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The electroweak processpp̄l 6ngg is calculated at the tree level, including finiteW width effects. In order
to obtain a gauge-invariant amplitude, the imaginary parts ofWWg triangle graphs andWWgg box diagrams
have to be included, in addition to resumming the imaginary contributions to theW vacuum polarization. We
demonstrate the existence of a radiation amplitude zero inpp̄→W6gg→l 6ngg, and discuss how it may be
observed in correlations of thegg and lepton rapidities at the Fermilab Tevatron.@S0556-2821~97!04813-3#

PACS number~s!: 12.15.Lk, 13.85.Qk, 14.70.Fm

I. INTRODUCTION

RadiativeW production and decay at hadron colliders is
an important testing ground for the standard model~SM!.

The simplest processq q̄8→l 6ng allows the measurement
of the WWg three gauge boson coupling at large photon
transverse momenta@1–4#. In addition, this process is of
special interest due to the presence of a zero in the amplitude
of the parton level processq q̄8→Wg @1,5,6#. At small trans-
verse momenta of the photon or when the photon is emitted
collinearly to the final state charged lepton, this process
needs to be fully understood when trying to extract a precise
value of theW boson mass from Fermilab Tevatron data.
Approximately 24%~13%! of all W→en (W→mn) events
contain a photon with a transverse momentum (pT

g) larger
than 100 MeV@7,8#, the approximate threshold of the elec-
tromagnetic calorimeter of the Collider Detector at Fermilab
~CDF! and DØ detector. RadiativeW decay events shift the
W mass by about 65 MeV in the electron, and by approxi-
mately 170 MeV in the muon channel@9,10#.

For similar reasons, the processq q̄8→l 6ngg is inter-
esting. At large photon transverse momenta,Wgg produc-
tion is sensitive to the structure of theWWgg quartic cou-
pling @11#. Furthermore, as a consequence of a general
theorem @6#, one expects a radiation zero in the SM
q q̄8→Wgg amplitude. Two-photon radiation is expected to
have a non-negligible effect on theW mass extracted from
future high precision Tevatron data because approximately
0.8% of allW→mn events are expected to contain two well-
separated photons withpT

g.100 MeV @12#. Finally, Wgg
production is an irreducible background to associated pro-
duction of aW and a Higgs boson in hadronic collisions, if
the Higgs boson decays into two photons@13#.

In p p̄ collisions at a center of mass energy of 2 TeV, the
total cross section forW6gg production is approximately
4.6 fb, when only considering leptonic decays,W→l n
(l 5e,m), and pT

g.10 GeV anduhgu,2.5 (h being the
pseudorapidity! @14#. Upgrades of the Tevatron accelerator
complex ~TeV33!, beyond the Main Injector project, could

yield an overall integrated luminosity of;30 fb21 @15#,
making a study ofWgg production a realistic goal in the
TeV33 era. The hadronic decay modes of theW will be
difficult to observe due to the QCDj j gg background@16#.
We, therefore, concentrate on the leptonic decays of theW
boson, and calculate the helicity amplitudes for the complete
process

q q̄8→l 6ngg, ~1!

including Feynman diagrams where one or both photons are
emitted from the final state charged lepton line. In a realistic
simulation, these diagrams, together with finiteW width ef-
fects, need to be taken into account.

When including finiteW width effects, some care is
needed to preserve gauge invariance. Replacing theW propa-
gator, 1/(q22mW

2 ), by a Breit-Wigner form, 1/(q2

2mW
2 1 imWGW), will disturb the gauge cancellations be-

tween the individual Feynman graphs and thus lead to an
amplitude which is not electromagnetically gauge invariant.
In addition, a constant imaginary part in the inverse propa-
gator isad hoc: it results from fermion loop contributions to
theW vacuum polarization and the imaginary part should
vanish for spacelike momentum transfers. In Ref.@8# it was
demonstrated how this problem is solved forWg production
by including the imaginary part ofWWg vertex corrections,
in addition to the resummation of theW vacuum polarization
contributions. Here, we generalize the result of Ref.@8# to
Wgg production, and show that a gauge-invariant amplitude
for the processq q̄8→l 6ngg is obtained by also including
the imaginary part of theWWgg box corrections. Extending
the argument, a gauge-invariant amplitude forq q̄8
→W1ng, n.2, can be obtained by implementing the cor-
rectedWWg and WWgg vertices together with the re-
summedW vacuum polarization contributions. No higher
WWng vertex functions need to be considered. Our analysis
of gauge invariance forWgg production is described in
Sec. II.
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The existence of a radiation zero in the process
q q̄8→Wg has been well known for more than 15 years
@5,6#. All SM helicity amplitudes for the process
q q̄8→Wg vanish at

cosuW* 5cosu0W* 5
Qq1Qq8
Qq2Qq8

, ~2!

where uW* is the angle between theW and the incoming
quarkq, in the parton center of mass frame. A theorem@6#

then predicts that the processq q̄8→W1ng, n.1 exhibits a
radiation zero for the same scattering angle cosu0W* , if the
n photons are collinear. In Sec. III, we numerically demon-
strate the existence of this radiation zero inWgg production.

In practice, radiation zeros in hadronic collisions are dif-
ficult to observe. In theWg case, the ambiguity in recon-
structing the parton center of mass frame and in identifying
the quark momentum direction represents a major complica-
tion in the extraction of the cosuW* distribution @2#. Higher
order QCD corrections@17,18# and finiteW width effects,
together with photon radiation from the final state lepton
line, transform the zero to a dip@19#. Finite detector resolu-
tion effects further dilute the radiation zero. The twofold
ambiguity in reconstructing the parton center of mass frame
originates from the nonobservation of the neutrino arising
from W decay. Identifying the missing transverse energy
with the transverse momentum of the neutrino, the unobserv-
able longitudinal neutrino momentumpL(n) and thus the
parton center of mass frame can be reconstructed by impos-
ing the constraint that the neutrino and charged lepton four-
momenta combine to form theW rest mass@20#. The result-
ing quadratic equation, in general, has two solutions. Finally,
determining the cosuW* distribution requires measurement of
the missing transverse energy in the event. In future Teva-
tron runs, one expects up to ten interactions per bunch cross-
ing @15#. Multiple interactions per crossing significantly
worsen the missing transverse energy resolution, and thus
tend to wash out the dip caused by the radiation zero.

