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We calculate the branching ratio forB→J/c1anything, within the color-singlet approximation forJ/c
production, but including perturbative QCD corrections beyond the leading logarithm approximation. Such
higher order corrections are necessary, in order to obtain a result that is not strongly dependent on the
renormalization scale. As in the earlier work of Bergstro¨m and Ernstro¨m, we use a double expansion inas and
in the small ratio of Wilson coefficientsL0 /L2 , to identify the dominant terms in the decay amplitude. We
complete their work by calculating all the leading order terms in this double expansion. The predicted branch-
ing ratio is thenB(B→J/c1anything)50.920.3

11.131023, which is well below the experimental value
Bexpt5(0.8060.08)%. This confirms the suspicion that nonperturbative corrections to the color-singlet ap-
proximation forJ/c production inB decays are important.@S0556-2821~97!05415-5#

PACS number~s!: 13.25.Hw, 12.38.Bx, 14.40.Gx

I. INTRODUCTION

The hadronicB decays into charmonium originate in the
weak transitionb→qcc̄ ~with q5s,d!, followed by the had-
ronization of thecc̄ pair into the charmonium bound state.
They are examples of color-suppressed hadronicB
decays: at the weak vertex, thecc̄ pair is not created auto-
matically in a color singlet, and so it will be harder for it to
hadronize into a charmonium state, rather than into a pair of
D-D̄ mesons. The exclusive decays, such asB→K (* )J/c,
and the inclusive decayB→J/c1anything, as well as analo-
gous decays into the charmonium statesc(2S) andxc1 , are
well studied experimentally. However, color-suppressed had-
ronic B decays are still not well understood theoretically.

We will concentrate on the inclusive decay
B→J/c1anything. In order for thecc̄ pair to hadronize into
a J/c, we require that it form a color singlet, with spin
S51 and no relative velocity—this is the color-singlet
mechanism forJ/c production. Othercc̄ configurations may
also hadronize intoJ/c; they appear at higher orders in an
expansion in the small relative velocity of theJ/c constitu-
ents @1,2#. Since they contribute incoherently to the
B→J/c1anything decay rate, they can be studied sepa-
rately. We are interested in obtaining a reliable prediction for
the leading color-singlet contribution. Comparing our predic-
tion to the data will determine whether othercc̄ configura-
tions are indeed important.

At first sight, the decay rate in the color-singlet mecha-
nism, with QCD corrections included in the leading loga-
rithm approximation, appears to be well below the experi-
mental value. However, the result is not satisfactory, as it
retains a strong dependence on the renormalization scale. To
obtain a reliable prediction, it is necessary to include higher
order QCD corrections. This was the subject of the work of
Bergström and Ernstro¨m in Ref. @3#. These authors have
shown how a clever reorganization of the higher order cor-
rections can be used to identify the relevant contributions to
the decay rate, and how this will eliminate the strong depen-
dence on the renormalization scale. Here, we complete their
calculation and derive the prediction for the

B→J/c1anything decay rate, in the color-singlet mecha-
nism.

Up to small corrections of higher order inLQCD/mb , the
inclusive decayB→J/c1anything is described by the cor-
responding parton decay. In the next section, we give the
effective weak Hamiltonian for theb-quark decay, with the
next-to-leading order Wilson coefficients of Ref.@4#. In the
following section, we adopt the program outlined in Ref.@3#,
and obtain the leading terms in theb→qJ/c decay ampli-
tude. Finally, we give our numerical results and discuss their
significance.

II. EFFECTIVE WEAK HAMILTONIAN
FOR THE b-QUARK DECAY

The terms of interest in theDB51 effective weak Hamil-
tonian

Heff5
GF

&
(
q5s,d

VcbVcq* F13 C0~m!O112C2~m!O8G ~1!

contain the operators

O1[ c̄gm~12g5!cq̄gm~12g5!b, ~2!

