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Mean field approach to the instanton-induced effects close to the QCD phase transition
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It was suggested earlier that the chiral phase transition is driven by a transition from random instanton—
anti-instanton liquid to correlated instanton—anti-instanton molecules. So far this phenomenon was studied by
numerical simulations, while we develop an alternative semianalytic approach. For two massless quark flavors,
both instantons and “molecules” generate specific four-fermion effective interactions. After those are derived,
we determine the temperature dependence of the thermodynamic quantities, the quark condensate, and the
fraction of molecules using the standard mean field method. Using the Bethe-Salpeter equation, we calculate
the T-dependence of mesonic correlation functions. These results shed new light on the problem of modifica-
tion of hadrons, and they can be tested directly in lattice simulat{@@556-282(97)04515-3

PACS numbgs): 12.38.Lg, 05.70-a, 11.30.Rd

I. INTRODUCTION ensemblé. In the high-temperature pha3e>T, (for m=0)
only molecules survive, and therefore the chiral symmetry
gets restored. 1h11] the cocktail model was studied numeri-

The nature of the chiral restoration phase transition at th . . X
- . .~ cally, by keeping the temperature fixed and changing the
critical temperaturél .~150 MeV remains one of the main |, L2 . .
molecule fraction” f. Many mesonic and baryonic corre-

problems in nonperturbative QCD. Not only is it important , .. . i .
) . ) ’ o lation functions were calculated: they show very dramatic
to understand it from a theoretical point of view, but it is also
changes ag goes from small values to 1. Furthermore, a

the motivation for current and future heavy-ion collision ex- : . . )
Y very interesting hint for the survival of some hadraimve

periments. Major efforts are also being made to simulat .
e . .__the phase transition were presented. It was shown that the
finite-T QCD on the lattice, and many results have clarified

molecules start to form only close M., and that they are

to some extent the phase diagram of QCD-related theories, | . . . . .
see reviews1 2], pplan;ed in coI(.)r. space as well as in the Euclidean time
At zero temperature the mechanism of spontaneous chiraﬂ'r?rﬁilgns’cisnzggcﬁitﬁg Ih;lg:szea.transition was recently con-
symmetry breaking and even the very existence of most ligh . e pha : y
hadrons is connected with instantons. The quark condens |émed by numerical simulations of the instanton vacuum at
is made of the fermionidquasjzero modes generated by

Inite temperature in which both boson- and fermion-induced
them. The specific instanton-based picture suggestéa]in interactions between the pseudoparticles are taken into ac-
was studied both analytically4,6] and numericallyf 7—11].

count[23,25. In this approach there is no artificial separa-

: ion n random and “molecular” componen nd all

Even the simplest random mod@RILM) reproduces well tion between random and “molecular’ components, and a
multiple mesonic and baryonic correlation functions, as i

. correlations follow from the general statistical sum. Still the
. . _ asic scenario with rapid growth of correlation right below
known from phenomenology12] and lattice simulations 1 '\a5 ohserved. All basic properties of the chiral restora-
[13]. Furthermore, the “instanton I|qu|9 itself, ,‘,’V'th param- - tion phase transition were reproduced, including the transi-
eter; closg to those predicted, was “distilled” from lattice 5, temperature, its ordesecond forN;=2 and first for
configurationd14-186. N;>2), spectrum of “screening masses,” etc. Furthermore,
Itis less clear what happens with instantons at finite temzgyrelation functions that have been calculatefP#, imply
peratureT. It has been known for a long time thatldgh T dramatic modifications of hadrons in the Idwphase, close
the instanton density is suppressed by Debye-type screening the transition point.
[17,18, and it was first suggested that their disappearance The objective of the present paper is to study analytically
may be the major reason for chiral symmetry restoratiorseveral issues related to these ideas. First of all, we study a
(see, e.g.19]). However recent theoretical analysidat T single instanton—anti-instanton molecule in much greater de-
[20] shows that up toT. the instanton density can only tail than ever done before. We found that the configuration
change a little, and lattice numerical simulatidi2ad] have  discussed previously, with a separation in time equal to half
confirmed that. Therefore, an instanton suppression canndfatsubara time 1/, develops a true maximum of the par-
be an explanation, and a better idea was needed. tition function starting fromT=0.85T.. We also calculated
Another mechanism suggested 22] is driven by “pair-
ing” of instantons and antiinstantons intb “molecules.” A
two-componentalso called “cocktail”) model was used for  10f course, it is an approximation, modeling a variety of possible
the description of the low-temperatur€{T;) phase. In it states ranging from uncorrelatécandom instantons to strongly
the individual instantons and “molecules” coexist in correlated onegmolecules.
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56 MEAN FIELD APPROACH TO THE INSTANTON. .. 2767
its contribution using the saddle-point method. over its collective variable$.In the next sections we will
The second step is to deduce the effective Lagrangiarproceed to the statistical ensemblenudiltiple instantons and
describing interaction between quarks. Withapproaching “molecules” around the critical temperature.
T., it changes from the 't Hooft one typical for random  Thell interaction and the overlap matrix elements of the
liquid to a “molecule-induced” one derived ifi23]. Me-  fermionic zero modes, both at zero and at finite temperature,
thodically we deviate significantly from the numerical simu- were studied in detail if24]. Unfortunately these studies
lations mentioned, which first calculate quark propagation ivere not complete in the sense that they did not include our
a givenbackground fielda superposition of instantonsav- ~ region of interest—the configurations in which the
eraging over gauge fieldater. We integrate first over the pseudoparticles !ie around the opposite ends of a diameter on
collective variables of instantons, deriving thfective inter- the Matsubara circle. _
action between quarks, and then solve the resulting fermion The best definition of theclassical Il interaction
theory by using the random phase approximation. BasicallySint=(S—2S), where$; is the single instanton action, is
here we follow the same well-trod path as used the Bardeerfiven by the so-called streamline configurati¢a6]. Unfor-
Cooper-Schrieffer theory of superconductivity or Nambu—tunately, at finite temperature, the conformal symmetry that
Jona-Lasinio model of chiral symmetry breaking. allows to find the streamline is missing. Therefore, one has
We decided in this paper to concentrate on the basic cad@ Use some ansatz for thie configuration which has a natu-
of two massless flavors, although all calculations ¢and ral extension to nonzerd. We are going to use the ratio
should be generalized to a different number of flavors @nSat47]
and/or variable quark masses. The case we study is not far ab—b ab p o
from the real world, but it much simpler because of an exact a 1 07" 7,,0,1L1+ 077,09,
chiral symmetry and only four-fermion-type interactions. AM(X):_a I, +17—-1 ' @
Still, the effective interaction is much more complicated than
used, e.g., in the NJL approach, it includes two types ofwherell,=II(x—z), [I7=II(x—2z]) and
nonlocal terms—one from the random instantons and anti-
instantons, and the other from the strongly correlated pairs or 7 Tp? sinh(27rT)
molecules. The weights of those afe dependent, deter- MrH=1+ r cosh2mrT)—cog2mtT)’
mined by a maximum of the partition function of the system.
It is calculated in a standard Hartree-Fock approximationwhich is free from the artifacts of the sum ansatz and pro-
reducing the problem to that of free fermions, but with tem-vides a reasonable repulsive core. The classical bosonic in-
perature andwhich is even more importantmomentum-  teraction is just obtained from this expression, by numerical
dependent mass. calculation of the classical action.
Finally, in Sec. V we address the issue of hadron modifi- The quark-induced interaction is described in general by
cation with T approachingT.. We have calculated a set of fermionic zero-mode overlap matrix element
various mesonic correlation functions, using the Bethe-
Salpetc_ar equation. As it is well known, begause of finite time T = f dtd3x¢,T(x—z,)Dq§ﬁx—zﬁ. 3)
extensionr= 1/T those do not directly provide masses of the
lowest states. However, they still give a very nontrivial in-

