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The black hole and the pea
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Like a fairy-tale princess, trajectories around black holes can be sensitive to small disturbances. We describe
how a small disturbance can lead to erratic orbits and an increased production of gravitational waves.
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The high degree of symmetry found in the space-time of For the purpose of illustration we will study the orbits of
an isolated black hole leads to regular geodesic motion fononrotating satellites around an extreme Reissner-Nordstro
orbiting bodies. Working on the assumption that small dis-black hole. Almost identical results hold for motion around a
turbances generally have small effects, it is often tacitly asSchwarzschild black hole perturbed by an orbiting third body
sumed that this idealized, textbook picture carries over td3]- Extreme black holes have the added advantage of allow-
real astrophysical situations. Here we want to emphasize th##g an exact generalization to space-times wittextremal
the idealized picture is not stable against small perturbationgN@sse$10]. Rotating black holes bring with them a host of
as the nonlinearity of Einstein’s equations tends to amplify"eW instabilities, which only amplify the points we wish to
small disturbances. make. Similarly, rotating satellites introduce additional insta-

The observation that small perturbations of an idealizedilities through spin-orbif8] and spin-spin couplings. So
black-hole space-time can lead to qualitative changes in th@hile our model is chosen on the grounds of simplicity, it is
dynamics is not new. It has been noted previously that dkely that more realistic models will be even more sensitive
range of perturbations lead to chaotic dynamics. The pertuit® Small perturbations. Moreover, a central feature of nonlin-
bations considered include additional mass concentratior8@" dynamics is universality: the details of the dynamics are
[1-5], magnetic field§6], gravitational wave§7], and spin- Ies_s important than the general structure of the_ phase-space
orbit coupling[8]. Unlike the Kepler problem of Newtonian {rajectories. For example, a stochastic layer will lead to an
mechanics, essentially any perturbation of an isolated blacknicrease in the gravitational wave luminosity regardless of
hole space-time will lead to chaotic orbits. This is becausévhat lead to the formation of the stochastic layer. Because of
even the most pristine black-hole space-time harbors th#is, the effects we describe for our particular model will
seeds of chaos in the form of isolated unstable orbits. N0y wider applicability. _ _
small perturbation causes these unstable orbits to break out Our unperturbed spacetime is described by the metric
and infest large regions of phase space. Note that the expe-
rience with Newtonian systems is very misleading. For ex- d<2=—
ample, the Kepler problem has more integrals of motion than
are needed for integrability. Keplerian systems are thus im-
pervious to small perturbations. In contrast, black holeand electromagnetic potential
space-times are at the edge of chaos, just waiting for the
proverbial butterfly to flap its wings. A —

Once it is realized that typical black-hole—satellite sys- !
tems are chaotic in the strong-field regime, we are forced to
consider the consequences. One of the most immediate cohiere dQ?=d¢?+sirPod¢? is the metric of a two-sphere.
sequences is that there will be no such thing as the “lastnto this space-time we introduce a spinless satellite of mass
stable orbit”[9]. The boundary between stable and unstablew and consider its orbits. To keep our model simple we will
orbits will be fractal and there may be large fractal tendrils ofneglect the space-time curvature caused by the satellite. The
unstable orbits invading what would have been stable terrirotational symmetry allows us to restrict our attention to or-
tory in an ideal black-hole space-time. This feature will bebits in the planed=7/2. Moreover, invariance under time
important in determining when a binary system switchedranslations and spatial rotations leads to conservation of the
from inspiral to cataclysmic collapg®]. Another important ~ satellite’s energywE and angular momenturnL. This al-
consequence will be the increased production of gravitationdbws the motion to be reduced to the radial equation
waves due to the erratic motion of chaotic orbits.

In what follows we will illustrate both of these effects in dr 2—E2—V2 3
a simple model system. While our model does not describe a dr] (r), &)
real astrophysical situation, it does capture many of the sa-
lient features we expect to find in a relativistic binary systemwhere 7 is the proper time along the trajectory and
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FIG. 1. Effective potentiaV/(r) for different values of the an-
gular momentum. In order of decreasing height, the potentials cor 55 =5 s 3 o = = v
respond td.=3.1M, 3M, and 2.9, respectively. The solid line is /
r/M

the fixed energye=0.94.
FIG. 2. Basin boundaries in thé () plane.
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@ family of space-times. The leading corrections to the extreme

M -1
V(r) = ( 1+ T)
Reissner-Nordstrm metric are given by

We will be concerning ourselves with bound orbits<1), )
but similar conclusions hold for unbound orbits. In Fig. 1 the ~m r r
effective potentialV(r) is displayed for three values df. AU= R\ 1T geosp+ W[S coSp—1]+---|. (7)

