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The formation of neutrino spectra in a supernova depends crucially on the strength and inelasticity of weak
interactions in hot nuclear matter. Neutrino interactions with nonrelativistic nucleons are mainly governed by
the dynamical structure function for the nucleon spin-density which describes its fluctuations. These fluctua-
tions give rise to inelastic weak processes such as neutrino pair emission and absorption as well as energy
transfers in neutrino-nucleon scattering that can be comparable or greater than that from ordinary recoil. We
calculate numerically the spin-density structure function in the limit of a dilute, nondegenerate medium from
exact two-nucleon wave functions for some representative nuclear interaction potentials. We show that spec-
trum and magnitude of the energy transfer between neutrinos and nucleons can deviate significantly from those
based on the Born approximation. They are, however, rather insensitive to the particular nuclear potential as
long as it reproduces experimental nucleon scattering phase shifts at corresponding energies. We also compare
with calculations based on a one-pion exchange potential in Born approximation and discuss their applicability
in the context of supernovae. Our study is relevant for numerical simulations of the neutrino spectra emerging
from type-Il supernovad.S0556-282(97)03918-0

PACS numbeps): 97.60.Bw, 13.15t+g, 14.60.Lm, 95.30.Cq

[. INTRODUCTION density in the medium that can either enhance or reduce av-

erage interaction rates. Many papers on weak interactions in

The detection of roughly a dozen neutrinos from SNneutron stars investigated these effects. However, they either

1987A is in good qualitative agreement with the neutrino@PPlied the Landau theory of quasiparticles assuming a
cold” nuclear medium [4,5] or the authors focused on

signal expected from the early cooling phase of a hot neutron>~"~. - . .
star born in the center of the collapsed core of a massive st asielastic S(_:atterlr{g,6,7] for which the energy transfer to
e nucleons is smaller than the momentum transfer.

[1]. It is therefore generally bel_ieved that type-1l supernovae On the other hand, a weak interaction transferring an en-
such as SN 1987A are the optical counterparts of such catggy ., to the medium is sensitive to the fluctuation power in
strophic events. density and spin-density at that frequency. For example, at

The formation of the spectra of neutrinos emitted from afinite density, the spin-dependent nucleon-nucleon interac-
type-Il supernova takes place around the “neutrinosphere’tion also causes the nucleon spins to fluctuate. This leads to
where weak neutral-current scattering and pair processes iB-reduction of the average total axial-vector current neutrino
volving electron, muon, and neutrinos, and charged current scattering cross section compared to its vacuum Vi3i&.
creation and absorption of electron neutrinos on nucleonsThis effect is most important at the high temperatures per-
nuclei and electrons cease to be efficient in keeping the nedaining in the first few seconds after formation of the hot
trinos in thermodynamical equilibrium with the medium. The neutron star. The nucleon spin fluctuations also lead to
interplay between(roughly) energy conserving scattering bremsstrahlung emission and absorption of neutrino pairs
and processes changing neutrino numbers and energies playkich can play an important role in the creation of thermal
a crucial role in that respe€®]. In previous studies of neu- neutrinos inside the neutrinospheres. In addition, the fluctu-
trino transport, the lowest order neutrino opacities in vacuurmating nucleon spins can, apart from recoil, imply an en-
have been used. Neutral-current scattering processes tanced energy transfer in neutrino-nucleon scattdog It
nucleons and nuclei have been approximated to be elastis these inelastic neutral-current processes which we are
[3]. As a result, whereas the energy fluxes predicted for thenostly concerned with in the present work because they play
three neutrino flavors turn out to be very simil#], the  a dominant role in the formation of neutrino spectra. Inelas-
effective temperatures are significantly higher for muon andic neutrino-nucleon scattering, for example, tends to de-
T neutrinos compared to electron neutrinos which because afease predicted effective temperatures of muon andu-
their more efficient energy exchange with the medium detrinos [2]. This is of some importance in view of new
couple from it further out. neutrino detectors such as Super-Kamiokande and the Sud-

However, weak interaction rates in a medium differ sig-bury Neutrino Observatory, which have the capability of
nificantly from those taking place in vacuum. On the onemeasuring the neutrino spectra from nearby supernova
hand, the spin-dependent strong force between nucleons esvents with much better statistics than is available with the
tablishes spatial correlations of the density and the spindata from SN 1987A.
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Near the neutrinosphere the neutrino opacities are goormalism for computing this structure function from two-
erned mainly by the local nucleon spin-density. Within linearnucleon wave functions is presented in Sec. Ill. In Sec. IV
response theory, weak neutral-current interactions are thehe Born approximation is derived as a limiting case. Section
determined by the dynamical structure function for theV introduces a central potential which reproduces experi-
nucleon spin-density which describes its spatial and temporahental data on proton-neutron scattering at energies below a
correlations and is a function of energy and momentunfew tens of MeV. The corresponding spin-density structure
transfer. For energy transfers that are larger than the typicdlinction and resulting weak interaction rates are calculated
spin fluctuation rate multiple nucleon-nucleon scattering isnumerically for conditions near the neutrinosphere and com-
negligible, and, to lowest order in the nucleon-nucleon interpared with the Born approximation and calculations for an
action, the spin-density structure function can be calculate@PE potential. Finally, we summarize and conclude in Sec.
from the matrix element for nucleon bremsstrahlung. ThisVl. We use natural units, i.eg=#%=1, throughout this pa-
matrix element has been discussed in some detail in the liper.
erature[11-13 for a one-pion exchang@PE potential to

lowest order in the pion-nucleon coupling, i.e., in Born ap- Il. THE NUCLEON SPIN-DENSITY
proximation. STRUCTURE FUNCTION
However, the Born approximation is only applicable if at o _
least one of the following conditions is satisfith]: A. Definition and general properties
The main process of interest here, neutral-current
1 neutrino-nucleon interaction, is given by the Hamiltonian
Vie—, IVI<—, ® 15 given by
mya? mya

