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Natural four zeros texture mass matrices recently proposed by Fritzsch and Xing are investigated by includ-
ing “nonleading” corrections in the context of the latest data regardiiﬂ?je andVky matrix elements. Apart
from accommodatingnf®® in the range 17% 15 GeV, |V and |Vy,/Vep|=0.08+0.02, the analysis with
maximal C P violation predictyV,4|=0.005—0.013. Further, tHéP-violating phase anglé can be restricted
to the rangedi) 22°—-45° and(ii) 95°-130°, concretizing the ambiguity regarding the phase of the CKM
matrix. Furthermore, we find that nonleading calculations are important when the “Cabibbo triangle” is to be
linked to the unitarity triangle[S0556-282(97)03017-§

PACS numbd(s): 12.15.Ff

Recently, Peccei and Wang] in a very interesting paper The purpose of the present Brief Report, on the one hand,
have found a possible pattern of natural mass matrices at the to find nonleading order corrections to relatiqd$—(3);
grand unified theory scale which are in agreement with lowon the other hand, we want to examine the detailed implica-
energy data related to the Cabibbo-Kobayashi-Maskawé&ions of extra terms, introduced by FX in their formalism
(CKM) mixing matrix. A concrete realization of such mass compared to earlier Fritzsch mass matridég, on the
matrices at a low energy scale as shown by Wg2lgis  Vcku phenomenology. Further, to extend the success of FX
presented by the Fritzsch and XigX) ansatz 3] consist- mass matrices, it becomes interesting to examine how FX
ing of four zeros texture mass matricetl. Exploiting the  mass matrices accommodami®® [6], the latest data regard-
idea of maximality ofCP violation and relating the usual ing Vk, elementsV,, andV.,, as well as the recently
unitarity triangle with the “Cabibbo triangle,” they have found range ofV,q due to improved QCD calculations of
found some very interesting results at leading order. In parg0_go mjxing phenomenori7]. Furthermore, it would be
ticular, by adding nonzero 22 elements in thg™as well as  yorthwhile to study the implications of nonleading correc-
“D” sectors to the usual Fritzsch mass matri¢8$, FX  tions to angles of the unitarity triangle which may shed some

have found, at leading order, light on the ambiguity relating to the phase of the CKM
mixing matrix [8].
Vo Mg /My oo 0 To this end, we have first exactly diagonalized FX matri-
us mg me ’ ces and calculated the correspondigky . The implica-

tions of the extra terms both inU” and “ D" sectors is

m, Mg .y quite manifest in the expressions fdgxy Matrix elements
Vea= Vi = Vi €00 (2 derived here.
C S

To begin with, we consider the Fritzsch-Xing mass matri-
ces[3]: for example,

\% m \% m

Lo/ and a2 3

Ven me Vis ms 0 D O
Further, in the complex plane by linking the Cabibbo triangle M;=| DI C; B (i=u,d), (4)
with the usual unitarity triangle they have been able to show 0 B A

Ao=90°, implying maximalC P violation in the context of
present mass matrices. The valuedef is sensitive to varia- whereD;=|D;|e/“ and the elements dfl; are assumed to

tions of mass ratiomplmc andmd /'ms; hovyever, the above follow the hierarchical structure, e.glp;|<B;~C;<A,.
conclusion aboulA o is not inconsistent with the range sug- The above matricel; can be expressed as
gested by such variations. !

Mi=PM;P], ®)

*Permanent address: S.G.G.S. College, Chandigarh 160026, In- o
dia. where the real matricelsl; may be expressed as
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0 [Di| O where
M;=| [Dil Ci B; (6) M %@9= diag' m,, — m,,my), 9
0 Bi A with subscripts 1, 2, 3 referring to,c,t in the “U” sector
and andd,s,b in the “D” sector. The details of diagonalizing
. _ matrix O; are given in Ref[9].
P;=diag1,e '7i,e'7). (7) To facilitate comparison with FX calculations as well as

_ for a better physical understanding of the structur¥ gfy, ,
The real matricedM; can be diagonalized exactly by or- we present here the approximate form@jf. For example,

thogonal transformations: for example, by considering my<m.,<C,<m, as well as
— diacmT my<mg<Cy<my, the structure forO, can be simplified
M;=0O;M{*0Oy, (8)  and expressed as

o

m,

) M me @(mﬁcu)
m m; m;, \m—C
O,= — (1 \/1—& Met Cy . (10)
m. m, m, m
fm, [m.+C, Im.+C, C,
S Vm | m, - my Sy

C

m.+C,

The matrixO4 can be obtained frord,, simply by changingg—d, c—s, andt—b.
The mixing matrixVegy in terms ofO, 4 can be expressed as

