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Ferromagnetic domain wall and a primordial magnetic field
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We argue that a coherent magnetic field is generated spontaneously when a large domain wall is created in
the early Universe. It is caused by two-dimensional massless fermions bounded to the domain wall soliton. We
point out that the magnetic field is a candidate for a primordial magnetic f©@556-282197)01716-3

PACS numbgs): 98.80.Cq, 11.27%:-d, 11.30.Er, 98.62.En

Domain walls[1] arise in any unification model with a the existence of the modes depends on how the figld
discrete symmetry in Higgs potentials in which the symme-couples with the fermion. Here we assume for simplicity the
try is often used to reduce complication in the potentialsreal Higgs field¢ whose potential has a discrete symmetry,
Unfortunately, the domain walls are unfavorable from a cos— — ¢ and the following Yukawa couplingyi¢+ H.c.
mological point of view[2]; the energy density of the do- The classical field¢ behaves near the wall located at
main wall dominates in the Universe and invalidates the scex;=0 such as¢(x3)— *v asxz— *%; *p are vacuum
nario of the history of the early Universe. To cure this expectation values of the Higgs field. The field has no
problem several ided2—5] have been proposed, but there is dependence of coordinates andx,. Then, it is easy to find
not yet a definite solution. Here we do not address this probthe zero modes by solving a Dirac equation with enegy
lem. equal to zero, Eyo+iyd+iysds+0g¢) =0 wherey(d) is

In this paper we analyze magnetic properties of the doa two-dimensional vector tangent to the wall. Adopting the
main wall (hereafter, we simply call it the wallWe show  representation of metrics,
spontaneous generation of a magnetic figloh the presence
of the wall. The size of the coherence of the magnetic field is 1 0
comparable to that of the wall. We assume that the lsiné YT lg -1
a domain wall is the same as the distance to the horizon, as
indicated by numerical simulatiof6] of the creation of the e find the solutions with zero energy,
walls in the early Universe. Thus the field is a candidate of
the primordial magnetic fielf7] in the Universe. The result u
of the spontaneous generation of the field depends on the ¢:(io3u
presence of fermion zero modg8] on the wall. The zero
modes exist in general when a fermion couples with the dowhere z(x;) is defined asiz(xs)/dx3= ¢(xz)and a and b
main wall soliton. It implies the existence of massless fermi-are constants. Thus there are two zero energy modes. These
ons on the two-dimensional wall, although the fermions aremay be viewed as zero energy bound states of massive fer-
massive when they are unbounded to the wall. As we willmjon & with its massm= \/50_ It turns out that when the
show later, the free energy of such a fermion gas under thfsrmions move on the walin this casea andb are functions
magnetic fieldB is proportional toB. The sign of the coef- of x, andx,), their energies are proportional to the absolute
ficient of this term is negative. Thus the amount of the de-alue of their momenta. Thus they are massless fermions in
crease of the energy is proportionalBo On the other hand, two-dimensional space of the wall. Note that such states
the field energy is proportional B> Therefore, spontane- hounded to the wall loose two dynamical degrees of free-

ous generation of a magnetic field arises since the total enyom- components; andu, of ¢=("1) are not independent
ergy of the system decreases with the sufficiently weak mag- Y2

netic field. As the size of the wall is the same as the distanc@f €ach other. Namely, spin degrees of freedom are lost so
to the horizon, the coherent length of such a magnetic field i&1at the two-dimensional massless fermiantifermion has

so large that it may be a candidate for a primordial magneti(,Only one dynamical degree of freedc[r:ro]._ .
field leading to an intergalactic or galactic magnetic fi@H In order to show spontaneous generation of magnetic field

