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We present the full calculation of the divergent one-loop contribution to the effective boson Lagrangian for
supergravity, including the Yang-Mills sector and the helicity-odd operators that arise from integration over
fermion fields. The only restriction is on the Yang-Mills kinetic energy normalization function, which is taken
diagonal in gauge indices, as in models obtained from superst{i8§556-282(97)01002-3
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[. INTRODUCTION unity. Then, among the ultraviolet divergent terms generated
at one loop, all operators of dimension 6 or léas well as

Understanding the structure of the divergences in supemany operators of dimension) 8hat involve neither the
gravity is a necessary step in determining the countertermkahler curvature nor derivatives of the gauge kinetic func-
[1-3] that are needed to fully restore modular invariance intion can be absorbed by field redefinitions, interpreted as
an effective supergravity theory from superstrings. The derenormalizations of the Kder potential, or take the form
termination of these loop corrections may also provide & ,,(z,z)(WAWP)e+H.c., whereW? is a chiral Yang-Mills
guide to the construction of an effective theory for a com-supermultiplet, the subscript denotes fhecomponent, and
posite chiral multiplet that is a bound state of stronglythe matrix-valued functiorF ,,(z,z) is not in general holo-
coupled Yang-Mills superfields, which in turn could shed morphic. The remaining terms of dimension 8 and higher
light on gaugino condensation as a mechanism for supersynmust be interpreted as arising from higher order spinorial
metry breaking. derivatives of superfield operators.

In a recent pape4] (hereafter referred to ag, lwe gave As noted in |, the effective cutoff for effective theories
the divergent contributions to the bosonic Lagrangian in aerived from superstrings is field dependght2,13; more-
general supergravity theory coupled to chiral matter, in eover the field dependence is different for loop corrections
general bosonic background, averaged over quantum fermiasrising from different sectors of the thedi8,13]. As in | we
helicities. That work extended and completed the results ofise here a single cutoff and neglect its derivatives; terms
several earlier calculatiofi§—8]. In particular, using specific involving derivatives of the cutoff have a different depen-
choices of the gauge fixing and of the expansion of the acdence on the moduli and must be considered together with
tion, we were able to cast the results in an especially simpléerms that are one-loop finite. Our results, some of which are
form in which most of the one-loop corrections can be inter-collected in the Appendices, are presented in such a way that
preted in terms of renormalizations. In the present paper wehe contributions from different sectors can be isolated and
extend these results to incorporate the Yang-Mills s§&hr  the corresponding Pauli-Villars contributions can easily be
including helicity-odd operators that arise from integrationevaluated.
over quantum fermions. Our results are completely general, In Sec. Il we discuss gauge fixing and the definition of the
except that we assume that the tree-level gauge kinetic emction expansion and in Sec. lll we evaluate the helicity-odd
ergy normalization functiom(z) [10], wherez represents the fermion loop contributions. Our result for the one-loop cor-
complex scalar fields of the theory, is proportional to the unitrected effective action is given in Sec. IV, and applied to
matrix. This is the case for all known theories derived fromgeneric models from string theory in Sec. V. We summarize
superstrings, up to possible multiplicative constants for dif-our results and discuss applications in Sec. VI.
ferent factor gauge groups that correspond to higher affine In | we included appendixes that define our conventions
levels[11]. This modification is easily incorporated into our and list the operators that appear in the quantum action as
formalism, as explained in Sec. V. defined by our gauge fixing and expansion prescriptions, as

The generalization of the results of | to the more generalvell as the traces of products of these operators that deter-
case considered here can be summarized as follows. We detine the divergent terms in the effective one loop action.
fine an operator of dimensiath as a Kaler invariant opera- Appendix C of this paper extends that compilation to include
tor whose term of lowest dimension @& where scalar and operators involving the Yang-Mills background field and
Yang-Mills fields are assigned the canonical dimension ohew operators arising from integration over Yang-Mills
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quantum fields. Additional conventions and techniques used A, =VXA,, A,=XxA,,
in the evaluation of helicity-odd fermion traces are included . . K’

in Appendix A. In Appendix B we specify our Yang-Mills
sign conventions and list relations among the covariant sca-
lar derivatives of the Kialer potentialK, the superpotential
W and the gauge field normalization functiérthat follow
from gauge invariance of these functions and that are useful 9 X 9. X

in evaluating traces. Corrections to | are included in foot- D,=D,— = D;’L=’DM+L, (2.3
notes to the text. 2x 2x

Fur=\XF,,, XD,A,=D,A,, (2.2)

and we have adopted the shorthand notation

whereD,, is the gauge and general coordinate invariant de-
[l. GAUGE FIXING AND THE EXPANSION rivative. Under a gauge transformation with parameter
OF THE ACTION B=T,B% and fixed background fields we have, neglecting

Our gauge fixing procedure is described in I. Here wel€rms of ordez,A:
generalize the formalism of | to the caget const, where A i N ~a .
x=Ref (2) is the inverse squared gauge coupling. In the gen- 92 = ~1(82)",  8z2"=+1(B2)", oA, = D,
eral supergravity Lagrangida0], the functionf ,,(z), where 2.9

a,b are gauge indices, that determines the inverse squa(q]ciwe implement the gauge fixing condition in the usual way,

g::g?vsgusﬂng constant, is matrix valued. Throughout thl%he ghost determinant contains a factor Pratthat translates
into a quartically divergent term proportional to Tedim the
: effective action. Note however that we have rescaled the
Fan(2) = 8apf (2) = Fap(X+1y). guantum Yang-Mills field§9] [see Eq(2.2) abovd and the
) o o -~ quantum gaugino fields] (see Appendix C 2 belowin or-
The Yang-Mills gauge fixing prescription is modified when ger to canonically normalize their kinetic energy. If we res-
x#const, and, since we are now including background aggale the gauge parameter in the same way as the Yang-Mills

well as quantum Yang-Mills fields, gauge-graviton ghostsypermultiplet, and take, instead 6f the gauge parameter
mixing must be included. We discuss only gauge fixing of

the bosonic sector in this section. The fermion sector gauge - -’
fixing is unchangetifrom that defined in I, and is summa- Y= \XB. \XDB=Dy.
rized in Appendix C 2. Our gauge sign conventions are thosgye get
of [10] and are defined in Appendix B.

The gauge-fixed Lagrangian is definedf by

- . i . — [ —
SA,=D!y, 67=——=(vz)', 6Z"=+—=(yz2)™,
Jg S Vx Vx
L— L+ EGF! ‘CGF: _7CAZABCB, (25)
and no Trlmx term is generated in the ghost determinant. We
52° 0 C. therefore adopt the prescripti@@.5).
Z= _apr)? = ' Under a general coordinate transformatiop x’ =X+ €,
0 g C.
we have

~ i — L Si— My i 1 = o o
Co= D4 K (T2 — (To2) 27, 87=€"9,7, OA,=X(eV,A,+A,V, e,

X
Vx which is general coordinate, but not gauge, covariant. To
1 obtain a manifestly gauge covariant result, we add a compen-
v _= v_ 17 534 v sating gauge transformation with parameter®(e*)