formation about the interaction between quarks at these conl this case we use the simplest sum an$af, because
ditions. Furthermore, all of these results can be directlynthis case one can use an ordinary derivative instead of a

covariant one. As it was shown {24], the results in this
case differ insignificantly from the ones obtained by the ratio
Among our results a notable one is a very different be_::?rggr.]t':ui[tgir(\),\rl]eeSmhs:lalégfel to denote the overlap matrix
havior of the pion decay constaffit. and the coupling to withi ve. ) )

The (3) symmetry of thd| configuration along the Mat-

pseudoscalar current_: f_ vanishes al =T, but\ ;. does b icle all to red the ab it | and th
not. We have found an emerging attractive force in the vecSulara circle aliows us 1o reduce the above integral and the
ntegral for the bosonic part of the action to a two-

tor channel, which may be relevant to enhancement of the. . . . .
imensional one, and we perform the integration numeri-

Ic_:w—mall:sfs <Ij||lepton d_productt;]on. obser\;ed Itn hﬁavy"fci?m;ﬂ""cally. Our results numerically agree with the ones frid]
slons. Finally, we discuss the Issue of restoration o in the region where their formulas are valibr Matsubara

chiral symmetry. time separations that are not closelt®= 1/2T). The re-
sults for T,; are shown in Fig. (&), and the combined
e~ ST "—in Fig. 1(b) (the dotted ling
The second step is to solve the dynamics of the molecule
This section is relatively independent of the rest of theitself. In another language, one has to account for a multi-
paper in the sense that it deals with properties okihgle 11 plicity of different Il configurations, or take the integral
molecule. It consists of two steps: the first is a new calcula-
tion of thel | interaction in the relevant configuratidthat is,

the quantum mechanics of quarksvhile the second deals  2For ordinary molecules, these two steps are analogous to quan-
with the internal dynamics of a molecule, here we integrateum mechanics of electrorisrbital§ and then of nuclear motion.

@

tested in lattice calculations, which we hope will be done
soon.

Il. THE 1l MOLECULES AROUND Te
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phase space is included, the molecules are distributed
around7=1/2T, however, at lower temperatures this maxi-
mum disappears, so the molecules that we consider play a
role only at high enough temperature. The corresponding
time dependence of | at T;, which is is shown in Fig.
1(a), is rather weak around the maximum®f. This allows
L Il L ; L :l’ Ly ok us to use its central value for all molecules that participate in
/e /p our “cocktail model.” After the last integral is done, one
gets the absolute value of the statistical sum for molecules
Zmo- The temperature dependenceZgf, and T, "is shown
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0.8 How accurate is our saddle-point integration? In the next

e
1)

€ o _ _ e 045_ E section we will find that in order to set the phase transition at
£ F ] £ T r ] T.=150 MeV one needg,,, about 1.8 larger: it means only
ot 3 02— . a 5—10% error per integration over each of thecollective
E | | i F | | ] parameters. However, we think the real uncertaint¥y,jg, is
0 1111 | I | 1§ 1| V] | S | 1.1 11 1111 . . .
o1 08, 09 1 or 08 09 1 larger, and it is about one order of magnitydes one can

judge from including—4In(T,;) in the second derivative
FIG. 1. (8 The time dependence df,; at T, (b) the time  Over the orientation parameters, ¢t®evertheless we think

dependence oF.,,(7)= fleQT?Te’Sim (the integration over all its temperature dependengeevaluated reliably, and we use

variables but the Matsubara timet T, and at several values of the it below in our calculation of the thermodynamic properties

temperature down to OTG, compared to the time dependence of Of the instanton ensemble, the correlation functions, and the

