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The low-frequency magnetic field spectrum in the primordial plasma is of particular interest as a possible
origin of magnetic fields in the univerge.g., Tajima and co-workers and Cable and Tajinvéle derive the
magnetic field spectrum in the primordial plasma, in particular, at the epoch of primordial nucleosynthesis. The
pioneering study of Cable and Tajima of the electromagnetic fluctuations, based ftucthation-dissipation
theorem is extended. Our model describes both the thermal and collisional effects in a plasma. It is based on
a kinetic description with the Bhatnagar, Gross, and Kré®&K) collision term. It is shown that the zero-
frequency peak found by Cable and Tajima decreases. At high frequencies, the blackbody spectrum is obtained
naturally without the necessity of the link procedure used by them. At low frequengied ., wherew,
is the electron plasma frequencyt is shown that the magnetic field spectrum has more energy than the
blackbody spectrum in vacuurf50556-282(97)02318-7

PACS numbels): 98.80.Ft, 52.25.Dg, 52.25.G;j

[. INTRODUCTION with the low-frequency spectrum of fluctuations, because, as
they pointed out, no expression exists.

Although plasma is the main constituent of the primordial ~ The fluctuation-dissipation theoref8,9] predicts the in-
universe, very few previous studies deal directly with plasmdensity of electromagnetic fluctuations. The intensity of such
phenomena. The effect of a plasma in cosmology normallfluctuations is highly dependent on how the plasma is de-
has been studied with respect to the origin of the magnetigcribed, in particular, on the dissipation mechanisms used.
field. For example, the study of Harrisda] elaborates a Cable and Tajima and Tajima and co-worké¢i—12
model of the origin of the magnetic field due to turbulence inStudied the magnetic field fluctuations for several cases. Two
the primordial plasma. There have been stu@ghat ana- of their descriptions concern the primordial plasma which we

lyze the effect of a magnetic field on primordial nucleosyn-are interested in, which is an isotropic, honmagnetized, and
thesis. Other studies, such as that of Halcomb and Tajimgondegenerate plasme) a COI.d’ gaseous plasma afly a
warm, gaseous plasma described by kinetic theory.

[3], deduced the dispersion relati_on of waves, ta}king into In their study, Cable and TajimT) in case(a) used the
account the expansion of the universe. There still lacks 2old plasmadescription with a constant collision frequency.
general study of plasma ph‘?.”ofne”a rela.ted to cosmology_m case(b) they analyzed the spectrum of fluctuations only
A plasmg in thermal equilibrium sustgms fluctuatlops Offor low frequencies, with thevarm plasmadescription for
the magnetic fieldeven for a nonmagnetized plasma@his a6 velocityw/k less or equal to the thermal velocity of
study is concerned with the study of the magnetic field SpeCge electrons , and the ions); in a collisionless description.
trum in the primordial plasma. For the cold plasma description the spectrum that they
The electromagnetic fluctuations in a plasma have beegptain has a large zero-frequency peak. As the frequency is
studied in numerous works, including those of Daw$éh  increased, the spectrum first drops below the blackbody
Rostoker, Aamodt, and Eldridd&], Sitenko and Gurii6],  spectrum in vacuum, then becomes the blackbody spectrum
and Akhiezer, Akhiezer, and Sitenk@]. Most of the results  at high frequencies. In cagb), for the warm plasma descrip-
are compiled in the books of Sitenko and Akhiezgral.  tion, the analysis was made only for the low-frequency re-
[8,9]. Little attention has been given to the question of howgime and they argued that the zero-frequency peak is present
the magnetic field spectrum looks in a plasma. A naive anas well. They argue that the energy contained in the peak is
swer to this question might be that it is a blackbody spectrunapproximately equal to the enerdpst by the plasma cutoff
with a cutoff at the plasma frequency, knowing that photonseffect,

only propagate in a plasma fab>w,, where w, is the In order to obtain a correct magnetic field spectrum, it is
plasma frequency. This is not true, however, due to the magrecessary to describe the plasma in the most complete way
netic fluctuations of the plasma. possible, taking into account thermal and collisional effects

Cable and Tajima and Tajima and co-work¢i®-12  in a unified description.

performed a broad study of the magnetic field fluctuations in  In this study we extend the pioneering work of CT, pre-
a plasma. They based their analyses on finetuation-  senting a model that includes, in a unified description, colli-
dissipation theoremThey were concerned, in particular, sional and thermal effects. Our model is based on kinetic
theory incorporating thermal effects for all frequencies and

wave numbergnot only for w/k<v.,v;). In order to de-
*Electronic address: merav@orion.iagusp.usp.br scribe the collisions that exist in the plasma, we used a
TElectronic address: opher@orion.iagusp.usp.br model collision term. This collision term describes binary
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collisions, as used in the work by CT. In this way, we extend 4 kik: | [kc)2 Ime

the previous model describing thermal and collisional effects <BiBj>kw=87TT( i ——2') (—) 575 -
for all frequencies and wave numbers. Their description, the e" -1 AR _(k_c)
cold plasma and the warm plasma description in the colli- T lo

sionless case, are special cases of this m¢depure colli- (2.9
sionless treatment is unreal, such as qagextended to all