Gk — —

where|V|~100 MeV is the typical magnitude of the nuclear Hi”t:ﬁi;mp UivulCvi=Caivsltidh, v (1= ys) ¥,
interaction potentiala~1 fm is its rangep is the nucleon (4)
momentum in the center of mass system, emdis the free
nucleon mass. The first condition is always violated if thewhereGg is the Fermi constant); (i=n,p), andy, are the
potential leads to bound states as for the proton-neutron irdirac field operators for the neutrons, protons, and neutrinos,
teraction which gives rise to the deuteron bound state. ThandCy ; andC, ; are the dimensionless weak neutral-current
second condition translates inpe=my and is therefore also vector and axial-vector coupling constants for protons and
violated for the nonrelativistic nucleon momenta occurring inneutrons, respectively.
a supernova. We can therefore not expect that the Born ap- Another possible type of weak process is the emission of
proximation is a reliable approximation to the dynamicalaxions [15]. The corresponding interaction Hamiltonian
nucleon spin-density structure function in a supernova. Neireads
ther is it obvious that any weak interaction rates calculated
from it are reliable at the relatively low energies involved.

The goal of this paper is therefore to compute the dynami-
cal nucleon spin-density structure function and resulting
weak interaction rates beyond the Born approximation bywherea is the axion fieldf, the Peccei-Quinn scale, and the
using exact two-nucleon wave functions. To keep things nudimensionless coupling constants to neutrons and protons
merically simple, we will restrict ourselves to spherically C,; (i=n,p) are of order unity and depend on the specific
symmetric but spin-dependent two-nucleon potentials. Sincaxion model.
a central potential conserves the total nucleon spin, the only In the limit of nonrelativistic nucleons, only the axial-
contribution to inelastic weak processge., inelastic in the vector coupling contributes to inelastic weak processes.
center-of-mass frame of the nuclepngill then arise from  Within linear response theory these processes are then de-
interactions of protons and neutrons due to their differenscribed exclusively by the dynamical structure function for
weak coupling constants. We therefore have to deal with twahe nucleon spin-density. In the following, we will drop the
nucleon species. Our approach takes into account in a coimdex A or a in the nucleon coupling constants to neutrinos

1 _
Hin=5— > CaithiVuysiio“a, (5)
2fa.:n,p

sistent, unified way the free-free transitions and axions, respectively, for notational simplicity whenever
the result applies to both cases. To ensure a suitable normal-
vtn+per+Tn+p (2 ization which will become clear below in E¢g), we define

the structure function as the autocorrelation function of the

as well as the free-bound and bound-free processes involvirweighted nucleon spin-density:

the deuteron

v+dev+pn, (3 )= 2 %cb?(x)%dn(x). (©)

The analogous processes involving neutrino pairs or axions
instead of neutrino scattering are described by the same dyiere, ¢;(x) (i=n,p) is the nonrelativistic field operator for
namical structure function and can therefore also be treate@rotons and neutrons which is a Pauli two-spineiis the
by our formalism. vector of Pauli matrices, an@’=C.Y,+C;Y,, is an aver-

The rest of the paper is organized as follows. In Sec. Il weage neutral-current axial-vector weak coupling constant to
define the nucleon spin-density structure function in a formthe nucleons, weighted by the fractional neutron and proton
suitable for the case of proton-neutron interactions. The maiabundances Y, and Y,. Defining the Fourier
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transform in a normalization volumeV as o,(t,k) pi2 1
=V~ Y2[d% e ®Tg,(t,r), one can then define the nucleon H:Ei 2my + Ei;j V(rij, 0y, 09), (12)
spin-density structure functidri3,10,16:
4 wherer;; is the radius vector between nucleoandj, p; is
+o0 ; ;
_r i ot ) _ the nucleon momentuny/(r;; , a; , ;) is the spin-dependent
Sol@.K) 3nbfoo dteXow(t.k)- ow(0K)). (@) two-nucleon interaction potential, and the sums run over all
nucleons. The most general two-nucleon potential in the non-
Here, (,k) is the four-momentum transfer to the medium, relativistic limit can be written af17]

ny is the baryon number density, and the expectation value _
(---) is taken over a thermal ensemble at the medium tem- V(1:01,02) =U()+U,(r) oo+ Ur(r)Ts,

peratureT of medium states normalized to unity. +PLUTN+U(N) oy 0t UL Ty
Relativistic neutrinos and possibly axions will have typi- B 7 T '
cal energies of orderBbut are in general not in chemical (12

equilibrium with the medium. Weak interactions such as .

neutral-current neutrino scattering and pair processes and awherer=r,, r=|r|, r=r/r, P_is the isospin exchange op-
ion emission thus probe the spin-density function typically aterator, and the tensor operator is given by

thermal energy-momentum transfers. Since the momenta in-

volved in the nucleon-nucleon interactions are much larger T12=30,-T0,-T— 01- 0. (13
than the thermal momenta of relativistic particles, we
will often employ the long wavelength [imitS,(w) Useful information about structure functions is contained

=lim,_,(S,(w,k) for which we define the dimensionless in their moments of Whi_ch Eq(8) is an_exa}mple for the
quantityg(,(x)ETS,,(xT). In this limit, integration of Eq. lowest one. The next higher moment is given by the so-

(7) over w yields the sum rule calledf-sum rule which is often discussed in the literature in
the context of the density structure function and for spin-
rode 4 conserving interactiongl8]. In Ref.[16] we derived a gen-
f Z_S"(w) —1=N,= 3 V< E o O'J-’W> , (8 eralizedf-sum rule for the spin-density structure function for
i MV i7) one species of nucleons interacting via spin-dependent forces

of the form Eq.(12) in a nondegenerate medium:

where we wrote the spatial integrﬁtj3raw(t,r)22iai,W.
Here, o; = oidiag(C,,C,))/C, whereao; are the spin opera- +odw 4
tors of the individual nucleons, and the matrix digg(C,) fﬁm 5 @Sy(@)=— nb_V<HT>- (14)
acts in isospin space. In E¢B) N, describes correlations
among different nucleon spins. In the absence of such corr
lations [ * 2 (dw/27) S,(w) reduces to 1 which motivated the
introduction of the weighted spin operator E§).