(2.9
87=€"D,7', SA,=€F,,. (2.6)
where hatted variables refer to quantum fields and unhatted
ones refer to background fields,,, is the quantum part of Then, relabeling the gauge parameter @s=y,, the

the space-time metric whose classical pag,js, andKxis  ghost determinan¥ is obtained in the usual way as
the Kahler metric, which here is a function of the back-

ground fields. Followind9] we have introduced canonically

d
normalized Yang-Mills fields, M/§=5—6A oCg, (2.7

L ) _ o where the variationSC is determined from
There are some sign errors in the fermionic part of the Lagrang-

ian and gauge fixing terms given in | that are corrected in Appendix i
C of this paper; they do not affect the results of I. 87'=— —(Tpz)' ®+ €D, 7,
2There is a factor 2 missing in the last term in E2.6) of . a
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5= (Ty2) e+ D 7™
W

D' e+ e”f?m,

SN =
oh,,=V,e,+V  e,. (2.9
This gives a contribution to the gauge-fixed Lagrangian:
g 2Ly=CcPMACR=cZ(D2+Hgyp)c
=c’[(D,D'*)p+afa]c,

—C\2[D"F;,+a(D,2) e,

—C[V?g,,~1,,~2AD,Z)Zy(D,2)

+2F;, ,Fal1c”

= CN2[(D,2) a1~ Faps D' "c*,

cd=c?, ck=—2cH

(T2,

N

i e .
== (T2 Kz, dh=~

W

(2.9

eralized metrid14]. A natural choicé for this metric would
be Gag=\9(Zs)as, WhereA,B run over all Bose degrees
of freedom and the metrig4, is defined in Eq(2.11) below.
Then definingd ya= Lag— I'sgLc , wherel Sy is the Christ-
offel connection derived from the metrg,z, the propaga-
tor corrections would be precisely half the ones used here
(with additional corrections to the scalar propaga&@l and
the vector propagatoa&ap b Proportional to.,, ,,). It is
possible that the use of this generalized metric would reduce
the need for field redefinitions as described in Sec|[d¥e
Eqgs.(4.11)—(4.13], but its use would make the intermediate
calculations more cumbersome.

Once the above prescriptions have been implemented, the
quadratic quantum Lagrangian for the bosonic sector takes
the general form

1
Looset Lgn=— 5P [Zp(D2+ M) +{D,, Xj}]®

1 2 2 "
+ Ec[Zgh(D + Mgh)+{DM ,Xgh}]c,

where d)z(hﬂv,yzla,ii,QF), D, is covariant under scalar
field redefinitions as well as gauge and general coordinate
transformations, and the, connect fields of different spin;

The rescaling of the graviton ghost in order to canonicallyin addition, there is a vector vector connectig® in X% .

normalize the ghost kinetic energy yields a factor Dé®
in the functional integration that cancels a factor

Following the procedure described [ifi], we introduce off—
diagonal connections in both the bosonic and ghost sectors,

from the gravitino auxiliary field5,4]. The matrix elements  as well as an additional connection for the gauge fields, so as

of Hg, and of the covariant derivativ® are given in Egs.
(2.1, (C29, and(C30.

to cast the quantum Lagrangian for the full gauge fixed
bosonic sector in the form

Finally, as discussed in I, we modify the graviton propa-
gator by adding terms that are proportional 0,
= 9Ll 9™, whered? is any field. This modification, which ~ £Boset Lgh=— _q> Z(D3+Hy) D+ ngh(Dgh+th)C
is equivalent to a nonlinear redefinition of the quantum vari-
ables, does not change tBematrix and can lead to simpli-
fications as well as enhancing manifest covariance under the
symmetries of the theoifjL4]. We define the graviton propa-
gator by Egs.(2.20 and(2.21) of I, and by

ay

ND_ —
D,u,_Dp,+V,U,1 (V,u)ap,bo'__ﬁabepp,a'vgi

1
(Zv,u)aﬁ,avz(v,u,)av,aﬁ:z (faﬁp,gav—{_faa,ugﬁv)’

1 1
1
A/u/ ap ‘C,u.v,ap_ Egpvﬁap_F Eg,u.pﬁav—i_ Egvp‘ca,u,
_ . 1 .
_E,uv,ap+4Pp,V,p0'£a ' (VM)aV,i :(V,u)i,aV:[(V,u)Tav]* :&fi(fa,uv_lfap,v)!
62
E,LLV ap:g,u/.t’gvv’gpp’—a ’
' (9g /VI(9A , ~ oh 1
M p D%ZDM-FBM, (Bu)av:(BM)va:_\/_z‘rav,u-
J
LI=gP Ly ==L (2.10 (219

&Aa
This introduces corresponding shifts in the background field-
It should be emphasized that the propagator modificationdependent “squared mass” matrices:
that we use have been chosen purely for convenience; they
considerably simplify the matrix elements that are listed in

M{—Hgp=M5—
Appendix C 1, and are not necessarily derivable from a gen-

2 — N2
V,VE, M2 Hg=M2—B,B.

(2.12

3Equation (2.21) of | should readAwpﬁAwlw 2P, 0oL
- 2[9#1} po + gpo' ;u/] + 2[g,u,p vo + gvp no + g;L(TL:Vp

+ g II(TE,U.p] .

“This choice forG*"*? coincides with that of Fradkin and Tseyt-
lin [14] for the case of supergravity with their parameter1,
which corresponds ta = —1/2 in their pure gravity case.
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The elements oMé were evaluated in9]; here they are 1 1
somewhat modified by the different Yang-Mills gauge fixing 270w Y 191D, 7,1 =50, ¥ [Dy. v
and action expansion. These modified matrix elements are
listed in Appendix C 1 below. i
As explained in Sec. Il and Appendix A, we evaluate the + Z{[V”'M@)]'?’V[Dv Yulbs
fermion determinant by first writing it in two-component no-
tation, separating it into helicity-even and -odd contributions, ) i 1
a_nd then recasting these tvx_/o contrlbl_Jtlons in Lorentz_cova— Dﬁ: D,— E[YWM@H Eyy[D”’y"]' (2.17
riant four-component notation. As discussed[ik8], this
separation is not uniquely defined. The choice that respects
supersymmetry as well as manifest gauge andlé@aco- ;. HELICITY-ODD FERMION LOOP CONTRIBUTIONS
variance allows a consistent Pauli-Villars regulation. We fol-
low that choice here; the corresponding matrix elements are In this section we determine the helicity-odd operators
given in Appendixes A and C. The contribution from ferm- that arise from integration over fermionic degrees of free-
ion loops to the effective action is evaluatésbe Appendix dom. They are particularly relevant to the evaluation of
A) by introducing[5] the 8x 8 matrices anomalieq2,3], in effective supergravity theories, which is
currently of special interest in attempts to extract physics
D" 0 0 M from string theory. We show that these terms are finite, ex-
DM=( g _) M®=( — , D=vy*D cept in the presence of a Yang-Mills sector with a nontrivial
0 D M 0 g kinetic normalization functiorf(z), in which case there are
M ’
(213 logarithmically divergent contributions that are invariant un-
der chiral U(1) transformations, i.e., under Kker (or
modulay transformations up to a possible dependence of the
cutoff on the Kaler potential. We also indicate how the
finite contributions to the effective action can be obtained.