O8[
1
4 c̄lagm~12g5!cq̄lagm~12g5!b, ~3!

and they correspond to theb→qcc̄ ~q5s or d! transition,
which occurs at the tree level in the weak interaction. The
subscripts inO1,8 designate the singlet~1! or octet~8! color
structure of theV-A currents in those operators. The Wilson
coefficientsC0,2(m) include perturbative QCD corrections to
the weak vertex. They depend on the renormalization scale
m, which effectively separates those QCD corrections, from
the QCD effects that appear in the matrix elements
^qJ/cuO1,8ub&. The m dependence of the matrix elements
should cancel that in the Wilson coefficients, so that the final
result for the decay amplitude is independent of the renor-
malization scale.

In the leading logarithm approximation~LLA !, the Wil-
son coefficients are@4#
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C0~m!5L0~m!52L1~m!2L2~m!, ~4!

C2~m!5L2~m!5 1
2 @L1~m!1L2~m!#, ~5!

with

L6~m!5Fas~MW!

as~m! Gg6
~0!/2b0

~6!

and

as~m!5
4p

b0 ln~m2/LQCD
2 !

, ~7!

whereas at next-to-leading order~NLO!, they are@4#

C0~m!52C1~m!2C2~m!, ~8!
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The anomalous dimensions andb-function coefficients are

g6
~0!562~371!, g6

~1!5
371

6 S 2216
4

3
nf22b0k6D ,

~12!

b05112 2
3 nf , b151022 38

3 nf , ~13!

and nf55 is the number of active flavors. In the modified
minimal subtraction (MS) renormalization scheme,
LQCD5LMS

(5)
5209233

139 MeV, which corresponds to
as(MZ)50.11860.003 @5#. The quantityk650 @naive di-
mensional regularization~NDR!#, 74 @’t Hooft–Veltman
~HV!# or 7623 @dimensional reduction~DRED!# is regu-
larization scheme dependent. A similar scheme dependence
appears in the calculation of the matrix elements ofO1,8,
such that the final result for the decay amplitude is regular-
ization scheme independent.

III. b˜qJ/c DECAY AMPLITUDE
IN THE as-L 0 /L 2 DOUBLE EXPANSION

The amplitude forb→qJ/c ~q5s or d!, when the mass
of theq quark is neglected, can be parametrized in terms of
the coefficientsg1 andg2 , which multiply the two possible
Lorentz structures of the amplitude@6#

Ab→qJ/c52
GF

&
VcbVcq*

f J/c
mJ/c

@g1mJ/c
2 ūqgm~12g5!ub

1g2mbūqismnpJ/c
n ~11g5!ub#«J/c*

m . ~14!

The decay rate is then

G~b→sJ/c!1G~b→dJ/c!

5
GF
2

16p
uVcbu2S f J/cmJ/c

D 2mb
5~12r !2@ ug1u2r ~112r !

1ug2u2~21r !2Re~g1g2* !6r #, ~15!

where r[mJ/c
2 /mb

2 . The J/c decay constantf J/c is a non-
perturbative parameter that describes the hadronization of a
color-singletcc̄ pair, with no relative velocity and in a spin
S51 state, into aJ/c meson. It is defined by

^0uc̄gmcuJ/c&5mJ/c f J/c«J/c
m , ~16!

and it can be measured from the rate for the decay
J/c→e1e2.

In the LLA, the decay amplitude is obtained from the
tree-level matrix element of the effective weak Hamiltonian
in Eq. ~1!. Only the singlet operatorO1 contributes@as in
Fig. 1~a!#, and one has

g15
1
3 L0~m!, g250. ~17!

