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We show simple methods of how to separate pureCP-violating effects from matter effects in long baseline
neutrino oscillation experiments with three generations of neutrinos. We give compact formulas for neutrino
oscillation probabilities assuming one of the three neutrino masses~presumablynt mass! to be much larger
than the other masses and the effective mass due to the matter effect. Two methods are shown. One is to
observe envelopes of the curves of oscillation probabilities as functions of neutrino energy; a merit of this
method is that only a single detector is enough to determine the presence ofCP violation. The other is to
compare experiments with at least two different baseline lengths; this has the merit that it needs only a narrow
energy range of oscillation data.@S0556-2821~97!02617-9#

PACS number~s!: 14.60.Pq, 11.30.Er

I. INTRODUCTION

CP violation has been observed only in the hadron sector,
and it is very hard for us to understand whereCP violation
originates. If we observeCP violation in the lepton sector
through the neutrino oscillation experiments, we will be
given an invaluable key to study the origin ofCP violation
and to go beyond the standard model.

The neutrino oscillation search is a powerful experiment
which can examine masses and/or mixing angles of the neu-
trinos. The several underground experiments, in fact, have
shown a lack of the solar neutrinos@1–4# and an anomaly in
the atmospheric neutrinos@5–7#,1 strongly indicating neu-
trino oscillation@10–12#. The solar neutrino deficit implies a
mass difference of 1025–1024eV2, while the atmospheric
neutrino anomaly suggests a mass difference of around
1023–1022 eV2 @10–12#.

The latter encourages us to make long baseline neutrino
oscillation experiments. Recently such experiments are
planned and will be operated in the near future@13,14#. It is
now desirable to examine whether there is a chance to ob-
serve not only the neutrino oscillation but also theCP or T
violation by long baseline experiments@15,16#. Two of the
present authors have studied how largeT violation may be
seen in long baseline experiments@16#, but they have not
answered the question of how theCP violation is distin-
guished from the matter effect, in case both the solar neu-
trino deficit and the atmospheric neutrino anomaly are attrib-
uted to the neutrino oscillation~in this case the matter effect
is expected to give a fakeCP-violation effect comparable to
pureCP-violation effect!.

In this paper we will answer this question. In Sec. II we
briefly review neutrino oscillation for 3 generations, and give
very compact formulas describing neutrino oscillation in the

presence of matter~the detailed derivation of the formulas is
given in the Appendix!. In Sec. III we show two methods to
distinguish pureCP violation from matter effect. In Sec. IV
we summarize our work and give discussions.

II. COMPACT FORMULAS FOR THE NEUTRINO
OSCILLATION PROBABILITIES

A. Brief review and parametrization

Let us briefly reviewCP violation in neutrino oscillation
@17–19# to clarify our notation.

We assume three generations of neutrinos which have
mass eigenvaluesmi ( i 51,2,3) and mixing matrixU (0) re-
lating the flavor eigenstatesna (a5e,m,t) and the mass
eigenstates in the vacuumn i8 ( i 51,2,3) as

na5Ua i
~0!n i8 . ~1!

We parametrizeU (0) @20–22# with the Gell-Mann matrices
l i ’s as

U ~0!5eicl7Geifl5eivl2

5S 1 0 0

0 cc sc

0 2sc cc

D S 1 0 0

0 1 0

0 0 eid
D S cf 0 sf

0 1 0

2sf 0 cf

D
3S cv sv 0

2sv cv 0

0 0 1
D

5S cfcv cfsv sf

2ccsv2scsfcveid cccv2scsfsveid sccfeid

scsv2ccsfcveid 2sccv2ccsfsveid cccfeid
D ,

~2!

wherecc5cosc, sf5sinf, etc.
The evolution equation for the flavor eigenstate vector in

the vacuum is

*Electronic address: arafune@icrr.u-tokyo.ac.jp
†Electronic address: koike@icrr.u-tokyo.ac.jp
‡Electronic address: joe@icrr.u-tokyo.ac.jp
1Some experiments have not observed the atmospheric neutrino

anomaly@8,9#.
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i
dn

dx
52U ~0!diag~p1 ,p2 ,p3!U ~0!†n

.H 2p11
1

2E
U ~0!diag~0,dm21

2 ,dm31
2 !U ~0!†J n, ~3!