The strength of the field depends on the period when the wali’® N€ed to calculate both a thermodynamical potential and a
is created and when it disappears. For instance, if it is create¥cuum energy of these fermions under a magnetic field per-
in the electroweak phase transition at about a temperature §¢ndicular to the wall. For this purpose we need to find
1 TeV, the strength of the field is about®1G. It evolves to ~ EN€rdy Spectrum under a constant magnetic fiéld
the field with its strength 10'° G at recombination of pho- B=(0,0B). Choosing a gauge such As=(—Xx;,x;,0)B/2,
tons and electrons. we solve the above Dirac equation with gauge poterial
We now present detailed calculations. Hereafter, we conThen, relevant solutions take the form of E2) with both of
sider a large flat domain wall with its size assumed to be a andb being functions ofx; andx,; these are solutions
the same as the distance to the horizon. First, we discugepresenting the cyclotron motions of the fermions bounded
fermionic zero mode§8]. The modes exist in general when to the wall. Their spectra can be obtained easily,
the fermiony couples with a Higgs field; strictly speaking, E,==*y2eBn(n=0) with degeneracy per unit area being

X 0 O'i
and y'Z(_U‘ O)’ (1)

’ u=

a
b)exr{—z(xgn, (2
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given byeB/27; e is the charge of the fermion. Eigenstates * . * o . _
are characterized with integarand orbital angular momen- > f(npd= > f dx f(xB2)e?™mx
tumm (n,m=0): n=1 m==w Jo
[ (v B =f def(xﬁz)
lﬂ_(ia?,u)’ u=c vz)exq Z(X3) ], ©) 0
with +2> | dxf(xB?)cod2mmx), (6)
m=1 J0

Ul:pmeimﬁLm(n)efeBpZM and . i
with B?=2eBp?, wheref(x)=In(1+e ). Expanding the
v2:pmei(m+l)eame(n)efeBpZM/En, (4) second term in smaj, we obtain the thermodynamical po-
tential for 8—0 such that
where L(W(eBp?/2) is the Laguerre function and is a

normalization constanipf=x3+x3). These solutions repre- __ 1 532 = y’dy \2eBeB/(—1/2)L?
sent states localized around the domain wall. In addition to 2 o 1+¢€Y 2m

the solutions, there are solutions representing scattering )

states and cyclotron motions in tkg-x, plane. +0(B(eB)), ()

It is assumed that the states representing fermions
bounded to the wall need to satisfy a energy condition suc
as E,<m. Otherwise, the states with,=m energetically
favor jumping out of the wall and hence would not be rel-
evant to the property of the wall. Indeed, these states al
expected to become unstable once we include even sm
couplings with the scattering states. They also become u

stable when finite curvature or irregularity of the wall is .
Similarly, we calculate a vacuum energy of the two-

present. It is shown in Refl11] that fermion zero modes on . ional | formi th I We al
a string soliton become unstable due to an effect of the strin Imensional massiess fermion on the wall. VVe also assume
he energy condition; zero point oscillations of fermions with

curvature when they have energies higher than a certain crit . . ) .
cal energy. Similar effect on the fermion zero modes is exSNergies higher tham are associated not with the property

pected in the case of the wall. Thus in a realistic circum-Of the wall, but with the property of the OUt.Sid? of the wall.
stance they decay and corresponding fermions go away fm%herefore, the vacuum energy of the wall is given by
the wall, unless the energy condition is satisfied. Therefore, F
it is conceived that they are irrelevant for the property of the E o= — 2 \/m'\h
wall. Hereafter, we assume this energy condition. n=1

Now, let us calculate the thermodynamical potenfil 3 2 ) )
under the condition that the temperatye! is much smaller __MmL" eBml v2eBeB/(— 1/2)L
than the mass of the fermion. Then it is given for free gas of 6 41 2
the fermions such that

here the first term represents a contribution of free massless
ermions without the magnetic field and the second one rep-
resents a correction by the weak magnetic fieBk 3~ 2.

'Ie'his first term can be obtained by using the spectrum of the
r : . :

aqpergy,Ek=|k| (k is two-dimensional momentunand by
fdaking account of the fact that both the fermion and antifer-
mion possess only one dynamical degree of freedom.

