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The potentialities of the production of the scalarKK̄ molecules inf radiative decays are considered beyond
the narrow resonance width approximation. It is shown thatB„f→g f 0(a0)→gpp(ph)…
'(122)31025, B„f→g( f 01a0)→gK1K2

…&1026, andB„f→g( f 01a0)→gKSKS…,531028. The mass
spectra in thepp, ph, K1K2 channels are calculated. The imaginary part of the amplitudef→g f 0(a0) is
calculated analytically. The phase of the scalar resonance production amplitude that causes the interference
patterns in the reactione1e2→gp1p2 in thef meson mass region is obtained.@S0556-2821~97!04111-8#

PACS number~s!: 12.39.2x, 13.40.Hq.

I. INTRODUCTION

The problem of the scalarf 0(980) anda0(980) mesons
has been a central problem of hadron spectroscopy up to the
charm quark. The point is that these states possess peculiar
properties from the point of view of the naive (qq̄) model;
see, e.g., the reviews in@1–5#. In time, all their challenging
properties have been understood@2,5,6# in the framework of
the four-quark (q2q̄2) MIT bag model@7,8#. Along with the
q2q̄2 nature of thea0(980) andf 0(980) mesons the possi-
bility of them beingKK̄ molecules is discussed@9–12#. Fur-
thermore, probably, thef 0(980) anda0(980) mesons are
witnesses of confinement@13#.

Through the efforts of theorists over the years, it has been
established@14,15# ~see also references quoted in@15#! that
research into the decays f→g f 0→gpp and
f→ga0→ghp could play a crucial role in the elucidation
of the nature of the scalarf 0(980) anda0(980) mesons.

At present, the investigation of thef→g f 0→gpp decay
by the detector CMD-2 is being carried out at an upgraded
e1e2 collider VEPP-2M in Novosibirsk. Another detector,
SND, aiming to study the decays under consideration, has
been put into operation at the same facility. Moreover, in the
immediate future at Frascati the start is expected of the op-
eration of thef factory DAFNE which, probably, makes
possible studying the scalarf 0(980) anda0(980) mesons in
an exhaustive manner.

It seems clear that the definition of theoretical predictions
prior to securing data is a natural prerequisite to clear up the
mystery of the scalar mesons.

In all theoretical papers~see@15# and references quoted
there! except for@14#, where theq2q̄2 nature of the scalar
mesons was considered, the approximation of narrow widths
of the f 0(980) anda0(980) mesons was used, for their vis-
ible widths are 25–50 MeV. Moreover, experimenters used
this approximation to give upper limits to branching ratios of
the decaysf→ga0 andf→g f 0 @16#.

But recently@17,18# it was shown that the narrow reso-

nance approximation in this instance is not valid and predic-
tions of decay branching ratios gained in the narrow reso-
nance approximation are at least 2 times overstated.

In this connection, we study the scope for the production
of scalar molecules in thef radiative decays beyond the
narrow resonance width approximation.

In Sec. II we introduce the formulas needed for our inves-
tigation and discuss corrections for the finite widths to the
propagators of scalar mesons.

Section III is devoted to the model of thef→ga0( f 0)
transition amplitude. In Sec. III A we state~more precisely,
make clear! the model of the production of the scalarKK̄
molecules in thef radiative decays. In Sec. III B we calcu-
late in analytical form the imaginary part of the
f→ga0( f 0) transition amplitude that gives near 90% of the
branching ratios in thepp andhp channels. In Sec. III C the
real part of thef→ga0( f 0) transition amplitude, dominating
in theKK̄ channels, is derived partly in analytic form, partly
in an integral form suitable for the simulation of the experi-
mental data.

In Sec. IV we give the numerical results of our analy-
sis. We found that in the case of the
molecule nature of thef 0~980! and a0~980! resonances
B„f→g f 0(a0) →gpp(ph)…'(122)31025, B„f→g( f 0
1a0)→gK1K2

…&1026, and in a Pickwickian sense
B„f→g( f 01a0)→gKSKS…,531028. The mass spectra
for thepp, ph, andK1K2 are presented. The phase of the
scalar resonance production amplitude, causing the interfer-
ence patterns in the reactione1e2→gp1p2 in the
f-meson mass region, is calculated.