where pi ’s are the momenta,E is the energy, and
dmi j

2 5mi
22mj

2 . Neglecting the termp1 which gives an ir-
relevant overall phase, we have

i
dn

dx
5

1

2E
U ~0!diag~0,dm21

2 ,dm31
2 !U ~0!†n. ~4!

Similarly the evolution equation in matter is expressed as

i
dn

dx
5Hn, ~5!

where

H[
1

2E
Udiag~m1

2 ,m2
2 ,m3

2!U†, ~6!

with a unitary mixing matrixU and the effective mass
squaredm i

2’s ( i 51,2,3). The matrixU and the massesm i ’s
are determined by

US m1
2 0 0

0 m2
2 0

0 0 m3
2
D U†5U ~0!S 0 0 0

0 dm21
2 0

0 0 dm31
2
D U ~0!†

1S a 0 0

0 0 0

0 0 0
D . ~7!

Here

a[2A2GFneE57.5631025 eV2
r

g cm23

E

GeV
, ~8!

wherene is the electron density andr is the matter density.
The solution of Eq.~5! is then

n~x!5S~x!n~0!, ~9!

with

S[Te2 i *0
xdsH~s! ~10!

(T being the symbol for time ordering!, giving the oscillation
probability for na→nb (a,b5e,m,t) at distanceL as

P~na→nb ;L !5uSba~L !u2. ~11!

The oscillation probability for the antineutrinosP( n̄ a→ n̄ b)
is obtained by replacinga→2a and U→U* ~i.e., d→2d!
in Eq. ~11!.

We assume in the following the matter density is indepen-
dent of space and time for simplicity, and have

S~x!5e2 iHx. ~12!

B. Approximation of the oscillation probability

If we attribute both the solar neutrino deficit and the at-
mospheric neutrino anomaly to the neutrino oscillation with
MSW solution for the solar neutrinos, we find most plausible
solutions to satisfydm21

2 !dm31
2 anda!dm31

2 @10,11#. In the
following we assumea,dm21

2 !dm31
2 .2 This case is also in-

teresting when we consider the long baseline neutrino oscil-
lation experiments to be done in the near future@13,14#.

DecomposingH5H01H1 with

H05
1

2E
U ~0!S 0

0

dm31
2
D U ~0!† ~13!

and

H15
1

2EH U ~0!S 0

dm21
2

0
D U ~0!†1S a

0

0
D J ,

~14!

we treatH1 as a perturbation and calculate Eq.~12! up to the
first order ina anddm21

2 . DefiningV(x) andH1(x) as

V~x!5eiH 0xS~x! ~15!

and

H1~x!5eiH 0xH1e2 iH 0x, ~16!

we have

i
dV

dx
5H1~x!V~x! ~17!

and

V~0!51, ~18!

which give the solution3

V~x!5Te2 i *0
xdsH1~s!.12 i E

0

x

dsH1~s!. ~19!

We note the approximation~19! requires

ax

2E
!1 and

dm21
2 x

2E
!1. ~20!

Equations~15! and ~19! give

S~x!.e2 iH 0x1e2 iH 0x~2 i !E
0

x

dsH1~s!. ~21!

We then obtain the oscillation probabilitiesP(nm→ne),
P(nm→nm), andP(nm→nt) in the lowest order approxima-
tion as

2For the casedm21
2 !a!dm31

2 , see Ref.@16#.
3We note Eq.~19! is correct for a case where the matter density

depends onx.
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P~nm→ne ;L !