We formally introduce the complete set of eigenfunctions
[n) of the total HamiltonianH of the nuclear medium
H|n)= w,|n), wherew,, are the corresponding energy eigen-

q—]ere, H+ is the part of the total Hamiltonian involving the
tensor operatofl;; . In the present paper we will consider
both neutrons and protons but assume a central two-nucleon
potential, i.e., absence of tensor contributions. Theum

rule is then modified to

;/halues_. By ins?rtingEthg identitt)y oper:_itPH.n)t(m between Jde s Cp—Ch)2 o .
e spin operators, E@7) can be rewritten into e ()= — 3V C (HOP), (19
87 1 np .
Sy(w,k)= 3—22 e~ “n'T |(n] oy, (0k)|m)|? where HP is the spin-dependent central part of the total
Mp £nm Hamiltonian which contributes to neutron-proton interac-
X 8w+ wn— o) (9) tions. Note from Eqgs(10) and(14) that for only one nucleon

species a tensor interaction is required to give a nontrivial
spin-density structure function. This is because the central
spart of the interaction conserves the total nucleon spin and
thus does not contribute to its fluctuations. In contrast, for
two nucleon species, a central spin-dependent proton-neutron
interaction is sufficient for a nontrivial structure function as
long as the neutral-current axial-vector weak coupling con-

_ - _ _ stants for protons and neutrons are differsge Eq.(15)].

It is therefore sufficient to know the function, e.g., for posi- e stress, however, that the act@absitive value of thef

tive energy transfer to the medium=0. _ sum depends on all interaction terms via the states entering
Up to now no approximations have been made with reihe thermal average.

gard to the nucleon-nucleon interactions which determine the
nonperturbative though unknown structure function
S,(w,k). From now on we will make the assumption that
only two-nucleon forces are present. The Hamiltonian then The differential axial-vector-current neutrino-nucleon
has the form cross section is determined by the dynamical nucleon spin-

whereZ=3,e “n'T is the partition function. This form will
be useful later and it shows that the structure function sati
fies detailed balance:

S,(w,k)=S,(—w,—k)e“T. (10)

B. Relevance for weak interactions
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density structure functio8,(w,k), taken at the difference of aop) (oa)—0og
initial and final neutrino four-momentume(,k;) and =
(e2.kp) via[13,16

=N Fdx'é
— Ng™ Oz o—(x)

0o 0o

2
3—cos d3k, X 1—(1+x+ %)ex , (21
dop=GECA—7—Sole1—e2 ki—ko) ——3, (16
(2m) which again holds in the dilute medium.
where g is the angle betweek, andk,. In our convention, Finally, we are interested in the rates of emission and
the neutral-current axial-vector contribution to neutrino scat2bsorption of neutrino pairs. The rate of emission per density
tering rates on the ensemble of all nucleonsjdo, . of final neutrino states is given byGZCzn,(3

The volume emissivity of energy in axion®,, is gov-  +C0)S,(—&1—&2,—K;—kp)/4 which leads to the volume
erned by a structure functio8, , which is obtained from emissivity of energy in neutrino pairs

Egs.(6), (7) by substitutingC;—C,; (i=n,p): 22
Y Q _Mde 6g (—w) (22)
cn, (= v T160m Jo 00 S T @)
Qaszo dow’S, (- v,), (17)
a where we have adopted the long wavelength approximation.
The physical quantities discussed here will be calculated for

whereC2=C? Y, +C2 Y,. We have assumed an isotropic : :
a_ ~an n_rap.p PIC the supernova environment in Sec. V.

medium such tha$,(w,k) only depends ok=|k|.
Various quantities relevant for neutrino interactions are

determined by the spin-density structure function. For the lll. BEYOND THE BORN APPROXIMATION

remainder of this SeCtion, we assume a Maxwell-Boltzmann A. Classical versus general quantum result

distribution at temperatur€, for the neutrinos. Furthermore,

we make use of the normalization given by E§). Contri-

butions from spin-spin correlations representedNyy are

mainly induced by the presence of nucleon bound states al

by the Pauli exclusion principle which becomes important in

a degenerate mediufd9]. Both effects are small in the hot

post-collapse phase of a supernova in which we are inter- I

ested. Two-nucleon correlations, for example, can be evalu- Sy(w)=—3F—, (23)

ated within our numerical model, see E@8) and Fig. 3 7 w?+T2/4

below, and typically result ilN,<0.1. To lowest order, we

can therefore negledi, in Eq. (8) when calculating the Wwhere the spin fluctuation raté, is related to the collision

average energy transfer per collision in a dilute medium. Ifatel' ¢y by

can then be written g40,9]

In the limit |w|<T the nucleon spin can be treated as a
classical spins being changed abruptly by some random
nq:mountAs in a typical nucleon-nucleon collision event
which takes place on a time scalel/T and thus appears to
be “hard.” In this case we expe¢1]

2
Fu=<(AS? ) Lcon-
)(e—ﬁx_e—X)’ < >

Note that the spin fluctuation rate suppresses:thé brems-
(18 . . : :
strahlung spectrum which otherwise would violate the exis-

with B=T/T,. This should be compared to the average enience of the normalization Eg8). This is known as the

(Ae)  [=dx 249
T - OES"(X) X

2 2,3

X X
PP

2 12

ergy transfer by nucleon recoi[QO]: LandaU'PomeranChUk-Migdal_PM) effect [22,23 In pre-
vious work [24,25,10,1% it has been discussed how the
30(1—B) T2 Lorentzian shape Ed23) might influence weak interaction
(Ae)recoi=—5— —- (190  rates at high densities wheFe.=T. The high-density behav-
B My ior of the spin-density structure function can also influence

) ) o ) limits on the axion masg26].
Another interesting quantity is the reduction of the aver-  por |y|>T, multiple scattering effects can be ignored

age total axial-vector current scattering cross secti®R)  and the spin-density structure function can be computed by a
[see Eq(16)]in the nuclear mediurfB,9]. First we note that  quantum-mechanical treatment of two-nucleon scattering.
a term of the formA&(w) in S,(w) corresponds to a total From the generie 2 divergence of all bremsstrahlung pro-

elastic scattering cross section cesses fow—0 one expects the general fofi9]
3A r e’’T for w<0,