This leads to a LLA branching ratio~see Fig. 3! that depends
strongly on the renormalization scalem ~to the point where it
can actually vanish, form.2.5 GeV!. As pointed out by
Bergström and Ernstro¨m @3#, this means that higher order
contributions to the matrix elements of the operatorsO1,8,
beyond the LLA, need to be considered. More specifically,

FIG. 1. Feynman graphs contributing toB→qJ/c (q5s,d), to
lowest order in theas-L0 /L2 double expansion.
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the strongm dependence in the LLA amplitude is due en-
tirely to the Wilson coefficientL0(m). An expansion of this
coefficient around some fixedm;mb gives

L0~m!5L0~mb!1
2

p
as~mb!L2~mb!ln~m2/mb

2!1••• ,

~18!

and although them dependence only appears at orderas , it
is important, sinceL0(mb)/L2(mb).0.34 is of similar size
asas(mb).0.21. From Eq.~18!, one can conclude that the
terms in the matrix elements ofO1,8, which cancel the strong
m dependence that comes fromL0 , are terms of order
asL2 . Such higher order terms inas appear at the one-loop
level; they are absent from the LLA result, whereO1,8 only
contribute at the tree level.

The reason higher order terms inas become important is
the existence of a second small quantity in the calculation—
the ratioL0 /L2 . Then,asL2 /L0 is not small compared to
unity, and the expansion inas fails. Bergstro¨m and Ernstro¨m
advocated instead a double expansion in bothas and
L0 /L2 . Since these are the two small quantities in the calcu-
lation, this procedure will correctly identify the dominant
terms in the matrix elements ofO1,8. Those are also the
terms that are needed to cancel them dependence that comes
from the Wilson coefficients. Here, we will follow this pro-

gram, and calculate all the leading order terms in the double
expansion. Inexplicably, this was not done in Ref.@3#, where
the important terms of orderas

2L2
2 in the decay rate were not

calculated~and the estimate that was given is incorrect!.
At leading order in theas-L0 /L2 expansion for the decay

amplitude, there is a tree-level contribution fromO1 @Fig.
1~a!#, proportional toC0 , and one-loop contributions from
O8 @Figs. 1~b! and 1~c!#, proportional toasC2 . From the
results for the Wilson coefficients in the previous section,
and to the order that we are interested in,

C0~m!5L0~m!1as~m!L2~m!
1

3p H 2k111
as~MW!

as~m!

1
as~MW!2as~m!

as~m! F ~2114nf !
1

6b0
2
6b1

b0
2 G J ,

~19!

C2~m!5L2~m! ~20!

@where we have replaced the regularization scheme-
dependent parameterk6 by k50 ~NDR!, 4 ~HV! or 5
~DRED!#. After a lengthy calculation, we obtain, for the pa-
rametersg1,2 in the decay amplitude,
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1
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22r F2214 ln 21
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12r
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423r
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ln~12r !2 ip

423r

22r G . ~22!

Both g1 and g2 are free of infrared divergences. The
imaginary parts correspond to the contribution from the on-
shell intermediate state with acc̄ color octet, in the one-loop
diagrams of Fig. 1~b!. They have been previously calculated
in Ref. @7#. The ultraviolet divergence ing1 has been re-
moved using the sameMS renormalization scheme as in the
calculation of the Wilson coefficients@4#: to leading order
in the double expansion, the counterterms that are needed are

HCT5
GF

&
(
q5s,d

VcbVcq* F2« 2gE1 ln~4p!G
3
2

3

as~m!

p
C2~m!O1 ~23!

~for d542« dimensions!. The regularization of the diver-
gence generates the scheme dependent termk8522 ~NDR!,
2 ~HV!, or 3 ~DRED!, in the expression forg1 ~see the Ap-
pendix for more details on how this term is generated!. No-

tice thatk8 is such that it cancels the scheme dependence
from the Wilson coefficients, parametrized byk.

As for the dependence ofg1,2 on the renormalization scale
m, there is also an exact cancellation between them depen-
dence of the Wilson coefficients and that which originates in
the one-loop matrix elements of theO1,8 operators. The latter
is shown explicitly in the expressions forg1,2. The former
can be obtained from the expansion ofL0(m) around
m;mb in Eq. ~18!, and the analogous results foras(m) and
L2(m):

L2~m!5L2~mb!1••• , as~m!5as~mb!1••• . ~24!