that operate on an eight-component fermiof’
=(f_, fr=f[). The helicity averaged contribution of the
fermion determinant is then

i [ :
— ZTrIn(— iD+Mg),=— §Tr|n(|2)2+ M3 —i[D,Mg]), A. General formalism
(2.14 The fermion loop contribution is given by
Because the fermio_n mass matrix .and connection contain the Ly=— I—Trln(— iD+Mg)=— I—TrInM. 3.1)
terms o#*M,, andiL ,ys, respectively, they do not com- 2 2

mute withy, ; thus
To evaluate the determinaf®.1), we write

1 1
DZ: D2+ Z[ ’y#i ‘yV]G,u.V—i_ E{DV ’ yM[Du ,,yu]} T:TrlnM:T+ +T_,
1 , 1
~ 51D YDy, ¥l T =5 [TrinM(ys) = TrinM( - ). (3.2
1 1 Only T, has been calculated previously for supergravity
[D,Me]=5174,D*Me}+ {D* [y, Mol} [4-8]. Here we will evaluate the additional contribution,
T_:
1
+E[M@) ,[DM,’)/M]], 1
T =- ET”nM(_ ¥s) M ™Y ys)
=~ STrin{1- M~ M(ys)— M(~
Therefore, in analogy with the boson case discussed above, 2 { [MCs) (=)}
we write o
1 1 -1 N
i i =52 MO M(ys) —M(= 991} 33
—ZTrIn(—iDJrM)+=—§Trln(D%+H®),

(2.1 Using the techniques described [ib5,5], we can write the
trace in Eq.(3.3) as(see Appendix A

[ 1
Ho=Mo 37" DuMo}+ 3[7" Mol Mol T :f d*xT(x) T(x)=f—d4p4T(p X), (34
_ ’ (271_) 7 ) -

i 1
__ w T AV
Mo [D%yull+ 717 7Y'1G,, and then expand(p,x) as
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® oon| * n [10], by performing a phase transformati@0] on the ferm-
T(p,X)=Tr>, —( > (—R)/R5> , (3.5  ion fields. As in | we work throughout in this Kéer cova-
i=12n1 o riant formalism.
As was discussed ifl3], the separatiori3.2) of T into
helicity-odd and -even parts is not uniquely defined because
1 R R we can interchange terms that are even and odginsing
R= —z[pz—T’”A#Aﬁ h+X+(p"+G")P,,M*], ys=(i1/124)€""*y,v,7,7, and similar identities. In most
-p cases the correct choice is dictated by gauge drlétaco-
-variance. The remaining ambiguities are resolved by super-
Rszé[(p“rGV)PM,,I(l“]. (3.6) symmetry. A fully SUSY-inyariant re_sult for t_he quadrati-_
p cally divergent terms requires the introduction of Pauli-
o ) ) ~ Villars regulator fieldg8,16]; there is a unique definition of
The operators appearing in £8.5) are defined in Appendix the matrix elements that allows a supersymmetric Pauli-

A as power series of the fori,c,(0)(D - o/ dp)"O, where  vjljars regularization[13]. Specifically, this fixes the forms
D,u,: D,u, R+ D,u L is the fU”y covariant derivative defined in of the fermion mass matrix and connection matrix:

Eq. (A8) of Appendix A, and the operatd is a function of

whereR,Rs are defined in EqQ4A19) and (A20):

the background bosons. The coefficiegyi§O) are constants _ a Ta o ur T _ 1 po
with, in particular,co(G)=0 in the expansion o6, ; more M=m+(aaF,,+1BaysF,,) 0", Fuv_ifuvrmF '
specifically
1
. P 92 D,=D,+il 75— 5;L.€" " "V YpYer (3.9
Gi=y'“G*, G G,j , Iz M Iz 24 # p
© "2 “&p apap

whereI,,L,,m, anda,B are proportional to the unit ma-
waz _GfM:[Di ,Df]. (3.7 trix in Dirac spaceD,,, which contains the spin connection,
is the gauge and general coordinate covariant derivative,
Thus we have to evaluate the following contribution to thel’, is the Kéler connectionF ,, is the Yang-Mills field
effective one-loop Lagrangian: strength, and. , is an additional axial connection for gaugi-
nos arising from the noncanonical form of the kinetic energy

4 n . . ..
term. T.. are defined by Eq(3.2) using the explicitys de-
(2 (- R>/R5) , y

i d*p
L12— 5T =—i 14(2 )4TE

pendence in Eq(3.9). Then the operators appearing in the
(3.9 derivative expansion of Eq3.6) take the form:

where now the trace is over only Dirac indices and internal ~ Gp»=Gp,+ivsk,,—[L,.L,],  G,,=[D,.D;],
guantum number&nd Lorentz indices for the gravitino ~ . o~ ~

To keep the integrals finite, the integration should be per- b,=D,=il',+l',, L,=D,L,—D,L,,
formed including Pauli-Villars regulator masseg.g: ~ -
—p 2= (—p?+ud) ! in the derivative expansion. How- D,L,=[D, L],
ever, as shown below, _, when suitably defined, contains . )
no quadratically divergent terms. Once the integrals are = = P
properly regulated—including the appropriate definitions of o2
T..—the coefficients of log divergent terms are independent
of the regularization scheme. On the other hand, if one 1 — )
wishes to evaluate finite terms, one has either to expand M=5(M=M), M=m+M,=m+M,,a""
around an infrared regulator magg, or, alternatively, to

resum the derivative expansidi7,18. In particular, the —m+M,=m+M,,o**, M,,=aF,,—ifF,,,
ultra-violet finite terms include the standard chiral anomaly. o a # .
We explicitly evaluated this term for the vector-vector-axial M, =aF,, + iEEM, (3.10

vertex induced by Dirac fermions with a common mass

and recovered the large mass limit of the Adler- RosenbergvhereF is the Kanler connection anﬂ’ is an off-diagonal
formula [19]; the complete expression for this formula re- -y connect|0n We consider only the case where the gauge
quires a resummation of the derivative expansion which willfield normalization functiorf(z) is diagonal in gauge indi-

be presented elsewher#8]. We emphasize that, because of ces; then, sinc& , is diagonal L, commutes with7,, and
the anomaly, Khler invariance is broken at the quantum we have

level. Classically, this invariance permits a cho[d®] of

Kahler gauge such that the classical Lagrangian is derivable L;V= L,.= AW= LW+[F}’L,LV]—[F’V Ll
from only two functions of the scalar fields, tliim general
matrix-valued gauge normalization functiof,,(z) and the L,,=V,.L,—-V,L,, [L,,L,]=0. (3.11

generalized Kaler potential G(z,z)=K(z,z)+In|W@)[?,

whereK andW are the Kaler potential and the superpoten- Note that the spin connection IB _[see Eq.(A12) of 1]
tial, respectively. For the purpose of calculating the anomalydrops out of the covariant derlvatlvéB#M. This is because
[2,3], one has to undo the Kéer rotation of Cremmeet al. ~ we have taken the vierbein, and thereforg, to be covari-
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antly constant[21]: [Bﬂ,yv]=0_ The spin connection is IF follqws thgt there are no qua_dratically divergent contribu-
even in ys and therefore contributes {6MM through the  tions involving the mass matrix. The averaging procedure
commutator which vanishelsee the definition€3.27) be- (3.13 eliminates a residual spurious quadratic divergence
low]. proportional to Ty7,, J*. This divergence would vanish iden-
To identify the ultraviolet divergences, we have to Studytically if a Pauli-Villars (PV) regule_xrization were used with
the largep behavior of the integrand in E43.8) and keep PV masses th_at Iea\{e all classical gymmetrles unbquen.
terms up toO(p~4). A priori R, Rs~p~ 1, so the ultraviolet However this is not in geqeral possm')le' for the cla§S|caI
divergent part of Eq(3.7) can occur only in terms with I_(ahler syr_nmet_r)f‘. Moreover, in the Pa_ull—Vlllars regulariza-
n<4, /<4-n. Aside from terms involving_,, by con- tion des_crlbgd in13], there are no PV fields that can rggulate
struction, the integrand is odd ips, and we need at least duadratic divergences proportional kb, ,M*”, so the inte-