Tele1)=—GFChel. (20 So(@)=—2s(lT 25

SV gg2 R @)= 280D for w0, @9

For n,—0 there are no spin fluctuations and correlationswheres(x) is a nonsingular even function wig{0)=1. The
and Eq. (8) implies S,(w)=2wd(w) and thus oy  specific shape oB(x) for x=1 depends on the nucleon-
E(9/77)C,§G§T2 for the thermally averaged cross section. Innucleon interaction potential E(L2), and its calculation for
Ref.[9] we obtained the expression realistic interaction potentials is the main goal of this paper.
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Comparing Eqgs(23) and (25 in their common range of momentum eigenstates. With this modification, EZy) still
validity, I' ,<|w|<T, shows that the coefficierlf, of the  holds but we will not pursue this more complicated case here
bremsstrahlung divergence in Eg5) can be interpreted as a which would lead to coupled radial equations for the corre-
nucleon spin fluctuation rate and that the classical limit ofsponding radial function®, ;p.
hard collisions corresponds 8§x) =1. The existence of the Since we neglect interactions among more than two
f-sum Egs.(14), (15 shows thats(x) has to decrease for nucleons, our formalism does only account for neutrons, pro-
largex due to quantum corrections. tons, and deuterons. Higher nuclei such as helium are not
included. In this sense, strictlyy,, Y,, andY, have to be
B. Exact treatment in the limit of large energy transfers interpreted within the ensemble of neutrons, protons, and
deuterons only. Nuclear statistical equilibrildiSE) shows
that in practice this does not make a big difference around
and inside the neutrinosphere, as longYass0.3 holds in
‘addition, which is realistic after the first few hundred milli-
Yeconds after supernova core bounce. Keeping this in mind
Qve can now calculat&), analytically. Around the neutri-
nosphere the nucleons are at best mildly degenerate. We
IPY=|p,l,m,S)=Rys(")Yim(Q)[S) (26) therefzore assume a Maxwell-Boltzmann distributib¢p)
=e P7,T) for the unbound proton-neutron states. Here,
are characterized by the quantum numbers for the radial m@=s%2 is the nucleon momentum in the center-of-mass
mentump, the orbital angular momentutandm, and the  system, expressed in terms of the squared center-of-mass en-
total spinS, whereR,,5(r) is the radial wave function and ergys (excluding the nucleon rest masandu =my/2 is the
Yim({2) are the spherical harmonics. The corresponding enreduced nucleon mass. Taking into account the spin degrees
ergy eigenvaluesvp have a (2+1)(2S+1)-fold degen- of freedom we then have
eracy. The Pauli exclusion principle then also determines the

For w=T", where scattering involving more than two
nucleons is negligible, we can numerically compute two-
nucleon wave functions from a given nucleon-nucleon inter
action potential and use them in the general expression E
(9). For a central potential the eigenfunctions for the relativ
motion in the proton-neutron center-of-mass system

. . . . . /
isospin tol =%+ (—1)'((—S). Assuming an isotropic me- ey, AT 2
: : 1 A Zey=3€%d""+ — —| (29
dium and usinge,,(0k)=V 123, o€ idiag(C,,C,)/C Np\ 27
with a normalization volumé&/=1/n,,, after some algebraic
manipulations we obtain whereey=2.2 MeV is the deuteron binding enerhe deu-

teron hasS=1). The degree of dissociation, i.e., the frac-

1672 1 tional abundance of unbound states is then

3c? k

mN 1/2Y Y
T P"Zewm

Sy(w,k)=
-1

fu= (30

3 o\ 32
— - Sd/T
1+ 4nb(,l.LT> e

% E e~ p/T—my[o+wp—wg—k(4my)]?/(Tk?)

PQ As a consequenc&,(w) from Egs.(27) and(28) does not

X[(P|Cyope ™2+ Ca,e ™ T2]Q) 2, exhibit a simple linear scaling with the nucleon density,
@7 except for the dilute limin,—0, f,—1. It can be seen that
the numerator in Eq$27) and(28) is independent o, and

where Zcy=Spe “P/T. For k—0 this expression trans- the density dependence &, thus exclusively stems from

forms into Zew - o
In the limit of zero temperaturd,,—0 and only the deu-
C,—C, 21 teron bound state will be populated in thermal equilibrium.
So(w)=4mY,Y, C Zem In this limit, Eq.(16) describes the cross section for the weak
neutral-current deuteron break-up process, By. Integra-
! T tion over the phase space for the outgoing neutrino yields the
X% Z (21+ 1)9,20 e “P total cross section
‘ 2 3GZ (C,—C,)2 (¢
K| [ ROy ()] St opm o), al(en= o [Mdater-w?ims, o)1
0 167 Y &g T—0
(28) (31

where we have made use of the orthogonality of the systerfPr incident neutrino energy;.

of eigenfunctions which are supposed to be normalized to Another instructive limiting case is the absence of spin-
unity. In practice one constructs bound and scattering statd8p interactions. Scattering on protons and neutrons then has
of the stationary radial Schdinger equation within a finite to be added incoherently with the stat® now being plane
spherical volume of radius,,, and computes the matrix Wwaves. Equatiori27) then reduces to the ordinary recoil ex-
elements appearing in E@28). For a nucleon interaction Pression

potential that is not radially symmetric, the eigenstates "

|PY=|pJP) are characterized by the total angular momen- S, (w,k) = 1(27TmN> o~ Mlo— I/ (2my)12/(2TH?) (32)

tum J and parity? and are superpositions of orbital angular e T '

k
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Let us now get back to the general case. In agreement IV. THE BORN APPROXIMATION
with Eg. (15 and Ref.[11] only proton-neutron scattering

contributes to Eq(28), and only if the neutral-current axial- ithin first order perturbation theory and inserting the result
vector weak coupling constants for protons and neutrons ard pertur cory an 9 ;
Ihto Eq.(27), one obtains the spin-density structure function

different. Since the total spin is conserved by a central PO " Bom approximation. Fom >0, the result in the long

tential, the spin-density structure function is governed by théw velenath limit i
fluctuations of the difference of the proton and neutron spin aveleng S