As in Eq.~18!, the terms not shown are of higher order in the
double expansion inas-L0 /L2 . In our final result~see Fig.
3!, we have chosen to keep the full expressions foras(m)
and L0,2(m), rather than use the above expansions. This
leads to a residualm dependence in the branching ratio, since
higher order terms in Eqs.~18! and ~24! have not been
matched by the corresponding higher order contributions to
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the matrix elements ofO1,8. The fact that the residualm
dependence is small suggests that such higher order terms in
the matrix elements are negligible; keeping only the leading
order in the double expansion, as we do in here, is a good
approximation.

In order to obtain the branching ratio for
B→J/c1anything, one must consider, in addition to
b→qJ/c, the contribution to the inclusive decay from other
possible parton processes. The dominant process is
b→qJ/cg, as it contributes to the rate at orderasL2

2 in our
double expansion, through the diagrams in Fig. 2. After in-
tegrating over the three-body phase space, the result for the
decay rate is

G~b→sJ/cg!1G~b→dJ/cg!

5
GF
2

162p2 uVcbu2asL2
2S f J/cmJ/c

D 2mb
5F16 r ~12r !

3~1137r28r 2!2~126r !r ln r G , ~25!

with r[mJ/c
2 /mb

2 . Notice that this contribution to the
B→J/c1anything decay rate is of lower order in the double
expansion than the contribution fromb→qJ/c. However,
we have checked that the three-body phase space suppresses
the rate, so that both contributions are quantitatively of simi-
lar size. This allows us to neglect corrections tob→qJ/cg
and other parton processes such asb→qJ/cgg or
b→qJ/cgq8q̄8, which appear in theB→J/c1anything rate
at orderas

2L2
2 or asL0L2 . They are of the same order as our

calculation for theb→qJ/c rate, but quantitatively smaller
because of the phase space suppression.

IV. RESULTS

Using the expressions for the decay rates, in Eqs.~15! and
~25!, together with the results of Eqs.~21! and ~22!, we ob-
tain our prediction for theB→J/c1anything branching ra-
tio,

B~B→J/c1anything!5tB (
q5s,d

@G~b→qJ/c!

1G~b→qJ/cg!#. ~26!

In order to eliminate the factor ofmb
5 that appears in the

decay rates, and so minimize the uncertainty in our result, we
divide the right-hand side of Eq.~26! by the expression for
the inclusive semileptonicB decay rate@9#,

B~B→Xce
2n̄e!5tB

GF
2

192p3 uVcbu2mb
5f Smc

mb
DhSmc

mb
,mbD ,

~27!

and multiply it by the experimental result@5#

B~B→Xce
2n̄e!5~10.460.4!%. ~28!

In Eq. ~27!,

f ~z!5128z218z62z8224z4 ln z ~29!

is a phase space factor and

h~z,m!512
2as~m!

3p
h̃~z!, ~30!

with @9#

h̃~z!.~p22 31
4 !~12z!21 3

2 , ~31!

is a QCD correction factor. In our quantitative analysis, we
take for the b-quark pole massmb54.860.15 GeV
and mb2mc53.40 GeV, as in @10#. As for the J/c
decay constant, it can be determined from
G(J/c→e1e2)5(5.2660.37) keV @5#. Within the color-
singlet approximation~now applied to theJ/c decay! and
including perturbative QCD corrections,

G~J/c→e1e2!5
4p

3
Qc
2a~mJ/c!2S f J/cmJ/c

D 2mJ/c

3F12
16as~mJ/c!

3p G , ~32!

with a(mJ/c)51/133 and as(mJ/c)50.245, we find
f J/c.515 MeV. Given the importance of the QCD correc-
tions of orderas , it is quite possible that higher order cor-
rections, not included in Eq.~32!, will be significant. Be-
cause of this potentially large theoretical uncertainty, we
choose to factor out the dependence onf J/c in our final re-
sult.