The energyE=0.94 is also displayed. We see that some
orbits can reach the event horizonrat 0 while others are The dipole term cag can be removed by a coordinate trans-

protected by an angular momentum barrier. Eer0.94 this  formation, while the quadrupole term 3 égs-1 is analo-
gous to a perturbation of the Schwarzschild metric studied by

occurs at the critical angular momenturp=2.982M. A tra-
jectory with these parameter values can follow an unstabléloeckel [3]. He described how a small body orbiting a

circular orbit atrC:(Lg—ZMZ— Lc‘/LC2—8M2)/2M. As em- Schwarzschild black hole causes the inner orbits to become

phasized by many authors, it is the existence of such unstabfdaotic.

periodic orbits that make black-hole space-times sensitive to Since our perturbed metric is static, the satellite’s energy
remains a conserved quantity. In addition, the modified po-

small perturbations. Gl @ X :
Previous studies have used local methods to assess tkntial is independent of, sop, is conserved. This means

onset of instability. Here we apply a more revealing globalWe can continue to study trajectories in the plaive /2
approach based on stability basins. Such global techniquédithout loss of generality. However, thgdependence of the
are increasingly being used in engineering applications ipotential breaks rotational invariance so the satellite’s angu-
order to survey the full range of stable and unstable configular momentum is no longer conserved. A trajectory with
rations of circuits, bridges, and bodfisl]. When systems are L(0)>L. can now evolve to one with(7) <L, thus allow-
chaotic, stable regions of phase space can be invaded I#g the possibility of capture by the black hole. Conversely,
chaotic tendrils. These tendrils exhibit a complicated fractap trajectory that was destined for capture might now gain
structure. enough angular momentum to avoid capture. For chaotic tra-
To illustrate how small perturbations can lead to impor-jectories this gain or loss of angular momentum can depend
tant changes in the dynamics we introduce a small “pea”sensitively on initial conditions, leading to complicated frac-
with massm and chargeg=m at a distance =R from the  tal boundaries separating the stable and unstable outcomes.

black hole. The new metric is obtained by replacing Here we are working under the usual assumption that we
can use the dynamics of the dissipationless system to predict

1+M/r by
which orbits will be unstable when gravitational radiation is
m included as a form of dissipation. This amounts to a kind of
U=1+—+ , (5) adiabatic approximation that is valid when the energy loss
r JR*-2Rrcosp+r? per orbit is much less than the energy of the satellite.
In Fig. 2 we display the stability basin in thé ) plane
leading to for a particle with energ\e=0.94. A small pea with mass
m=M/100 has been introduced rat R=10M. Particles are
ds?=U?(E2d72+dr?+r2d6?+sirf6d ¢?). (6)  started from an initial positionp=0,r, with “angular mo-
mentum” L=r?U%d¢/dr. The trajectory is then evolved
The new metric is an exact solution to the Einstein-Maxwellnumerically. If the particle is captured by the black hole we
field equations belonging to the Majumdar-Papapefidl]  color the initial position white. If the particle achieves a
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But aside from producing nice pictures, what does chaos
add to the physics of satellites orbiting black holes? One
interesting possibility is an enhancement of the gravitational
wave output. Chaotic trajectories will tend to produce gravi-
tational waves with increased luminosity and amplitude, and
erratic variations in amplitude. The power radiated will ex-
ceed that of stable orbits since, in loose terms, the luminosity
is proportional to the rate of change of acceleration. Chaotic
orbits often exhibit highly variable accelerations, while
nearly circular orbits have gently varying acceleration pro-
files. In fact, even elliptical orbits produce considerably more
gravitational radiation than circular orbits due to the sharp
turn at their point of closest approach. Unfortunately, most
orbits are expected to be nearly circular by the time they
reach their swan song in the Laser-Interferometric Gravita-
tional Wave Observatorfl IGO) detection ban@i14]. This is
because tidal friction and gravitational radiation act to circu-
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larize the orbit. To get more powerful gravitational wave
r/M signals we need something to destabilize this picture: enter
chaotic resonances.
FIG. 3. Detail of Fig. 2 neat=L.. As a realistic binary system spirals inward, various rela-

tivistic instabilities start to become important. The instabili-
stable orbit(defined here to be 160 orbits without being ties might be caused by spin-orbit or spin-spin coupling, or
captured, then we color the initial position black. There are by external mass distributions such as the third body studied
two major features of note in Fig. 2. The first is the irregularhere. While these resonances are typically restricted to iso-
boundaries between stable and unstable outcomes. The séated bands in phase space, the inspiraling satellite is likely
ond is the broad swath of unstable trajectories betweeto run across an unstable band as its energy and angular
L=3M andL=3.19V. Before the pea was introduced, all momentum are reduced by the emission of gravitational

trajectories withL>L .=2.982M were stable. waves. The resulting chaotic orbit would then provide a
The stability basins for the unperturbed space-time ardoost to the gravitational wave output.
separated by a smooth linelat L. In Fig. 3 we display a To get a feel for this chaotic enhancement we can calcu-

detalil of Fig. 2 that clearly shows that the smooth boundarjate the wave amplitude and power radiated using the quad-
nearl . has been replaced by a complicated fractal structurelupole approximation. Since the orbits we are studying are
Note that most orbits with. <2.995V have been rendered fairly relativistic, the quadrupole approximation can only
unstable and thrown into the black hole. In Fig. 4 we see thaprovide a qualitative picture. The power radiated by the sat-
the central basin of instability also has a fractal boundaryellite is given by[15]

