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K,—m’yete™ and its relation to CP and chiral tests
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The decayK, — 7%ye*e™ occurs at ehigher rate than the nonradiative proced§s— me*e™, and hence
can be a background ©P violation studies using the latter reaction. It also has interest in its own right in the
context of chiral perturbation theory, through its relation to the dé¢ay> 7°yy. The leading order chiral
loop contribution tok, — w°ye* e, including the ¢+ +qe-)2/mfr dependence, is completely calculable. We
present this result and also include the higher order modifications which are required in the analysis of
K. — myy. [S0556-282197)05715-9

PACS numbgs): 13.20.Eb, 11.30.Er, 12.39.Fe

[. INTRODUCTION firmed while the measured rate was more than a factor of 2

There are three rare decay mers qf the Iong—li(\)/ed kaolﬁj1 éggrbtg :r? Errg\(/ji'gé%dt'); g%rv]vea;y, célétkgr,tgi dpgé)éeén [gf %eyars 0
which Oh‘five_ mterrelatedo th+eo_ret|cal ISSUEK —~ 7YY, aqding an adjustable new effect at ordef, as well as in-
Ki—me"e , andK —a"ye e . The first two have been . ding known corrections to th&, — maa vertex, they
extensively studied; the latter has not been previously calcu,ng that the predicted rate can be increased dramatically
lated. It is the purpose of this paper to provide a calculationyithout modifying the shape of the spectrum much. This is
of the latter process and describe how it is related to theyso a surprising result, yet as far as we know it is the unique
phenomenology of the other two decays. solution to the experimental puzzle. The ingredients of the

There is a curious and important inverted hierarchy ofmode studied in this papek, — 7°ye*e™, are the same as
these decay modes. The rate for the radiative decajor K, —#%yy, except that one of the photons is off shell.
K —m’ye"e” is a power ofa larger than the nonradiative Within the framework of the CEP calculation, the ingredients
transitionK, — w%e*e". This is because th&, — 7%e*e” enter with different relative weights for off-shell photons.
transition occurs only through a two-photon intermediateThis will allow us to test the consistency of the theoretical
state, or alternatively through a one-photon exchange contesolution proposed fok, — 7%yy.
bined with CP violation (which numerically appears to be  We outline the computation for tf@(E*) contribution to
roughly of the same size as the two-photon contribytjdf  the process in Sec. Il, and then we extend IDI(@E®) in Sec.

The K, —7%"e™ rate is then of ordem®. However, in lIl. Finally, we recapitulate our conclusions in Sec. IV.
K.— m’ye*e” we need only a one-photon exchange to the

fa— ; 3 i :
e'e, leading to a rate of ordex”. Our attention was first Il. THE O(E*) CALCULATION

called to this inverted hierarchy by an observation that there

are infrared divergences in a detailed study of the Firstlet us provide the straightforwa@(E*) calculation

K. — m%e"e” two-photon effec{1] which need to be can- within ChPTh. This is the generalization kfaﬁo of the
celed by the one-loop corrections to the radiative moderiginal chiral calculation of EPR2]. Herek; is the momen-
K_.—m%ye*e™ through the contributions of the soft radia- tum of the off-shell photon. This captures all tkfm?2 and

tive photons. This implies that the theoretieald experimen-  k2/mg variations of the amplitudes at this order in the energy
tal analyses oK — m%e*e” and.KL—>y7r°e+e*are tied to-  expansion. There can be furthkf/(1 GeV)2 corrections
gether. 0T+he_ soft and collinear photon regions ofyyhich correspond t@(E®) and higher. The easiest tech-
Ki—yme'e" form potenglal backgrounds to the studies of pigue for this calculation uses the basis where the kaon and
CP violation in theK, —7°e"e” mode. _ _ pion fields are transformed so that the propagators have no
I The KtLHWO?’t?:e_ rr]nodebalso has at” 'TeLeSt of its °|W”_- off-diagonal terms, as described in R€2]. The relevant