For Wgg production, the same problems arise. In addi-
tion, it is very difficult to experimentally separate two col-
linear photons and, thus, to distinguish theWgg signal from
Wg events and from theW1 jets background, where one of
the jets fluctuates into ap0 which decays into two almost
collinear photons. One, therefore, has to search for a signal
of the radiation zero which survives an explicit photon–
photon separation requirement.

In Ref. @21# it was found that lepton–photon rapidity cor-
relations offer the best chance to observe the radiation zero
in Wg production. The distribution of the rapidity difference
Dy(g,l )5yg2yl clearly displays the SM radiation zero. It
does not require knowledge of the longitudinal momentum
of the neutrino, and so automatically avoids the problems
described above. In Sec. III we show that the concept of
rapidity correlations as a tool to search for radiation zeros
can be generalized to theWgg case. TheDy(gg,l ) distri-
bution with cosugg.0, whereugg is the opening angle be-
tween the two photons in the laboratory system, clearly dis-
plays the SM radiation zero even when one requires two
well-separated photons, provided that cuts are imposed
which reduce the background from radiativeW decays.

It is sometimes useful to compare distributions forWgg
andZgg production. Simultaneously with the calculation of
the processq q̄8→l 6ngg, we, therefore, also present re-
sults for qq̄→l 1l 2gg production in Sec. III. Section IV
contains some concluding remarks.

II. FINITE WIDTH EFFECTS AND GAUGE INVARIANCE
IN Wgg PRODUCTION

At the parton level, the reactionpp̄→l 6ngg proceeds
via the Feynman diagrams shown in Fig. 1. In addition to the
diagrams forWgg production, graphs describingWg pro-
duction followed byW→l ng contribute, and also the radia-
tive decayW→l ngg. When finiteW width effects are in-
cluded, the three reactions can no longer be distinguished,
and the full set of Feynman diagrams must be taken into
account. To calculate the helicity amplitudes for the process
q q̄8→l 6ngg we have used the framework of Refs.
@22,23#. The result was then compared numerically with the
amplitudes obtained using theMADGRAPH/HELAS program
@24,25# which generates helicity amplitudes automatically.
All quarks and leptons were assumed to be massless in our
numerical calculations.

A naive implementation of finiteW width effects, by re-
placing theW propagator by a Breit-Wigner form with a
fixed width,

DW,naive
mn ~q!5

2 i

q22mW
2 1 imWGW

S gmn2
qmqn

mW
2 D , ~3!

will only, in general, give a gauge-invariant answer when all
W propagators are attached to at least one conserved current.
For theW propagators between the twoWWg vertices in the
two first Feynman graphs of Fig. 1~e! this is not the case and,
hence, problems with electromagnetic gauge invariance
arise. Using a momentum-dependent width instead also leads

FIG. 1. Feynman diagrams for the processq q̄8→l ngg. Per-
mutations of the final state photons and theW boson are not shown
explicitly.
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to a violation of electromagnetic gauge invariance@26# and
the resulting cross sections cannot be trusted. One encounters
the same problem when gauge invariance is restored in anad
hocmanner@8,27#.

Finite width effects are included in a tree-level calculation
by resumming the imaginary part of theW vacuum polariza-
tion. Gauge boson loops (Wg and WZ) only contribute
above theW-mass pole and are suppressed by threshold fac-
tors @28#. They can safely be neglected at the desired level of
accuracy and only fermion loops need to be considered. Ne-
glecting the fermion masses in the loops, the transverse part
of theW vacuum polarization receives an imaginary contri-
bution

ImPW
T ~q2!5(

f

g2

48p
q25q2

GW

mW
5q2gW , ~4!

while the imaginary part of the longitudinal piece vanishes.
In the unitary gauge theW propagator is thus given by

DW
mn~q!5

2 i

q22mW
2 1 i ImPW

T ~q2!
S gmn2

qmqn

q2 D
1

i

mW
2 2 i ImPW

L ~q2!

qmqn

q2

5
2 i

q22mW
2 1 iq2gW

S gmn2
qmqn

mW
2 ~11 igW! D . ~5!

A gauge-invariant expression for the amplitude of the pro-
cessq q̄8→l 6ngg is obtained by attaching the final state
photons in all possible ways to all charged particle propaga-
tors in the Feynman graphs. To be specific, we shall concen-
trate on thel 2n̄gg final state in the following. In addition to
radiation off the external fermion lines and radiation off the
W propagators, the photons must be attached to the charged
fermions inside theW vacuum polarization loops, leading to
the fermion triangle and box graphs of Figs. 2 and 3. Since
we are only keeping the imaginary part ofPW

T (q2), consis-
tency requires including the imaginary parts of the triangle
and box graphs only. These imaginary parts are obtained by

cutting the triangle and box graphs into on-shell intermediate
states in all possible ways, as shown in the figures.

For the momentum flow displayed in Figs. 2 and 3, the
tree-levelWWg andWWgg vertices are given by the famil-
iar expressions

2 ieG0
abm52 ie@~q11q2!

mgab2~q11k!bgma

1~k2q2!
agmb#, ~6!

2 ieG0
abmn52 ie2~2gabgmn2gamgbn2gangbm!. ~7!