Sections V and VI review our results and discuss experi-
mental perspectives.

II. FUNDAMENTAL PHENOMENOLOGY OF f
RADIATIVE DECAYS INTO SCALAR MESONS

Let us introduce the amplitudes

M ~f→gR;m!5gR~m!@eW~f!•eW~g!#, R5a0 , f 0 , ~1!

whereeW (f) andeW (g) are polarization three-vectors of thef
meson and theg quantum in thef-meson rest frame, and
m is an invariant mass of two pseudoscalar mesonsa and
b produced in theR→ab decay.
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In e1e2 collisions thef meson is produced transversely
polarized relative to the beam axis in the center-of-mass sys-
tem. That is why the amplitudes from Eq.~1! lead to the
angular distribution

W~u!5 3
8 ~11cos2 u! ~2!

if one is not interested in a polarization of theg quantum in
the reactione1e2→f→gR. In Eq. ~2!, u is the angle be-
tween the momentum of theg quantum and the axis of the
beams.

According to the gauge invariance condition, the decay
amplitudes are proportional to the electromagnetic~electric!
field, that is the photon energy~v! in the low energy region,

gR~m!→v3const, ~3!

if m→mf andv5(1/2)mf(12m2/mf
2 )→0.

The decay width in narrow scalar resonance width ap-
proximation is

G~f→gR;m!5
1

3

ugR~m!u2

4p

1

2mf
S 12

m2

mf
2 D . ~4!

The physically measured partial widths are

G~f→gR→gab!

5
2

p E
ma1mb

mf
mdm

mG~R→ab;m!G~f→gR;m!

uDR~m!u2

~5!

for ab5pp,p0h.
For ab5K1K2,K0K̄0,

G~f→g~a01 f 0!→gK1K2!5
2

p E
2mK1

mf
m2G~ f 0→K1K2;m!G~f→g f 0 ;m!U 1

Df0
~m!

1
ga0~m!ga0K1K2

gf0~m!gf0K1K2

1

Da0
~m! U

2

dm,

G~f→g~a01 f 0!→gK0K̄0!5
2

p E
2mK0

mf
m2G~ f 0→K0K̄0;m!G~f→g f 0 ;m!U 1

Df0
~m!

1
ga0~m!ga0K0K̄0

gf0~m!gf0K0K̄0

1

Da0
~m! U

2

dm, ~6!

where 1/DR(m) is the propagator of a scalar meson.
The width of the decay of the scalar mesonR into two

pseudoscalar meson stateab with an invariant massm is

G~R→ab;m!5
gRab
2

16p

1

m
rab~m!,

rab~m!5A~12m1
2 /m2!~12m2

2 /m2!, m65ma6mb .
~7!

The final particle identity in thep0p0 case is taken into
account in the determination ofgf0p0p0.

In Eq. ~6! it is good to bear in mind isotopic symmetry

gf0K1K25gf0K0K̄0, ga0K1K252ga0K0K̄0. ~8!

The use of a narrow scalar resonance width approximation in
the case under consideration is not valid for two reasons
@17,18#.

The first and major reason is connected with soft~accord-
ing to strong interaction standards! photons. From Eqs.~3!,
~4!, ~5!, and ~6! it follows that the right slope of the reso-
nance is suppressed by at least the factor (v/v0)

3, where

v05mf(12MR
2/mf

2 )/2 andMR is the resonance mass. As
was shown@18# it leads to the suppressions of the integral
contribution from the right slope of the resonance by at least
the factor of 5 for decays intopp andph channels and by at
least the factor of 50 for decays into theK1K2 andK0K̄0

channels. So the physically measured widths, Eq.~5!, are
caused in practice fully by ‘‘a half’’ of resonance, that is, by
its left slope in the channelspp andph. Only for this reason
are the results@G(f→gR;MR)# obtained in the narrow
width approximation overstated 2 times.