frequencies, since if there were no collisions, then only CherS9

enkov emission could produce fluctuations, and there are no

particles traveling fast enough to emit light wayes. (B _ h /@ 2 Imet 2.6
However, for a fully ionized plasma as is our case, a 8w eholT_ 1\ kc\?? '
treatment that takes into account collisions in a more com- 817\

plete way is necessary. Our model, an extension of the CT
model, describes the basic features of a kinetic description.  ap intuitive way to understand the above expression, is
We present in Sec. Il the general expressions of the magpat the fluctuation-dissipation theorem takes into account
netic field fluctuations based on the fluctuation-dissipationne emission and absorption processes in a plasma, and
theorem. We review the cold plasma description in Sec. Il Acqowing that in equilibrium they are equal, the fluctuation
and the warm plasma description in the collisionless case ifpyg| is evaluated. As Tajimet al. point out[12], “an indi-
Sec. Il B. In Sec. Il C we present a general discussion andiqual mode decays by a certain dissipation, giving up en-
criticism of the assumptions made by CT. In Sec. lll wegrqy 1o particles or other modes, while partickes other
present our model. Finally, in Sec. IV, we discuss the resultg,ndeg excite new modes and repeat the process and the

and present our conclusions. amount of fluctuations is related to the dissipation.”
In short, to determine the fluctuations of the magnetic
Il. MAGNETIC FIELD FLUCTUATIONS field in a plasma in equilibrium or quasiequilibrium, it is

sufficient to know the transverse dielectric permittivity of the
The spectrum of fluctuations of the electric field in aplasma, in particular, the dissipation mechanisms present for
plasma, given by the fluctuation-dissipation theoréon the  each frequency and wave number €. This depends on
deduction of the fluctuation-dissipation theorem from thethe treatment used to describe the p|asma_
general relation of fluctuations in a plasma $88)) is Another important feature of the magnetic field spectral
distribution can be seen from E(R.6). The equation
i f

g(EiEDkw:E W(Afl—/&ﬁl*), (2.1

ji

kc)?
s-r(a),k)—(z) =0 2.7

where determines the transverse eigenfrequencies of the plasma.

Therefore, the magnetic field spectral distribution has steep
2c2( k; J. maxima at the frequencies that correspond to the transverse
Aij(0,K) = —| — = 8 | +&jj(w,k), (2.2 plasma eigenfrequencies. In the transparency region
w” 1 K (Imet<<Rest), the magnetic spectrum ha%function-like
maxima near the eigenfrequencié®., the frequency spec-
wheree;;(w,K) is the dielectric tensor of the plasma. For antrum of the fluctuations contains only the transverse eigen-
isotropic plasma, frequencies in the plasmi@]). Knowing that the photons
have the dispersion relation in the plaswiz= w;+ k?c?, we

kK. kK Kk2c2 note that for frequenciee> w, the eigenfrequencies mani-
Aj=—te +| 8- —||er——|, (23 festthemselves and the magnetic field spectrum behaves like
k k w a blackbody spectrum.
wheree| andey are, respectively, the longitudinal and trans- A. Cold plasma description

verse dielectric permittivities of the plasma. In this c - :
P P Bk The cold plasma description does not take into account

the thermal movement of the electrons, describing them by
f kikj Ime fluid equations. In such a description, collisionless damping
<EiEi>k‘”:87Teﬁw/T_ 13 k2 le|? is not included. To include collisions in this case is straight-
t forward, being only necessary to add a new tersu in the
fluid equations, where is the collision frequency and the

kik; Imet velocity of the particles. We follow here the CT study.
Tl oj——5 T ko224 2.9 CT used a multifluid model of the plasnfaeglecting the
K 8T_(_> vxB forces due to the smallness of the velocities and the
@ electromagnetic fields
Using the fact thaB,,= (c/w)k X E,,, , we have the expres- dv,

sion for the magnetic field fluctuations: Magt =B~ 7aMaVa, 28
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where « is a particle species label ang, is the collision The justification given to this breakup procedure was that

frequency of specieg. From the above equatiaperform-  # should vanish smoothly ds—o and as long as the results

ing a Fourier transformation and rearranging the teyiiie  “do not critically depend on the manner in which ap-

dielectric tensor can be obtained: proaches zero” the abrupt cutoff should be acceptable as a
crude model. No strong justification was given to the choice
of K¢yt~ They chosexq =K/ wpe=1, mainly because this

Sij - (2.9 is the value that makes the frequency spectrum smooth at the
joining of the low-frequency and the blackbody spectrum

2
wpa

eij(0,K)=8;— 2 w(oting
CT studied the case of an electron-positron plasma. This iglo’la'
the plasma that dominated the universe in the beginning of

primordial nucleosynthesis, dt~1MeV. In the case of an B. Warm plasma description
electron-positron p|asmaru,2)e+= w?,ef and ng+=7e-=17. The warm plasma description describes the plasma based
Equation(2.9) then becomes on the kinetic theory that takes into account the thermal dis-

tribution of the particles. In this description collisionless

damping, such as Landau damping, appears. The kinetic

sij(“’vk):5ii_w(w—+i77)5ij’ (210 theory is based on the Bogoliubov-Born-Green-Kirkwood-
Yvon hierarchy equations that describe a system of many

where w, 2= w, g+ 2+ wye 2. 7, Was taken as the Coulomb particles. These equations are solved by expanding the dis-
coIIisionpfrequpgncy 7726;2_91; 10 ®nInAT 32 (ev)s-1, tribution function of the many particles in terms of the