For the triangle graphs of Fig. 2 the momentum configura-
tion q1

2.q2
2 , k250 is the same as the one encountered in

the q q̄8→l 6ng case. Neglecting fermion masses, the full
WWg vertex is then given by@8#

Gabm5G0
abmS 11(

f

ig2

48p D 5G0
abmS 11 i

GW

mW
D

5G0
abm~11 igW!. ~8!

Nonzero fermion masses,mf.0, introduce corrections to
Eq. ~8! and generate axial vector contributions to theWWg
vertex which are proportional tomf

2/q1
2 and mf

2/q2
2 @29#.

They can be neglected at the desired level of accuracy for the
lepton and the light quark doublets. Top- and bottom-quark
loops do not contribute to the imaginary part of theWWg
vertex below threshold, i.e., forqi

2,(mt1mb)
2. In the

imaginary part of theWWgg vertex they are either absent
for qi

2,(mt1mb)
2 or are suppressed by powers of the top

quark mass. These massive loops are not needed for the res-
toration of electromagnetic gauge invariance and can be ne-
glected close to theW pole.

An evaluation of the 24 cut box diagrams of Fig. 3 yields
a result similar to that of Eq.~8! @30#. For vanishing fermion
masses, each fermion doubletf , irrespective of its hyper-

FIG. 2. The effectiveWWg vertex as needed in the tree-level
calculation ofl ngg production.

FIG. 3. The Feynman graphs contributing to the effective
WWgg vertex of Eq.~9!. Only 4 of the 24 cut box diagrams which
contribute to the imaginary part of the one-loopWWgg vertex are
shown.
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charge, addsi (g2/48p)G0
abmn to the tree-levelWWgg ver-

tex G0
abmn . In the phase-space regionq1

2.q2
2 , k1

25k2
250,

the fullWWgg vertex is thus given by

Gabmn5G0
abmn~11 igW!. ~9!

In the expressions for the two vertices, terms proportional to
k1

m or k2
n have been dropped. Such terms will be contracted

with the photon polarization vectors«* m(k1) or «* n(k2), or
a conserved electromagnetic current and hence vanish in the
amplitude. Similarly, terms proportional toq1

a are dropped
since, in the massless quark limit, theW couples to a con-
served quark current. No such assumption is made for the
W-decay leptons, and hence our expressions are valid when
including finite charged lepton masses. For off-shell photons
or spacelikeW bosons, more complicated expressions are
obtained@31#.

By construction, the resulting amplitude for the process
q q̄8→l 2 n̄ gg should be gauge invariant. Indeed, gauge in-
variance of the full amplitude can be traced to the electro-
magnetic Ward identities

kmGab
m5~ iDW!ab

21~q1!2~ iDW!ab
21~q2! ~10!

between theWWg vertex and the inverseW propagator@26#
and

k1
mGabmn~q1 ,q2 ,k1 ,k2!5e@Gabn~q1 ,q21k1 ,k2!

2Gabn~q12k1 ,q2 ,k2!#

~11!

relating three- and four-point functions. Since

kmGabm5@~q1
2gab2q1

aq1
b!2~q2

2gab2q2
aq2

b!#~11 igW!,
~12!

and

~ iDW!ab
21~q!5~q22mW

2 1 iq2gW!S gab2
qaqb

q2 D
2mW

2 qaqb

q2
, ~13!

the Ward identity of Eq.~10! is satisfied for theW propaga-
tor andWWg vertex of Eqs.~5! and~8!. Similarly, the Ward
identity for theWWgg vertex is verified for the explicit
three- and four-point functions of Eqs.~8! and ~9!.

Extending this analysis to theWWggg vertex, the rel-
evant Ward identity relatingWWggg- andWWgg vertices
is given by

k1mGabnr
m ~q1 ,q2 ,k1 ,k2 ,k3!5e@Gabnr~q1 ,q21k1 ,k2 ,k3!

2Gabnr~q12k1 ,q2 ,k2 ,k3!#.

~14!

The right-hand side vanishes for the tree-levelWWgg vertex
and thus also for the fermion one-loop-corrected vertex of
Eq. ~9!. This means that the amplitude for the three-photon
processq q̄8→l 6nggg is rendered gauge invariant by

implementing the correctedWWg andWWgg vertex func-
tions only, but without taking into account anyWWggg
one-loop correction. The argument can immediately be gen-
eralized to an arbitrary number of final state photons. For
hard, noncollinear photon emission this is mostly of theoret-
ical interest, however, since the cross section forWggg pro-
duction, already, is expected to be too small to be observed
even at a high luminosity Tevatron.

Returning to the calculation of theq q̄8→l ngg ampli-
tude, a gauge-invariant result is obtained by replacing all
W propagators, andWWg andWWgg vertices in the Feyn-
man graphs of Fig. 1 by the full expressions of Eqs.~5!, ~8!,
and~9!, respectively. Formally, these expressions include the
imaginary parts of up to two loops in the vertices of Fig.
1~e!. However, the Dyson resummation of theW propagators
already constitutes a mixing of all orders of perturbation
theory and thus the appearance of several vertex loops
should be no surprise. This result is obtained naturally by
attaching the two photons in all possible ways to either one
of the fermion loops or to one of the lowest orderW propa-
gators in the zero, one, two, etc. fermion bubble graphs con-

tributing to the Dyson resummed processq q̄8→l n: the re-
maining sum overW vacuum polarization graphs restores the
full W propagator of Eq.~5! on either side of a triangle
graph, aWWg vertex, the box graph, or theWWgg vertex.
After resummation, one, therefore, obtains the Feynman
graphs of Fig. 1 where anyWWg(g) vertex is given by the
sum of the lowest order vertex and the imaginary part of the
triangle ~box! graphs, as defined in Figs. 2 and 3.

Finally, note that conservation of the final state lepton
current has not been assumed anywhere, i.e., terms propor-
tional toq2

b have been kept throughout. Thus our calculation
is correct for massive final state leptons and the emission of
two photons collinear with the charged final state lepton can
be simulated with the resulting code@12#. Alternative ap-
proaches in treating unstable gauge bosons in a gauge-
invariant way have been discussed in Ref.@32#.