Tflﬁe’sim at the saddle point with respect to the above variables an®On coupling constants.

at T, (the dotted ling (c) the temperature dependenceZgf,, (d)

h Tof .
the temperature dependenceTof Ill. EFFECTIVE FOUR-FERMION INTERACTION

AT FINITE T

2N¢ _
ZmoI(T):f dHOT e Sm 4) Let us first recall how, for one instanton, one derives the
well-known 't Hooft effective interaction. The quark propa-

over all collective variables. These are the time separation gator includes the zero-mode part

the three-dimensional spatial separation, and, for(33U
seven relative orientation anglésMost of the 11- H(x—2) ] (y—2)
dimensional integrals, however, can be done using a saddle- S(X,Y) = Snzm(X,y) +
point approximation. Botls,,, and T,;” decay exponentially
in the spatial separation directions. The second derivatives of
Si¢ over orientation angles are big, because they are multiwhere ¢(x) is the quark zero mode in the field of an instan-
plied by 8m2/g?=S,~10>1. In contrast to that, the angular ton with center atz, and Syzu(X,y) represent contributions
dependence of- 2N¢In(T,7) is rather weak, so in angular of nonzero modeg¢following [4] we shall approximate these
integrals we treal || as a constant. Finally, we find that the contributions by the free quark propagafy). For N; light
saddle-point approximation is not good at all for the integralfermions, one should take the Green function with kh¢h
along the time separation® That is why we perform this last power of S(x,y), multiply it by the instanton probability
integration explicitly. (P~mNr). Now powers ofm can be canceled, resulting in
In Fig. 1(b), we show the time dependence of the 2N;-fermion interaction which is finite in the chiral limit
Z,’nm(r):fdloQTfﬁa*Snt (the integration over all variables (m=0). .
but the Matsubara timeat T, and at several values of the A similar procedure can be repeated for an isolaited
temperature down to 0T, compared to the time depen- molecule[23]: only in this case there are twow-lying fer-
dence of the integrand‘fl—e‘sim at the saddle point with mionic states. The quark propagator contains the part

respect to the above variables andTat (the dotted ling
which has a maximum at about=L/4 and aminimumat Sm(X,¥) = Sother mode&X:Y)
7=L/2. One can see that arouiid when the multiplicity of t
n d)l(m)(x_ (Zm_ L/4))¢T(m)(y_ (Zm+ L/4))

)

—im

T
3 . . . . o
Note that rotations in the direction af; does not change thg — e + o
configuration, so that we have only seven orientation parameters. 4 b1 X (Znt LI) bym)(y — (zm— L/4))
The measure of integration is described 28]. T '
“For example the second derivative®,— 2N¢In(T,7) along this 6)

direction for a time separation &f/2, is negative for temperatures
T<230 MeV, although explicit calculations show that this configu-
ration is a maximum foe and not a minimum. whereT,,"was defined in Eq(3).
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To get the effective partition function, we generalize thediagrams of theNth order in the 't Hooft interaction, for
method of “fermionization,” first developed if6]. The fer-  configurations withN/2 instantons andN/2 antiinstantons.
mion determinantwhich appear in the QCD partition func- The latter is usually approximated perturbatively.
tion after formal integration over the fermion fiejdsan be For the case we are interested in, with some number of
split into the “zero-mode part” and the *“nonzero-mode strongly correlated! pairs, the zero-mode part of the Dirac
part.” The former can be written as a sum of all closedmatrix has the form

0 T'1T1 o 0 T'l' N+1 0 TIlTN+2
TTlll 0 TTl'NH 0 TTJ.'NJrl 0

0 T|N+1T1 0 T|N+1TN+1 0 T|N+1TN+2
_ _ _ (7)
INJrlll 0 IN+1|N+l O INJrllNJrZ 0

0 T|N+2|_1 0 T'N+2'_N+1 0 T'N+2'_N+2
I_N+2'1 0 '_N+2'N+1 0 I'n+2n+2 0

|
Note that some matrix elemenidenoted by bold letteysare For theN;=2 case in the approximation discussed, the

large: those correspond to quarks exchanged inside the mdbllowing fermionic path integral gives the effective partition

ecules(and were evaluated in the previous secti@ur goal  function:

is to take them into account, so that in the new effective

fermion determinant only smaflightface italio matrix ele-

ment remain. z:f dydy’
For this goal we reintroduce new fermions, reproducing

the zero-mode part of the determinant without intermolecule N N

lines. It is equivalent to closed loops iMN{ +N_+N_)-th H H i _ 9)

order in the fermionic interaction, for configuration with 11 m= |2|_ Om

N, , N_, andN,, number of instantons, anti-instantons, and

molecules. The interaction due to molecules explicitly in-

cludes largeT,;” matrix elements. Between the interaction

points quarks travel with the free propagator:

exp{fd*xyTi by}
N,IN_IN,! .H

One can see, that it indeed generates the propag&iors).
Here

2
.= | dzdQ d*x ! (X)ibepy (x—
T,Tzfd“x(ﬁfr(x—zﬂmq&ﬂx—zﬁ o f 4 If[[l (f X (1 (x=2)

=f d*yd*x| (y—2z)iiSy ><f d4y¢?(y—2.)i&wf(y)), (10)

X (X=Y)iddp(x—2)) 2
:f dza0 1] ( f A%y} ()i b (x—27)
R J dYy @l (y—2)i byn(y) .

. < [ dtyalty-zniony)|, ay
xf d*yf(X)idp(x—27), (8

2
9m=f d;ndeTﬂTflJrfl:[l “ d*X ()i by m)

where we have used the sum ansatz to go ffota D.