— 3 H
wheren, is the electron(positron density.[For the case of Plasma parametg=1/nip, wherep is the Debye length
an electron-proton plasma, also treated by cTandn is the particle density. The description that is used
7p=4.78X 10—18ne|nA-|-—3/2 (eV)s‘l]. That is, this colli- usually is the collisionless description, based on the Vlasov
sion frequency describes the binary collisions in a plasma. €guation that does not take into account collisi¢eisd ne-
For an isotropic plasma, the transverse dielectric permitglectingvxB forces:
tivity is

w2

d q
r STV EE-Vv)f(x,v,t)—o, (213
er(wk)=1— ——2—. (2.1D
w(w+in) whereV=g/9x andV,=d/dv. The Vlasov equation in first

o ) . order(in g) takes into account collisions, where the term on
Substituting Eq(2.11) in Eq. (2.6), CT obtained the mag- e right-hand side of the equation is now thalision term
netic field spectrum in the cold plasma description. If rela-

tivistic temperature effects are included, the substitution
wp— w,/+y is made.

The magnetic field spectrugB?),, is found by integrat-
ing (B?),,, over wave numberk [and dividing by (27)3].
The (B?),, diverges for high wave numbers. CT deal with
this problem, breaking the integration on wave number int
two intervals. One interval runs frofk|=0 to |k|=Kkcy.
The other interval runs frortk| =K., to |k| =c. In the first
interval, they keep the collision frequeneyfinite and in the

ot ot

d q ) (af)
—+v-V+—E-V, | f(x,v,t)=| = . (2.19
m c

For the collisionless descriptiofassuming an isotropic
lasma, the transverse dielectric permittivity is obtained
rom Eq. (2.13. Assuming that the particles have a Max-
wellian velocity distribution, the transverse dielectric permit-
tivity is [13-16

second interval they ley—0 and drop the low-frequency w2 ® -\ 12
part of the spectrum. The final expression obtained was er(w,K)=1— pa —i(—) _—
r(@k)=1-2 =7 ¢ B 2] e,
(8%, 1 ho' ( wpe) 2
- —27'| — »
87 2 glhope/Mo’ _ 1 c Xexp( - —) ] : (2.19
2k%?2

Xeut X4
j dx > 24 whereq is the label for each species of the plasma apds
0 (@04 7" )X - - the thermal velocity for each species;,=\T/m,.
3 z=wl/\2kv, and ¢(z):22e*22féexzdx.
Olo—whe ], In order to investigate thermal effects, CT used the colli-
sionless descriptiofi.e., the Vlasov equation in the regime
(2.12  wherew/k is less than the thermal speed of the plasma con-
stituents. They studied a hydrogen plasma; thus the region
where © is the Heaviside step functione’=w/wye, investigated was w/k<v.,v; where v,=T/m and
wp=wplwpe, 17'=nlwpe and x=Kc/wye. The first term ;= /T/M. [The extension to an electron-positron plasma, as
extends up to the frequeney,e, = \/kc2utc2+ wzp_ The second in case(a), is straightforward:M—m so vi—ve+]. They
term is the high-frequency and high wave-number expressionsed, therefore, E¢2.15) in the limitz<1 and expanded the
(i.e., the spectrum for frequencies= wy,,). plasma dispersion functiog(z). Substituting the approxi-

2 2\3/2
ilw' —wr’)) (wpe

2m(glfepeMe’ 1)\ €
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mate expression afr(w,k) (expanded in the limit of<1)  velocity, and charge of the test partigt5].
in Eq. (2.6), they obtained B2),,,/8. Comparing the value ok, Kjim, andk.x we see that
CT examined only the low-frequency behavior(&?),, , Keut (Xeu=KeuC/ 0pe=1) is much smaller than the others.
noting that it diverges for high wave numbers and a cutoffFor example, for the cases that CT usét), T=10" K,
procedure is necessary. They assumed the same upper limit=4.8x10*° cm 2, (2) T=10 K, n,=6.5x10° cm 3,
as in cas€a), Xypper Xcu=1. and(3) T=10* K, n,=6.5x10° cm 3, we found(1) Xn=
KimC/ wpe=11.5 and XmaFEKmallwpe=2444.4, (2) Xjm
=3.1x10° andXxy,=6.6x 10°, and(3) X,=3.1x 10'° and
Xmax= 6.6X 10,
As X is quite arbitrary, we decided to vary the upper
fimit in the first term in EqQ.(2.12), until X ppe/ Xmax t0 0b-
serve the behavior of the curves. This is shown in Fig. 2