By expanding the unbound statf8) into plane waves

o,— 0,,. To compare with the general results E(3) and 1 C._C.\2
(25), we study the corresponding spin-flip cross section S‘?Om(w):—tiYnnb( P ”)
which is defined as ‘ w2 2™ C
o Kmax
oo(s)= <[A(0'p_0'n)]2>0_ ) 33 fo dppf(p)J'k dkk U P(k)[2
S n . min
<(0'p_0'n)2> P X T , (39
| bt

Here, o,p(S)=Z0n(l,8), where the average total proton-

neutron scattering cross section in angular momentum Istate 5 2 DL )
is given by whereKmax mir= (P~ +2uw) <= p, andU ;"(K) is the Fourier

transform of the coefficient odr,- o, in the proton-neutron
oy interaction (@, and o, being the proton and neutron spins
onp(l,8) = ?(ZI+1)[35ir?5,11(s)+sin26,,o(s)] (349  Only the relative motion between proton and neutron influ-
ences Eq(39) because neither energy nor momentum can be
transferred to the center-of-mass motion in the long wave-
length limit. In contrast to Eq(28), SE°"(w) scales linearly
with ny.
) " In Ref.[9] we considered one species of nucleons cou-
Rpis(r)ocsin(2uwp) ™1 — w2+ 6i5(8uwp)], (39 pling to a classical, external scattering center via an interac-
tion of the form Eq(12) where one of the spins was replaced
of the scattering statessp>0 for (2uwp)*r>I1. The by a classical spirs associated with the external scatterer.
nucleon spin-flip rate is now just defined as The result for the spin-density structure function in the long
wavelength limit in Born approximation is very similar to

in terms of the phase shifi§is(s). The latter are defined by
the asymptotic behavior

+oo ) Eq. (39) for the case of a central two-nucleon potential and a
0 dpp?f(p)(p/w) ol 4p?) medium of protons and neutrons with different neutral-
Fg=Y,Ynnp — , (36 current axial-vector weak coupling constants.
f dppf(p) In Born approximation, the spin-flip cross section E2B)
0 evaluates to
wherep/u is the relative velocity of proton and neutron B 20 p? (2 2
bx yor - F=57— | dkKUPKI% (40

As can be seen from phase shift analysis, the spin-flip 277 s Jo
cross section Eq.33) is
Where((a'p—an)2>=3/2 was used. Comparing Eg&5),
167 (39), and(36) yields
05(8)= g 2 (21+1)[sing () —sinG ()% (37) )
! FBorn:2_7( CD_C”) FBorn (41)

10, C st
Note that this vanishes if the phase shifts 80 andS=1

are equal, as expected. Giveg, one can computEg from  i.e., the spin fluctuation rate i6,(w) and the average spin-
Eq. (36) and compare it with the Born approximation to be flip rate indeed agree within a factor of order unity, apart
discussed below and with ER5). This will be done in the from the factor[(Cp—Cn)/C]2 involving the weak coupling
following two sections. constants which results from our specific definitionSyf.
Finally, one can calculate the spin-correlation term @j. As an example, we consider the usually adopted OPE
that appears in the average cross-section reductioriZ®].  potential which is a good approximation to the nucleon-
nucleon interaction for distances greater than the inverse
CapCan 1 pion massm,.. With f=1 being the pion-nucleon coupling

=YY 5— > (21+1) constant, its Fourier transform is

N
Ci Zem T

1

\Y/ k,o0,0,)=—
X;O(_l)asu)—le—wpn’ (39) opel 1,072)

2f\2(oy-K)(05-k)
e

77 T

(42

which, together with Eq(28), determines Eq(21) in the and it clearly has a tensor contribution. The spin-density
phase shift treatment. structure function corresponding to this potential has been
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calculated in Born approximatiofil3]. Translated into our protons or neutrons this factor would be replaceoYlﬁ)and
notation, the contribution from proton-neutron scatteringy?2, respectively. Since interaction rates are proportional to
takes the form of Eq(25) with s(x)='s(x)/'s(0) given by  n,S, by definition,Y is a rough measure of the contribution
the function of proton-neutron scattering to weak neutral-current inelastic
interaction rates. For the neutrino-nucleon coupling in a
nuclear medium we will adop, ,=1.09 andC, ,=~—0.91
[13], so thatY=0.5 for Y,=0.1.

In the following we are interested in the situation given in
X[(5C% +3C%)s(v,x)+2(C4 +C?)s,(v,X) the environment of the neutrinosphere in a supernova. In

principle, our expressions for weak interaction rates depend

_(6C3+2C2*)S3(U'X)]’ (43 on both densityp and temperatur@&, apart from being pro-
portional toY. In order to reduce the number of independent
parameters to 1 for simplicity, we will assume a specific

E(x):fowdv[v(v+x)]l’ze’”

whereC.. =(C,=C,)/2 and

( 20+ X— 22 v (v +X)]H2 2 B profile for the temperature as a function of the density:
2v+x—2z[v(v+x)]Y%+ o v
[ ( ] y T(p)=5 % MeV. (48)
(2v+x)2—4v(v+x)Z? 102 gem

+1
si(v,x)=J dz{ 5 5
-1 (2v+x+y)"—dv(v+X)Z This profile is typical for the conditions in the supernova a
X2 few hundred milliseconds after core bounce. Under these cir-
i=3, cumstancesf, varies between=0.72 atp=10"1g cm 3
and=0.16 atp=10" g cm™ 3, corresponding to a fractional
(44) deuterium  abundance Yg=(1—"f,)Y,/[1—(1—f,)Y,].
NSE involving higher nuclei gives deuterium abundances
that are 26-30 % lower than this iff ;=<0.2, and 16-20 %
lower if Y,=0.1, in the rangep=4x10" g cm 2 for the
> 3(0) profile Eq.(48). At densities app_rpa_ching nulear density, the
FzBroénPE:_YpYn_FA! (45  bound state spectrum of nuclei is influenced by the overlap
’ 3 2 of their wave functions which tends to reduce their abun-
. dance below the ones predicted by NSE. This effect cannot
with be accounted for in a two-nucleon interaction model which
-y therefore ceases to be applicable at such :ngme&
_ oM™ 12 For the proton-neutron interaction potential®(r) for to-
Ta=4yma] mp2 =86 MeV pisTug - (46) tal spinS we chose the following Gaussian potentigdsich
thatUP=V]P—VvgP andU"P=(V]P+V3P)/2 in the notation
Here, a,=(f2my/m,)2/4m~15, p13=p/10-°3 gcm 3 with  of Eq. (12)]:
p the density, andT;;=T/10 MeV. Note thatS % pd )

| (2v+x+Yy)°—4v(v+x)Z?