The second reason is connected with a finite width cor-
rection in the propagators of the scalar mesons. Let us take
the generally accepted Breit-Wigner formulas.

If m.2mK1, 2mK0,

1

DR~m!
5

1

mR
22m22 i @G0~m!1GKK̄~m!#m

,

GKK̄~m!5
gRK1K2
2

16p
~A124mK1

2 /m21A124mK0
2 /m2!

1

m
.

~9!

If 2mK1,m,2mK0,

1

DR~m!
5

1

mR
22m21@~gRK1K2

2
!/16p#A4mK0

2 /m2212 i @~gRK1K2
2

!/16p#A124mK1
2 /m22 iG0~m!m

. ~10!

When 2mK1, 2mK0.m,

204 56N. N. ACHASOV, V. V. GUBIN, AND V. I. SHEVCHENKO



1

DR~m!
5

1

mR
22m21 @~gRK1K2

2
!/16p# ~A4mK1

2 /m2211A4mK0
2 /m221!2 iG0~m!m

, ~11!

where the width of the decay of the scalarR resonance into
theph or pp channelsG0(m) is determined by Eq.~7!.

Since the scalar resonances lie under theKK̄ thresholds,
the position of the peak in the cross section or in the mass
spectrum does not coincide withmR as is easy to see using
Eqs.~9!–~11!. That is why it is necessary to renormalize the
mass in the Breit-Wigner formulas, Eqs.~9!–~11!,

mR
25MR

22
gRK1K2
2

16p
~A4mK1

2 /MR
2211A4mK0

2 /MR
221!,

~12!

whereMR
2 is the physical mass squared (Ma0

5980 MeV and

M f0
5980 MeV! while mR

2 is the bare mass squared. So the
physical mass is heavier than the bare one. This circumstance
is especially important in the case of a strong coupling of the
scalar mesons with theKK̄ channels as in the four-quark and
molecule models. Meanwhile it was not taken into account
both in the fitting of the data and theoretical works, except
for Refs.@2, 14, 19#. It should be noted that Eqs.~9!–~11! are
applied only in the resonance region. They, for example,
have incorrect analytic properties atm250. The expressions,
in which this defect is removed, can be found in@2,14,19#.

Notice that when the scalar resonances lie between the
K1K2 andK0K̄0 thresholds it is necessary to renormalize
the mass in the Breit-Wigner formulas in the following man-
ner:

mR
25MR

22
gRK1K2
2

16p
A4mK0

2 /MR
221. ~13!

The coupling constants in the molecule model@11,15,20#
are

gf0K1K2
2 /4p5ga0K1K2

2 /4p50.6 GeV2. ~14!

Notice that in this modelMR2mR524(10) MeV for
MR5980(2mK1) MeV.

III. MODEL OF KK̄ SCALAR MOLECULE PRODUCTION
IN f RADIATIVE DECAYS

A. KK̄ loop production of extended scalar mesons

Unfortunately, at present it is not possible to construct a
truly relativistic gauge-invariant model in the case ofKK̄
scalar molecule production inf radiative decays for the non-
relativistic nature of a wave function of a molecule. But it is
possible to ‘‘relativize’’ a model constructed in theKK̄ mol-
ecule rest frame and to place a gauge invariance constraint.

In the rest frame of a scalarKK̄ molecule we consider the
production mechanism described by the diagrams in Fig. 1,
where the cross in theK1K2 f 0(a0) vertex points to a cou-
pling of theK1K2 state with a extended meson.

In the scalar molecule rest framepW 5qW , the decay ampli-
tude is

T~p,q!5M ~p,q!2M ~p,0!,

M ~p,q!5M1~p,q!1M2~p,q!1M3~p,q!, ~15!

wherep and q are four-momenta of thef meson and the
photon, respectively. The amplitudes

M1~p,q!5 iegRK1K2gfK1K2em~f!en~g!E d4k

~2p!4

3f~ ukW u!
2gmn

D~k!D~k2p1q!
, ~16!