The total spectrum is obtained with the link of the low- where again we plo§(w)/S Vs w/wpe.
frequency term to the high-frequency teffg. (2.12]. The . We plotted the Iow-frequenc;_/ spectrum term hot ohly un-
behavior of the spectrum can be seen in Fig).IWe study Ul @hes= VK€ + w,%, as CT did, but extended it to higher
an electron-positron plasma aff=7x10° K and frequencies. The dash-dot-dash curve has the upper .Ilrr.nt
ne=4.6x10% cm 3. This is the plasma in the beginning of Xuppe™ Xcut @S CT used. The dotted curve has the upper limit
primordial nucleosynthesis. The magnetic field spectrunXupper=2Xcu; the dashed curve has the upper limit
S(w)=(B% /87 is divided by a normalization Xuppe=5Xcu; @nd the dash-two dot-dash curve has the upper
So=wjekgT/c®. The dashed curve is the first term of Eq. limit XyppeXmax. We also plotted the blackbody spectrum
(2.12), the low-frequency spectrum. The dash-dot-dash curvén vacuum(solid curvg. It can be seen that by extending the
is the second term of Eq2.12), the high-frequency spec- upper limit to higher and higher values we obtain more and
trum (obtained with »—0). We note the link point used more of the blackbody spectrum, before the spectrum drops.
between the two curves. The blackbody spectrum in vacuurithis is easy to understand since, as we noted before, the
is also plotted(solid curve. It can be seen that the general magnetic field spectrum, obtained from the fluctuation-
behavior is that after the peak, with increasing frequency, théissipation theorem, contains the transverse eigenfrequencies
spectrum drops below the blackbody spectrum. At high fre-of the plasma, the photons. When we extend the value of the
guencies, it merges into the blackbody spectrum. In Fig. 1 upper limit, we permit higher eigenfrequencies to manifest
we plotted only the cold plasma spectrum for low and highthemselves. This occurs up to the frequency when, due to the
frequencies. In Fig. (t) is an electron-proton plasma at upper limit chosen, no more photons can manifest them-
T=10° K andn,=5.4x10?® cm 3. In the epoch of primor- selves.
dial nucleosynthesis, at lower temperatures, the electrons and Another feature that appears is that by increasing the up-
positrons annihilate and the plasma is reduced to a plasma pgr limit the valley that appears, due to the plasma cutoff
protons and electrons. In Fig(d) we used the same plasma effect, becomes smaller and smaller. Eventually, for
as in Fig. 1c), but plotted only the cold plasma spectrum for X,ppe= Xmax, We obtain a large peak fap~0 but without
low and high frequencies. any valley. In fact, for frequenciee<2w,. the curve is

CT argued that the results do not critically depend on theabove the blackbody spectrum in vacuum. This can be seen
upper limit. We show below that this is not true. As CT in Fig. 3@), where the dashed curve is the low-frequency
noted, the divergence occurs due to the subtle interactioterm [in Eqg. (2.12] extended to high frequenciérot only
between matter and radiation in small scales. CT used a claer o< wpg,) With X, ppe/=Xmax COMpared to the blackbody
sical fluid equation with a constant collision frequeri@pu-  spectrum in vacuungsolid curve. In Fig. 3b) we plotted
lomb collision frequency This collision frequency describes only the cold plasma curve, extended to high frequencies,
the binary interactions in the plasma. They chose the cutoféhowing that withx,ne~= Xmax the full blackbody spectrum is
Xeu=1, basically because this is the value that makes theeproduced.
frequency spectrum smooth at the joining of the low- CT argued, based on the behavior of the cold plasma
frequency and the blackbody spectrum. spectrum withx,,pe= Xcyt, that the energy under the~0

In Sec. VII of CT, they gave a quantum-mechanical jus-peak is approximately equal to the energy stolen from the
tification of not extendind beyondk.,. They argue that for blackbody spectrum due to the plasma cutoff. In their words,
(hk)2/2m>kgT the plasma has a negligible effect on thethis happens because the “plasma squeezes the fluctuation
electromagnetic spectrum. Let us call thisk;, [(nk;im)?/  energy of modes with frequency less thag into modes
2m=kgT]. with frequencies very close to zero.”

When treating Coulomb collisions, a cutoff has to be First of all, clearly, this does not happen if the upper limit
taken, since at small distances the energy of the Coulomis high enough in order to reproduce the full blackbody spec-
interactions of the particles exceeds their kinetic energytrum at high frequencievith X,p5e=Xmay) because the en-
which violates the applicability of the condition of the per- tire curve is above the blackbody spectrum. Second, we
turbation expansior{in the plasma parametgy<1). This  noted previously that a blackbodphoton spectrum with a
occurs approximately for distanceg,,~e?/T or, more ex-  cutoff w< wp is expected taking into account that the pho-
actly, for the distance of closest approach between a tesons only propagate fav>w, in a plasma, where, is the
particle and an electron in a plasmign.,=rmn=Mmv?/  plasma frequency. However, when we speak about black-
(m+M)|eq, whereM, v, andq are, respectively, the mass, body, we speak about modes which propagate, in our case,

C. Discussion and criticisms

For the cold plasma description, used in cé®eCT ob-
tained a large zero-frequency peak in the magnetic field fluc
tuation spectrunfarguing that the warm plasma description
exhibits it as well.
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FIG. 1. The magnetic field spectruni B()/Sy] Vs w/ w,e [WhereS(w) =(B?),,/87 and Sy= w,’kgT/c? is the normalizatiohfor the
cold plasma description Witky,ppe= Xcu= 1 for (a) the electron-positron plasmaht 7x 10° K andn,=4.6x 10 cm™ 3 [the dashed curve
is the cold plasma spectrum for low frequencies, the dash-dot-dash curve is the cold plasma spectrum for high frédpeeliiepoint
between the two curves is indicajednd the solid curve is the blackbody spectrum in vacljub) the same as caga), where the cold
plasma spectrum is plotted extended to high frequenc@sthe same as cas@) but for an electron-proton plasma @t 10° K and
Ne=5.4x 10°% cm™3; and (d) the same as cagb) but for an electron-proton plasma &t 10° K and ng=5.4x 10?7 cm™3.