Vekm=04PydOq. (1D
where
P.¢=PlPy=diag1€'2?,e2") and Ac=0,—0y. (12

Using Eq.(10) and retaining terms up to next-to-leading order, Bd) can be simplified and written as
m m m. my [ Mg+ C /m
1 — _d+ _U gl _S _d S d —+ _ng
Mg me mp Mg b d me
~ m, My mymy
Vekm= \V mc+ Y, m, 01 \V mcms+91 92 \ (13

me m, m.+C, /md , _g g
m; mc mt_Cu mg 9 ? !
|
where o \/ms+ Cq . C,
9= My m
Cu)( Cd) \/mC+Cu mS+CdJ .
= 1- —||1- —|+\/—— ———|e%7, + +
% \/( my My m; my - \/mC Sy 1- Cat My el (16)
(14 m, m,

The above expressions fdfcky are approximate; however,

9a= \/ms+ Cq _ % _ \/mc+ Cy _ & eido for the purpose of calculations, we have employed exact ex-
2 m, m; m, m, : pressions.
(15 After having calculated th¥ -xy elements, we calculate

the angles of the unitarity triangle related to the decays
and By— 7, Bq— D and B3-BJ mixing. The quantities usu-
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TABLE |. Calculated values oR,,, Ry, Sy (=sin20, 0

=a,B,y) for MPP®=175 GeV and for differenR, values when 0.3¢ e R T
|V¢pl=0.038 withS,, taking negative values. 0.26F e gmg |
o Ltd1 .

0.22% Riga %
Rt RUb th SZa SZB SZy Ri; O.IBE\E—
0.00 0.06 021 -0.18 0.52 0.66 o 1k |
0.02 0.07 0.20 —0.58 0.52 0.95 o 1k N N
0.04 0.07 0.18 —0.88 0.53 1.00 ’ )
0.06 0.08 0.18 —-0.91 0.54 0.99 °~°5<0 T 55 5 5 5 1s
0.08 0.08 0.17 —0.96 0.54 0.96 ’ ’ R? ' ' '
812 888 gig :288 823 82% FIG. 1. Variation of calculated values ofV,,/V., and
0.14 0.09 0.15 ~1.00 0.55 0.82 |Via!/Veo| With respect tdR; (Rj;=|V;; /Vy|, ij =ub,td), suffixes 1
0.16 0.10 0.14 —1.00 0.56 0.75 and 2 corresponding to Tables | and Il, respectively.

tables brings out easily that we are able to obRjg from
0.06-0.10{10,14 by varying R, for mf°®=175 GeV. This
ally discussed are sine2 sin 28, and sin 2 whose respec- behavior ofR,;,, can be easily checked from the expressions
tive relations toB decays and/xy elements are detailed in of V,, andV,. Similarly, the results fofV,4| can encom-
Ref.[10]. pass the presently expected randel0]. Coming to the
Before we present our results, a brief discussion abougngles of unitarity triangleq, B, and y, we find that the
various inputs which have gone into the analysis is inpresent values are in accordance with similar calculations by
order. As a first step, we have considered quark masse¥her author$7,13,15. _ _
at 1 GeV [11], for example, m,=0.00510.0015 For the sake of brevity we have not included in the tables

GeV, md=0.0089t0.0026 GeV, ms:0-175¢0-055 GeV, our .calc.ulations rgga(dingyts, Xs, and Jarlskog's
m.=1.35+0.05 GeV, andm,=5.3+0.1 GeV. Unlike FX CP-violating rephasing invariant parametér[16]. How-

we have not studied the implications of the spread in masEVer: @ few remarks regarding these merit mention here. In-

values; rather we have endeavored to understand the detail& gft'ngly' we find thatV,|<|Vey| for the entire range of

implications of the variations o€, and C4 on the CKM m; a_nd Rt‘ This is in accordance with expectations from
phenomenology. Following FX, to maximizgP violation, the unitarity ofVcxy [10]. A departure from the above pre-

we have fixedA 0=90°. Noting the fact that the CKM ma- ?'CE{'O” wou!g have |mp;)'rtant émp!;ca}tlor:rs] for pre;tent
trix elementgV,{ and|V.,| are well known and have weak exture-specilic mass matrices. simiiarly, the parameter

dependence omy’s andC;’s, we have restricted the param- and Bg-BS mixing parameteis, though not shown in the
eter space by first reproducifiy,J = 0.22 and V| =0.038 tables, have been calculated to be in the acceptable ranges,
[12,13, ignoring the spread in the values pf,,| as the €9 J=(1.3-2.4) 107° [17] and Xs=8-15(sin 2>0),
calculated quantities hardly show any dependence on thest8—45 (sin 2<0) for x4=0.73[10], again in accordance

The above value ofV,y|, through Eqs(13) and(15), fixes  With other similar calculation§7,13,15.
the values ofC, for a given value ofC, . A careful study of the tables reveals several features

After having fixed the values df/,J and|V,|, we have Which can be shown to be due to the presence of elen@nts
calculated|Vyy|, |Vigl, [Vid, and other phenomenological a_nd_Cd in the FX matrices. Qne finds th_at there are two
quantities related ¥y , for mP?®=175 GeV[correspond-  distinct ranges foWq, sin 2, sin 25, and sin 2, although
ing to m(1 GeV)~300 GeV] and at different values of N the case of sin 2 the variations are not as much as in the

R.=C,/m,. The variations with respect to, have not been case of sin@ and sin 2. It is interesting to mention that

considered as the calculated quantities do not show any sigin 43 does not show much dependencengnor C, or Cq .

nificant explicit dependence on the present experimental '€ Narrow range of sin/2, despite considerable variation

range ofmpole [6] of parameters, provides a severe testing ground for the
f .