III. SEARCHING FOR THE RADIATION ZERO
IN Wgg PRODUCTION AT THE TEVATRON

A. Input parameters and detector simulation

We now study in detail the radiation zero in

q q̄8→Wgg predicted by the SM, forp p̄ collisions at
As52 TeV. To simplify the discussion, we shall concentrate

on theW2gg, W2→e2 n̄ channel. Inp p̄ collisions, the
total cross sections forW2gg andW1gg production are
equal. Angular and rapidity distributions for theW1 case can
be obtained by a sign change of the variable. The parameters
used in our numerical simulations aremW580.22 GeV,
mZ591.187 GeV, andaem51/128. We use the parton distri-
bution functions set A of Martin-Roberts-Stirling@33# with
the factorization scale set equal to the parton center of mass

energyAŝ.
To simulate the finite acceptance of detectors, we impose

cuts on observable particles in the final state. Unless other-
wise stated, we require
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pT
g.10 GeV, uygu,2.5, DRgg.0.3 for photons,

pT
e.15 GeV, uyeu,2.5,DReg.0.7

for charged leptons, ~15!

and

p” T.15 GeV. ~16!

Here,pT is the transverse momentum andy the rapidity of a
particle, andp” T denotes the missing transverse momentum of
the event, defined by the imbalance topT

e and pT
g in our

calculation. For massless particles, the rapidity and the pseu-
dorapidityh coincide:

DR5A~Df!21~Dh!2 ~17!

denotes the separation in the pseudorapidity–azimuthal angle
plane. Without finitepT

g andDReg cuts, the cross section for
engg production would diverge, due to the various collinear
and infrared singularities present.

As mentioned in the Introduction, it is instructive to com-
pare the results obtained forq q̄8→e2ngg with those for the
neutral channelqq̄→e1e2gg. In this case, we also impose a

M ~e1e2!.20 GeV ~18!

cut to avoid the mass singularity from timelike virtual photon
exchange graphs. Theqq̄→e1e2gg helicity amplitudes
were calculated using the same technique which we em-
ployed in theengg case. The transverse momentum and
rapidity cuts listed above approximate the phase-space re-
gion which will be covered by the upgraded CDF@34# and
DØ detectors@35#.

Uncertainties in the energy measurement of electrons and
photons are, unless stated otherwise, taken into account in
our numerical simulations by Gaussian smearing with

s

E
5
0.2

AE
%0.01, ~19!

where the two terms are added in quadrature andE is in units
of GeV. The only visible effect of the finite energy resolution
in the figures presented below arises in regions of phase
space where the cross section changes very rapidly, e.g.,
around theW- or Z-boson peaks.

For the cuts listed in Eq.~15!, backgrounds toengg and
e1e2gg production are small, provided the two photons are
well isolated from any hadronic energy in the event. The
isolation cut essentially eliminates the backgrounds from
Wg11 jet andW12 jet production where one or both jets
fragment into a photon@36#. For pT

g.10 GeV, the probabil-
ity that a jet fakes a photonPj /g is 1023 or less@4#. Back-
grounds fromWg1 jets andW1 jets production, where one
or two jets fake a photon, are then small. The photon-photon
separation cut ofDRgg.0.3, combined with a substantial
pT

g , requires a sizable invariant mass of the two photon sys-
tem and thereby eliminates backgrounds fromp0→gg de-
cays which might originate fromW/Z11 jet production with
a leadingp0.

The geometrical acceptance of the upgraded CDF and
DØ detectors for muons will be similar to that for electrons.
Requiring the charged lepton to be well separated from the
photons, the cross sections forengg andmngg production
are then nearly identical. The results derived in the following
for the electron channel, therefore, also apply to themngg
final state.

B. The e2n̄gg andW2
„˜e2n̄…gg cross sections

In Fig. 4, we present the total cross sections, within the
cuts of Sec. III A, for p p̄→e2 n̄ gg and on-shell
W2(→e2 n̄ )gg production~solid! as a function of thep p̄
center of mass energy. For comparison, we also show the
cross sections fore1e2gg and Z(→e1e2)gg production
~dashed!. Here the on-shell W2(→e2 n̄ )gg and
Z(→e1e2)gg cross sections have been calculated in the
narrowW/Z width approximations. The large differences be-
tween the on-shell and the full cross sections arise from dia-
grams where one or both photons are emitted by a final state
charged lepton. Fore1e2gg events there are also sizable
contributions fromg*→e1e2. Contributions from these
diagrams increase the cross section by about a factor of 3~6!
in the Wgg (Zgg) case for the cuts chosen. No energy
smearing effects are taken into account in Fig. 4.

The rates for pp̄→W2(→e2 n̄ )gg and
pp̄→Z(→e1e2)gg @14# are almost identical over the entire
center of mass range studied for the cuts chosen. This should
be contrasted with the cross section ratio of
W2(→e2 n̄ )12 jet toZ(→e1e2)12 jet production which
is about 4.6@37#. The relative suppression of theWgg cross
section can be traced to the radiation zero which is present in
Wgg, but not inZgg production. Similarly, theWg cross

FIG. 4. The total cross sections forp p̄→e2n̄gg and

pp̄→W2(→e2 n̄ )gg ~solid lines! as a function of thep p̄ center of
mass energy As. For comparison, we also show the
pp̄→e1e2gg and pp̄→Z(→e1e2)gg cross sections~dashed
lines!. The acceptance cuts are summarized in Sec. III A. No energy
smearing is imposed.
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section is suppressed relative to theZg production rate be-
cause of the radiation zero inq q̄8→Wg @38#.