In Fig. 3, we show the predictedB→J/c1anything

FIG. 2. Feynman graphs contributing toB→qJ/cg (q5s,d),
to lowest order in theas-L0 /L2 double expansion.

FIG. 3. TheB→J/c1anything branching ratio as a function of
the renormalization scalem. The theoretical curves, in the leading
logarithm approximation~LLA ! and in theas-L0 /L2 double expan-
sion, correspond to f J/c5515 MeV, mb54.8 GeV and
LMS
(5)

5209233
139 MeV.
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branching ratio as a function of the renormalization scalem,
for m ranging betweenmb/2 and 2mb . The error band cor-
responds to the uncertainty inLMS

(5) . Adding to this the un-
certainty inmb and that due to the residualm dependence, we
find

B~B→J/c1anything!5S f J/c
515 MeVD

2

30.920.3
11.131023.

~33!

~We have not included the error due to the use of the parton
process to describe the inclusive decay of theB meson@11#.
That error is small when compared to the sensitivity of our
result to the exact value ofLMS

(5) andmb .! The central value
in Eq. ~33! corresponds tom5mb54.8 GeV andLMS

(5)

5209 MeV.
It is clear that the prediction for theB→J/c1anything

decay rate, in the color-singlet approximation forJ/c pro-
duction and decay, falls well short of the experimental value
Bexpt5(0.8060.08)%. Although one might have suspected
that this was so, already, from the LLA prediction, that result
could not be trusted because of the strong dependence on the
renormalization scale~see Fig. 3!. With a prediction that is
much more stable inm, it can now be concluded with cer-
tainty that new, nonperturbative, contributions to the descrip-
tion of theJ/c bound state are indeed important@1#. A cal-
culation of theB→J/c1anything decay rate which attempts
to include such contributions is given in Ref.@2#. Our result
can be used@12# to improve the color-singlet part of the
B→J/c1anything decay rate that appears in there.
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APPENDIX

The origin of the scheme dependent termk8, in the ex-
pression forg1 @see Eq.~21!#, deserves a brief comment. We
summarize the more detailed discussion of Ref.@8# ~notice
that our result fork8 can be recovered from the more general
case presented there!.

The k8 term in g1 originates from the regularization of
the divergence in the unrenormalized one-loopb→qJ/c am-
plitude. That divergence is of the form

Adiv52
GF

&
VcbVcq* C2as

1

36p F2« 2gE1 ln~4p!G
3^qJ/cuVub&, ~A1!

with

V5q̄ @gm~12g5!gagn2gngagm~12g5!#bc̄ @gngagm

3~12g5!2gm~12g5!g
agn#c. ~A2!

In d54 dimensions,O1,8 form a complete basis under QCD
corrections, andV is proportional toO1 : V5224O1 . In
d542« dimensions, however, theO1,8 basis must be ex-
tended to include evanescent operatorsE, and

V5a1~«!O11E. ~A3!

The evanescent operatorsE do not exist in four dimensions,
and they do not contribute to the physical amplitude. On the
other hand, the terms of order« in a1(«) will contribute to
the finite part of theb→qJ/c amplitude, when inserted in
Eq. ~A2!. In order to determine these terms, we must com-
pletely fix the regularization scheme by giving the form of
the evanescent operatorsE ~and the same form for these
operators must be used in the calculation of the Wilson co-
efficients!. One way to do this is to define the evanescent
operators by the condition@8#

Eab,gdGbgGda50, ~A4!

where the two pairs of fermion fields were removed from
E, and each one was replaced byG[gm(11g5). Applying
this operation to both sides of Eq.~A3!, we obtain

a1~«!5Vab,gdGbgGda~O1 ab,gdGbgGda!21

5212@22k8«1O~«2!#. ~A5!

This is the origin of the scheme-dependentk8 term in the
expression forg1 of Eq. ~21!.
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