54 sin2
dm31

2 L

4E
cfsfscH 11

a

dm31
2

2~122sf
2 !J

12
dm31

2 L

2E
sin

dm31
2 L

2E
cf

2 sfsc

3H 2
a

dm31
2

sfsc~122sf
2 !1

dm21
2

dm31
2

sv~sfscsv1cdcccv!J
24

dm21
2 L

2E
sin2

dm31
2 L

2E
sdcf

2 sfccsccvsv , ~22!

P~nm→nm!5114 sin2
Ldm31

2

4E
cf

2 sc
2H ~cf

2 sc
221!

1
a

dm31
2

2sf
2 ~122cf

2 sc
2 !J 12

Ldm31
2

2E
sin

Ldm31
2

2E

3cf
2 sc

2H a

dm31
2

sf
2 ~2cf

2 sc
221!

1
dm21

2

dm31
2 ~sf

2 sc
2sv

2 1cv
2 cc

222cdcccvsfscsv!J ,

~23!

and

P~nm→nt!54 sin2
dm31

2 L

4E
cf

4 cc
2sc

2S 12
a

dm31
2
•4sf

2 D
12

dm31
2 L

2E
sin

dm31
2 L

2E
cf

2 ccscF a

dm31
2

2cf
2 ccsf

2 sc

2
dm21

2

dm31
2 $~cv

2 2sv
2 sf

2 !ccsc

1cd~cc
22sc

2 !sfcvsv%G
14

dm21
2 L

2E
sin2

dm31
2 L

4E
sdcf

2 sfccsccvsv . ~24!

~A detailed derivation is presented in the Appendix.! Recall-
ing that P( n̄ a→ n̄ b) is obtained fromP(na→nb) by the
replacementsa→2a andd→2d, we have

DP~nm→ne![P~nm→ne ;L !2P~ n̄ m→ n̄ e ;L !

5DP1~nm→ne!1DP2~nm→ne!

1DP3~nm→ne!, ~25!

with

DP1~nm→ne!516
a

dm31
2

sin2
dm31

2 L

4E
cf

2 sf
2 sc

2~122sf
2 !,

~26!

DP2~nm→ne!524
aL

2E
sin

dm31
2 L

2E
cf

2 sf
2 sc

2~122sf
2 !,

~27!

and

DP3~nm→ne!528
dm21

2 L

2E
sin2

dm31
2 L

4E
sdcf

2 sfccsccvsv .

~28!

Similarly we obtain

DP~nm→nm!516
a

dm31
2 Fsin2

dm31
2 L

4E
2

1

4

dm31
2 L

2E
sin

dm31
2 L

2E G
3cf

2 sf
2 sc

2~122cf
2 sc

2 ! ~29!

and

DP~nm→nt!5232
a

dm31
2 Fsin2

dm31
2 L

4E
2

1

4

dm31
2 L

2E
sin

dm31
2 L

2E G
3cf

4 sf
2 cc

2sc
218

dm21
2 L

2E
sin2

dm31
2 L

4E

3sdcf
2 sfccsccvsv . ~30!

Here we make some comments.
~1! P(na→nb)’s andDP(na→nb)’s depend onL andE

as functions ofL/E apart from the matter effect factor
a(52A2GFneE).

~2! At least four experimental data are necessary to
determine the functionDP(nm→ne), since it has four
unknown factors: dm31

2 ,dm21
2 ,cf

2 sf
2 sc

2(122sf
2 ) and

sdcf
2 sfccsccvsv . In order to determine all the mixing

angles and theCP-violating phase, we need to observe
P(nm→nm) andP( n̄ m→ n̄ m) in addition.

~3! DP(nm→nm) is independent ofd and consists only of
the matter effect term.

III. SEPARATION OF PURE CP-VIOLATING EFFECT
FROM THE MATTER EFFECT

Next we investigate how we can divideDP(nm→ne) into
a pureCP-violation part and a matter effect part.4 The terms
DP1(nm→ne) andDP2(nm→ne), which are proportional to
‘‘ a,’’ are due to effect of the matter along the path. The term
DP3(nm→ne), which is proportional tosd , is due to the
pure CP violation. @We simply call DPi(nm→ne) as DPi
hereafter.# In the following we introduce two methods to

4It is straightforward to extend the following arguments to other
processes likenm→nt . We present the cases ofnm→ne and

n̄ m→ n̄ e as examples.
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separate the pureCP-violating effectDP3 from the matter
effect DP11DP2.