photons. In vacuum, the photons have a dispersion relatiom is put between two blackbodies at temperaflir&etween
w=Kkc and they are present in the entire frequency spectrunthe plasma and the blackbodies are vacuum regions. Radia-
In a plasma, when the dispersion relation&= w,?+k?c?,  tion is emitted by the blackbodies and enters the plasma. In
they only appear fow>w,. equilibrium, the plasma radiates the same amount of radia-

Dawson[4] deduced the radiation spectrum in a plasmation that it absorbs. Dawson deduced the density of radiation
by a gedanken experiment. A slab of plasma at a temperatuig a plasma as
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FIG. 2. The magnetic field spectrum
IN[S(w)/Sp] Vs w/wp, for the cold plasma de-
scription for various upper limits [where
S(w)=(B?), /87 andSy= w)ksT/c? is the nor-
malizationl. The plasma is an electron-positron
plasma atT=7x10° K and n.=4.6x10%

. cm 3. The dash-dot-dash curve is the spectrum
LY with Xyppe Xcut; the dotted curve is the spectrum
\ : With Xyppe= 2Xcut; the dashed curve is the spec-
N trum with Xyppe=5Xcy; and the dash—double
er dot-dash curve is the spectrum with

Xuppe=Xmax- The solid curve is the blackbody
spectrum in vacuum.

In (S(@)/S,)

20k . e,

.25 TR IR S YU NS S RS S SIS N SR NS | I

w
1- —p2 (2.16 equation gives collisional corrections to the Vlasov equation
@ in zero order(collisionless case It retains terms of ordeg
) o o and neglects terms of higher order. As the plasma parameter

whereU,, is the radiation density in the plasma add the g s much less than unityfor example, as pointed out by
blackbody radiation density in the vacuum. It can be seef12], in the epoch ot=10"2-10° s in the primordial uni-
th"’?t anew factor appears, due to the presence of the plasn\?erse,g%lO*), this is a good approximation as terms of
This kind of gedanken experiment te_lls us, however, or”yhigher order are much smaller. As noted before, the term on
about modes that propagate. Nothing is told about the modeﬂs1e right-hand side of Eq2.14, (af/dt)c, is the collision

that do not propagate which appear due to correlations in the . ) e
plasma. They are present at low frequencies; w,, but term Obtaining @f/dt)c is a matter of great difficulty and

they also are present at>w,,, contributing, in addition to different forms are required for various types of collisions,

the photons, to the magnetic field spectrum. Our results shof'cN @s electron-electron, electron—neutral molecule, etc.
that this happens only for very high frequencies>{w,) Most of the expressions for&(/_at)c involve |_nte_gr_al fung-
when the photons dominate the magnetic field spectrum. Théonals of the distribution functioi. The basic difficulty in
magnetic field fluctuation spectrum has little to do with thet@king into account the effect of collisions lies in the com-
photon blackbody spectrum in vacuum @K w,,. In prin- plexity of the solution of the kinetic equation when the cor-
Cip|e, the magnetic field Spectrum can be greater, or |es§'eCt collision integral is used. The problem can be S|mpllf|ed
than the photon blackbody spectrum in vacuumdot w, . if a model collision term is used, that is, an approximate
The only manner to obtain the magnetic field spectrum igxpression.
analyzing the magnetic field fluctuations from, for example, The Boltzmann collision term takes into account all the
the fluctuation-dissipation theorem. Using the cold plasmaossible binary collisions which the particle under observa-
description, for example, with the cutol,,per~Xmax, We  tion might suffer. It is applied to weakly ionized plasma,
find that the magnetic spectrum has more energy than thehen the scattering of charged particles by neutrals is pre-
blackbody photon spectrum in vacuum. dominant. In a fully ionized plasméas in our casg the
collisions are not predominantly binary andf(dt)c for a
testparticle does not derive mainly from the possibility that
other particles approach very closely and abruptly deflect it.
In order to extend the work of CT and to have a moreThe cumulative effect of more distant particles is more im-
complete description of the plasma, we desire a model thatortant. The charged particles simultaneously interact with
includes thermal effects as well as collisional effects. Forall the other particles in the Debye sphere, which is a large
this, we need a kinetic description that takes into accounhumber. The Fokker-Planck collision term is appropriate for

( 2) collisions. We used the Vlasov equation in first order. This
U,= U
P v

I1l. OUR MODEL
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FIG. 3. The magnetic field
spectrum IfiS(w)/Sy] vs w/wpe
[where S(w)=(B?),/87 and
st So=wheksT/c? is the normaliza-

tion] for the cold plasma descrip-
tion with X pper=Xmax for (a) the
electron-positron  plasma  at

e, T=7x10° K and n,=4.6x10%

’ cm™2 (the dashed curve is the
cold plasma spectrum and the
solid curve is the blackbody spec-
trum in vacuuny;, and(b) the same
as casdga), extended to high fre-
qguencies showing the blackbody
behavior.