M2~p,q!52 iegRK1K2gfK1K2em~f!en~g!E d4k

~2p!4

3f~ ukW u!
~2k1q!n~2k12q2p!m

D~k!D~k2p1q!D~k1q!
, ~17!

and
M3~p,q!52 iegRK1K2gfK1K2

3em~f!en~g!E d4k

~2p!4

3f~ ukW u!
~2k22p1q!n~2k2p!m

D~k!D~k2p1q!D~k2p!
~18!

correspond to the diagrams in Figs. 1~a!, 1~b!, and 1~c!, re-
spectively. The functionf(ukW u) describes a momentum dis-
tribution of a K1(K2) meson in a molecule,
D(k)5k22m21 i0, em(f) anden(g) are polarization four-
vectors of the f meson and theg quantum, e2/4p
5a.1/137, gRK1K2 is determined by Eq.~7!, andgfK1K2

is determined by the following manner:

G~f→K1K2!5
1

3

gfK1K2
2

16p
mfSA12

4mK1
2

mf
2 D 3.

~19!FIG. 1. Diagrams for the model.
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The subtraction atq50 is a gauge-invariant regulariza-
tion that always is necessary in the field theory.

The ‘‘relativization’’

T~p,q!5@eW~f!•eW~g!#gR~m!

[gR~m!$@e~f!•e~g!#

2@e~f!•q#@e~g!•p#/~p•q!%upW 5qW ~20!

gives the relativistic and gauge invariant amplitudes. We em-
phasize that in Eq.~20! eW (f) and eW (g) are polarization
three-vectors of thef meson and theg quantum in the mol-
ecule rest frame.

Whenf(ukW u)51, Eqs.~15!–~18! reproduce well the defi-
nite gauge-invariant field theory expression1 @14#.

Our model is practically the same one as in@15#. Never-
theless, it should be noted that in Eqs.~4.21!–~4.23! of Ref.
@15# the functionf(ukW u) is used to describe a momentum
distribution of aK1(K2) meson in a molecule whereas a
K1(K2) meson has the three-momentum equal to
6(kW2qW /2). So Eqs.~4.21!–~4.23! of @15# are not quite cor-
rect and our Eqs.~15!–~18! make clear the molecule produc-
tion model.2

Let us integrate Eqs.~16!–~18! over k0 in the molecule
rest frame:

M1~p;q!522egRK1K2gfK1K2@eW~f!•eW~g!#E d3k

~2p!3
f~ ukW u!

1

Ek~m
224Ek

2!
, ~21!

M2~p;q!5egRK1K2gfK1K2@eW~f!•eW~g!#E d3k

~2p!3
f~ ukW u!S kW22 ~kWqW !2

qW 2 D S 1

Ek~m
212Ekm!~2vEk12kWqW !

1
1

Ek~m
222Ekm!~2p0Ek2mf

212kWqW !
2

1

Ek1q~2v212vEk1q12kWqW !~p0
21v212p0Ek1q12kWqW ! D , ~22!

M3~p;q!52egRK1K2gfK1K2@eW~f!•eW~g!#E d3k

~2p!3
f~ ukW u!S kW22 ~kWpW !2

pW 2 D S 1

Ek~m
212Ekm!~2p0Ek1mf

212kWpW !

1
1

Ek~m
222Ekm!~2vEk12kWpW !

1
1

Ek2q~v21pW 222vEk2q22kWpW !~p0
21pW 222p0Ek2q22kWpW ! D , ~23!

where
pW 5qW , p02q05m, q05uqW u5v5~mf

22m2!/2m, Ek5AkW21mK1
2

2 i0,

Ek1q5A~kW1qW !21mK1
2

2 i0, Ek2q5A~kW2qW !21mK1
2

2 i0. ~24!

It is easily seen that the integration over the angle betweenkW andqW ~or pW ! is performed analytically.