A. Observation of envelope patterns

One method is to observe the pattern of the envelope of
DP, and to separateDP3 from it. Considering the energy
dependence ofa(}E), we see thatDP1 /L, DP2 /L, and
DP3 depend on a variableL/E alone. The dependences of
them on the variableL/E, however, are different from each
other as seen in Fig. 1. Each of them oscillates with common
zeros atL/E52pn/dm31

2 (n50,1,2, . . . ) and has itschar-
acteristic envelope. The envelope ofDP1 /L decreases mo-
notonously. That ofDP2 /L is flat. That ofDP3 increases
linearly. It is thus possible to separate these three functions
and determineCP-violating effect DP3 by measuring the
probability DP over wide energy range in the long baseline
neutrino oscillation experiments. This method has a merit
that we can determine the pureCP-violating effect with a
single detector.

In Fig. 2 we give the probabilitiesP(nm→ne) and
P( n̄ m→ n̄ e) for a set of typical parameters which are
consistent with the solar and atmospheric neutrino experi-
ments @11#: dm21

2 51024 eV2, dm31
2 51022 eV2, sc51/A2,

sf5A0.1, andsv51/2. We see the effect of pureCP viola-
tion in Fig. 2~a!, since we find that the curveDP has the
envelope characteristic ofDP3. We show in Fig. 3 the same
probabilities as Fig. 2~a! but as functions ofE to see the
energy dependence more directly.

We comment that the envelope behavior ofDP can be
understood rather simply as follows: The termDP3 is pro-
portional to@23,16#

f 5sinD211sinD321sinD13524 sin
D21

2
sin

D32

2
sin

D13

2
,

~31!

where

D i j 5
dm i j

2 L

2E
. ~32!

Since we are interested in the first several peaks off , we
have

FIG. 1. The oscillation behaviors of theDP1, DP2, andDP3.
~a! Matter effect term DP1(nm→ne) divided by L for
cf

2 sf
2 sc

2(122sf
2 ).0. The envelope decreases monotonously with

L/E. ~b! Matter effect term DP2(nm→ne) divided by L for
cf

2 sf
2 sc

2(122sf
2 ).0. The envelope is flat.~c! CP-violation effect

term DP3(nm→ne) for sdcf
2 sfccsccvsv.0. The envelope in-

creases linearly withL/E. FIG. 2. The oscillation probabilities ford5p/2 ~a! and d50

~b!. P(nm→ne), P( n̄ m→ n̄ e), and DP(nm→ne) are given by a
broken line, a dotted line, and a solid line, respectively. Here
r53 g cm23 and L5250 km ~the distance between KEK and
Super-Kamiokande! are taken. Other parameters are fixed at the
following values which are consistent with the solar and atmo-
spheric neutrino experiments @11#: dm21

2 51024 eV2,
dm31

2 51022 eV2, sc51/A2,sf5A0.1, andsv51/2.

FIG. 3. The oscillation probabilities as functions ofE. Param-
eters are taken the same as in Fig. 2~a!.
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D31,D32;1. ~33!

On the other hand, we have

D21!1, ~34!

becauseD21!D31,D32. Taking into account

D211D321D1350 ~35!

and Eqs.~33! and ~34!, we obtain

DP3} f .2D21sin2
D31

2
. ~36!

This showsDP3 has a linearly increasing envelopeD21
}L/E. On the other hand, the envelopes ofDP1 andDP2 do
not increase withL/E for fixed L, and it makesDP3 domi-
nant inDP for largeL/E.