n recent years there have been important phenomenologic i L —

studies ofk, — 7%y in connection with chiral perturbation alagrams are then shown in Fig. 1. Definiggas
theory (ChPThH. This decay is calculable at one-lodpe., —
order E*) ChPTh with no free parameters, yielding a very 9=Gg/3, Gg=GCg|ViaVidgs, [gsl=5.1, (1)
distinctive spectrum and a definite raf2]. Surprisingly,

when the experiment was performed the spectrum was corthe diagrams give the following integrals, respectively:

d* 3[(pk—Po)2—m2]—2[(12—m2)+ (I —k;—ky)?—m?2]

@m? =D ke~ ko) P~ T2] ’ @

Mfw=2e2&;w
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o o 9% 3[(Pk—Po)®—m3]—2[(I+ky)?—m2+ (1 —kp)?~m’]
M= J(Zw)“ (1IZ=m2)[ (1 +ky) 2= m2][(1 — k) 2—m?]
X(2|+k1),u(2|_k2)v+(klwu')<_)(k2!v)! (3)
6 _o.o— a1
Mlu,])_se ggp,ll (277)4 |2_m§Ta (4)

0 [ @k 2=k, (21K (20 —ky),

d g I
M= 4829f(zm“l(lz—mi)[(l—k1>2—mi]+<|2—mi>[(l—k2>2—mi] ' ®

Interestingly when we add these together khe: 37 amplitude factors out from the remaining loop integral resulting in

- dY [g,,(12=m2)— (2l +kq) (21 k), ]
T _ gl _ 2_ 2 i ks m v
M3=6 9l | oy i ©
|
It is not hard to verify that this result satisfies the constraints a a 1
of gauge invariancéy M, = kyM,,, = 0. At this stage, G(a)=— P RCE;,( —2) + 5l (13
the integral may be parametrized and integrated using stan- Mz amz
dard Feynman-diagram techniques. Let us keep photon num- .
ber one as the off-shell photon and k& 0. In this case the emembering that
amplitude with one photon off-shell is described by 1
v _ oot Foedx) =1 —[sin (V)% x=L,
Mg, =6€2g[ (px—Po)2—m?] - X
2
—i Ki-Ko—Ky Kq, 1] 1-yJ1-1Kk
x( , (9K KoKz, 1)[1+2|(m§,)], =1+ —|In————tim|, x=1,
16m Ky Kz |1+ 1-1k
(7 L1
with ReedX)= = &+ o [1=VIx—1Lsin ()], x<L,
1 1-z
I(mf,)=j dzlf ‘dz, L
0 0
—6+2— 1+J1—1/
M2 —2(1-2z,)k§ X
X -
22122k1-k2+21(l—21)k§—m§r+le 1_\/1_—1/)(
) ) IN———==+in||, x=1. (19
1+v1-1Kk

= F(8)—F(K) ]~ — [ G(s)~ G(KD)]
- s—k? V3 s—kg v

This agrees with the EPR result in thé—0 limit.

) At this order we have also calculated the additional con-
tribution resulting from the kaons circulating in the loops of
Fig. 1. They give rise to

s=(px—Po)?=(k; +ky)? 9 o a4l
M, =6e?g(mg +m’— s)f

The notation is defined by

and (27"
1z, [m2-a(l-z)z—ie [9,,(12=m}) = (21 +Ky) (21 —Ky), ]
F<a):foz—l'” m .+ (0 =ML+ k)P~ MR (1~ kp) P~z

(15
m2—a(l—z)z,—ie

m2

m

1) The resulting integral is similar to that of E(B), substitut-
ing the mass of the pion with that of the kaon. Attaching an

The above functions are related to those presented by CEGF’fe__COUpbd to either photon and adding all the above con-
[3]: tributions together, the result we obtain for the branching

- a . ratio is
& am?