B. Imaginary part of the amplitude of f˜gf 0„a0… decay

Following @15,20# we use

f~ ukW u!5
m4

~ ukW u21m2!2
, ~25!

wherem5141 MeV.
The functionf(ukW u) suppresses the contribution of virtualK1K2 pairs. That is why it is natural to expect that the imaginary

part of thef→g f 0(a0) amplitude is essential in comparison with the real one. The numerical analysis in Sec. IV supports this
hope.

So the imaginary part of thef→g f 0(a0) amplitude,

ImT~p,q!5Im@M ~p,q!2M ~p,0!#5@eW~f!•eW~g!#ImgR~m!5@eW~f!•eW~g!#Im@ ḡR~m!2ḡR~mf!#, ~26!

merits individual consideration here. Equation~25! makes possible calculating the imaginary part in analytical form. This
calculation is too cumbersome to be presented here. Because of this, we shall only explain the genesis of the imaginary part
of the amplitude and shall adduce its analytical form.

The contributors of the imaginary part of thef→g f 0(a0) amplitude are the regions of the integration where the denomi-
nators in Eqs.~21!–~23! vanish. We treat these zeros using an infinitesimal negative imaginary addition to theK1 mass square
(mK1

2
2 i0); see Eq.~24!.

Our result is

1The resulting atf(ukW u)51 amplitude differs by sign from the respective one in@14#.
2In contrast to@15# we treat with an amplitude rather than aS-matrix element. The difference is the factori . In addition, note that in Eq.

~4.24! of @15# the sign~2! is lost. Probably, it is a misprint; otherwise, the gauge invariance constraint@see Eq.~3!#, is destroyed.
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ImgR~m!5pegRK1K2gfK1K2

m4

~2p!2
1

~m224a2!2 H mf
2

v3 S ln ~E12a!~E21a!

~E22a!~E11a!

E1E2m
2~12a22m2!2a2mf

2 ~m214a2!

4a3m2 D
1
4mK1

2

mv
ln
E1
22a2

E2
22a2

2
8mK1

2

mv
ln
mf2Amf

224mK1
2

mf1Amf
224mK1

2
1
mf
2 ~m224a2!~E12E2!

2a2v3 2
32~mf

224mK1
2

!3/2~m224a2!2

3mf~mf
224a2!3

1u~m22mK1!
4Am224mK1

2 mf
2

vm2 1
8mK1

2

vm
ln
m2Am224mK1

2

m1Am224mK1
2 J , ~27!

wherea25mK1
2

2m2, E15 p0/22(v/2mf)Amf
224mK1

2 , E25 p0/21 (v/2mf)Amf
224mK1

2 and the step functionu(x) is

u~x!5 H1, x.0,
0, x,0.

Notice that

ImḡR~mf!5egRK1K2gfK1K2

8

3p

m4~mf
224mK1

2
!

~mf
224a2!3

A12
4mK1

2

mf
2 . ~28!

C. Real part of amplitude of f˜gf 0„a0… decay

As will be seen from Sec. IV the real part of thef→gq f0(a0) amplitude,

ReT~p,q!5Re@M ~p,q!2M ~p,0!#5@eW~f!•eW~g!#RegR~m!5@eW~f!•eW~g!#Re@ ḡR~m!2ḡR~mf!#, ~29!

dominates in the suppressedK1K2 andK0K̄0 channels.
Our result is

RegR~m!5egRK1K2gfK1K2

m4

~2p!2
X 8mf

2

vm~m224a2!2
H m

a
arctan

a

m
1S arctan am D 2

2u~2mK12m!FA4mK1
2

2m2

m
arctan

m

A4mK1
2

2m2
1S arctan m

A4mK1
2

2m2D 2G
2u~m22mK1!FAm224mK1

2

2m
ln
m1Am224mK1

2

m2Am224mK1
2

2
1

4
ln2

m1Am224mK1
2

m2Am224mK1
2

1
p2

4 G J
1

1

~m224a2!a2 S 21
m

2v
1
p0~m

224a2!

2v2m D S 12
mK1
2

ma
arctan

a

m
D 1

2

vm~m224a2!