four y,’s to get a nonvanishing trace: grals, which are ill defined unless they are explicitly regu-
K lated, must be defined in such a way that these divergences
TocTr(A YEy yPyTy5) = — 4i ehVPOTIA do not appear. Note that no quadratically divergent contribu-
uvpo

wrpo ’(3_12, tion to T_ arises if Eq.(3.3), as defined by Eq(A6), is
expanded without performing the transformati@i6) that

so TrRs=0. Finally, we note than in Eq. (3.7) vanishes makes use of partial integration, which is ill defined if the
except when sandwiched between functiongppfind is of integrals are not f_|n_|te. Howgver this transformaﬂon_renders
order p~1 in power counting. Once alp differentiations Many _terms exp!lcnly covarlan_t and thereby considerably
have been performed, surviving terms must have at leasimPplifies the derivative expansion.
three y,’s that are not contracted with* because of anti-
symmetry. After integration ovep, the tensor,,,,, in Eq. C. Logarithmically divergent contributions
(3.12 can be constructed only from the four-vectgrs and
L,, the tensorsl\/IMV’,vG;V the Riemann tensor, and their
covariant derivativedD ,. Each factor oijV and of D,
reduces the apparent divergence of a given term by on
power ofp. Furthermore, in the covariant derivative expan-
sions(A19) and (A20) of the operator$D appearing in Eq. ) p2 )
(3.5) the indices;- - - sy iIN D, - - - D, O are automatically PP (P%)— 7-9,,F(P%),
symmetrized, so at most one derivative of each operator can
contribute toA in Eq. (3.12.

npo

In the remainder of this sectioi,_ is understood as the
average(3.13. Since we encounter only logarithmic diver-
ences, after symmetric integration we may make the re-
lacements:

4

p
PuPPPot (PP = 52 (941800+ 9upTvot 9uolup) F(P?).
B. Quadratically divergent contributions reme 24221750 e ro=me

(3.19
By construction,T_ is antisymmetric undefys— — ys.
Therefore we can evaluate, instead of E3}5), . I .
To evaluate the terms witp-derivatives, we write
1
T —4T_ —T_(— , 3.1

=5 T-(7s) = T-(~79)] (3.13 L VST
— = , T v —0,

=P ap, T = —p2P Prp,

whereT_(—vys) is obtained fromT _(ys) by the substitu-
tions

2
— N RV — MY ARV
(D*,D~,M,M,JM)—(D",D*,M,M,— J.—M,). AT=g" S ptpY

The matricesR,Rs are defined in Egqs(A19) and (A20).

. : : : 9 1
Since [d*pTrRs=0, the potentially quadratically divergent B, N
contribution toT_ is ap, —p?P T =
Tr(RE-RR )—>iTr[( “N,—p“M ,)p*N,] g 1 1
5 )= o2 PN, = P"M )P "N, 1, p#Gm% __pzpp_)__pzp#(;mgpv, (3.16
(3.19 v
with N, ,M, given in Eq.(A15). Under Lorentz invariant where the first two lines are obtained by partial integration
integration, withM =m-+o,,M*", we have over p, and it is understood that operators multiplying the
first (last two lines on the lef(right) are independent gb.

d*opMBM (14 dPo0?y MM (12 Similarly
PHMPM’ (1= y5)x PPy ,My*M' (1% ys)

5A detailed discussion of Pauli-Villars regularization Bf will
be given elsewhergl8].

=4f d*pmpM’ (1+ vs).



92 1 ,
op,ap, —p2P

2 4
- F( 9P pT+ g pt+gh PP — Ezp”p”p”) .

# 1
07p,u5p,, _p2¢p p r/.LpU'V
1 2 , ,
- _pi rlzs_azp“p pr,uv_l—zr'u ’)/,u,pv ’
1P e a1
_p2 &p’uapvp p rMpUVH_Ep p r/un ( . 7)

where the last line is obtained by partial integration.

It is easy to see that the nonvanishing term$ ininvolve
the connectiori. , and/or the off-diagonal madd ,,. In the
absence of these contributions, siret&’r 0, the only

helicity-odd terms are

wpT

S LV ANVAT

" TIGL,T,T,], € TG} DT, ],

nv

(3.18

where

1 1
—2D 4D = AVI_Trat _ -
DZ_Z(DM+DM)_al‘+j’ G, —2[GW (+)G

I

v

The first term in(3.18 can be written

1 1
3 € TDL( T, T,)]=3 €*73,(T7,7,7,]),

where we used cyclic permutations in the trace together wit
the relation

THDS(JITN=THd,(TTD+i[ T, TITNy =3, THTID).
(3.19

Note that if a field-dependent ultraviolet regulator mass
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1 1
RHWD#MM, Rg— ?pMNH 3.2)
We note thaFg”FEpF; P anng“’FEpE; ? vanish if any two

of the indicesa,b,c are equal; there are therefore no terms
cubic inM,,. Then usingy,M y*=4m, together with Egs.
(A23), (B12), and(B13) and cyclic permutivity of the trace,
we obtain

H(M1,M)=Tr(pM 1pJPM 2 Jys)

e ATHMAY T M2 P—MEY T M2 7P)
3 P 1 v up 1 v up !

F(My,Mo)=Tr(pM pM,p TP Jys)
— 4p*TH (M4 m,— mM4") 7,7, ]

4i 4 1 Npuv_ ppuvpng2
+§p Tr[(M,u,pMZ _Ml M#p){jp7jv}]1

F'(M1,M;,M3,My)
—F'(M4,M1,M5,M3)
=Tr(pM1PM2pM3pM 4y5)

16 ~ ~
— 3 P THME METME M, — MEPMETME M7 )

+8i p4Tr(m1Mfwm3Mf{V— m,M iymzl\] L),

(3.22

whereM;=M,M,M, , M#Y = 3€*"°7(M;) ., and the traces

foly the right-hand sides are over internal indices only. In

evaluating these expressions we used the fact that since
Tr(MIM2ZMEM 2 y5) =Tr(MEIMIM2M3 y5), these terms do

not contribute to

1
E[F'(Ml,Mz,Mg,M4)—F’(M4,M1,M2,M3)]

present one cannot drop the total derivative on the right-hand

side of Eg. (3.19, but integrating by parts gives
dInA=0A/A which is finite for A —c. For the second term
in Eq. (3.18, definingD,, =4,+T, we have

G;V=(9MF;—(?V1";+[F; T,

=D, I, -D,I',—[I',.T',] (3.20
By the above argument theT" terms give finite contribu-
tions, so we are left with

et T (DT =T, T, )T =T, (I =T ;)]=0,

again using cyclic permutations of the trace.
e*"?D[ DY ,D}] vanishes by virtue of the Bianchi identity,
the third term in Eq(3.18 reducequp to a total derivative
to the same form as the first ter®"—[ 7, 7].

First consider the terms quartic iR,Rs. To obtain the
logarithmically divergent piece, we drop gllderivatives:

Since

=F'(M{,M3,M3,M,).

Finally, since the expressiof8.6) for Rs is odd in s,
[Rs(ys)]*=+[Rs(— vs)]%, it follows that Tr(Rs)* does
not contribute tor (ys)= —T(— vs). The logarithmically di-
vergent contributions from the quartic terms in E8.8) are
therefore given by

Tr — R3Rs+ RsR?Rs+ RPRE+ (RRs)?
4 2 2 3
— 3(RERRs+ RsRRE+RRs)
(3.23

1
—)E(T4+Ta).