Figure 4 shows that, although we require the charged lep-
ton to be well separated from the photons, radiation off the
final state charged lepton completely dominates. In order to
search for a possible radiation zero inWgg production, it is
necessary to suppress final state bremsstrahlung more effi-
ciently. To isolate the W(→en)gg component in
pp̄→engg, it is useful to study the transverse mass distri-
bution of the en system which is shown in Fig. 5~a!.
W(→en)gg events produce aMT(en) distribution which is
sharply peaked atMT(en)5mW . However, finite energy
resolution effects significantly dilute this peak~see solid
curve!. On the other hand, if one or both photons are emitted
by the charged lepton, theen transverse mass tends to be
considerably smaller than theW mass. Requiring

MT~e
2n!.70 GeV ~20!

eliminates most of the contributions from final state radia-
tion. With this additional cut, the total and differential cross
sections forengg andW(→en)gg production are almost
identical.

Similarly, a cut on the dilepton-invariant mass can be
used to suppress photon radiation from the final state leptons
in pp̄→e1e2gg. Thee1e2-invariant mass distribution, for
the cuts summarized in Sec. III A, is shown in Fig. 5~b!. The
two broad peaks below theZ resonance region correspond to
contributions fromZ→e1e2g andZ→e1e2gg. Details of
the structure depend on the choices ofpT

g andDReg cuts. For

M ~e1e2!.85 GeV, ~21!

contributions from final state bremsstrahlung are reduced by
about a factor of 4 forpT

g.10 GeV. Nevertheless, contribu-
tions from final state bremsstrahlung andg*→e1e2 are still
sizable in this case.

Within the cuts of Eqs.~15! and~16!, and with the trans-
verse mass cut ofMT(l n).70 GeV, the totall 6ngg

(l 5e,m) cross section forp p̄ collisions atAs52 TeV is
about 2 fb. For an integrated luminosity of 30 fb21, one thus

expects about 60l 6ngg events. The cross section depends
quite sensitively on the minimum photon transverse momen-
tum,pT

min , however. This dependence, both with and without
the transverse mass cut of Eq.~20!, is shown in Fig. 6 for the
e2n̄gg cross section. For completeness, curves for
pp̄→e1e2gg are included as well. No energy smearing ef-
fects are taken into account here. Reducing the photon trans-
verse momentum threshold from 10 GeV to 4 GeV, the
e2n̄gg rate, regardless of the transverse mass cut of Eq.
~20!, increases by about a factor of 6. Due to the limited
number ofengg events even at the highest Tevatron lumi-
nosities, thepT threshold for at least one of the photons
should be lowered as far as possible in a search for the ra-
diation zero inWgg production. Nevertheless, in our further
analysis, we shall retain the more stringent photon transverse
momentum requirement ofpT

g.10 GeV for both photons
@see Eq.~15!#. As mentioned in Sec. III A, backgrounds from
Wg1 jets andW1 jets production, where one or two jets
fake a photon, are then small. Furthermore, we shall impose
the mass cuts of Eqs.~20! and ~21! unless stated otherwise.

C. Searching for the radiation zero

The general theorem of Ref.@6# states that, in the SM, the
amplitude for the processdū→W2gg vanishes for

cosuW* 5cosu0W2* 5
Qd1Qu

Qd2Qu
52

1

3
, ~22!

when the two photons are collinear. HereuW* is the angle
between the incomingd quark and theW boson, and the
asterisk on a quantity denotes that it is to be taken in the
parton center of mass frame. ForW1gg production, the role
of the u and d quarks in Eq.~22! are interchanged, i.e.,

FIG. 5. ~a! The en transverse mass distribution for
pp̄→e2n̄gg, and ~b! the e1e2-invariant mass distribution for
pp̄→e1e2gg, atAs52 TeV. The cuts imposed are summarized in
Sec. III A. The solid and dotted curves give the results with and
without taking into account the finite energy resolution of detectors
@see Eq.~19!#.

FIG. 6. The total cross sections forp p̄→e2n̄gg and
pp̄→e1e2gg at As52 TeV as a function of the minimal photon
transverse momentumpT

min . The solid lines are for the cuts summa-
rized in Sec. III A. For the dashed lines an additional
MT(en).70 GeV orM (e1e2).85 GeV cut has been imposed.
No energy smearing is included here.
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cosu0W1* 52cosu0W2* . The existence of the radiation zero can
be readily verified numerically. Figure 7~a! shows the
cosuW* distribution for the parton level processdū→W2gg,

at a parton center of mass energy ofAŝ5300 GeV and for
Mgg50, which forces the two photons to be collinear. In
addition, the photon energies are chosen to be equal. For
unequal photon energies, qualitatively very similar results
are obtained. The vanishing of the differential cross section
at cosu0W2* 521/3 is apparent. For comparison, we have also
included the cosuZ* distribution for uū→Zgg in Fig. 7~a!
~dashed line!, and show the cosuW* and cosuZ* distributions for

dū→W2g anduū→Zg at Aŝ5300 GeV in Fig. 7~b!. The
cosuW* region where the cross section is substantially reduced
due to the zero is seen to be considerably larger in the
Wgg case. No cuts and no energy smearing have been im-
posed in Fig. 7, and theW andZ bosons are treated as stable
particles. The overall normalization of the cross sections in
each part of the figure is arbitrary. Similar results are ob-
tained for different parton center of mass energies.

The impressiveWgg radiation zero in Fig. 7 is washed
out by the small contamination ofW(→e2n̄g)g and
W→e2n̄gg events which pass theMT(e

2 n̄ ) cut of Eq.~20!
whenW decays and finiteW width effects are taken into
account. Binning effects reduce the radiation zero to a mere
dip as well. This is shown in Fig. 8 where we display the
normalized double differential cross section (1/ŝ)(d2ŝ/
d cosuW* d cosugg* ) for the partonic processdū→e2n̄gg with
Aŝ5300 GeV. Hereugg* is the angle between the two pho-
tons in the parton center of mass frame. In this figure, the full
set of contributing Feynman diagrams, including the correc-
tions to theW propagator and theWWg andWWgg vertices
described in Sec. II, have been taken into account, together
with the cuts summarized in Eqs.~15!, ~16!, and~20! which
we subsequently impose in all figures.