In Tables | and Il we have summarized the results of 0u|present texture four zeros mass matrices. The effect of the
calculations for sin 2 being negative and positive, respec- additional parame_ter IS particularly significant in the case of
: - - P [Vig/Vepl which lies in two ranges, e.g., 0.14-0.22 and
tively. For the sake of uniformity, we have presented in the . . .
tables the ratios ofVeq, matrix elements, e.g.Ryp 0.24-0.31, corresponding, respectively, to lower and higher

_ _ value of C4 generated by Eq.15) for a given value ofC, .
Vuo/Veol and Rig=[Vig/Verl- A general survey of the In order to have a better understanding of the significance

. . . 3 of our results, in Fig. 1, we have shown the variation of
TABLE Il. Same as in Table | witt§,, taking positive values. calculated values diV,,| and|V,q| as a function oR,. It is
interesting to mention that we do not find any pronounced

R Rup Ria S2a S26 S2y dependence om, for fixed R, ; however, the dependence on
0.00 0.06 0.24 0.61 051 —0.09 C, andCy is considerable. The figure also shows two dis-
0.02 0.07 0.26 0.90 050  -047 tinct ranges folV,,, andV,4 shown by solid and dotted lines
0.04 0.08 0.27 0.98 0.50 —0.70 ; ; .
corresponding to values of these in Tables | and Il, respec

0.06 0.08 0.28 1.00 0.50 —0.80 . . .

_ tively. The reason for two branches is not difficult to under-
0.08 0.09 0.29 1.00 0.49 0.88 . -
0.10 0.09 0.30 0.98 049 —0.93 stand when one realizes that fixifg.,| through Eqgs(13)
0.12 0.10 0.30 0.96 049 —0.96 and(15) leads to two values fo€ for a given value foC,,.

A detailed investigation of the exact expressions, e.g.,
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Egs. (13), (15), and(16), brings out clearly the contrasting mention that this can be linked to the ambiguity of the phase
behavior ofV,, andV,q. of the CKM matrix, discussed in detail by Harris and Rosner

To understand the full significance of our results regard{8]. To explore this further, we consider the exact standard
ing the two ranges foW,4, sin 2y, etc., we would like to parametrization of th&/ cxy matrix [10]:

—is
C1C13 S12C13 S13€

V,=| —S1L23— C1555512€' % Cios—S155512€'°  Spaus | 7
$12573~ C1C23515€" o - C15S23~ S12C23515€" g C23C13

wherecj;=cosé;, sj;=sin @;, and § corresponds t@;; of  corrections to Eqg1)—(3), we have seen that the maximality
the standard parametrization. In this parametrizati®ns  of CP violation as enunciated by FX is in tune with the
simply equal to the angle of the unitarity triangle. As the present data. It is very striking to note that the variation of
value of 8 does not show much variation, therefore, the be'th, due to the additional elemen®, 4, leads to a range
havior of §is very much related to the variations of angtes \which is very much in agreement with the results expected

andvy. As has_ be_en _mentior_led in the tabl_es, the_present datm the recently improved calculations Bf-B° mixing [7]
lalltowtantr:]amblgg_lty 'Itn thfetﬁlgn of dsm;%\ghéchlzeasrl]ly rans- - ¢4 4 fairly broad range of parameters considered here. The
ates to the ambiguity ot the quadran [. ]. For having a role played byC, andC4 in fitting the recent data pertaining
feeling of this ambiguity in thé/cxy matrix elements, one to CKM matrix elements needs to be highlighted as when
has to closely analyze the exact expressionVigrin Egs. either of them is zero the full range of data pertaininy/tg

(13) and (16) along withV,, in Egs.(13) and(15). ! .
From the tablegs and e%?press?()h?), one can easily find and V.4 cannot be fitted18]. A precise measurement of

0
the range o predicted by the present set of mass matrices2n9/e5; through the decag— ¢Ks, and ofVy would cer-
as follows: tainly help in establishing the validity of present set of mass

matrices. Further, in the language of Ramond, Robert, and
22°<6<45° and 95%6=<130°, (18 Ross[4] it seems that present data favor texture four zeros

. . - . mass matrices.
in good overlap with other similar calculatiofig]. To con-

clude, FX mass matrices have been investigated in the con- The authors gratefully acknowledge a few useful discus-
text of CKM phenomenology. In particular, we have exam-sions with Professor M. P. Khanna. P.S.G would like to
ined in detail the implications of additional elementsthank the Chairman, Department of Physics for providing
introduced by FX in comparison with the earlier Fritzsch facilities for working in the department as well as the Prin-
mass matrices. Apart from obtaining the nonleading ordecipal of his college for his kind cooperation.
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