We consider here th&l;=2 case only. The one flavor
case is not interestingo restoration of the symmeiryhile
in the three-flavor case one has a six-fermion interaction,
which can only be reduced to a four-fermion one relevant for L
mesonic channels if some quark masses., the strange Ay TNy poa— =
guark massare nonzero. | K ’ +f A ()10 m)(x Zm 4)

X | X—2Zm+

L
f d4y¢|(m)(y Zn— )'ﬁl/ff()’)
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[ atvel =y B= > | “amr g KD
X yd)l(m) Y= Zny Z' lpf(Y) —ﬁ o rear o kr
2
) L ) (IT—1) cosmtT
+Z«l “ d4Xl/f?(X)lt9¢|<m)(X—Zm+Z ><sm(wnt)H1’2<9r( o coshan)’ (16)

4t L\ wherell is the potential(2) that also appears in the finite
X f dy bim)| Y~ 2Zmt 7| 1641(y) temperature zero modes” in coordinate spacg32]:
o L R 1 72 (IT-1) cosmtT R
de‘lx'lﬁ(x )'Ml(m)(X'_Zm_ Z) ¢ " 2mp 0 = CostarT) € (7
N L and €® is the standard constant spinor coupling spinor and
de4y'¢,(m)(Y'—Zm— Z)“Wf(}/')} - (12 Dirac indexes.

The next step is to integrate over the orientation angles of
the instantons, anti-instantons, and molectldster the
(four-fermion nonlocal interaction is obtained, for conve-
nience, one may perform a Fierz transformation, and add the
5 _ _ cross-terms to the interactiofThis is called a Fierz symmet-
T,;-and then applying Eq8) as we did for Eqs(10) and  ric form of the interaction. Of course, when one writes The
(11). The odd terms iff |, disappear, because of the integra- matrix element in a Schwinger-Dyson-type of equation, one
tion overz,,. Herez,, and(},, are the collective coordinates should not add again the cross chann&he result has a
of an Il molecule(the coordinates of its center of mass andcolor singlet term and a color octet terfuontaining the
its global orientation ang|¢SC=Zmo|/T,2T andc, are the color matriceg'®t!), WhICh is given in[23]. These terms _do
single instanton partition function&ontaining all nonzero not enter the mean field equatiofhere iny scalars with
mode contributions[30] integrated over the instanton radius respect to th_e flavor, color, and space-u.me apper do
p. The convergence of the latter is due to the nonperturbativ%hey apptiﬁr in the BletheTSa}Ip(;[er equat|t(r)1ns for tlhe m(testons,
g(p), which tends to a constant for large[15.29, ecause they are color single(slowever, these color octe

Now. applving the inverse Laplace transformation. we eterms will appear in the Schwinger-Dyson-type equations for
, applying t P ' 9 iquarks that are important when we consider baryon corre-
the partition function

lation functions. In our paper we do not consider thpse.
Combining all fermion terms together, one obtains the

The expressiofl2) can be obtained from Eg7) by keeping
only the terms containing the large matrix eIeme‘hffﬁand

following nonlocal Fierz symmetric four-fermion
Z=const dﬁ+d,8d,Bmexp[—(N++1)In(,3+/cp) interaction®
4 4
5 d?k; 4
—(N_+1)In(B-/c,) = (Nu+1)In[Bn/(c;C)] S4f=f Hl 27 (27)4 8%k — Ky + ky—Kg)
iz
. 0
+ f d“x( YbY+B. 0.+ 0+ B T—z“‘) J x Va(ky) k) Va(ks)a(ky)
! 1 T2 to— 2
13 XV (Bt B-) Tz LW ma )™= (¥ 7l ysh)
Cc
To evaluate the effective inte;ractia?]_terms we go to +octet termg— Bm[_z [t 7a) 2+ (4T 7l vs9)?]
momentum space and do the integrations over the center 4Ng

coordinates of the instantons, anti-instantons, and molecules.

Some useful formulas for thus obtained “density matrices” _ [(
. N 2

in the zero-temperature case are given by Dyakonov and 4Ng
Petrov in[4], and they are easily generalized to finite tem- 1
perature. The Fourier transforms of the fermion zero modes + t 24 octet term 18
at finite temperature af1] WE (V7 y07sy) ’ 18

P ravol) 2+ (Y Tavoys)?]

wherer, =(i,7), while 7,=(1,7). The last square brackets
a(k,wp) = (k*+ w?)(A%+B?), (14)  represent the “molecular interaction” derived [ia3]. There

SLet us again remind the reader that for the molecules we assume
complete polarization both in coordinate and color space.
BAll expressions throughout the text should be understood as
X cog w )12 ((H_l) COSﬂT) (15) given at finite temperature. In particulaf,d*k/(27)* means
n " II  coshrrT)’ T=r_ _Jd3k/(27)3, etc.

A

" T
=— 477r2drf dt
2mp Jo 0

cogkr) sin(kr))
kr K&?
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are no two-fermion terms, because the integral over the oriThen we consider the bosonic fief@ as a constant, to be
entation of the molecule in color space is zero. determined from the grand canonical potential minimization.