Figure 8 demonstrates that the dip in thee2n̄gg differ-
ential cross section at cosuW*521/3, which signals the pres-
ence of theWgg radiation zero, is quite pronounced for the

cuts we have chosen. It also shows that it only gradually
vanishes for increasing values ofugg* . Requiring two pho-
tons withDRgg.0.3, therefore, has no significant effect on
the observability of theWgg radiation zero.

The significance of the dip, which signals the amplitude
zero, is potentially further reduced by the convolution with
parton distribution functions and by the twofold ambiguity in
reconstructing the parton center of mass frame. This twofold
ambiguity originates from the nonobservation of the neutrino
arising fromW decay. Setting theen-invariant mass equal to
mW leaves two solutions for the reconstructed center of mass,
which can be ordered according to whether the rapidity of
the neutrino is larger~‘‘plus’’ solution! or smaller~‘‘minus’’
solution! than the rapidity of the electron@2#. Since the pho-
tons couple more strongly to the incoming up-type antiquark,
theW2 boson tends to be emitted in the proton direction.
Within the SM, and as inWg production, the dominant he-
licity of theW2 boson inWgg production islW521, im-
plying that the electron is more likely to be emitted in the
direction of the parentW. The rapidity of the electron is thus
typically larger than that of the neutrino, and the ‘‘minus’’
solution better preserves the dip caused by the radiation zero.
In W1gg production, theW boson is dominantly emitted
into the p̄ direction and, consequently, the ‘‘plus’’ solution
shows more similarity with the true reconstructed parton
center of mass.

The normalized double differential distribution
(1/s)(d2s/d cosugg* d cosuW* ) for the processpp̄→e2n̄gg
at As52 TeV is shown in Fig. 9, using the ‘‘minus’’ solu-
tion for the reconstructed parton center of mass. The distri-
bution is seen to be quite similar to the corresponding par-
tonic differential cross section shown in Fig. 8. The
convolution with the parton distribution functions, therefore,
has only a minor effect on the observability of the radiation
zero. Likewise, the reconstruction of the parton center of

FIG. 7. The angular distribution of the vector boson for the

partonic processes~a! d ū→W2gg with Mgg50, and ~b!

d ū→W2g, at Aŝ5300 GeV ~solid lines!. Corresponding curves
for uū→Zgg anduū→Zg ~dashed lines! are also shown for com-
parison. The photon energies in theWgg andZgg case are chosen
to be equal. The differential cross sections are in arbitrary units. No
cuts and no energy smearing are imposed, and theW andZ bosons
are treated as stable particles. FIG. 8. The normalized double differential distribution

(1/ŝ)(d2ŝ/d cosugg* d cosuW* ) for the partonic process

dū→e2n̄gg at Aŝ5300 GeV. The cuts summarized in Eqs.~15!,
~16!, and~20! are imposed.
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mass frame does not affect the significance of the dip much,
provided that the appropriate solution for the longitudinal
momentum of the neutrino is used, and the missing trans-
verse momentum is well measured~see below!.

For the limited number ofengg events expected in future
Tevatron runs, it will be impossible to map out the double
differential distribution shown in Fig. 9. However, since the
dip signaling the radiation zero disappears only gradually
with increasing values ofugg* , most of the information
present ind2s/d cosugg* d cosuW* is contained in the cosuW*
distributions for events with cosugg* .0 versus cosugg* ,0.
These two cosuW* distributions are shown in Fig. 10, for both
the ‘‘plus’’ and the ‘‘minus’’ solution of the reconstructed
parton center of mass frame. For comparison, Fig. 10 also
shows the cosuZ* distribution for pp̄→e1e2gg with
M (e1e2).85 GeV and the cuts of Eq.~15!. For
cosugg* .0 and using the ‘‘minus’’ solution, the cosuW* distri-
bution displays a pronounced dip located at cosuW*'21/3.
For the ‘‘plus’’ solution the minimum is shifted to
cosuW*'0. In contrast, requiring cosugg* ,0, the dip is drasti-
cally reduced, and the differential cross section at
cosuW*'21/3 is about one order of magnitude larger than
that for cosugg* .0 @see Fig. 10~b!#. The large difference in
the cosuW* distribution for cosugg* .0 and cosugg* ,0 becomes
more apparent by comparing the cosuZ* distribution inZgg
production in the two regions. Unlike the situation encoun-
tered in Wgg production, the cosuZ* distributions for
cosugg* .0 and cosugg* ,0 are very similar.

Determining the cosuW* distribution requires measurement
of the transverse momentum of the neutrino produced in the
W decay. Inengg production, the neutrino transverse mo-
mentum is identified with the missing transverse energyE” T
in the event. In future Tevatron runs, one expects up to ten
interactions per bunch crossing@15#. Multiple interactions

per crossing significantly worsen theE” T resolution, and thus
tend to wash out the dip signaling the radiation zero. We
have not included missing transverse energy resolution ef-
fects in our simulations, since the number of interactions per
crossing, and hence theE” T resolution, sensitively depend on
the future Tevatron accelerator parameters which are difficult
to foresee at present.

Due to the negative impact of multiple interactions on the
missing transverse energy resolution, it is advantageous to
search for a kinematic variable which exhibits a clear signal
of the radiation zero but does not depend on the neutrino
momentum. Theygg2ye distribution is a possible candidate
for such a variable. Hereye is the electron rapidity andygg
denotes the rapidity of the two-photon system in the labora-
tory frame.