)

whereF =m?/2eB is the number of Landau levels, energies

QO=0,+0_+Q, of whose states are less than the mas®f the fermion;
{(2) is the ¢ function. We have taken a limit of small
* magnetic field €B<m?) in the calculation. The first term
Q:,=—B_1Nd21 In(1+ e Enf), represents the vacuum energy of the fermion without
0=

magnetic field. The term can be expressed as
. — L[ ij<mlk|dKk?/(27)2. This quantity should be renormal-
Qo=-B""NgIn2, ()  ized to the surface energy of the wall. The third term has
B ) ] 5. already been obtainefll2] as a vacuum energy of two-
whereNq=eBL"/2 is degeneracy of a Landau levél® is  gimensional massless fermion without the energy condition
surface area of the wallSummation>¢ _, over the states mpentioned above.
satisfying the energy condition has been replaced by the A comment isin order. In the summation of the zero point
summation=,_; over all the states since the condition energy we have assumed the existence of the physical cutoff
B~ 1<m is assumed. The indices-(0) denote quantities of F; the states localized on the wall with energies higher than
fermions, antifermions, and zero energy stateg_(=0), m do not exist in physical circumstances. Such states exist
respectively. For simplicity, we have assumed a vanishingnly when they do not interact with any other modes, e.g.,
chemical potential associated with the fermion numberthe scattering states, oscillation modes of the wall, etc. The
namely, the fermion number in the Universe is assumed to bstates, however, are quite unstable against any small cou-
negligibly small just as baryon number in the Universe. plings existing in realistic circumstances so that these local-
As we are interested in the behavior of the system at dzed states would decay and disappear. Hence, it is reason-
small magnetic field, the sum over integecan be evaluated able to conceive that the only states which really exist when
by using the Poisson resummation formula, we include all the couplings, are scattering states whose en-
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ergies are higher tham and bound states whose energies are eBL?2In2 B2L3

less thanm. Thus, the physical cutofF may exist. This Fg= 27
assumption is essential for deriving a result of ferromag-

netism of the wall, although we have not yet succeeded t@/here the vacuum energy has been neglected begusis

der_nonstrate it. We elaborate on this point in a future publimuch larger thamn so that the energy is much smaller than

cation. the thermal energy in Eq12). The thermal energy domi-
We can see that the magnetic field reduces both the thefrates over the vacuum energy. We see that imposition of the

mal energy and the vacuum energy of the fermion; themagnetic field reduces the free energy of the fermion gas.

amounts of the reduction are proportional Ba/BL> and  Then the field generated spontaneously is given by

BL?, respectively. Namely, the whole free eneffgy asso-

TR (12

ciated with the magnetic field turns out to be eu In2
r= 27pL (13
eBml?2 B23
Fe=——7 2u ©) Numerically, B,=10° G at 8~ 1=100 GeV, orB,=1G at
B 1=1GeV.

where the second term represents the energy of the magnetic Comparing this result with the previous one in Ef0),

field inside the horizon with its volume®. w is the perme-  we understand that generation of the magnetic Blarigi-
ability of the Universe[The thermal effect of the order of nates in the vacuum energy of the fermion when the tem-
B*2in Eq. (7) cancels with the corresponding effect of the perature is less than the mass of the fermion, while it origi-
vacuum energy13]. But this cancellation does not necessar-nates in the thermal energy of the fermion when the
ily hold in any case: For instance, when the chemical potentemperature is higher than the mass. In the latter case the
tial of the fermion in the Universe is nonvanishing, the can-magnetic field increases the numiég of the states with
cellation does not hold. The thermal effect dominates ovetheir energies less than the mass

the effect of the vacuum energyHence, the magnetic field

is obtained by minimizing this energy, eBL2 ! L2 )
No~Ne-o="5 = 2 ~ 55 | dK
emu n=0 m |k|<m
B,=—r. (10
" 4L _ eBL*(F—m?/2eB)