One can view this Lagrangian as a variant of the effectiveAs there is no net topological charge, = 8_= 3. We also
Nambu—Jona-Lasinio model. Note, however, that it is rathedefine ~ f= 2N,,/N:, N, =N_=[(1—f )/2] Ny Va4,
different from what is usually usef3,34: our coupling  N,,= (f/2) n,,\V,. After integration over the fermion degrees
constants depend on temperature, in a way to be determined freedom we have the following grand canonical potertial:
in the next section. Also, the interaction is not nonrenormal-

izable because a natural cutoff is given by the nonlocality of AQ T2 ¢ | f | Bm
the vertices: multiloop diagrams cdéand musk be treated. V_4_ T Bmt (=1 )nedn C_p + 2 NiotdN Ez—c
Q2 d4k X )
IV. THE MEAN FIELD APPROXIMATION + W (B+2Bm) —4N, (2—)4 In[k“+M=(k)],
AND THERMODYNAMICS c m

The effective coupling of the interaction described above (20
depends on the number of uncorrelated and correlated instaihere one can identify the chemical potentials for the “lig-
tons: and in order to find those one should ideally be able tq;;q component In@ic,) and for the “molecular” one

calculated the partition function and minimize the free en- 2 i ; ;
L : == = VIn(Bn/cic). The last term corresponding to a ga$ massive
ergy. We will indeed do it now, but under many simplifying (Bm/c,C) b - g

i . ; uarks with the(instanton-induced momentum-dependent
assumptions. Most of them are just technical, and can b ( d P

removed later, if needed. They can be made partly because
we are primarily interested only in a comparatively narrow a(K)Q(B8+ 28,
interval of temperaturd, slightly belowT., in which sig- M (k)= 5
nificant structural changgshe phase transitiortake place. 4N;
We fix the total pseudoparticle density to be a constant fo
T up to T,=150 MeV, with only compositiorf changing.
We taken o =Ningt+ Nantiins= 1 fM~ 4 specifically, lacking a
more accurate numbefNone of the results change qualita-
tively if, say, it is modified by a factor of 2.
Lattice data iff 21] indicate, that the instanton radius does
not change much witi until well above the phase transi-

(21)

(Ne shall determine this mass from a self-consistency condi-
tion, represented graphically in Fig(a&, where the vertex
K is a sum of the instanton and the molecular interactions
[Fig. 2(b)].

Our next step is minimization oAQ with respect to
f,Bm.B,Q. There are four equations:

tion. So we also fix it ap=0.34 fm. (However, we are going 2
. X L . . Bm—CcB°=0, (22

to express all dimensional quantities in units @fand its
powers anyway. 4 2

In Sec. Il we have shown that the dominant configuration T|ZT_ fn_‘o‘ Cf d k4 22M(I2<) Qa(l2<) _ Q—2=O,
for thell molecules is the one in which the distance between Bm (2m)" KT+ MA(k) 4Ng 4N
their centers in the Euclidean time direction is equal to (23
“half-box” R=L/2=1/2T, the spatial distance is 0, and they 4 2
have the most attractive relative orientation in color space. _ L)ntot f d k4 22M(I2<) Qa(|2<) — Q_2
Although the molecule distribution has some span around B °) (2m*k*+M=(k) 4N;  8Ng

L/2 in the time directionT,; changes little, which allows us
to use an average value for all molecules.

T. andS; are related by the requirement that all unpaired
instantons disappear a.. This condition can be satisfied AN d*  2M(k) a(k) _ ﬁz
only in a window around .= 150 MeV. We use the follow- °) (2m)* kK*+M?(k) 4NZ 8NZ
ing values:T.=150 MeV, S;=9.5. However, there is a big
uncertainty in this relation, due to the uncertainty of the cal-
culated value of the molecule activiBj,g, .

We have ianored all bosonic interactions between rando "Note that, our grand canonical potential is not complete in the
9 — rTf]ollowing sense. The gauge fields are assumed to be only a super-

instantons and amorig molecules. ) position of instantons, while all excitations of the gluonic degrees
To calculate the thermodynamic properties of the systemgf freedom are excluded. In principle, there should be a gluonic
we first bosonize the fermionic action, making Hubbard-term (similar to the the last quark term in the action abgwehich

=0, (24)

0. (25

Stratonovitch transformation eventually(at highT) will lead to the perturbative gluonic part of
the thermal energy. We do not include it becatseglueballs are
much heavier than mesons and constituent quarks, and are not ex-
VT ak) (g y)? cited atT~T,= 150 MeV and(ii) we mainly use the grand canoni-

cal potential in order to determine parameters sucH asd the
quark-related quantitie®, 8, 8,,. The missing term describing glu-
—2\a(ky) a(ky) (k) g( Ko)V4(27m) 6% ky—ks)Q onic excita_tions can hardly affect 'them. _
8We remind the reader that the instanton vacuum has no confine-

ment, so free quarks just change their effective mass in the transi-
_Vi(27)854(k1_k2)54(k3_ k4)Q2- (19 tion.
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with

@ — =

1
B=[—(1—f )Nt \/(1_f )Zntzot+f/(20)ntotT|2ﬂ T

I
(27)
S~ A
(b) /‘\ = B(% >Z“:<) + B () + pomutions) At T, all unpaired instantons disappedr1) and the

chiral symmetry is restored. The conditiér-1 is satisfied

on a line in the T,S; plane. We have choserm,
=150 MeV=0.26/p and S;=9.5. Of course, wheri=1 or
f=0, the saddle-point approximation for tgantegrals is no
longer valid, so our model is restricted in the region
0<f<1, where the saddle-point method is justified in the
thermodynamic limitV,—«~. We see that wherf—1,
Bm= ntot/(Zlelﬁ, B=/Niat/(2cT ) does not tend to O, so
that the LA(1) symmetry remains broken wh@n-T_. This

can also be seen in our discussion of the correlation func-
tions in Sec. IV. Recall that in the Nambu—Jona-Lasinio
model, the coupling constant tendsTatto the nonzero criti-

cal coupling(at which the chiral condensate vanishes and the
chiral symmetry is restorgd So when the density of the
random instanton component goes to zero, the interaction
does not disappear. Indeed, as we know from 't Hooft, even
when there are no instantons in the vacuum, every external
quark current induces them, so we always have some re-

@

FIG. 2. (a) The Hartree-Fockself-consistencyequation for the
quark propagatortb) The four-fermion interaction as a sum of the