2u~m22mK1!
mK1
2

2vm S 4

~m224a2!2 F m2a ln
mK12a

mK11a
1 ln

4m2

~2mK1
2

2m!2G
2

1

2~m224a2! F m

2a3
ln
mK12a

mK11a
1
mmK112a2

a2m2 G D ln m1Am224mK1
2

m2Am224mK1
2

1E
0

` ukW udukW u

~kW21m2!22v3 S E12E21
v2mK1

2

Ekm~22Ek!
ln

~Ek1v1E2!~Ek1v2E1!

~Ek1v1E1!~Ek1v2E2!

2
v2mK1

2

Ekm~2Ek1m!
ln

~E22Ek1v!~Ek2v1E1!

~E12Ek1v!~E21Ek2v!
1
mf
2 ~Ek1E1!~Ek1E2!

Ekm~2Ek1m!

3 ln
~Ek1p01E2!2

~Ek1p01E1!2
1
mf
2 ~Ek2E1!~Ek2E2!

Ekm~2Ek2m!
ln

~Ek2p01E1!2

~Ek2p01E2!2
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1u~m22mK1!
mK1
2 v2

Ek~m
222Ekm!

ln
m2Am224mK1

2

m1Am224mK1
2 D C2Re ḡR~mf!, ~30!

whereE15AkW21v212ukW uv1mK1
2 , E25AkW21v222ukW uv1mK1

2 , and

Re ḡR~mf!5egRK1K2gfK1K2

m4

~2p!2 H Fm

a
arctan

a

m
2

Amf
224mK1

2

2mf
ln
mf1Amf

224mK1
2

mf2Amf
224mK1

2 G
3S 64~mf

423mf
2mK1

2
24mK1

2 a2!

3mf
2 ~mf

224a2!3
D 2arctanS am D S 2mK1

2

ma3~mf
224a2!

1
8mmK1

2

3a3mf
2 ~mf

224a2!

2
16mK1

2 m

3a3~mf
224a2!2

1
2mK1

2 m

mf
2a5

D 1
2~5mf

2mK1
2

220mK1
4

22mf
2m2112mK1

2 m218m4!

3a4~mf
224a2!2

1
32mK1

2 Amf
224mK1

2

3mf
3 ~mf

224a2!2
ln
mf1Amf

224mK1
2

mf2Amf
224mK1

2 J . ~31!

It is easy to verify that the integrand in Eq.~30! is non-
singular at 2Ek5m for the principal value of the integral was
calculated analytically. That is why Eq.~30! is suitable for a
simulation of experimental data.

IV. QUANTITATIVE RESULTS

Below we consider two variants:~i!
G0(MR)550 MeV, which corresponds to the visible width
.25 MeV and the partial intensity of the decay into the
KK̄ channelsB(R→KK̄).0.35 in the molecule model, Eq.
~14!, and~ii ! G0(MR)5100 MeV, which corresponds to the
visible width .75 MeV andB(R→KK̄).0.3 in the mol-
ecule model, Eq.~14!. See the definition ofG0(m) in Eqs.
~9!–~11!, and~7!.

We presentB(f→gR;m)5G(f→gR;m)/G(f), where
G~f! is the f meson full width, in Fig. 2, the phase of
2gR(m) „d5arctan@Im gR(m)/RegR(m)#… in Fig. 3, and the
spectra

dBR~f→gR→gab!

dm
5
dG~f→gR→gab!

G~f!dm

5
2

p

m2G~R→ab;m!G~f→gR;m!

G~f!uDR~m!u2

~32!

for ab5pp3 andph for the differentG0(MR) in Figs. 4 and
5, respectively. The spectra

dB„f→g~a01 f 0!→gK1K2
…/dm

5dG„f→g~a01 f 0!→gK1K2
…/G~f!dm

5
2

p
m2G~ f 0→K1K2;m!

G~f→g f 0 ;m!

G~f!

3U 1

Df0
~m!

1
1

Da0
~m! U2dm ~33!

is presented in Fig. 6.
As with the four-quark model@14# in the molecule case

the interference is constructive in theK1K2 channel and

3Notice that dG(f→gR→gpp)/dm5dG(f→gR→
gp1p1)/dm1dG(f→gR→gp0p0)/dm5 1.5dG(f→gR→gp
1p1)/dm.