In (S(w)/Sg)

a fully ionized plasma. It is based in the notion that a large-early universe. The rate of annihilation is given by-nv o,
angle deflection of a particle by collisions is produced morewheren is the densityy the average velocity, and the
rapidly by a succession of small-angle scattering with distan@verage cross section. The average cross section is given by
particles. It takes into account the effect of microscopic fieldsr= (27 a?/sB)[(3— B*)AI2B— 2+ B°], where fZ=1—4m?/
produced by all the other particles in the plasma. A test pars, A=In[(1+ 8)/(1— B)], a=157, ands=(2E)? with m the
ticle then is subject to simultaneously “grazing” collisions €lectron mass ant the electron energ18]. Comparingl’
and its progress in velocity space becomes a random walkWith the collision frequencys (the Coulomb collision fre-

We used the Bhatnagar, Gross, and Kr¢BIGK) colli-  dquency as used by Q;Twe see that’< 7. For example, for
sion term as a rough guide to the inclusion of collisions inT~0.8 MeV, T'=4x10° s™%, and »=4x10" s
the plasma. BGK is a model equation of the Boltzmann col-Therefore, the characteristic time of the kinetic processes is

lision term. (For a derivation see Clemmow and DoughertyShorter th_an for annihilation and t_he appro_ximation of the
[16] and Alexandrov, Bogdankevich, and Rukhad4d].) conservation of the number of particles at high temperatures

As CT, we are then only treating binary collisiof€oncern- Iri vahh:j. (Atsh I?1 t%ur (I:asr?{ \;vrhen tr:]e Ct?]ll's'oﬂi firer?ltji?r?qi/ Itsﬁ
ing this collision term, see, for example, the work of Sitenkodourﬁinaer?tstimae foret?lzskiﬁetigqsr%cgiéhgtcﬁ)wstoempe(rea-s €
and_ C_;ur|n[6], who studied the effgct Of an effective binary tures, an electron-proton plasma has to be considered.
collision frequency on the fluctuations in a plasjma.more

lete treat t using the Fokker-Planck collision t . We note that because the electron-positron plasma does
compiete freaiment using th€ FOKKer-Flanck CoMlISIoN 1erm 1,4+ strictly conserve the particle number due to annihilation

necessary. However, due to its complexity, as it involves,nq creation, there may not be a great advantage of using the
integral functionals of the distribution functidn the kinetic Gk collision term, although the above paragraph indicates
equations are extremely difficult to solve. We used as afnat the annihilation frequency is very much smaller than the
effective collision frequency, the Coulomb collision fre- collision frequency.
quency as did CT. The plasma, in the epoch of primordial nucleosynthesis, is
The BGK collision term conserves the number of par-aimost collisionless. (For example, for T=10° K,
ticles. The universe at high temperatures, at the beginning o;f;/wpe; 10 %)) Therefore, a possible procedure that one
primordial nucleosynthesis T-1MeV), is an electron- might think of is to expand the dielectric permittivity in
positron plasma. As it cools downT &£0.5MeV), the elec- terms of »/w. However, we are interested in the spectrum
trons and positrons start to annihilate and finally, at low temfor all frequencies, evew~ 0, and no matter how smal
peratures, the plasma is reduced to a plasma of protons afgl we require frequencies withh<<z. Thus an expansion in
electrons. Let us see if this is a good approximation in thep/w cannot be made.
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Therefore, we perform an analysis of the Vlasov equatiorcalculation of the permittivity tensdiand the dielectric per-
in first order with the BGK collision term, without making mittivities) involves integral functionals of the distribution

any approximation, function. As pointed out by Melrosgl4], the nonvanishing
of the imaginary parts, in a collisionless treatméthiat is,

of Cherenkov emissionis due entirely to the effects of un-

(E)C: = 7(f = fmad, 3.1 physical particles withy>c in the Maxwellian distribution.

We deal with this problem by requiring that the Cherenkov
) o ) emission in the imaginary part is zero in the regiak>c.
where 7 is the Coulomb collision frequencyconsidered The term of the imaginary part, connected with the colli-
constant gy is given by frnadx,v,t) =N(X,0)fo(V)/No  sjonal damping, is not set to zero.
where the number density B=No+N, andf=fo+1,, fo As photons have phase velocities greater than the speed of
being the unperturbed Maxwellian distribution. Sub:stltutmg"ght (w/k>c), the Cherenkov emission cannot produce the

this collision term in the equation of Vlasovlln first order, photons. In gure collisionlesgreatment, the imaginary part
Eqg. (2.14), performing a Fourier transformation, and rear- . ; X
: : has to be set to zero in the regimewfk>c. In this case, no
ranging the terms, we arrive at . o
photons are produced and the treatment is unrealistic. In our
; model, which includes collisions and thermal effects, only
_ EEiQJr ﬂ&fo . (32 the term connected with the Cherenkov emission has to be
m " du; No set to zero. In this treatment we ensure that the photons are
produced only by collisions, that is, by bremsstrahlinge-
To eliminateN; we integrate over velocity spa¢&6]: free) emission.
Therefore, by forcing the Cherenkov emission in the
imaginary part to be zero in the regimeofk>c, we ensure
N1=f f1(v)dv. (3.3 that no spurious effects contaminate the result. We do this
not only in the regime of photonsu> ), but for all fre-

We have the currentj=efvfy(v)dv. Knowing that guencies. That is, Cherenkov emission of magnetic fluctua-
S N Ul X 9 tions occurs only in physical regimes, i.e., fark<c. A
ji=oijEj, then for an isotropic plasma the transverse per;

I : ; L fully relativistic treatment(needed for the primordial uni-
mittivity is easily obtainedgeneralizing for several specjes . )
y y dg g pec) verse at high temperatupeis left for a future study. There,

) _ the imaginary parts of the dielectric permittivities are zero
er(wk)=1+3 Wpa / w )Z(w+l %) (3.4) for v4>c, wherev 4= w/k, when y=(1-0v%/c?) "2 and
' 7 w2\ 2ko, V2kv, |’ Ps= Y4Mv 4 are imaginary.