In Ref. @21# it was found that photon-lepton rapidity cor-
relations are a useful tool to search for the radiation zero in
Wg production. The distribution of the rapidity difference,
Dy(g,e)5yg2ye , which does not require knowledge of the
missing transverse energy or the longitudinal momentum of
the neutrino, clearly displays the SM radiation zero in the
form of a dip. In the parton center of mass frame, the photon
andW boson inq q̄8→W2g are back to back. Due to the
radiation zero, the photon andW rapidity distributions in the
parton center of mass frame,ds/dyg* andds/dyW* , display
pronounced dips located at

yg*5 1
2 ln2'0.35, ~23!

yW* '20.05. ~24!

If W-mass effects could be ignored, one would expect that
yg*52yW* . Since differences of rapidities are invariant under
longitudinal boosts, the difference of the photon and theW
rapidity in the laboratory frame then exhibits a dip at

Dy~g,W!5yg2yW5yg*2yW* '0.4. ~25!

FIG. 9. The normalized double differential distribution
(1/s)(d2s/d cosugg* d cosuW* ) for the processpp̄→e2n̄gg at
As52 TeV, using the ‘‘minus’’ solution for the reconstructed par-
ton center of mass. The cuts summarized in Eqs.~15!, ~16!, and~20!
are imposed.

FIG. 10. The cosuW* distribution forpp̄→e2n̄gg atAs52 TeV,
for ~a! cosugg* .0 and~b! cosugg* ,0. The solid~dashed! line is for
the ‘‘minus’’ ~‘‘plus’’ ! solution of the reconstructed parton center
of mass frame. The dotted line displays the cosuZ* distribution for
pp̄→e1e2gg for comparison. The cuts summarized in Eqs.~15!,
~16!, and~20! are imposed. In theZgg case, the cuts listed in Eqs.
~15! and ~21! are applied.
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As discussed earlier, the dominantW helicity in W6g pro-
duction islW561, implying that the charged lepton tends
to be emitted in the direction of the parentW, and thus re-
flects most of its kinematic properties. The dip signaling the
presence of the radiation zero, therefore, manifests itself in
the Dy(g,l ) distribution. Since the average rapidity of the
lepton and theW are slightly different, the location of the
minimum is shifted toDy(g,l )'0.1.

The radiation zero inWgg production occurs at exactly
the same rapidity as that for the zero inWg production,
when the photons are collinear. One, therefore, expects that
theDy(gg,W) distribution displays a clear dip for photons
with a small opening angleugg in the laboratory frame, i.e.,
at cosugg'1. In Fig. 11 we show the double differential dis-
tribution d2s/d cosugg d(ygg2yW), using the ‘‘minus’’ solu-
tion for the longitudinal neutrino momentum. For
Dy(gg,W)'0.4, a clear dip is visible for cosugg values
close to 1. The dip gradually vanishes for larger opening
angles between the two photons, leading to a ‘‘canyon’’ in
the double differential distribution. Due to the finite invariant
mass of thegg system for nonzero values ofugg , the loca-
tion of the minimum inDy(gg,W) varies slightly with
cosugg .

Since the dip vanishes gradually with decreasing cosugg ,
it is useful to consider theDy(gg,W) distribution for
cosugg.0 and cosugg,0. Figure 12~a! displays a pronounced
dip in ds/dDy(gg,W) for cosugg.0, located at
Dy(gg,W)'0.7 ~solid line!. In contrast, for cosugg,0, the
Dy(gg,W) distribution does not exhibit a dip~dashed line!.
TheDy(gg,W) distribution for cosugg.0 thus plays a role
similar to that of theDy(g,W) distribution inWg produc-
tion. In the dip region, the differential cross section for
cosugg,0 is about one order of magnitude larger than that
for cosugg.0. In addition, theDy(gg,W) distribution ex-
tends to significantly higherygg2yW values if one requires
cosugg.0. This reflects the narrower rapidity distribution of

the two-photon system for cosugg,0, due to the larger in-
variant mass of the system when the two photons are well
separated.

Exactly as in theWg case, the dominant helicity of the
W boson inW6gg production islW561. One, therefore,
expects that the distribution of the rapidity difference of the
gg system and the electron is very similar to theygg2yW
distribution and shows a clear signal of the radiation zero for
positive values of cosugg . The ygg2ye distribution, shown
in Fig. 12~b!, indeed clearly displays these features. Due to
the finite difference between the electron and theW rapidi-
ties, the location of the minimum is again slightly shifted.
TheDRgg.0.3 cut has only little effect on the significance
of the dip.

The characteristic differences between the
Dy(gg,e)5ygg2ye distribution for cosugg.0 and
cosugg,0 are also reflected in the cross section ratio

R5
*Dy~gg,e!.21ds

*Dy~gg,e!,21ds
, ~26!

which may be useful for small event samples. Many experi-
mental uncertainties cancel inR. For cosugg.0 one finds
R'0.25, whereas for cosugg,0,R'1.06.

Our calculations have all been carried out in the Born
approximation. The complete next-to-leading order~NLO!
QCD corrections toWgg production have not been calcu-
lated yet; only the hard jet corrections toW(→en)gg pro-
duction are known@39#. It is reasonable, however, to take the
known NLO QCD correction toWg production as a guide
@17,18#. At O(as) the virtual corrections only enter via their
interference with the Born amplitude, and thus the radiation
zero is preserved in the product. Among the real emission
corrections, quark-antiquark annihilation processes dominate
at Tevatron energies. According to the theorem of Ref.@6#,
extra gluon emission, i.e., the processq q̄8→W6ngg, exhib-
its a radiation zero at cosuW*561/3 if the gluon is collinear to
all emitted photons, and also in the soft gluon limitEg→0
~again, provided the photons are collinear!. This leaves
quark-gluon-initiated processes to potentially spoil the radia-
tion zero. They are still suppressed at the Tevatron, however,

FIG. 11. The double differential distribution d2s/
d cosugg d(ygg2yW) for the processpp̄→e2n̄gg at As52 TeV,
using the ‘‘minus’’ solution for the longitudinal neutrino momen-
tum. The cuts summarized in Eqs.~15!, ~16!, and~20! are imposed.