't Hooft vertex and the molecular vertexc) The Bethe-Salpeter SIdUﬁI t HOOft. Intlgrgctlon. hould b idered i
equation for thelT matrix in the mesonic channel@) The pionT The opposite limitf—0 should not be considered in our

matrix near the massless pion poie) The diagram for the pion Model, because as we go down frdfy, the approximations
coupling to the axial current. that we have made for the instanton ensemble, namely, that

we have uncorrelated instanton liquid and polarized mol-

One can notice, that the first equation is the condition foiecules oriented in the time direction, become worse. How-
chemical equilibrium between the random and molecula€Ver. it is worth noticing that although the numerator in Eq.
components. (27) goes to 0, wherf—0, the denominator also decreases,

As we mentioned in the Introduction, we have chosen noPecause the molecules tend to expand and “melt” into the
to vary the total density of pseudopatrticles, because there al§luid, so 3 even increases, when we decrease the tempera-
strong theoretical indications that it is not suppressed up téJre. )

T., but we have taken it from the lattice data, which also We have not answered the question about ghealue
suggests, that in pure gauge theory it does not change up ﬁpoye T.. We can calculate the re_S|duaI 't Hooft interaction
temperatures of the order of the deconfinement transitiodt high temperature, where the integral over the instanton
T~260 MeV, much higher than those we work with. radius is well convergent due to thermal effects, but we can-

Of course, one should in principle perform variation with NOt extrapolate it toward$. Moreover, nothing preven{s
respect to this quantity, and the additional equation igrom having a discontinuity af, because af; AF and its
B=c,. However this only adds an additional equation tofirst derivatives do not depend g So we can conclude that
those we solve. Attempts to determinghave to deal with at  the residual Y(1)-violating 't Hooft interaction immedi-
least two unsolved problems:) the evaluation of the inte- ately aboveT, remains unknown.
grated single instanton partition function afiid its T depen- Our results are presented in Fig. 3, where the molecule
dence at temperatures beldly, where the Pisarski-Yaffe fraction f, the effective quark mass (0,7 T), the quark
factor does not exist. The formal expression given bycondensat€ ), and the energy density are presented.

't Hooft contains a divergent integral over the instanton ra-Note, that the locaj#) has one power of the form factar
dius. The interaction effects in the instanton liquid may makdess under the momentum integral, compared to the nonlocal
the integral convergent, provided there is repulsion. If we usgnean fieldQ. (i) is normalized to the phenomenological
the lattice information for the total denSity, we can ConSidervahJe of the quark condensateTat 0. We see that in about
B=c, as an equation which determines as a function of 20 MeV the fraction of the molecules drops to about half, the

the temperature. quark condensate almost reaches its phenomenological value
The four equations can be reduced to one “gap” equaat T=0, but the constituent quark mass, which is defined as
tion, that has to be solved numerically: the value of the momentum-dependent mass from the gap
4 ) equation at zero spatial momentum and Matsubara frequency
2 d’k B(1+2cB)a”(k) 7T, is still low—about 1/3 of its phenomenological value at

N J (2m)* K2+ B(1+2¢8)2(1—f )na?(k)/(2N2) I ) [The reader should be warned that one can hardly
(26) compare the mass value obtained in the present calculation
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T | | b | | | 1 FIG. 4. (a) The pressurgop=—AF, and its components, as a
o o e T Y ST Y ! function of the temperature. The pressure is shown by a solid line
/1. /1. and the different contributions to it are as follows: pressure of

free massless fermionsNgf[d*k/(2m)*]In(k?) (open triangles

A . the deviation from it, due to the effective mass
M(0,T) (solid liné) andM (kmay,T) (dotted ling, () the eneray -\ - 44> 74 i+ MK JK? (open squards the contribu-

density ¢, and (.d) the quark condensai)y), normalized t.o the tion from the condensate Q%/8NZ(8+ 2., (stars, the contribu-
phenomenological value at zero temperature as a function of the ; h leculesT? £ | pe black
temperature. All dimensional quantities are in units of the inversd'©"S from the moleculesT, By, — (f/2) ndn(Bn/cic) (blacl
instanton radius p=580 MeV. squarel and the instanton liquid-(1—f )nydn(B/c,) (black tri-
angles. For comparison, the pressure of a pion gas is shown by a

) ) R dotted line.(b) The dependence of the energy densityn the
with the wusual constituent quark masdM(k=0, molecule fractiorf.

w=0)~350 MeV because the minimal energy possible

w~mT is rather largd. In addition, the finite temperature tion point is shown to be actually directly proportional to the

form factors have a maximum at spatial momentummolecule fractionf. This correlates well with the observa-

Kmax*0, s0 we show with a dotted line the temperature detion made in[23], that (unlike the individual instantonghe

pendence of the mass definedkat (Kmayx, 7T). molecules have a net positive energy, even in the classical
This behavior of the thermodynamic quantities looksapproximation.

similar to the one obtained {181] or in the NJL model$34],

FIG. 3. (a) The molecule fractiori, (b) the effective quark mass

ar)d both are governed by similar gap equations for the con- V. MESONIC CORRELATION EUNCTIONS
stituent quark mass or the quark condensate. However, the
physics of the transition in our case is quite different 34| Our last step is investigation of the effect of the four-

the transition is governed by the suppression of the quarkermion effective interaction on mesonic spectralratT,.
condensate by thermal excitations of quarks[3m] there is  Using the Bethe-Salpeter equation one may calculate me-
an additional thermal suppression of the instanton densitysonic correlation functions, similar to what was done in
which results in an additional suppression of the effectivg33,34. Our major advantage is that we naturally have non-
coupling constant. In our case, the main effect is the reorgdecal vertices, which provide an ultraviolet cutoff. We start
nization of the instanton vacuum: it leads to reorganizatiorwith the two-body interaction kerné{, which is given by

of the Lagrangian by itself. This can be seen by the fact thathe four-fermion terms in the effective Lagrangian. Then we
the mean fieldQ (a nonlocalanalogue of the quark conden- have the BS equation for the quark-antiquarknatrix [Fig.
sate, is proportional to the square root of the density of the2(c)]:
random component-1f. Our mechanism makes the transi-

tion region narrower and the transition temperatliydower. _ :