Fractal structures provide a gauge-invariant signal of chaos

in general relativity{4,12,13. 1
g 1 3 P:§<(d?|ij)2>’ ()
s where() denotes the average over several orbits Bpis
' the reduced quadrupole moment of the satellite’'s orbit
(i,j=1,2_3),
s = (XX = 31%) . (C)

The notationd? is shorthand ford®/dt®. The direction-
averaged wave amplitude is given by

Ao \(dFT) (dF1T). (10

Switching to Cartesian coordinates and considering orbits in
the planez=0 (6= m/2), we find

L/M 3.1165

3.116

Acc{[3d?(xy) 2+ [d?x?— d2y?]?+ (d2x?)(d?y?)} 12

3.1155

In Fig. 5 we display the amplitude of three representative
trajectories withE=0.94, normalized against the stable cir-
r/M cular orbit of the unperturbed system with=3.15181. The
dotted line shows the variation in amplitude of a precessing
FIG. 4. Detail of Fig. 2 showing the boundary of the band of elliptical orbit of the unperturbed system with=3.11M.
instability. The solid line is for an orbit with the same initial conditions
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FIG. 5. Amplitude of circular(dashed ling elliptic (dotted FIG. 6. Poincaresection for trajectories witke=0.94.
curve, and mildly chaotigsolid curve satellite orbits.

the model space-time we have been studying the dynamics is

as the regular elliptic orbit, but this time for the perturbed . . AT X
system. The variation in amplitude is increased by up to adomlnated by unbroken KAM tori, and this limits the size of

factor of 2 over the unperturbed system. The elliptic andVY StQChaSt'C "?‘yer?- In addition, we studied a four_-
chaotic orbits have power outputs 1.48 and 2.01 times Iargedr'mens'omle Hamiltonian system so the unbroken KAM tori
than the stable circular orbit. This implies that the small per-pfart't'or.] phase Space. Systems ‘.N'th fe.Wef KA.M tori, higher-

dimensional dynamics, and/or dissipation typically have tra-

turbation caused by the pea increased the power output t}gctories that wander over large regions of phase space. In
36%. o e
— . such systems the effects we have been describing will be
To better assess the significance of this result, we need tlo rger and more widespread
understand the types of tr_ajectories _that 9“’.6 rise to increased The literature already cont.ains several realistic black-hole
power output, h(.)W generic these might be in physically reaodels where highly erratic orbits have been found. For ex-
sonable space-tlr_nes' and hOV\.’ Iarge thg effect can be. .To th}ffnple, some of the trajectories shown in Fig. 1 of RBf.
end, we display in Figé a Poincaresection for trajectories

with E=0.94. The Poincarsection reveals a combination of and Fig. 4f) of Ref. [8] form wide stochastic layers. We are

unbroken Kolmogorov-Amold-MosefKAM) tori, island currently modeling these space-times to see how large the

chains, cantori, and thin stochastic layers. These features a%avitational wave enhancement can be.
' ' Yers. Using a simple model we have shown that chaotic insta-

typical for mildly chaotic systems. The chaotic orbit shown bilities could affect a satellite’s transition from inspiral to

g]utFelrgrﬁssIOrrirr?s é?i;g'g;fg:@gg;?y%m? tmzsiksrsbil:r;sth lunge and cause an increase in gravitational wave produc-
amona the mgst chaotic we found it.onl eraodicall wan—tion' While the type of model we discussed is only accessible
9 ' y erg y to space-based gravity wave detectors such as the Laser In-

%Arl\s/l (t)c\J/r?r ?exzm zgﬁ! f?i?nd blgc%rr]r?iie i?arﬁe'e-[rha?icun_lk_)rz(ijsk%rferometer Space AntenflalSA), similar mechanisms are
P g hightly ' likely to affect near-equal-mass binaries also, so our sugges-

in turn limits the gravitational wave output. Moreover, Orb'ts.tion could be important for a ground-based detector such as

of the perturbed system that lie on the unbroken KAM to”LIGO. Consequently, chaotic effects may need to be consid-

experience much smaller increases in power output. For ©%red when producing gravitational wave templates for the
ample, the outermost unbroken KAM tori in Fig. 6 producesl_IGO and LISA detectors

just 5% more power than the analogous orbit of the unper-

turbed spacetime. We thank Sam Drake, Eric Poisson, and Janna Levin for
These observations suggest that the power output is gredtformative discussions. This work was supported by the

est for orbits that fill the largest regions of phase space. Ifustralian Research Council.
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