with ysz,/(mNT). Furthermore, the contribution to the
nucleon spin fluctuation ratg,, is

xw 32 for w—o and thus violateg-sum integrability. As VIP(r)= —33.6e~ (L7 M* \ey,

was explained in Ref.16], this is caused by the unphysical

behavior of the OPE potential for—0 that leads to a Vrl‘p(r)=—84.7e‘“’1-36fm)2 MeV. (49)
[Vope(K)| which for k—co is asymptotically constarisee

Eq. (42)]. Its strengths and ranges were fit to reproduce the experimen-

More generally, as can be seen from E89), one has tal values for the scattering lengtag and effective ranges
Sy™M(w)cw ™~ ¥2 7" for w—oo if [U,(K)|ock ™" for k—o, cor- 4 s which determine the low-energy expansion of the phase
responding to existence and square integrability of theshifts 5o [17]:

(r—2)th derivative of the interaction potential. It is not ob-

vious whether this applies to the high behavior of the o, 1 p
expression Eq(28) as well. Cotdps(s=4p°)=— pag + 5 Tefts- (50
V. A NUMERICAL MODEL FOR THE SUPERNOVA As a result, thes-wave proton-neutron scattering cross sec-
ENVIRONMENT tion predicted by Eq(49) agrees with the experimental one

to within less than 5% in the laboratory energy range be-
tween 0 and=20 MeV (see Fig. 1 In addition, the energy
of the bound state resulting f&=1 coincides with the deu-
teron binding energy within 5%. A central potential de-
YpYn (47 scribes the deuteron rather well since the contribution of the
CoY,+ChY, D state to the bound state wave function is only about 6%.
Finally, we have compared the numbers for the weak
which describes its compositional and coupling constant dereutral-current deuteron break-up cross section resulting
pendence for fixedh, and T. For processes involving only from Eg. (31 with calculations in the literaturg27]. In the

We first note thaS,(w) from Egs.(39) and(27) is pro-
portional to the dimensionless factor

c

Cn

C 2
szpvn( 2 ):(cp—cn)2
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FIG. 2. The contribution from proton-neutron scattering to the
FIG. 1. Thes-wave proton-neutron scattering cross section pre-dynamical nucleon spin-density structure functi8p(w)/Y as a
dicted by the potential Eq49) (thin solid line and measure@hin  function of @ in the long wavelength limik—0 for p=3x 10"
dotted ling as a function of the laboratory Kkinetic energy gcm 3, T=7.2 MeV. Shown are the Born approximatidgq.
Ep=5/2my . Also shown for this potential is the spin-flip cross (39), thick dashed linand the result from phase shift analyfis).

section in Born approximatiofEq. (40), thick dashed lingand

from phase shift analysiEq. (37), thick solid lingl. The inverted
resonance in the latter curve Bf,J2=2.2 MeV stems from the
deuteron bound state.

(28), thick solid ling for the proton-neutron interaction potential
Eq. (49) and the estimate E¢25) with Eqgs.(43)—(46) for an OPE
potential in Born approximatiofthin dashed ling The resonance
at w=2.2 MeV from the deuteron binding energy is clearly visible

in the thick solid line. The small wiggles on this curve are caused

energy range betweea5 and 40 MeV we found agreement by the finite numerical resolution of the energy eigenvalues of the
to within about 10%. This serves as a further check for thescattering states. Multiple scattering effects that regularizesthe
correct normalization of our calculation. behavior at loww would here become important fas<<I",=1
Also shown in Fig. 1 is the spin-flip cross section as cal-MeV. see Fig. 6.
culated from the potential E449) both in Born approxima-
tion [Eq. (40)] and numerically from the phase shift§q. turbative expressions Eq643)—(46) for the proton-neutron
(37)]. It is clearly seen that the Born approximation under-scattering contribution t&, based on the OPE potential
estimateso; by far for energies below a few MeV. In con- (thin dashed curve After all, this curve reproduces the gen-
trast, as expected, Born approximation and phase shift analgral normalization of the spin-density structure function quite
sis for the spin-flip cross section converge at high energiewell, but it cannot reproduce the quite prominent deuteron
where the second condition in E() is asymptotically sat- resonance. The nonvanishing pion mass is taken into account
isfied. in this curve and suppresses it by roughly a factor 2 com-
To compute the nucleon spin-density structure function inpared to calculations neglecting the pion mass. Note the
phase shift analysis, we calculated radial eigenfunctions upteepening at hig of the curves for the potential E¢49)
to some maximal orbital angular momentugy,=3 above in contrast toSEf’é“pE(w) which guarantees or violatdssum
which they are close enough to the free eigenfunctions téntegrability, respectively.
make a negligible contribution to Eq28). To achieve a The phase space averaged quantities relevant for neutrino
sufficient resolution in the energy range of interest, aboutnteractions and discussed in Sec. Il are shown in Figs. 3—-5
500 eigenfunctions had to be computed. We verified that théor the temperature profile E¢48) in the density range be-
resultingS,(w) satisfies thef-sum rule Eq.(15) to within  tween 18 g cm™2 and 16* g cm™ 3. Near the lower bound-
10%. An example fop=3%x10'? g cm 3, andT=7.2 MeV,  ary of this range, the neglect of higher nuclei such as helium
values typical for the neutrinosphere, is shown in Fig. 2,is not a good approximation any more. Near the upper
along with the Born approximation E¢39) for the same boundary, multiple nucleon scattering0,24 and saturation
potential. Clearly, the Born approximation strongly underes-of nucleon spin fluctuationd 6] start to become important as
timatesS, at neutrinosphere temperatures, corresponding td', becomes comparable ™ [see Eq(23)], as can be seen
the underestimation of the spin-flip cross section at low enfrom Fig. 6. Furthermore, modifications of nuclear bound
ergies exhibited in Fig. 1. We have verified that in the limit states due to overlap of their wave functions, which is an
of weak interaction potentials satisfying the first condition inadditional many-body effect, becomes important at these
Eqg. (1), the Born approximation agrees well with the phasedensities, as mentioned above.
shift analysis over the whole energy range as expected. We stress again that due to the presence of bound states
For comparison, Fig. 2 also shows Eg5) with the per- the spin-density structure function calculated by phase shift
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FIG. 4. The contribution from proton-neutron scattering to the
average energy transfer in axial-vector neutrino-nucleon scattering,
normalized to the difference of neutrino and medium temperatures,
(Ae)Y(T,—T) [see Eq(18)]. This is shown as a function @f for
the profile Eq.(48). The line key is identical to Fig. 2. In addition,
the thin solid line shows th& independent contribution from re-
coil, Eg. (19). The normalization relative to the inelastic contribu-
tions that are proportional t¥ corresponds t&'=1.