In Fig. 4(a) we show the pressune=—AF (solid line), TQ)=K+i Tr J (2m)* @
together with its different components: pressure of free mass-
less fermions Al.[[d*k/(27)*]In(k?) (open triangles the
deviation from it, due to the effective mass
AN, [d*k/(2m)*]In{[K>+M?(K)/K?]} (open squargs the
contribution from the condensate- Q?/8N2(B3+2B,)  The trace is taken over the Dirac, flavor, and color matrices.
(stary, the contributions from the moleculeg'lzljem Forthe colorless meson channels we need only the color sin-

N 2 . . glet terms in the Lagrangian. Then using the symmetries of
(#/2) niodn(Bm/cc) (black squares and the instanton lig the Matsubara space-time, we can decomposadK into

uid —(1—f )nyIn(B/c,) (black triangles For compari- covariant structures

son,we also show that the pressure of a pionic gas '

p=0.987T* (dotted ling is significantly smaller than any of . 7

the components under consideration, and thus unimportant. (q_4q3|]C|q_2q1>=_E K'a[l“a 5}
In Fig. 4(b) the energy density below the phase transi- ha 34

4p

3l
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FIG. 5. Mesonic correlation functions for Euclidean time sepa-

If we define the loop integral: ration of the currents, normalized to the free correlation function at
finite temperature. Ar=0 and 7=1/T they are 1, but we have
subtracted 1 for convenience.s in units of p. These are the iso-

4

B d“p q q spin 1 pseudoscalar-pseudoscalay, pseudoscalar-axigahb), and
Jgﬂ(q):ithr J — a|pt3 a( p— —) axial-axial (c) correlators; the isospin 0 pseudoscalar-pseudoscalar
(2m) 2 2 (d), pseudoscalar-axig), and axial-axialf) correlators; the scalar-

. q o scalar correlators for isospin (@) and 0(h); and the vector-vector
X|T, = Sl p+ 3 FB — SF( p— —) }, correlators, which are the same for isospin 1 arfg.0There are six
2 2 2 2 different temperatures, starting at~150 MeV and ending with

(3D T~105 MeV. For comparison, the correlation functions of a purely
“molecular” vacuum atT, are plotted with triangles.

then the solution of the Bethe-SapetBS) equation(in ma-

. ou similar to the one from the numerical simulations of the in-
trix notation is

teracting instanton liquid11], although stronget.
The results are in agreement with all chiral theorems, and
they clearly show restoration of the chiral symmetryTat
T=[1-JT] K. (32 In particular, atT=T, the = pseudoscalar correlation func-
tion (PP') coincides with thes scalar correlation function

To get the mesonic correlation function for the correspond{SS). Another feature in agreement with the chiral symme-

ing channel, we have to multiply from the left and the right Iy is that the pion is decoupled from the axial current

with two loop integrals) (those have only two form factors (f=—0) atT—Tc, but remains coupled to the pseudoscalar

Ja, instead of four, because the correlation function is de®n€ & -#0) even in the pure molecular vacuurfi<1).

fined for pointlike currents For all channels, we have sepa- AN open theoretical issue debated in the literatureos

rated equations except for the pseudoscalar and axial vectdfongly the Us(1) chiral symmetry is violated at~T,

channels which mix both for isospin(ir) and 0(7). In Fig. ~ S€€, €.9/29,36-38. We remind the reader that this symme-

5 we show the Fourier transforms of the correlation functiond’Y iS strongly broken by random liquid at low, but it is

for Euclidean time separation of the currents, normalized t¢&sPected by the new term in the Lagrangian due to “mol-

the free correlation function at finite temperature. We showecules” which we derived above. Although molecules are

them in six steps with AT~9MeV, starting from prevailing gboveTC, the 't Hooft interaction, neverthele.ss,

T=150 MeV and ending witi ~ 105 MeV. does not disappear completely at ahyOne way to explain
The most striking feature is the strong attraction in thelt iS t0 say that external currents can always induce addi-

pion channel, which remains robust and does not disappednal instantons, absent in vacuum. .

atT.. This is due mainly to the residual 't Hooft interaction ~ 1he way to measure AJ1)-violating effects is to calcu-

(induced by the propagating quaykmd in a lesser extent to

the attractive character of the molecular interaction in this

channel(triangleg. This feature is in agreement with the °The differences might be due to the fact that we are considering

lattice simulations around,, [35], which also show a strong the chiral limit, while in[11] the quarks have a nonzero mass,

pion signal beyond .. Furthermore, aT our pion signal is  which leads to the smearing of all signals.
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late the correlation function for (the isoscalar pseudosca- plotted in Fig. 5(triangles the same correlation functions at

lar) or the isovector scalar, to be referred to&asnd com- T, if only the U(1) symmetric molecule-induced interaction

pare their properties with the pion @r ones. These two s included.

channels are p[1) partners ol and 7, and if this symme- Because we obtain the correlation functions for Euclidean

try gets(approximately restored.’ those should converge. momenta by numerical procedure, we cannot analytically
As shown in[9], in the random instanton vacuum the continue them and find the pole meson masses. However, the

correlation functions in the;, 6 channels, display so strong a ; mass is guaranteed by the Goldstone theorem to be 0. We
repulsive interaction that they become negativ@ur results can therefore derive the pion decay constaitsand \ ...