For the terms quartic iM we obtain
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1 -
Ti=—7F'(M,M,M,M)

4i_ o —
== ZTHMAMP M, M = MEIMPM M )

—2iTH(MM,,, MM~ —mM ,,mM~*),

(3.29

and for the terms quadratic i, we find
1 N
TrR3Rs—0, Tr(RRS)Zﬁ—FH(M,M),
TIR*RE=TrRsR*Rs
LRV — F(MM)] =g (T4 T)
— -85 L - L =7 1
p8 2 p4 4 4
TIRRE=TIRsRR2=TrRZRRs
11 —
—’EE[H(M.M|)+H(MaM|)_F(M,M|)
—F(M,M)+F(M,,M)+F(M,,M)]
1

" " 1 1 AN l
= P4(T4+T4)_F EH(M’M):_Z_p“T“’

Ti=Tr([{m M #) — {m ML, .7,
2i =
T =g M . M%)~ (3, T {7, 210
(3.25)

Then

1 —
T4=—2(TZ+TZ’)+EH(M,M)E—ZTX—L‘

8i —
== ZTZ_ gTr({jva /Lp}{jv M MV}_

(M T, ME). (3.26

To evaluate the cubic and quadratic terms, we use a short-
hand notation according to which the covariant derivatives

imply the matrix products:
D,J,=[D, . J.],

where hereM is any mass matrix. Using the Dirac traces in
Eq. (A23), the first identity in Eq(B12), and the additional
identities

D;M=D;M—-MD;, (3.27

Tr([A,B]C)=—Tr(A[B,C]), D,(MM)=[d} ,MM],
D, (MM)=[d ,MM],
[d),MM,]=(D,M)M+MD,M,,

[d, ,MM,]=(D,M)M,+MDM,,

Tr({A,B}CD)=Tr(B{A,CD})
=Tr(B{A,C}D)—Tr(BC[A,D]),

(3.28

together with the facts [see Eg. (A23)] that
Tr(o-Ay,o-By,) and Tr(o-Ay,o-By,ys) are symmetric
in {u,v}, and thaf L ,,7,]=0, we obtain

1 ~ — - . o
TrR2R5HETr|—2iX’i”(M,M)D;jV—ZiX‘i”(M,M)D;jV—L(M,M)+[X’iV(M|,M)—X‘i”(M,M,)

+XE (M MDTG,,+ XM M) = XA (M, M)+ X4(M,M|)1G,,,

+ g[x+(M,M_)+X’(M_,M)]+2(FM’”—mW”)IA_W—IA_W[X’i”(M, M)+ XE(M, M)

1 ry T v ~ v 14 v v v ~-
TrRR2+ TIRsRRs— ETr[ —4i[ X2 (M, M) = X" (M, M) ]D 1 7, +4i[ X£(M;,M) = X“"(M,M)]D , 7,

—2L(M,M))+2L(M, ,M>—§[x+<M,M.>+x—(M. M) =X*(M,M)=X"(M,M))]

+IXE(M, M) —2XE (M, M)](G,~ G,y

)

1 ~ - ~
TrRE— ETr{GiXﬁv(M| M)(DJ,+D,7,)=4[X" (M| ,M))+X" (M ,M)]+3L(M ,M)), (3.29
where
X*(M1,M;)=(D; M{*M2 —D M4*M% +M}, D Ms?—M}, D *M5?) 7,
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v v v Y uv 1 vpoyE
XE (M1, M) =M Mo mME”,  XE'=Zem X,
4 1% 2
L(Ml,Mz):Z{LM:ml}{mez}"‘g{L;u'wf HT, M3,
8 Hup 2 v N P 2
+§({L,U,YM1 }{jV'MpV}+{L 'Ml }{j,ulMpv}) (33@

Again, the traces on the right are over internal indices only. Here and throughout the remainder of this @q};pcm
understood as one fourth of the Dirac tracg D pf: ,D *1, and has no contribution from the spin connection, and the derivative

operatorsDM are understood to operate only on the object to their immediate right. The expre@&RM<an be simplified
further using the relations

X#"(D}J,+D, j)——X’”’(G

-G,

X’”(S;JV—S;JVF—2iX”“[.7M,JV],

{J, M}= D M—D M), (3.3)
that follow from the definition£3.10 and(3.27). Defining
X1 =Tr[ X" (M,M)+X"(M,M)],
Xo=THX"(M;,M)+X" (M, ,M)]=iTr(D*"M} D, M{*~D*"M! D, MP*),
X3=iTr(D’M,,, D, M{*~DM,,D, MP*~D**M! D ,MP*+D**M! D, M),
Xa=Tr[X* (M, M)+ X (M} ,M) = X" (M, ,M) =X~ (M,M))]
= — X+ X3—iTH(D"M,,D M7~ DM, D M), (3.32

where we dropped total derivatives, we obtain

4
_X3_

8
3 SXo+t,+2T)

2 2 4 3 1
Ts=Tr| R*Rs~ RRE~RsRRs+ 3RE| — 3 3
4i v n o = 1 Suv IV YE ~ v —
3IO4Tr(D M,,D,M?e—DM, D M )+—p4Tr{X_ (M,M)G,,—X*"(M,M)G,,,+2(MM*"~mM*")

—[XEY(M M)+ XA (M M) L, + XE7 (M, MG~ G ) — [ X2 (MM G+ XEY(M, M) G, 1- L (M, M)},

(3.33
wheret,, T} are defined in Eq¥3.25 and(3.26), and

t4:§X4_ §X2 (334)

Finally, to obtain the logarithmically divergent parts of R and TfR2, we use Eqs(3.15—(3.17), giving

8 1~
TrR§—>3_|O4Xz_p_L(M|,M|)+ X" (M, M, )(G "“’)

4 4i — — ~ 1 -~ _ —
TrRRs— 353X+ p4Tr({L",MW}{Lp,MP“}—{L”,MW}{LP,MW})—FTr[i({L”,m}me—D"m{Lp,m})+L(M,M)

2i ~— ~ 8i _—— _
+2L(|V||,M|)]—3—p4TF({L”,Mw}DpM"“—D”MW{L M‘”‘})+ Tf({L" oD, MPE=DM, {L,,MP¥})
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4i N — 1_ - — 1 -~ ~ T
— 3—p4Tr(LU”{M”“,MM})— ETr(LM,,[X’iV(M,M,)+X‘1V(M,M|)])+ ETr[Xﬁ”(M,M,)G;,ﬂ—Xﬁ”(M,MQGMV]

i - _
+ Er‘V’“Tr(M "M ,,—M"M ,,)+total derivative. (3.395

Inserting these results in E(B.7) gives

i 12 InA? , )
—ET,Zg W(T4+T4+T3—TrRR5+TrR5)

A2 N e A~ e
=02 57T Tu+[X2(M,M)G,,,— X2 (M M)G ] = = (D“M,,D M?*—~DM,,D M**)

oup

s MIMAY =L, m]MA7+i({L?,m}D,m—D"m{L, ,m})

—irH(M"M ,,~M"M ) +[L s

4i —_ — ~ 8i ~—  ~ —
- E({LIY'MU;L}{Lp 'MPM}_{L”'MUM}{Lp!MPﬂ})_ ?GLU!MU,U,}D/JMPM_DUM o‘,u{Lp'Mp'u})

J%[LP({M oD, M —{D MM, 1) +2L,,{M# M} ]} (3.36

[

To evaluate Eq(3.36, we note that the connection is IV. THE ONE-LOOP EFFECTIVE ACTION
block diagonal in they-A-a sector, and the axial part is
diagonal in thex and a sectors, with7,,=—J,,- Using
the reality and symmetry properties of the off-diagonad