FIG. 3. The contribution from proton-neutron scattering to the
fractional changes{oa)/(o,Y) of the average total axial-vector
current neutrino-nucleon scattering cross secfisee Eg.(21)].
This is shown as a function g¢f for the profile Eq.(48). The line
key is identical to Fig. 2. For the phase shift analysis B§) was
used forN,, whereasN,=0 was used for the Born approxima-
tions.

analysis and weak interaction rates computed from it do not

— 2102 i
exhibit a simple scaling behavior with density and/or tem-=27/10C,—Cy)?/C* [see Eq.(41)] and characterizes
perature, as discussed below E29). S,(w) via Eq.(25). At higher temperatures and densities the

We note from Eqs(21), (38), and(47) that the scattering predictions based on_phase shift analysis and Born approxi-
cross section reduction shown in Fig. 3 is proportionayto Mation for the potential Eq49) are closer because the ef-

The main contribution to\,, comes from theés=1 deuteron  [ectivé potential “seen” by the scattering nuclei becomes
bound state ‘ smaller relative to their kinetic energy and the second con-

dition for applicability of perturbation theory in Eql) be-

CapCan Y s
No,d:(c c )2(1_fu)§:_0-0831_fu)Y o410 T T T Trrg R T T T TTTT
Ap~ “A, 1 -

p n (51) 9 1037

@ 1036

and is roughly half the size of the second term in E{). T 35

The negative contribution t0o4) results from the opposite

sign of C, , andC, , and corresponds to the fact that the §1034
cross section for elastic scattering on deuterons is signifi- “1033
cantly smaller than that on free nucleons. The resulting pre- 33 1032
dicted total cross section reduction is almost constah®% e
over the whole density range shown in Fig. 3. Furthermore, E 1030
we note that Eq9(18) and(19) imply that{Ae)T,—T for 10
|T,—T|<T which makes it convenient to plot the ratio of §'1029
these quantities in Fig. 4. =2 28
Clearly, near the low end of the temperature and density E 1027
range considered, the Born approximations for both the po- 3 10
tential Eq.(49) and OPE tend to predict substantially lower § 1028 p
absolute values for all of the quantities shown in Figs. 3—-6. < 1025 ol NIRRT B E T
For the potential Eq(49) this is related to the fact that the 10t 1012 1013 10H4
spin-flip cross sectiomrg(s) is strongly underestimated by -3

the Born approximation below a few Melsee Fig. 1 In density [g com ]

turn, this leads to an underestimation of the spin-flip rate Eq. FIG. 5. The contribution from proton-neutron scattering to the
(36) for temperatures below a few MeV, and the spin fluc-neutrino pair emissivityQ,,7Y [see Eq(22)], shown as a function
tuation rate that  satisfies ', /Tg=TE"YTE’™  of p for the profile Eq.(48). The line key is identical to Fig. 2.
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FIG. 7. The contribution from proton-neutron scattering to the
distribution of energy transfers in axial-vector neutrino-nucleon
scattering per logarithmic interval i@ and difference in neutrino
and medium temperature in arbitrary units, for 3X 10?2 g cm™ 3,

comes asymptotically satisfied. They do not converge, how; 4 1-7 5 mev. According to Eq.(18), this is proportional to

ever, because the deuteron abundance increases within QY (xT)/Y]X3(L+x/2+ x2/12)e %, where S,(w) was shown in
two-nucleon interaction approximation which eventually be-ig 5 for the same conditions with identical line key. In addition,
comes inapplicable. the thin solid line was obtained from theindependent recoil struc-
Close to the neutrinosphere, at densities of a fewyre function, Eq.(32), for a typical thermal momentum transfer
10** g cm™ 3, predictions by our phase shift analysis for the k=3T. The normalization relative to the inelastic contributions that
potential Eq.(49) and by the Born approximation for the are proportional tof corresponds tor=1.
OPE potential for the integrated quantities shown in Figs.
3-6 agree reasonably well. In particular, our results predictesses involving only one nucleon species, the reaction in-
that for p<10"gcm ® the average inelastic neutrino- volving a proton and a neutron also depends on the central
nucleon energy transfefAe) is comparable to the recoil part of the potential and is therefore not related to the former
energy (Ae)ecoil (S€€ Fig. 4 as first suggested in Refs. by simple isospin symmetry. Indeed, the fact mentioned in
[10,9] for conditions near the neutrinosphere. These energgec. IV that the OPE potential leads to an unphysical short
transfers are, however, differently distributed with a muchdistance behavior for proton-neutron interactions, but not for
longer tail to large-energy transfers, as shown in Fig. 7, an¢hteractions among identical flavors, is related to this. One
their average value has a much weaker temperature and degan therefore not expect proton-neutron bremsstrahlung cal-
sity dependence than predicted by the calculations for OPEulations adopting the OPE potential in Born approximation