G(a)= foldzlln

Fa)= — , (12

2m

B(K . —7%yete )=1.0x10 8. (16)

w



56 K.—mPye*e” AND ITS RELATION TO CP AND CHIRAL TESTS 1607

(a) FIG. 1. Diagrams relevant to the process
K .—myete” atO(E* andO(E®).
ﬂ.O
K, 7
Ky
(c) (d)
With the definitions M(K—a*m™a®)=4ayp- pop+ - P +4a(Pk- P+ Po- P-
s Pk - (k1 —ka) +Pk-P-Po-P+), (18
7= —, Y=, 17
mk my .
using
the decay distributions iz andy provide more detailed in- e 4 e 4
formation. We present them in Figs. 2 and 3. a;=3.1x10"m " and a,=—1.26xX10 "my

(19
6
IIl. THE O(E") CALCULATION a; and az are obtained from a fit to the amplitude for
We also wish to extend this calculation along the IlnesKLHW 7T m [4] and to the amplitude and spectrum for
proposed by CEP3], who provide a plausible solution to the K, — m%e"e™ [3], so that their values are constrained within
problem raised by the experimental rate not agreeing wittiheir theoretical uncertainty of 10-20 %. We have numeri-
the O(E*) calculation when both photons are on-shell. Thecally verified that such a variation of said parameters in-
two primary new ingredients involve known physics which volves a very modest change in the shape of the spectrum for
surfaces at the next order in the energy expansion. The firé.—y7°e"e” and a change in its final branching ratio
involves the known quadratic energy variation of thesomewhat smaller than the uncertainty on the parameters.
K— 37 amplitude, which occurs from higher order terms in ~ The other ingredient involves vector meson exchange
the weak nonleptonic Lagrangidd,5]. While the full one-  such as in Fig. 4. Some of such contributions are known, but
loop structure of this is knowf6], it involves complicated there are others such as those depicted in Fig. 5 which have
nonanalytic functions and we approximate the result athe same structure but an unknown strength, leaving the total
O(E* by an analytic polynomial which provides a good result unknown. In Refl3] the result is parametrized by a

description of the data throughout the physical region: “subtraction constant” which must be fit to the data.
dB(K, ->m 7e+e_)/dz dB(K ~»n"ye*e™)/dy
r T T T T T T T I T T T T l T T T I T T T T l_ T T T T | T T T T | T T T T I T T T T

5.0x1078 — 1
3.0x1078 —
40x10°° — :
g g :
l" X -8 -_ l‘” . —8 |
°§30X10 K og20)(10 ]
; ] ]
g sl g 1
§2.0x10 _— % |
1.0x1078 —
1.0x10°8 [— |

Py B AP I R ol— |

0.0 0.1 0.2 0.3 0.4 05 0.4

z y

FIG. 2. Differential branching ratio iz to orderO(E%). FIG. 3. Differential branching ratio iy to orderO(E*).
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T
70
V=puwo
KL 71.07 n, 77’
(b)

FIG. 4. Vector meson exchange diagrams contributing to FIG. 5. Vector meson exchange diagrams contributing to
K, —m%yete . K, —7%ye*e” with unknown strength.

In principle one can add the ingredients to the amplitudes M, (K—7" 7~ 7% y)=—8a,€?g,,pk" Po
and perform a dispersive calculation of the total transition )
matrix element. In practice it is simpler to convert the prob- +8a2€°(PkuPoys  PrPou)- (21

lem to an effective field theory and do a Feynman diagram i . .
calculation which will yield the same result. We follow this The resulting calculation follows the same steps as described

latter course above, but is more involved and is not easy to present in a

The Feynman diagrams are the same as shown in Fig. gimple form. We have checked that our result is gauge in-
although the vertices are modified by the presence oyariant and reduces to that of CEP in the limit of on-shell