In principle, the fact that the term connected with the
wherea is the label for each species of the plasmgajs the Cherenkov emission fap/k>c is forced to be zero could be
thermal velocity for each species, ad@{z) is the Fried- troublesome. This procedure, however, did not change ap-
Conte function19], preciably the results. For example, the change of the inten-

sity of the magnetic field fluctuations(B?),, (after integrat-
1 (e die? ing on wave numberfor T=7x10° K, n,=4.6x10%
Z(z)= — , 35 com®is 1077, 10°% and 10° for w/w,=0.1,10.0, and
Jrl-»t=2 100.0, respectively. The change is the difference between
(Ime)c#0 and (Ine1) =0, where (Ing{)¢ is the term in
If relativistic temperature effects are included, the substitufne imaginary part of the transverse dielectric permittivity
tion wp—>wp/\/; is made. connected with Cher_enkpv emission.
It can be seen that no approximation needs to be made on B&fore we go on, it is interesting to comment and empha-
wl\Zko,, and 7/\2kv,,. (Rewriting Z(z) in terms of the size that both the cold plasma description and the warm

: : . . lasma collisionless description are particular solutions of
error function,Z(z) =i\ mexp(— &?)[ 1+ erf(i £)] [19], it can Pic : . .
be easily solved numerically without having to take anyth's model. Let us consider, as CT did, an electron-positron

2> = i
asymptotic limit) plasma. Folz|?>1, wherez=(w+i7)/\2kv., We expect

Another thing that we need to be careful of is related tol© Obtain the cold plasma approximation. In the limit of

2
the dielectric permittivities in the region af/k=c, wherec  |2°>1, Z(2)=—1/z=1/22%+ ... —iJmze *. The last
is the velocity of light. Forw/k>c, the term connected with term is due to Cherenkov emission, but as we noted before,
Cherenkov emission in the imaginary part of the dielectricin this limit this is a spurious solution and we need to set it to
permittivities has to vanish. This is because there are ngero. Taking only the first term, and substituting in E3}4),
particles with velocities greater than the speed of light towe obtain the cold plasma dielectric permittivity, as ex-
produce Cherenkov emissiofThe condition for Cherenkov ~Pected. o S _
emission of a waveo(k) requires particles with velocities ~ The warm plasma collisionless description is obtained by
satisfying the conditiom = w/k=v,,, whereu, is the phase Setting »—0. In this limit, if we write z=x-+iy, iy=i0,
velocity of the wavel For our case, a plasma in thermal d(x+i0)=p(x)—iJmxe ™™ [Z(z2)=—1/z¢], Eq. (3.9) is
equilibrium, we assume as CT did in Sec. V of their paperequal to the warm plasma collisionless dielectric permittiv-
[11], that the distribution function is a Maxwellian one. The ity, as expected.

- 1
L= TS =k
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We substitute the dielectric permittivity, E(B.4), in Eq.  much smaller tham,,, andx;y, , whereXjim = KjimC/ wpe Used
(2.6) obtaining the magnetic field spectrufB?),,,. Here, a in Sec. VII of CT (arguing that fork>k;, the plasma has a
divergence at high wave numbers also occurs. Let us discusigligible effect. X, iS the cutoff used in treating binary
this in detail. Our model uses a kinetic theory descriptioncollisions, () * being the distance of closest approach
with a model collision term that describes the binary colli- between a test particle and an electron in a plaghaded
sions in the plasma. In our case, a cutoff has to be takey c/w).
since for very small distances the energy of the Coulomb We also showed that the fluctuation-dissipation theorem
interactions of the particles exceeds their kinetic energyontains the eigenfrequencies of the plagmahe transverse
which violates the applicability of the condition of the per- cas, the photons. Using the cold plasma description with
turbation expansiorin the plasma parametey<1). This the upper limitx ;e Xmax, We oObtain the blackbody spec-
occurs approximately for distances,,,~€?/T, or more trumat high frequencies naturally, without the necessity of a

exactly, the distance of closest approach between a telifik procedure used by CT. For this case, the valley disap-
particle and an electron in a plasma,,=1/r ;;=Mmp?  P€ars and the curve is above the blackbody spectrum in

. vacuum,
\(/gxcwﬁ avgﬂg:gg/l(’)? ihzn?eif ;(;,rtri%;%(]actlvely, the mass, The calculations were made for two types of primordial

Th toff d Iv be removed. treating pro plasmas: The electron-positron plasma at the beginning of
€ CUlolt procedure can only be : ’ 9 Proby,q big-bang nucleosynthesis; and the electron-proton plasma
erly the effects of distant encounters. This can be done wit

L t lower temperatures.
the Fokker-Planck collision term. Thompson and Hubbard™ the manner to obtain the entire magnetic field spectrum is