B. Comparison of experiments with different L ’s

The other method is to separate the pureCP-violating
effect by comparison of experiments with two differentL ’s.
Suppose that two experiments, one withL5L1 and the other
L5L2, are available. We observe two probabilities
P(nm→ne ;L1) at energyE1 and P(nm→ne ;L2) at energy
E2 with L1 /E15L2 /E2. Recalling thatP(nm→ne ;L) is a
function of L/E apart from the matter effect factora(}E),
we see that the difference

$P~nm→ne ;L1!2P~nm→ne ;L2!%L1 /E15L2 /E2
~37!

is due only to terms proportional to ‘‘a.’’ We obtainDP3 by
subtracting these terms (DP11DP2) from DP(nm→ne) as5

DP3~nm→ne ;L1!

5FDP~nm→ne ;L1!2
2L1

L22L1
$P~nm→ne ;L2!

2P~nm→ne ;L1!%G
L/E5const

~38!

5FDP~nm→ne ;L1!2
L1

L22L1
$DP~nm→ne ;L2!

2DP~nm→ne ;L1!%G
L/E5const

. ~39!

This method has the merit that it does not need to observe
the envelope nor many oscillation bumps in the low energy
range.

In Fig. 4 we compareP(nm→ne) for L5250 km~KEK to
Super-Kamiokande experiment! with that for L5730 km
~Minos experiment! in a case with the same neutrino masses
and mixing angles as those in Fig. 2~a! ~or Fig. 3!. We see
their difference, consisting only of the matter effect, has the
same shape as the solid line in Fig. 2~b! up to an overall
constant. We also show the pureCP-violating effect ob-
tained by the two probabilities with Eq.~38!. This curve has
a linearly increasing envelope as seen in Fig. 1~c!.

IV. SUMMARY AND DISCUSSIONS

We have given very simple formulas for the transition
probabilities of neutrinos in long baseline experiments. They
have taken into account not only theCP-violation effect but
also the matter effect, and are applicable to such interesting
parameter regions that can explain both the atmospheric neu-5Note that Eq.~38! does not requireP( n̄ m→ n̄ e ;L2).

FIG. 4. The oscillation probabilitiesP(nm→ne)’s for KEK/
Super-Kamiokande experiment withL5250 km ~broken line! and
those for Minos experiment withL5730 km ~dotted line!. Masses
and mixing angles are the same as in Fig. 2~a!. Their difference,
which consists only of matter effect, is shown by a dot-dashed line.
The pureCP-violating effect in KEK/Super-Kamiokande experi-
ment determined by Eq.~38! is drawn by a solid line. FIG. 5. Exact and approximated values ofP(nm→ne) for

L5250 km ~a! and those forL5730 km ~b!. Exact values and
approximated ones are shown by solid lines and white circles, re-
spectively. The parameterssc , sf , sv , d, andr are taken the same
as in Fig. 2~a!.
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trino anomaly and the solar neutrino deficit by the neutrino
oscillation.

We have shown with the aid of these formulas two meth-
ods to distinguish pureCP violation from matter effect. The
dependence of pureCP-violation effect on the energyE and
the distanceL is different from that of matter effect: The
former depends onL/E alone and has a formf (L/E), while
the latter has a formL3g(L/E)[E3 g̃(L/E). One method
to distinguish is to observe closely the energy dependence of
the differenceP(nm→ne ;L)2P( n̄ m→ n̄ e ;L) including the
envelope of oscillation bumps. The other is to compare re-
sults from two different distancesL1 and L2 with
L1 /E15L2 /E2 and then to subtract the matter effect by Eq.
~38! or Eq. ~39!.

Each method has both its merits and demerits. The first
one has the merit that we need experiments with only a
single detector. A merit of the second is that we do not need
wide range of energy~many bumps! to survey the neutrino
oscillation.

It is desirable to make long baseline neutrino oscillation
experiments with high intensity neutrino flux, and to study
CP violation in the lepton sector experimentally.

APPENDIX: DERIVATION OF THE OSCILLATION
PROBABILITIES

Here we present the derivation of Eqs.~22!–~24! with use
of Eq. ~21!, and show how well this approximation works.
Let us setS(x)5S0(x)1S1(x), defining

S0~x!5e2 iH 0x, ~A1!