O(E%) terms in the energy expansion. Not only does thePhotons. ,
direct K— 3 vertex change to the form given in E€L8), The contribution proportional t@; can be c40mputed
but also the weak vertices with one and two photons have g"alogously to those already calculated for @E") case:

related change. The easiest way to determine these is to write M, ,=4a,e%(z—2r2)(1+r2— z);
a gauge invariant effective Lagrangian with coefficients ad- . N T (z—q)
justed to reproduce E¢18). We find
) P “o X(Quka-ko—kouky JI1+21(MD)],  (22)
where )

K +_ -0 m, S k
MulKmmm ) a2 (23)

— _ _ o o K K K

42,8(p+ ~P-)u+4228(P+ = P-)o(PoPkut PkPou), The a, part originates another set of integrals which can

(20 be written as

M2 =—8a,(pipd+ py P)ez d |p(|_k1_k2)tf (24)
v 2(PkPo T PkPo g,u,v (27T)d (|2_m727)[(|_k1_k2)2_m37]’
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dcl [ (214ky) (21— k) (1 +ky) (1 —kp)

2m)9 (1P=m2)[(1 +kp)?~mZ][(| —kp)®—m?]

+ (2|+k2)v(2|_kl)p,(l—’_kZ)p(l_kl)(r
(IP=m2)[ (1 —ky)2=mZ][ (I +ky)2—mZ]

dl (214 Kg) (21— Kp) (1 +Ky) (1 —k2)

M, =4a,(pip§+ prph)e?

— P AT TP\ a2
8a2(prO+pr0)e (27T)d (|2_m727)[(|+k1)2_mi][(|_k2)2_mi] ’ (25)
. S d 1
M., =8az(PkPoyt PkyPou) € f(Z—w)dm (26)
ddl (21 —Kkq) (21— k)
d _ _ o T 2 ok o T o 2
M,uv 4a2(p0pKV+pr0V)e (27T)d (IZ_mi)[(l_kl)Z_mi] 4a2(p0pK,u+prOp,)e
ddl (21—Ky) (21 —Kp)
@m)? (Z=md)[(I—kp?— 2] @0
From the above formulas we obtain
1 K1pk - Ko Pk - Ky Pk -k
Mp,v (4 ) A(X11X2)(k2,u.klv kl kZQ,uV)—i_B(XlaXZ)(Wg +pK;,LpKV k k kZ}LpKV k k lepK/.L
Pk - Kz Pk - Ko 2
+D(X1’X2)(k§.k k g v k k kl,ule+k1[.LpKV k k k2,upKV } (28)
|
where 1 1-2, 2777
1,(2123) = J dzlf dZZD_' (33
A=162,62{2[1—2(Xq+X2) ]11(2125) + X311 1(22) 0 0 !
+ X[ 211(25) —11(25) +11(21) 1} 1 1-2, D,

2 3 5 |3:J dzlj d22D1|n—2, (34)
—32aeX{[2x{— Xy (z+ ) ][ —12(ZiZ5) +12(2725) ] 0 0 me
+[2x1X,—X1(2— 0)/2—Xx,(z+q)/2] 1 D,

l,=| dz;D,In—, 35
X[21)(Z2) +15(212) ~1(Z2) ~ 1 2(2:23)] 4 fo Dzl ez (39
+[2G—x(z= Q[ 2) ~ 1 A2 2) 1} . 5
4 m? |5=f dzl(4z§—4zl+1)|nm—§, (36)
+ §aze2|nF +(4m)2VMD,, (29) 0 m
P
and
4 2
B=—32a,%I 3+ 16a,l 4+ §a2e2(z—q) _1+|nm_§) Dy=m2—2k;-k,z;2,— K3z,(1—2z1),
2
+(4m)*VMD, 30 D,=m2—Kiz(1-2y),
B 2
D=5 +16a672x;~ (2= Q)/2][211(z125) — 11(27) ] _Pr-kg _Pk-ka
XN=—=— Xo=— 5, (37)
My My
+16a,e%(2y—q)[11(z1) —11(1)/2]
+4a,e’[2x,— (z+q)/2]l 5+ (47)>VMDp, (31 ( )
Pk-(Pxk—K2
with VMDA(xy o)== 2, Gy (Px—kz)2—m?