5 >0, (14
This is the magnetic field associated with the domain wall &

soliton in the Universe. The strength of the field become?/vhereF is such thaty2eBE>m> 2eB(F—1). Thus it

3mal_| Witz the_ expansrion d‘?f thet Univr?rsi. 'U thebrar?iation-bads to increasing entrofg/of the gas and hence decreasing
ominated universe the distanteto the horizon behaves ..o energy £E—SB~1~—SB8~1). This is the reason for

with temperatures * such aMp 8%/ f (Mp is the Planck e spontaneous generation of the magnetic field when the
mass and is the total number of massless degrees of freetemperature is higher than the mass of the fermion.

dom at temperaturgg~") so thatB, decreases in such @  As we have shown, the spontaneous generation of mag-
way asB,~B~2\f/Mp . Numerically, when the domain netic field arises in the presence of the domain wall soliton.
wall arises at the electroweak phase transition, €83.,  The generation of the magnetic field is a natural consequence
~100 GeV (~100), the magnitude of the magnetic field is of fermion dynamics on the domain wall soliton. Hereafter,

of order of 16 G with the use of the top quark mass we wish to discuss briefly phenomenological application of
m=175 GeV. the result.

We have so far assumed in the evaluation of the thermo- et us consider a realistic model where the wall is created
dynamical potential that the temperature is much smallegt the electroweak phase transition and the fermions are
than the mass of the fermion, i.g8'<m. The fermions quarks or leptons: Such models exist, e.g., a next-to-minimal
bounded to the wall never escape even if they are excitegupersymmetric standard mod#&#]. The transition tempera-
thermally: So we have performed infinite sum in the previousure may be about 1 TeV and it is much larger than any
calculation. On the contrary, when the temperature is muclnasses of quarks and leptons. Thus the above formula in Eq.
larger than the mass of the fermion, they can escape from th@?3) is applicable for this case. Then, the magnetic field is
wall. So in the evaluation of the thermodynamical pOtentia|rough|y 18 G at the temperature of 1 TeV with its coherent
we should take account of the energy condition; only thelengthL =102 cm. This magnetic field is naively expected
fermions with their energies less than the massontribute  tg evolve to the field with its strength 16° G and coherent
to the potential, length 13° cm around the period of the recombination. Note

F that the evolution of the field is such thB@?=const be-
_ 1 “EpBy~ _ p-1 cause its flux is conserved owing to very large electric con-

Qe =—p Ndngl In(1+e 5=~ "NgFin 2, ductivity of the Universd9]; a is the cosmic scale factor in

Robertson-Walker metric. As the Universe expands, the size
Qo=-8"Nygln 2, (11) of the wall becomes large and the magnetic field becomes

weak. These walls are expected to de¢ay5] eventually
where we have taken the temperatgre! being much larger before they dominate the energy of the Universe. They, how-
than the massn of the fermion. Therefore, the whole free ever, leave magnetic fields with various strengths and coher-
energy depending on the magnetic field is ent lengths. To determine the strength and the coherent
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length of the field more precisely, we have to take into ac-this paper, but similar results can be also obtained in the case
count dissipation of magnetic field and the number of theof spherical domain walls. We will present these results in
fermion species of the zero modes. future publications.

. In summary, we havg sh_own assuming the energy condi- The author would like to thank Professor Y. Hosotani for
tion that the magnetic field is generated spontaneously Whel'ﬁdicating the importance of the zero point energy and valu-
the domain wall is present in the early Universe. This magyple comments. He also thanks Professor M. Kawasaki for
netic field is a candidate for a primodial magnetic field lead-yseful discussions and staff members of the theory division
ing to intergalactic or galactic magnetic field in the presentin Institute for Nuclear Study, University of Tokyo for their
Universe. We have only discussed the flat domain wall inhospitality.
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