The quantum action obtained by the prescriptions defined
in | (see Sec. Il of that papeand in Sec. Il above takes the

. form
masses:
— T mv _/,LV MmN\ T = 1 T 52
M= —M=My,, M{=M{=-(M{)" 337 Lq__iq) Zy(D"+Hge)®
it is easy to see that there is no contribution that involves + E(ETZ@(iD—M@)®+£gh+ Lch. (4.2

only these masses. For the off-diagoRay masses: 2

o T e The last two terms are the ghost and ghostino terms, respec-
My =My MGSIMY MY =—IMY, tively, ®=(h,,,4%2",z2™ is a 2N+4Ng+10 component
scalar® = (¢, A% x'=Lx'+Rx',a) is anN+Ng+5 com-
ponent Majorana fermion, wheié is the number of chiral
multiplets, Ng is the number of gauge multiplets, and the
matrix valued metricZ4 andZg are defined in Appendix B
of I and in Appendices C 1 and C 2 below. As in | we set
background fermion fields to zero, spﬂ,)\a,)(' are the
quantum gravitino, gaugino, and chiral fermions, respec-
It follows from these relations that the last line in £8.36) tively, and « is the auxiliary field introduced to implement
vanishes. the gravitino gauge fixing conditiop¥]. The matrix-valued

Using the fermion matrix elements given in Appendix covariant derivativ® , is defined as in Appendix A of I, and
C 2, we obtain the nonvanishing contributionsTto listed in D, includes additional terms in the connections that are
Appendices C 3—C 8. Note that these expressions are fullgiven in Egs.(2.11) and(2.17) above.
covariant, although the expansi¢8.7) of T_ is not. This The one-loop contribution to the effective action is
noncovariance is necessarily the case sificecontains the
chiral anomaly that breaks classicaltder invariance. How- , ,

o ) o . i - i
ever, the logarithmically divergent contributions arehka L1==TrIn(D?+Hg)— =TrIin(—iD +Myg)
invariant, up to a possible dependence of the effective cutoff 2 2
on the Kaler potential[12,3,13.

The ghostino determinant also contains helicity-odd con-
tributions, but since it has the same fofd| as that of a
four-component scalar, its evaluation is straightforward; theThe general results obtained [15,8,5,22 give, for the
result is given in Appendix C 7. bosonic determinant,

M{T=—(ME)T,  MEMIX=M{IMAX=0,

(MA'M,,)3= (M, M#")3. (3.39

+iTrIn(D2+Hgy) —iTrIn(D?+Hgp). (4.2
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i ~, A2 1 (4+ Ng)-component scalar antl2 times theAcontribution of
S 1TIN(D*+Hg)= Vo 321N g ~Hoe a four-component scalar. For bosohls, andD , are defined
in Sec. Il; the matrix elements ¢1 and of
. |nA2T (1H2 1
I sH— =1 R .
32rt 1270 67 G,,=[D,.0,], @5

+ TZG;IL)VG”V 120[f2+ 2r ke Mu])]: are given in Appendix C, as are helicity-odd contributions,
T_, of the fermion determinant that was evaluated in Sec.
(4.3 11, Eq. (3.36. The traces in Eq94.3 and (4.4) are given
explicitly in Appendix C below and in Appendix B of I. Here
we list only the contributions involving background Yang-
i i Mills fields and/or integration over the quantum Yang-Mills
— ETrIn(— iD+Mg)=— §(T++T,) supermultiplet that were omitted in I.
If £(g,K) is the standard Lagrangidrni0,20 for N=1
i -, i supergravity coupled to matter with space-time megjic,
=—gIrn[D°+He]-5T-, Kahler potentialk, and gauge kinetic normalization function
fap= Sap(X+iy), then the logarithmically divergent part of
(4.4 the one-loop corrected Lagrangian is

and for the fermionic determinant we have

where in Eq(4.4) [A)M andHg are the 8<8 matrices defined
in Eqs.(2.14)—(2.17). The helicity-averaged parf,, , of the

fermion trace is— 3 times Eq.(4.3) with the substitutions

InA2 AB A
Eeﬁzﬁ(gRaKR)_l'LO""W(X LaLg+ X Lp)

He—Hg, GY —>fov, and the trace includes a trace over nA

Dirac indices, o) + QW(L-FNGLQ), (4.6
1
Z(Tr De=(Tr 1)o—2Ng=2N+2Ng+10. where the classical Lagrangidl{g,K) is given in Appendix

C below (see footnote JI £, is the one-loop correction
Similarly, the ghost and ghostino contributions are equivaifouno6 in | after renormalization ofj,K [see Eq(3.6) of 1],
lent to, respectively,—2 times the contribution of a and

_ : ___ N+5 —
L={W3Cs8ap—Di(Tpz)'Dj(T2)']+H.c}—24e XaaD+ T[(WabJrWab)Dan—x(Fa —iF2)

~ — 5 — . —
X (FE"+IF2")D,2 DK+ ——[X*WapV+ 2D% = D(KiD, 2 D27+ 2V + 4DM) |+ 14X W W20

+120WB+ WB) DDy +22D2+ 2D(11V + 8K 7D, 2 DFZ™) + X(W+ W) (Ki7D,2 D27 — 2M2 — 2V))

P g 2 L — .
+4D(2M+TMY) ~ 26D, 2 D, 2K D*F 4"+ D, 2 D2 Ry DaD) (T%2) "+ - Do R,/ AAD;(T%2)
—-K

+ —Dal(T*2)'R] AN AjHH.C]+2iF8 Dj(To2) Rl DHZ“D'Z™ + 3De” “RAAT+ §DDMZ'D“szim—

LD i(Ta2)!
6X

__ 1/19
[4D,(D, 2 DZ"K 5+ V+3M2—2D) + 13F 2 KD 2 D'z + Slszte pl)D(& XX+ 3,y "y)

5The last five lines of Eq(3.6) in | should read

2 = L= =
e+ gDusz"z'sz”DVz’K Kim— 3’Dpz D”Z”‘K ﬂ)"z‘D "R

_ N
—4D, 2 DK+ (5—7)73 ZDrZ D, 7"D"Z"K K

1 — — —
+D, z'D“szk D, 7/ D'Z"F R' wt D, ZDr7 Rk/D D'z Rm(m/-i-§DMZ'DVZmKimﬂ?jﬁ('D”ZJ'DVZn—'DVZJD"Zn)

+D,2D, 7R D2 D'2" R, — D2 D, 7RI D'z DR, | +4(LAAE K+ H.C).
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1 1 A ~ ~
- ;2-+3p'pi)r7#y(9vx'DaF"aw—&(1+3X2p'pi)(ﬁpX(9VX+ 9,yd"y) (F5,+iF% ) (FAP—iF4P)

i -
—5H;(F;M—iF;ﬂ)+g”“Da (9,x+19,y)Kin(T?2)' D, 2"+ H.c.