show that although they, & correlatorsincreasewhen T g quarkT matrix in the pseudoscaldr=1 channel has the
approaches the phase transition point, th@)Uestoration following form near the pion polésee Fig. 2d)]:
still does not happen in our model. For comparison, we have ' '

[9p(i ¥573) + 9X(— i ¥0¥572) 1®[9p(i ¥573) + a(i Yo573) ]
ap+a° '

Tw|qo=0,qﬁ0= (33

Comparing with(32), we get:

- \/K%(l—Kiai%Ao)
9= dD, /dc? '

try, there are twof ;'s coupled to the time and the spatial

components of the axial vector current. The results are

shown in Fig. 6g, and the twdf ;'s go to 0 atT as required
(39 by the restoration of the chiral symmetiy,., however, re-

4o=0.0-0 mains finite. This means that the pi¢and also his chiral
3 33 partnero), survive the phase transition. This conclusion is
(Kadpao) consistent with humerical evidence obtained from the calcu-
9a=0p (1-K33% o) ' (39 |ation of the Euclidean correlation functions in the time di-
ATAPAY 1 gg=0,g—0 rection [11], but there\ ., although remaining finite, de-

creases toward3 ., while in our calculationA . slightly

_ _ _(1_w3133 _ k3133 h X 3 i
where D »=det(1-K.J2) =(1-KpJpp) (1~ Kan increases. This difference, as we have mentioned before,

—K32K3(332%)2. Using the definitions

might be due to the nonzero quark current mass¢4ih
Furthermore, in our approach we have found a signal of

[
if Q8 =<ORO) Yy T #(0) wj(q)>, (36)  attractive interaction also in the vectgs) channel. It is seen
2 as an additional maximum in the correlators, shown in Fig.
i 5(i), which is the same as the one, generated by the
— .. T molecule-induced interactioftriangles. This signal wasot
)\71'5ij = < 0‘ ¢(0)| Ys E lP(O) W;(Q)> ) (37) observed "[10]12 d g 3 g

and calculating a simple loop diagrdaig. 2(d)], we get

~s VI. SUMMARY
)\TT:TPPgPl (38)

In this paper we studied individual instanton—anti-
(39) instanton molecules_, in much_greater de_ta@ls than_was done
before. We determined classical bosonic interaction in the
ratio ansatz and quark-induced interaction. Then we per-
formed 11-dimensional integration over collective variables,
10 in the saddle-point approximation, and the last one explic-
where the tilde indicates that the loop integral is with twoitly.
factors of Ja only, and because of the lack of4) symme- The results obtained have been used in studies of mol-
ecule formation in the ensemble, at temperatures close to

f?T: (:FiAo/qongr?ivogA/qo)|qo:0,qﬁo ,

f = (Toal99p)lg-0.q-0- (40)

The issue of L(1) restoration was debated in the literature for
some time. One clearly cannot claim exact restoration, as is obvious'?0One possible explanation is related to the different treatment of
from the fact that very small instantons violate it but do not carethe nonzero mode part of the quark propagatof106] an additional
about the magnitude of. However, forN{>2 massless flavors repulsive interaction is included. The same authors did simulations
(which we do not discugsthe manifestations of the A1) viola-  with the free propagator, that we use, for the nonzero mode of the
tion are not visible in the;” channel and can only be found in states quark propagator and they noticed an attractive correlation function
with more quarks. in the p channel. However, some other contributions are not in-

"This is an artifact of the “randomness” of the instanton liquid cluded in both approachés.g., the confinement, which provides an
related to too strong fluctuations of the topological charge: it disapattractive interaction So the question of whether‘melts” below
pears in the interacting instanton liquid. or atT. remains open.
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T T TR "'olz'ol L L a rapid temperature dependence of the fraction of molecules
f, see Fig. &), which jumps fromf ~0.5 atT=0.7T.to 1 at
T.. The corresponding jump in energy density is strongly
correlated with it[see Fig. 4b)], confirming the idea sug-
gested in[23] that formation of “molecules” is the major
reason of rapid growth of the energy density around the
phase transition point.
_ We have also calculated the mesonic correlation func-
‘\Q tions, using Bethe-Salpeter-type equation. We have found
N that the pion is decoupled from the axial currenffagt as it
m I S W N W . should, but remains coupled to the pseudoscalar one even in
0.7 0.8 0.9 0.7 08 0.9 1 R
/1, /T, pure molecular vacuumf&1l). A strong signal has been
found that, unlike the one reported numericallyfi], does
not decrease with the temperature, indicating that the pion
survives the phase transition as a bound state and that its
Yadius does not swell at.. Theo meson follows the pattern
of chiral symmetry restoration, joining the pion. The “repul-
sive” channelsy, § show an increase of the correlators, in-
chiral restoration poinT~T.. We have used a semianalytic dicating strongly decreasing masses. Nevertheless, they do
two-component(or *“cocktail”) model, with contributions not exactly join the pion and the ones, so U(1) symmetry
from uncorrelated instanton liquid and polarizéld mol- ~ remains noticeably broken.
ecules, and have confirmed that chiral restoration is driven
by formation of the instanton—anti-instanton molecules.

Both random and molecular components have generated
an effective four-fermion interaction. With standard mean We would like to thank J. J. M. Verbaarschot for the
field methods we have derived semianalytically the thermomany useful discussions. The reported work was partially
dynamics of the system. The basic conclusion is that there isupported by the U.S. DOE Grant No. DE-FG-88ER40388.
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FIG. 6. The effective pion-quark couplings andg, (a) and
the pion constants ., f?,, andfiw (b) as a function of the tempera-
ture. All dimensional quantities are in units of the inverse instanto
radius 1p=580 MeV.
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