FIG. 2. Branching ratioB(f→gR;m). The dotted line is the
real part contribution. The dashed line is the imaginary part contri-
bution. The solid line is the full branching ratio.
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destructive in theK0K̄0 channel@see Eqs.~6! and~8!# for the
K1K2 loop diagram production model.

We study the dependence of the branching ratios under
consideration on the resonance mass. Our results are listed in
Tables I and Tables II. Calculating Table I we take into
account only the imaginary part of the scalar resonance pro-
duction amplitudes.

V. DISCUSSION

At mf0
5980 MeV and G0(mf0

)550(100) MeV,

B(f→g f 0→gpp)51.9(2.2)31025. At ma0
5980 MeV

FIG. 3. The phased5arctan@ImgR(m)/RegR(m)#. The solid line
presents them dependence in theKK̄ molecular case and the
dashed one in theq2q̄2 case.

FIG. 4. Mass spectra of thepp channel. The solid line is the full
spectra. The dashed and dotted lines are the imaginary and real part
contributions, respectively.~a! G0550 MeV. The full branching
ratio is 1.931025. The branching ratio with an account only of an
imaginary part is 1.731025. ~b! G05100 MeV. The full branching
ratio is 2.231025. The branching ratio with an account only of the
imaginary part is 2.031025.

FIG. 5. Mass spectra of theph channel. The solid line is the full
spectra. The dashed and dotted lines are the imaginary and real part
contributions, respectively.~a! G0550 MeV. The full branching
ratio is 1.931025. The branching ratio with an account only of the
imaginary part is 1.631025. ~b! G05100 MeV. The full branching
ratio is 2.031025. The branching ratio with an account only of the
imaginary part is 1.7531025.

FIG. 6. Mass spectra ofK1K2 channel.G0550 MeV. The
solid line is the full spectra. The dashed and dotted lines are the
imaginary and real part contributions, respectively. The full branch-
ing ratio is 1.031026. The branching ratio with an account only of
the imaginary part is 0.931026.
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and G0(ma0
)550(100) MeV, B(f→ga0→gph)5

1.9(2)31025.
As seen from TablesB„f→g f 0(a0)→gpp(ph)…

'(1–2)31025 and B„f→g( f 01a0)→gK1K2
…&1026.

As for the decays into theK0K̄0 channels, the destruc-
tive interference leads toB„f→g( f 01a0)→gK0K̄0

…<
6.531029 for the set of the input parameters from Table II.

When the branching ratios from Table I is compared with
the ones in the narrow resonance approximation in Fig. 2, it
is apparent that these latter are at least 2 times overstated.
Notice that when the parameter in the momentum distribu-
tion f(ukW u) @see Eq.~25!#, m5100 MeV the branching ratios
decrease 3 times~the m3 low is natural for a three-
dimensional integral if an integrand has the range of the or-
der ofm!. The valuem5141 MeV corresponds to the bound-
ing energy of the molecule,E5210 MeV @13#, that is,
mf0(a0)

.980 MeV.

The imaginary part of thef→g f 0(a0) amplitude gives
90% of the branching ratios in thepp~ph! channel; see also
Figs. 4 and 5.

The real part of thef→g f 0(a0) amplitude dominates in
theKK̄ channel branching ratios; see also Fig. 6.

Over the years, it was believed by some that the decay
f→gKSKS might prove an obstacle to research on the vio-
lation of CP invariance in the decayf→KLKS despite the
fact that it was shown even in 1987@14# that
B„f→g( f 01a0)→gKSKS….6.531029 in the case which
is the worst case from the standpoint of research on the vio-
lation of CP invariance, i.e., the case in which thef 0(980)

anda0(980) resonances are of a four-quark nature (q2q̄2).
An upper limit in a Pickwickian sense,
B„f→g( f 01a0)→gKSKS….3.631027, was given in@21#.
The following investigations~see, for example,@22#! only
confirm these results.