S1~x!5e2 iH 0x~2 i !E
0

x

dsH1~s!. ~A2!

We see

S0~x!ba5H U ~0!expS 2 i
x

2E
diag~0,0,dm31

2 ! DU ~0!†J
ba

5dba1Ub3
~0!Ua3

~0!* FexpS 2 i
dm31

2 x

2E D 21G ~A3!

and

S1~x!ba52 i E
0

x

ds@exp„2 iH 0~x2s!…H1e2 iH 0s#ba

52 iU b i
~0!Ug i

~0!* ~H1!gdUd j
~0!Ua j

~0!* G~x! i j , ~A4!

where

G~x! i j [E
0

x

dsexpS 2 i
dm31

2

2E
$~x2s!d i31sd j 3% D

5d i3d j 3x expS 2 i
dm31

2 x

2E D 1$~12d i3!d j 3

1d i3~12d j 3!%S 2 i
dm31

2

2E D 21

3S expS 2 i
dm31

2 x

2E D 21D 1~12d i3!~12d j 3!x.

~A5!

Using

Ug i
~0!* ~H1!gdUd j

~0!5
1

2E
$diag~0,dm21

2 ,0!

1U ~0!†diag~a,0,0!U ~0!% i j

5
dm21

2

2E
d i2d j 21

a

2E
U1i

~0!* U1 j
~0! ~A6!

and

(
k51

2

Uak
~0!* U1k

~0!5da12Ua3
~0!* U13

~0! , ~A7!

we obtain

S~x!ba5dba1 iT~x!ba ~A8!

with

iT~x!ba522i expS 2 i
dm31

2 x

4E D sin
dm31

2

4E
Ub3

~0!Ua3
~0!*

3F12
a

dm31
2 ~2uU13

~0!u22da12db1!

2 i
ax

2E
uU13

~0!u2G2 i
dm31

2 x

2E F dm21
2

dm31
2

Ub2
~0!Ua2

~0!*

1
a

dm31
2 $da1db1uU13

~0!u21Ub3
~0!Ua3

~0!* ~2uU13
~0!u2

2da32db3!%G . ~A9!

We then obtain the oscillation probability in the lowest
order approximation as

P~na→nb ;L !5uS~L !bau2

5dbaF124uUa3
~0!u2sin2

dm31
2 L

4E H 122
a

dm31
2 ~ uU13

~0!u22da1!J 22
aL

2E
sin

dm31
2 L

2E
uUa3

~0!u2uU13
~0!u2G

14uUb3
~0!u2uUa3

~0!u2sin2
dm31

2 L

4E H 124
a

dm31
2

uU13
~0!u212

a

dm31
2 ~da11db1!J
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12
dm31

2 L

2E
sin

dm31
2 L

2E F dm21
2

dm31
2

Re~Ub3
~0!* Ub2

~0!Ua3
~0!Ua2

~0!* !1
a

dm31
2 $da1db1uU13

~0!u21uUa3
~0!u2uUb3

~0!u2

3~2uU13
~0!u22da12db1!%G24

dm21
2 L

2E
sin2

dm31
2 L

4E
Im ~Ub3

~0!* Ub2
~0!Ua3

~0!Ua2
~0!* !. ~A10!

Substituting Eq.~2! in Eq. ~A10! we finally obtain Eqs.~22!–~24!.
Figure 5 shows how well this approximation works for KEK/Super-Kamiokande experiment and also for Minos experiment

with the same masses, mixing angles, andCP-violating phase as in Fig. 2~a!. Our approximation requires@see Eq.~20!#

aL

2E
50.420S L

730 kmD S r

3 g cm23D !1 ~A11!

and

dm21
2 L

2E
50.185

~dm21
2 /1024 eV2!~L/730 km!

E/GeV
!1, ~A12!

which is marginally satisfied forL5730 km. We see that even in this case Eq.~A10! gives a good approximation.
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