— p pi{[iX(FZE—iF 1) +g,,D¥(d,x+id,y)Kim( T22)' D, 27+ H.c} + 2ix%p! p, D, 2D, 27K i DAF &7

+2x%p'p; D[ 8MZ+ M3+ 2V —2eKaa]— x2p' pi[ 2X2WauWRP(1 - x2p ;) — dx(W+ W) D+ WP+ WA D, Dy
3
X ~ R ; L= . )
+2D%]+ = 5 PiP (Fa —|F )(Fg"+iFg”)Dyz'D”meimer2x2pip'DDﬂz'D“meimf+2x[4pij(Taz)'(sz)JWab

_ 2 1
—(0 x—|a#y)(Taz) D.— W(a WX+i0d,Y)

+iD,z"(T?2) pm,](F’”—lF”V)D Z+H.c]+ p,JD'U‘ZJ

+H.c ]
+{V7[2X3pipi M )2\+f_iai (a__A_)eiK_ szij (A”kﬁ_ AijA_)eiK] + HC}

— p— i _— .
+ (e*KAJAm+DMzJD"zm) +H.c.]—§KiﬁD Z"(T,2)' = D2 (T,2)™

4pmij(TaZ)|Da_(Pmij + Ympij ) f'D

(pijD'uZIfl+ H.c)

— ~ D i -
X[fipy DPZ(F2,—iF2,)+H.c]+ Z—a Ki T*2)“DF 2™+ 5 (3, x-+i9,y) (F™~iF ") +H.c.

- [VVabp” fi(TaZ)ij+X2DPZiDPZj(2pijW_ erjpmnW) + HC] + 2X2piij|.,F/D,DpZiIDPZ_F+ X4pijpijWV7, (47)
Lg=x5(p'p)) 2WW—2M$+3M%—2M2M2+ V2 + D+ 66~ KaaM2 +2V(2M2 — M2+ e~ Kaa) — e K (@A, +H.c) (V+M2)

+ e‘ZKaiEEJ_AJ— —2e 2K(@AaA+H.c)+ x2p; D, 2 D*2 pD, 2 D'+ €~ KDMziD"z_m{ (a—A)(@a— A=)

(a— A) +H.c.

2X

2. K| Tl iDH ] b s A |- oA AK
+XPpiAprA +4 saal+e” “\ D,z D"Z a XpjnA" | —s-aiA—fi(a—A)pjA

-K

+ > +X(pij D2 D*Z+H.c) (M7~ V)

—— fif;
[D 2 D7 283, — xpy(a— A)AK]+ 'JD 2D a(2a—A)+H.c.

R 1 _ — -
+e’K[XpijD#z'D"zJ(akAk—2Aa)+H.c.]+W|(<?Mx+iaﬂy)(&“x—kia“y)|2—x3p'pi(W+W)(Mi+V)

1 = —=
+x3p*p [ W(xp;i D, 2 D2 + e ¥Aja'—2e KaA)+H.c]+ = 5 KimKjnt4D, ZD*2D,Z"D"2"+ D, 2 D¥2"D,z"D"Z)

R T Wy S \DRDD_ S\2y T2 S
—§(’D#Z Dtz Klmﬁ + X WabWa +§(Wab+Wab)D D —§V +§M)\(’DMZ Dtz |m__2V)

3, X3"X+3d,y3"y —= 1 — a,Xd"’xX 3, ya’y g
- —Xz— K"D ZDMZ +3VD ZD z K|m+ TQ—‘FTz— (ZDMZDMZ Kiﬁ_v)
a  =a pv o X x+a*yay X .
H(F I ) (FE IR ———— — 3 KmD,2 DFZ7). (4.8

Our notation is defined in Appendix B below. Hexg=W5, where

~ 1
Wi= (Fa Fov— IFZ,,F’“’)— 5—D?*Dy 4.9

-bll—‘

is the bosonic part of th& component of the composite chiral supermultiplet constructed from the Yang-Mills chiral
superfieldW?(8) =\{+O(#). The renormalized Kaer potential is
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InA?2 .
Kr=K+3 [e_K(A,JA”—ZAA' AAA) — 4K3— (12+ 4x%p;p') D], (4.10

and the renormalized space-time metric is given by

g,u.l/:(l_ E)g/RLVJ’_ €uvs

o IV Ns ) SN D 20,0+ 2
€= 32| 5 TV DE2Cpip D 5 DaDi(T72) + =My,
InA2N 1 N R VudX 3%, X 9,Yd,y
_ 0 G G unv uNy )73 287
€ur= 3277 - Ergw)—gw—ZEsX (9,x3°x+d,yd’y— D,z D*2"Kim) + Ng| 2 " . + 2

N+17 Ng x2pip'

N+29 Ng
4+ p
24 '8 4

6 "o~ X2PiPi> ;
(4.11

where the superscript zero refers to the result of I. The terms in(&€6). proportional to£, can be removed by field
redefinitions:

>+XFZpFaV

D 72D, 2"+ D, 7D ?)Ki% —9,,XF,F4”

InA2 1
A__ A AB
O qu o) 3972 X +2X Lg], (4.12
with
Xm=—ffr X :—i(7+x2p-p‘)5 9
im 4X2\/§ i'ms aum,bv X\/§ i abYuv
i 1\ * —Kal 2 az S Mg
Xi=(X"*=4e KAIA+ — (2+pr)D (T%2)'— 4xDp' — 2pT.2) ™D,
IpuX i i 3] j ki a—K(al; FYNTRY 2
=Ng— D2+ Ng 5 [X°plp W+ xpy D, 2 D"+ e (A — 2aA) =V =M,
i . - . _ -
X’ua:;(16+2xzplp|)K_[(TaZ)D z"— (aZ)m'D’uZ']-l-Xpip'(&pXFapM-F07pyFapM)
I’y ~ Px 1
+37Fapﬁ+7(7—NG)Fap#—FE[(FaP# aW)D”Zp,JfH—H cl]— (5+X pp,)—D (4.13

The terms in Egs.(4.7 and (4.8 of the form part of the Lagrangian for these higher dimension operators.

9(z,2)WW are the bosonic part of the effective LagrangianHowever, there may be additional fermionic terms, e.g.,
(in the notation of 20]) those of the forn{23]

£|W‘4=f d*0EQ(Z,Z)|WW2. (4.19 ﬁW2n=f d*0EQ(Z,Z)(WW)"™ L+ Hc., (4.19

It should be possible to write the remaining terms in superthat cannot be obtained in this way, as they have no purely
field form’ [up to total derivatives and field redefinitions of bosonic components. The determination of such terms re-
the form (4.11)—(4.13], and thus to extract the fermionic quires retaining fermionic background field4,8,14.
Notice that the coefficient of MnZF‘“’FM,, is not a holo-
o morphic function, except in the limits of a flat Kier metric
"Note thatF'=—e K?2Al and M=—3e K2A are the bosonic (D;— d;) and flat space-timeM p— =, in which case opera-
parts of auxiliary fields of the chiral superfie®l and the gravity —tors of dimension greater than four are suppress&tis
superfield, respectively. It is easy to show that calculating the onenonholomorphicity is distinct from from the holomorphic
loop corrections before or after elimination of the auxiliary fields in anomaly[1,25] that arises from the field dependence of the
terms of their classical solutions gives the same result to the loofnfrared regulator masses. In other words, when thaléta
order considered. Our results are expressed in terms of these auxéind/or space-time metric is not flat, there are corrections that
iary fields in[30]. correspond td terms as well as the usuBl terms.
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The quadratically divergent contributions to the one-loopYang-Mills normalization functiorf ,,(z) take the forms
Lagrangian are given by EqEC3), (C36), (C62), and(C67).
The Pauli-Villars regularization of these terms was given in
[13]; they contribute additional renormalizations of the met- _ - .
ric and the Kaler potential that are determined by the field- K(z2)=—In(s+8)+G(y'y™), W(2)=W(y),
dependent squared masses of the Pauli-Villars regulator
fields that play the role of effective cutoffs. The field depen-
dence of the effective cutoffs in the logarithmically divergent ——

contribution to the renormalized Kéer potential will gener- fan(2) = OapkaS, YY" #S. (5.1
ate additional terms in the effective Lagrangian proportional
to
DA Although we have restricted our analysis to the cégge
D|InA2=2|—, =i, = 8pf, it is equally applicable to the cask,= SapKaf,