J . Jl Zd I ) Pk - (Pk—ka) (39)

= > 7|

11(ziz3)= | dz 2,717; n 21 (32) (Px—ky)?—my
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dB(K ~»n’yete™)/dz dB(K ~»n"ye*e™)/dy
1.0x1o-7:—|“|Hlll""l"llllllll—: T |
ol 6.0x1078 —
8.0x10™ J
3 g ]
,',‘” 6.0x107¢ | *lfw o |
3 L R40x10 —
5 H i
) -5 | 3 i
34‘o><1o _ 5 1
2.0x1078 —
2.0x10°8 1
P S I I R R B o

0.0 0.1 0.2 0.3 0.4 0.5
z ¥y

FIG. 6. Differential branching ratio iz to orderO(E®). FIG. 7. Differential branching ratio iy to orderO(E®).

B(K.—m’yete )=2.3x10"8. (43

VMDg(x1,%)=— 2 Gyki-kp

V=w,p (pK_kZ)Z_m\Z/ L . . .
The decay distributions are presented in Figs. 6 and 7.
1
], 39
(Pk—kp)>—mg (39 IV. CONCLUSIONS
Ky Ky The behavior of theK, —7°yeTe~ amplitude mirrors
VMDp(Xy, %)= >, Ve k2=’ (40)  closely that of the proceds, — 7°yy. The more complete
V=op Pk v calculation at ordeE® gives a rate which is more than twice
assuming the numerical valugg| as large as the one.obtained at orBér d.espit.e the fact that
the new parameter introduced at or@ris quite reasonable
Gpmi:0.68>< 1078, Gwmﬁz -0.28<10°7. (41 in magnitude. This large change occurs partially because the

order E# calculation is purely a loop effect, while at order

The loop calculation that we have just described provide€® we have tree level contributions, and loop contributions
all of the off-shell dependence scaled by the pion mass, angre generally smaller than tree effects at a given order. It was
is of the formki/mi. There can be an additional dependencemore surprising that the spectrum Ky — 7%yy was not
of the form kf/A2 whereA ~ 1 GeV. We cannot provide a significantly modified by the ordeE® contributions. These
model independent analysis of the latter. However, experinew effects are more visible in the lomvregion of the pro-
ence has shown that most of the higher order momenturness we have calculated, — 7°ye*e™.
dependence is well accounted for by vector meson exchange. This reaction should be reasonably amenable to experi-
Therefore we include th&/A? dependence which is pre- mental investigation in the future. It is 3—4 orders of magni-
dicted by the diagrams of Fig. 4. One can recover the paraniude larger than the reactidt, — 7°e*e~ which is one of
etrization inay neglecting the dependence quk;)?> and  the targets of experimental kaon decay programs, due to the
(pK—kz)2 in formulas (38)—(40), and performing the re- connections of the latter reaction @P studies. In fact, the
placemen{7] radiative process of this paper will need to be studied care-
fully before the nonradiative reaction can be isolated. The
regions of the distributions where the experiment misses the
photon of the radiative process can potentially be confused
with K, — w%e*e™ if the resolution is not sufficiently pre-
whereG¢ ~ G,+G,,. This completes our treatment of the cise. In addition, since the? is detected through its decay to
K, — m%yete” amplitude. two photons, there is potential confusion related to misiden-

The calculation we have presented in this section leads ttifying photons. The study of the reactidg, — 7°ye"e”

71'Geffmi

—— 42
2Ggamy, “2

ay,

the total branching ratio of

will be a valuable preliminary to the ultima@P tests.
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