FIG. 6. The spin fluctuation raté, /Y as a function op for the
profile Eq.(48). The line key is identical to Fig. 2.

in Born approximation. to yield reliable estimates of weak interaction rates at high
We have furthermore checked that the resultsSprcal-  temperatures and densities.
culated from the phase shift analysis E2g) are insensitive Indeed, towards the center of the hot neutron star, at den-

to the detailed shape &f7°(r) as long as it reproduces the sities approaching nuclear density afigt20 MeV, predic-
experimental phase shifts in the corresponding energy rangéons for the guantities shown in Figs. 3—5 by the OPE po-
In particular, properties of the potential at short distarces tential in Born approximation are at least 10 times higher
influence S,(w) only for w=p%my=1/(myr?). For the than corresponding predictions based on the potential Eq.
conditions near the neutrinosphere it is therefore sufficienf49) for which Born approximation and phase shift analysis
that the potential reproduces nucleon-nucleon scattering uipecome rather similar. This demonstrates that in this envi-
to a few tens of MeV. ronment weak interaction rates indeed become quite sensi-
By comparing with the experimentally measured rates fottive to the short-distance behavior of the two-nucleon inter-
the procesp+ p— p+ p+ g, it was argued in Ref28] that  action potential which is different for these two potentials.
the OPE potential in Born approximation should describe théhis can have important ramifications for neutrino opacities
axion emission procegs+p— p+ p+a rather well even in and axion and neutrino pair emissivities in the supernova
the supernova core. This should hold true for other relatedore that are usually based on these OPE calculations
weak interaction rates as well. This argument, however, car{11,12. Whereas calculations assuming an OPE potential
not be extended to the analogous processes Bpand(3)  should be a reasonable approximation in the context of a
involving neutrons and protons that have been the subject dfcold” neutron star this is not necessarily the case for the
the present paper: Whereas only the tensor contribution ahuch higher thermal energies involved in a hot protoneutron
the two-nucleon interaction potential is relevant for pro-star. Neutrino opacities govern the cooling time scale of the
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protoneutron stal25] while axion emissivities determine ax- adopted OPE potential in the Born approximation. In gen-
ion mass bounds based on supernd\2f. Apart from tak- eral, near the low end of the temperature and density range
ing into account many-body effects such as multiple scattereonsidered, the OPE calculations tend to underestimate the
ing [24,10,18, a more reliable calculation of these quantitiesquantities discussed here, whereas near the high end an over-
thus requires to use nuclear potentials that fit nucleonestimation is indicated. We confirm that for the conditions
nucleon scattering data also at energies above a few tens néar the neutrinosphere the average energy transfer in axial-
MeV to ensure the correct small distance behavior. We leaveector neutrino-nucleon scattering can be comparable to the
that to a separate study. recoil energy, as suggested by the OPE calculations.

Finally, to qualitatively compensate for the overestima- The formalism presented here can be extended to two-
tion of the deuterium abundance by our model at high dennaucleon potentials that are not spherically symmetric as well
sities, we checked how our results change when any contras to finite momentum transfésee Eq.(27)].
butions from bound states are neglected. The curves shown Our results might have a significant impact on the forma-
in Figs. 3—6 for the potential Eq49) then have a more tion of neutrino spectra from type-ll supernovae. A quanti-
similar shape, with the magnitudes predicted by the phasttive understanding will, however, require detailed numeri-
shift analysis being larger than the ones based on the Borcal simulations. Qualitatively, the ‘“energy” sphere is
approximation by a factor that varies monotonously betweettocated where the rates of processes that change neutrino
=10 near the low end, ang2 near the high end of the energies and numbers equal the diffusion rg26,2]. A

density range considered. rough estimate employing the new rates from our phase shift
analysis indicates no significant change in the location of the
VI. SUMMARY AND CONCLUSIONS energy spheres of,, v,, and muon andr neutrinos at

We have discussed weak axial-vector neutral-current in:r24’ T=4.6, andT=7.5 MeV, respectively. However, the
. ) : . additional energy transfer in inelastic neutrino-nucleon scat-
teractions involving nucleons in hot nondegenerate nucle

matter at temperatures between a few MeV and about 2 ring and the weaker fall off of bremsstrahlung pair rates at
MeV, and densities between 10 and=104 g cm 3, i.e., ow temperatures and densitieee Figs. 4 and)Ssuggests

o . . S . . _an increased efficiency of energy exchange with the medium
for conditions given in the vicinity of the neutrinosphere in a y 9y 9

type-Il supernova. To describe such interactions in the "mitbetvveen the energy spheres and the surface of last scattering
yp pernova. . atT=4 MeV, and thus a softening of the spectra. Since this
of nonrelativistic nucleons we adopted the structure functio

rlipplies equally to all neutrino flavors, this could also result

formalism for the nucleon spin-density. We studied the "n more similar spectral temperatures for the different flavors

duction of the average total axial-vector current neutrino-, .+~ id be tested by the next generation neutrino observa-

nucleon scattering cross section, the associated average Sfies once a supernova is detected

ergy transfer, and the neutrino pair emissivity, all of which Finally, we demonstrated that weak interaction rates in

are governed by the nucleon spin fluctuations caused by ﬂ'ﬁ:‘]e hot supernova core are sensitive to the small distance

zglrnif?hp:mig togur?llji?enc;:uiﬁltzcr)gclirgﬁ;aftéon;’ ;grriogvesrf);rbehavior of the nucleon-nucleon interaction potential which,
P PP t least for proton-neutron interactions, is not well described

mation, this is represented by nucleon bremsstrahlung. W%y the usually adopted OPE potential. This, apart from

have shown, however, that near the low end of the temp.er%any—body effects, should be taken into account in future
ture and density range considered here, the Born approx'mﬂivestigations

tion is in general a reliable estimate neither for these quan-
tities nor for the spectral shape of the spin-density structure
function wh_|ch determines the dls'grlbutlon o_f the energy ex- ACKNOWLEDGMENTS
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