FIG. 12. Rapidity difference distributions forpp̄→e2n̄gg at
As52 TeV. Part~a! shows theygg2yW spectrum, while part~b!
displays theygg2ye distribution. The solid~dashed! curves are for
cosugg.0 (cosugg,0). The cuts summarized in Eqs.~15!, ~16!, and
~20! are imposed.
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especially when a large photon-jet separation is required. As
a result, we expect the dip signaling the radiation amplitude
zero to remain observable, at Tevatron energies, once next-
to-leading order~NLO! corrections are included.

At the CERN Large Hadron Collider~LHC! (pp colli-
sions atAs514 TeV @40#!, the bulk of the QCD corrections
to Wgg production originates from quark-gluon fusion and
the kinematical region where the final state quark radiates a
softW boson which is almost collinear to the quark. Events
which originate from this phase-space region usually contain
a highpT jet. Since there is no radiation zero present in the
dominatingqg→Wggq8 andg q̄8→Wggq processes, it is
likely that QCD corrections considerably obscure the signal
of theWgg radiation zero at the LHC, as in theWg case
@21#. This conjecture is supported by the large relative cross
section ofWgg11 jet production as compared toWgg pro-
duction reported in Ref.@39#. Although a jet veto should help
in reducing the size of the QCD corrections, NLO QCD cor-
rections toWgg10 jet production may still significantly
reduce the observability of the radiation zero for jet defini-
tion criteria which are realistic at LHC energies. We, there-
fore, do not considerengg production at the LHC in more
detail here.

IV. SUMMARY AND CONCLUSIONS

We have presented a calculation of the process
pp̄→engg including final state bremsstrahlung diagrams
and finiteW width effects, and explored the prospects to
observe the radiation zero predicted by the SM for
pp̄→Wgg in future Tevatron collider experiments. In order
to obtain a gauge-invariant scattering amplitude, the imagi-
nary parts of theWWg triangle graphs andWWgg box dia-
grams have to be included, in addition to resumming the
imaginary contributions to theW vacuum polarization. The
imaginary parts of the triangle and box diagrams were found
to change the lowest orderWWg andWWgg vertex func-
tions by a factor of (11 iGW /mW) for the momentum con-
figuration relevant for the processq q̄8→engg. A gauge-
invariant result for theq q̄8→engg amplitude is then
obtained by replacing allW propagators, andWWg and
WWgg vertices by the full expressions of Eqs.~5!, ~8!, and
~9!, respectively. The same prescription also ensures that the
Ward identities relating theWWng and WW(n21)g,
n>3, vertex functions are satisfied, and thus yield a gauge-
invariant amplitude forq q̄8→en1ng with n>3, without
taking into account one-loop corrections to these higher ver-
tex functions.

The SM predicts the existence of a radiation zero in
q q̄8→W6gg at cosuW*561/3 if the two photons are collin-
ear. HereuW* is the angle between theW and the incoming
quark in the parton center of mass frame. Since it is very
difficult to experimentally separate two collinear photons,
one has to search for a signal of the radiation zero which
survives an explicit photon–photon separation requirement.
Contributions from Feynman diagrams where one or both
photons are emitted by the final state charged lepton elimi-
nate the radiation zero and, therefore, need to be suppressed
by suitable cuts. We found that a large lepton–photon sepa-
ration ofDReg.0.7, together with a cut on theen transverse

mass ofMT(en).70 GeV, suppresses these contributions
sufficiently.

TheWgg radiation zero is signaled by a pronounced dip
in the cosuW* distribution if one requires cosugg* .0. In con-
trast, no dip is present for cosugg* ,0. In order to measure the
cosuW* distribution, the parton center of mass frame has to be
reconstructed. Since the neutrino originating from theW de-
cay is not observed in the detector, this is only possible
modulo a twofold ambiguity. The two solutions can be or-
dered according to whether the reconstructed rapidity of the
neutrino is larger~‘‘plus’’ solution! or smaller~‘‘minus’’ so-
lution! than the rapidity of the charged lepton. ForW2gg
(W1gg) production, the ‘‘minus’’ ~‘‘plus’’ ! solution is
found to best represent the expected kinematical features.

When searching for the radiation zero inWgg production
it is advantageous to consider alternate variables which, un-
like the cosuW* distribution, do not depend on the neutrino
momentum. The rapidity difference between the two-photon
system and the electron, i.e., theygg2ye distribution, satis-
fies this requirement. It was found to exhibit a pronounced
dip which signals the presence of the radiation zero if a
cosugg.0 cut is imposed (ugg being the opening angle be-
tween the two photons in the laboratory system!. As ex-
pected, the ygg2ye distribution shows no dip for
cosugg,0. A photon–photon separation cut ofDRgg.0.3
has little effect on the observability of the radiation zero.
Although we have restricted our discussion toengg produc-
tion, our results also apply topp̄→mngg.

The conditions for which one expects a radiation zero in
the SMq q̄8→Wgg andq q̄8→Wg amplitudes and the lo-
cation of the zeros are closely related: the four-momentum of
the photon inWg production simply has to be replaced by
the four-momentum of thegg system in theWgg case with
the additional requirement that the two photons are collinear.
We have demonstrated that a similar replacement in the
Wg photon–lepton rapidity difference distribution, with the
less stringent requirement on the opening angle between the
photons of cosugg.0, is in fact sufficient to produce an ob-
servable signal of theWgg radiation zero~see Fig. 12!.

NLO QCD corrections topp̄→Wgg are expected to be
modest at Tevatron energies. Given a sufficiently large inte-
grated luminosity, experiments at the Tevatron studying cor-
relations between the rapidity of the photon pair and the
charged lepton, therefore, offer an excellent opportunity to
search for the SM radiation zero in hadronicWgg produc-
tion.
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