. Curves 1–4 are for

x5 x̄51, 0.95, 0.85, and 0.76, respectively, and
wz5x50 for no beam polarization. Curves 5 and

6 are for x5 x̄50.95 and x5 x̄50.76 for
wz50,x5p/2 for no beam polarization. The cor-
responding curves marked with asterisks give the
transverse quark polarization forPel

i 520.63.~b!
Same as Fig. 11~b! for the top quark for

2E5500 GeV. Curves 1–3 are forx5 x̄50.95,
0.85, and 0.76, respectively, andwz5x5p/2 for
no beam polarization. The corresponding curves
marked with asterisks give the transverse quark
polarization forPel

i 520.63.
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mf
2HVmn

S S̄,Z f52F12W2Saqb1
1

qg
$~qWgb2qgWb!Sa1~SWga2SgWa!qb%G S̄g q̄ d~«abm««gdn

« 1tabm«tgdn
« !

1
1

~qg!~ q̄g!
@gmq

gSdgs2gm
g ~qgSd2Sgqd!gs# S̄a q̄b~«abn««sgd

« 1tabn«tsgd
« !1~q,S⇔ q̄ , S̄!.

APPENDIX B

It is sometimes useful to note the relation@14#

gmgnga5 ig5«mnabgb1tmnabgb, ~B1!

with «mnab the completely antisymmetric tensor with
«012351 and

tmnab5gmngab2gmagnb1gmbgna .

With the help of relation~B1! one can write down in closed
form the trace of any number ofg ’s, the well-known traces

Trgmgngags54tmnas ,

Trg5gmgngags54i«mnas , ~B2!

and the not so well-known traces

Trgmgngagvgggs54~«mnab«vgs
b 1tmnabtvgs

b !,

Trg5gmgngagvgggs54i ~«mnabtvgs
b 2tmnab«vgs

b !.
~B3!

The similarity between«mnab and tmnab is shown in the
relations

«manb«vs
ab522~gmvgns2gmsgnv!,

tmanbtvs
ab52~gmvgns1gmsgnv!, ~B4!

and

tmnabtvgs
b 5gmntvgsa2gmatvgsn1gnatvgsm ,

tmnab«vgs
b 5gmn«vgsa2gma«vgsn1gna«vgsm , ~B5!

and

«mnab«vgs
b 5gmvtnags2gmgtnavs1gmstnavg2gnatmvgs .

~B6!
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