[20] and Hubbard21,22, analyzed the Fokker-Planck equa- gnaiyzing the magnetic field fluctuations. This is the only
tion and its coefficients. The diffusion and friction coeffi- way to obtain information, not only about modes that propa-
cients that appear in the Fokker-Planck equation take int@ate (i.e., photonk but also modes that do not propagate.
account correlation effects between distant particles in th§he modes that do not propagate appear not only at low
plasma. When higher order terms in the Fokker-Planck equarequencies but also at high frequencies due to the correla-
tion are calculated and summed, a term resembling the Boligns in the plasma. Only at very high frequencies does the
zmann collision term is obtained. In their treatment, theyphoton contribution dominate the magnetic field spectrum.
showed that the cutoff procedure is unnecessary. Howevet;pe argument used by CT, that the energy under the peak is
due to the complexity of the solution of the kinetic equation gjmost equal to the energy “stolen” by the plasma cutoff
with the Fokker-Planck collision term, we used the BGK gffect of the blackbody in vacuum, is incorrect. There is no
collision term. With this model collision term, a cutoff is reason why we have to have the same energy as the black-
necessary and we chogg,, consistent with this model col- body spectrum in vacuum for photons oK w,,, since the
lision term. A more exact treatment, however, is needed. photons have a different dispersion relation than the fluctua-
In Fig. 4@ we plot the magnetic field spectrum tions in the plasma. In fact, using a upper liMifpe™ Xmax
S(w)=(B%,/8m (divided by the normalization in the cold plasma description, for example, the spectrum
So= whekgT/C%) VS wl wy,e for an electron-positron plasma at obtained is above the blackbody spectrum in vacuum.
T=7X10° K andn,=4.6x10°® cm 3. The dotted curve is The reason why the collective modes of the plasma can
our model and we compare it with the blackbody spectrum irhave more energy fap=< w,, than the photons in vacuum can
vacuum(the solid curvg In Fig. 4(b), we extend the curves be understood as follows. Photons are massless bosons with
to high frequencies, showing the behavior of the blackbodythe dispersion relationn>=k?c?. For the energy interval
at high frequencies. Figs(¢) and 4d) are for an electron- 0<w<uw,, the wave number interval is=0 to k equal to
proton plasma, witir=10° K and ne=5.4x10°° cm™>. wp/c. A relatively small amount of phase space is involved.
As we commented beforSec. 11 O, the results are very For the collective motions of the plasma, in general, we have
dependent on the cutoff chosen. Using,, as the cut-off, we g |arger amount of phase space. For example, for plasmons
obtain results that differ from the CT results: First, the peakyith energyo~ w,, the amount of phase space extends to a
intensity found by them for frequencies~0 decreases. maximumk of kp=w, /vy, which is greater thaw,/c for
This is due to the kinetic plasma effects that smear out théhe photons. In general, for a given frequency or w,,
peak. However, it is interesting to see that qualitative agreethe greater phase available to the collective modes of the
ment between the work of CT and ours exists with respect tg|asma(than that of the photonsmplies more energy, or a
the zero-frequency peak. Second, we obtain the blackbodyigher spectrum.
naturally for hlgh frequencies. Third, the magnetic field We presented a model that incorporates, in the same de-
spectrum has more energy than the blackbody spectrum fafription, thermal and collisional effects. We used the Vla-
frequenciesw<4wpe. sov equation with the BGK collision term. This collision
term describes the binary collisions in the plasma. A model
that takes into account collisions in a more complete way is
IV. CONCLUSIONS AND DISCUSSION necessary. For a fully ionized plasma it is necessary to use
the Fokker-Planck collision term that takes into account the
The magnetic field spectrum can be deduced from theffect of the microscopic fields. Due to the complexity of the
fluctuations of the magnetic field described by thesolution of the kinetic equation with such a collision term,
fluctuation-dissipation theorem and it is highly dependent orwe used the BGK collision term. This model, an extension of
the way the plasma is described. We discussed the colthe CT model, describes the basic features of a kinetic de-
plasma description and the warm plasma description in thecription.
collisionless case studied by CT. We showed thg} is As we noted before, the results are very dependent on the
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FIG. 4. The magnetic field spectrum B(w)/Sp] vs w/wpe [whereS(w)=(B?),,/8m andS,= w,zjekBT/c3 is the normalizatiohfor our
modelfor (a) the electron-positron plasma it 7 X 10° K andn,=4.6x 16°° cm™2 (the dotted curve is the spectrumair modeland the
solid curve is the blackbody spectrum in vacyufth) the same as cage), extended to high frequencigg) the same as caga) but for an
electron-proton plasma at=10° K and n,=5.4x 10?® cm~3; and(d) the same as cage), extended to high frequencies.

cutoff chosen. Using .« as the cutoff, consistent with the particular, for frequenciesy<4w,e, wherew,, is the elec-
collision term used, we obtain results that differ from the CTtron plasma frequency.

results. The final magnetic spectrum of a nonmagnetized The authors would like to thank Swadesh Mahajan for
plasma in thermal equilibrium has the following characteris-useful suggestions, especially concerning the BGK collision
tics: (@ The peak intensity found by CT for frequencies term. The authors also would like to thank Arthur Elfimov
w~0 decreased)) the blackbody is obtained naturally for for helpful discussions. M.O. would like to thank the Brazil-
high frequencies; andc) the magnetic spectrum has more ian agency FAPESP for support and R.O. would like to
energy than the blackbody photon spectrum in vacuum, ithank the Brazilian agency CNPq for partial support.
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