Here we also confirm that the branching ratio for the de-
cay f→gKSKS is low. But its extreme smallness demands
to consider final state interaction effects.

Can final state interactions essentially destroy our inter-
ference picture in theK0K̄0 channel for the difference of the
S-wave phase shifts in the isotopical vector (I51) and iso-
topical scalar (I50) channels ofKK̄ scattering? There is no
reason to expect this effect. The point is that the these phase
shifts vanish at theKK̄ threshold. In our case the maximal
momentum of theK0 andK̄0 mesons in the scalar resonance
rest frame is small~110 MeV!. In fact, more small momenta
are essential in our consideration. TheK0 and K̄0 mesons
with momenta less than 60 MeV in the scalar resonance rest
frame give 90% of the branching ratios under consideration.
Nevertheless, strictly speaking, we do not know any-
thing about the influence of final state interactions on
amplitude magnitudes. Let us assume that a final state inter-
action suppresses the contribution of one of two resonances,
for example, a0 . Then we haveB(f→g f 0→gK0K̄0)
&2.531028 for the set of input parameters from Table II. At
last one assumes an extreme case that final state interac-
tions transfer the destructive interference in theK0K̄0

channel into the constructive one~it is hard to image
something more radical now!. Then B„f→g( f 01a0)
→gK0K̄0

…52B„f→g( f 01a0)→gKSKS….1/10B„f→g( f 0
1a0)→gK1K2

… from Table II for theK0K̄0 threshold is 8
MeV higher than theK1K2 one. So B„f→g( f 01a0)
→gKSKS….531028 can be considered as an upper limit in
a Pickwickian sense for the molecule model.

The phase ofgR(m) is the very important characteristic of
the model production because it causes the interference pat-
terns in the reactione1e2→gp1p2 in the f meson mass
region. We emphasize that just these interference patterns are
used to identify thef→g f 0 decay. As seen from Fig. 3 the
phases in the molecule case~the solid curve! and in the four-
quark ~pointlike! case@14# ~the dashed curve! differ consid-
erably. The calculation of the interference patterns under dis-

TABLE I. Branching ratiosB„f→ga0( f 0)→gph(pp)… depending on parameters of the model; see
Sec. IV.

B3105

f→ga0→gph f→g f 0→gpp
ma0

(GeV) Ga0
550 (MeV) Ga0

5100 (MeV) mf 0
(GeV) G f 0

550 (MeV) G f 0
5100 (MeV)

0.960 2.2 2.3 0.960 2.4 2.6
0.965 2.1 2.2 0.965 2.2 2.4
0.970 2.0 2.0 0.970 2.1 2.3
0.975 1.8 1.9 0.975 1.9 2.1
0.980 1.6 1.8 0.980 1.7 2.0
0.985 1.3 1.6 0.985 1.4 1.8
0.990 0.9 1.0 0.990 1.0 1.2
0.995 0.7 0.9 0.995 0.8 1.1

TABLE II. Branching ratioB(f→gK1K2) depending on pa-
rameters of the model; see Sec. IV.

mf 0
(GeV) ma0

(GeV) G f 0
(MeV) Ga0

(MeV) B3106

0.980 0.980 50 50 1.0
0.980 0.980 100 100 0.5
0.980 0.980 50 100 0.7
0.990 0.990 100 100 0.6
0.980 0.990 50 100 0.7
0.990 0.980 50 100 1.0
0.990 0.990 50 100 1.1
0.990 0.990 50 50 1.8
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cussion is a rather complex problem that is a valid one for
further investigation.

VI. CONCLUSION

We have considered the potentialities of the production of
the scalarKK̄ molecules in thef radiative decays beyond
the narrow resonance width approximation. It was found that
B„f→g f 0(a0)→gpp(ph)…;1025. Taking into account
that in the four-quark model B(f→g f 0(a0)→
gpp(ph)…;1024, ~see@14,17#!, we conclude that radiative

f decays give a good possibility for discrimination between
the two models experimentally.
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