A Ka —const provided we make the substitutions

1/2a a 12pa a —1/21a
that do not grow with the cutoff, and therefore have to be" p 1,k2 Pl Aﬂ_)ka.A/“ T H.ka T Cabe
Cabe (cab(ﬁﬁO only if k,=k,=k.) in all the relevant

considered together with the finite terms that we have no’c_>k
evaluated here. equations. Our results are therefore applicable to all known

effective tree Lagrangians from superstrings, including those
where the integerk,=1 correspond to higher affine levels
[11]. In this case the operatowsp;;,1—Xx?p;p', and their

In effective supergravity from superstring theory, the clas-covariant derivatives vanish identically. In particular
sical Kahler potential K(z,z), superpotentialW(z) and M)2\=M§EM2, and Eq.(4.6) reduces to

V. THE STRING DILATON

InA% o A?
Leor=L(9r KR)+ Lot 35— (XAPLALE+X £A>+f32 2(L+Ngly),

L=(WRP+ WD) (3C 4 8,p— Di(Ty2)!D(Ta2)") +2D(13V+ 9K7D,.2 DHZ™)

N+5 — — .
+ —15 [(S+8)?WagV**+ 2(W*+ W) D, Dy + 8D~ 8(V+2M?) D]
~ . e 7 _ _
[(s+ s)(F3, —|Fa ) (FOV+iF8") +4g) DD,z D2 K i+ E(s+s_)2wabux\ﬁ‘b+ 11N+ WRP) D, Dy + 20D?

+154M2D+—(W+W)(K.m 2 DPZ"— 2V +2D) — 241D, 2D, 77K 7 D*F "

e i
+—(Fa —iF2 ) (FL+iF L") D, 2 D2 K+ DT a_)[4Da(v 2D+3M?+ K7D, 2 D¥Z™)
3(s+5s)
a i yv5m1 4 j(Ta5y —Kpi pm. a _F
+13F2 KyD2 D27 - 3PRimt _er,D (T%2)" | (e KA'A™+ D, 2 D#Z™) + 2iF 2 D (T ,2) R D* 2D’z
2e~K I 12 20Ms _ .
+ ——=D[(T*2)'R! A" Aj+H.c]- ——=i|id JS(FLE—iF ")+ =D, D,z"KintT?2)'+H.c.
S+S S+S S+S
-2 "Say_(Fa +iF? )(F”p—iE””)+4Oa"SaMS—D+28i i > pApsr
s+s v (s+5)? (S+_)2
(S+ ) b +_ 2 a b _ 1 2
L= (Wagh P +WW)——(W+W)(M +V)+ D2 = (W o Wiap) D¥DP— 2 D+3zV|M
+= (|v| +V) D,z DM ———v2+ KiwK;7t4D,Z D*2D,Z"D'z2"+ D,7 D¥z"D,z"D"7)

3 6
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K #K7D,2 D"Z"D, 2 D2+ 2 (2K D, 2D V) SIS | 9uSIS0,ST'S.
— =K Z'DFZ"™D,z =(2K; Z'DFZzM— —
3 3 me (s+5)? (s+s)*
2‘9"“3‘9”S_K —(DrZ D7+ DHZDYZ)
-— K z "Dz
(s+92 "
L Ea o iEa e E| 505 SES ‘.
( pPH I PM)( a I a) 2(S+S_) 4 im,Z z ' ( . )
|
with, instead of Eq(4.10), VI. CONCLUSIONS
5 In this paper we have completed the results of | by includ-
A Kt A AT op AT NI ing th tor. Th lete di t part of th
Kr=K+ 2= (e K[AijAIJ_ZAiAI+(NG_4)AA] ing the gauge sector. The complete divergent part of the
32w one-loop Lagrangian, obtained from the results of this paper
— 4K2— 16D). (5.3 anq from |, will be presented elsewhere in a short communi-
cation[30].

Some comments on the implications and applications of
Here we have considered only the standard chiral multipour results are in order. It has already been shpl@j that,
let formulation of supergravity. There is reason to believeusing the gauge fixing and expansion procedures defined
[2,3,26 that the dilaton in the effective field theory from here, the one-loop quadratic divergences, as well as the loga-
superstrings should be described, in fact, by a linear multirithmic divergences in the flat space limit and in the absence
plet, which is dual to the chiral multiple used here. It hasof a dilaton, can be regulatedia Pauli-Villars. Regulariza-
been showr{27] that a variety of classically dual theories tion of the full supergravity divergences without a dilaton are
remain equivalent at the quantum level.[lt8] it was ob-  under study[18]. An objective of this study is to determine
served that once the ambiguous matrix elemedt9) have the extent to which, in the string theory context, a modular
been fixed in a supersymmetric way that admits Pauli-Villarsnvariant regularization procedure can be achieved that pre-
regularization, the axioy of the dilaton supermuluplet ap- serves the continuous SLE), symmetry of the classical ef-
pears only through its dudd””?= e"?7*9 y/4x This sug- fective Lagrangian. To obtain the full one-loop Lagrangian,
gests that the properly regulated chlral supergravity theoryncluding all finite contributions, requires a resummation of
also remains equivalent to the linear multiplet version for thethe derivative expansion. A procedure for resummation will
dilaton at the quantum level. Some loop corrections using thée described elsewhef&8].
linear multiple formulation have been carried ouf #8]. We have presented our results for one-loop corrections to
As shown in |, further simplifications occlin specific  the classical general supergravity Lagrandia®, 20 with at

models, such as the untwisted sectors from orbifold compaanost two-derivative terms. As seen in Sec. V, the result sim-
tifications where the scalar Riemann tensor is covariantlyplifies considerably for the classical effective Lagrangian de-
constant and the Ricci tensor is proportional to thénliéa  rived from string theory, due to the the absence of a potential

metric for each untwisted sector. for the dilaton and the special form of its Klar potential.
These features are modified when the effective Lagrangian
®The four-derivative terms of Eq4.4) of | should read includes a nonperturbatively induc¢gil] superpotential for
the dilaton and/or the Green-Schwarz countertg2irthat is
—_ N —_ = necessary to restore modular invariance. The latter term de-
— ZTDEZAK 24| — — i pm K= X
ADu "D ZKim) ™+ 3 7)D 2D"2D,2" D2 KirKf stroys the no-scale nature of Lagrangians from torus compac-

tification and the untwisted sector of orbifold compactifica-
I ED ZIDEAD TPV 2K K — tion, and generally destabilizes the effective scalar potential.
3 e However this term is of one-loop order and therefore should
be considered together with the full one-loop corrections. An

—gDpzDszKlmE (N, +1)D*ZD, _K- interesting question, that will be addressed elsewhere, is
whether these corrections can restabilize the potential.
1 An important unresolved issue in the construction of ef-
+§DMZ'DVZ"‘ i (N + 1K %D"Z'D”Z —D'ZDFZ") fective supergravity Lagrangians for gaugino condensation is

the correct form of the kinetic term for the composite chiral
multiplet that represents the lightest bound state of the con-

*Z [(No+1)(D,2 DZTK 2 fined Yang-Mills sector. It has recently been shol@a], in
o the context of both the linear and chiral multiplet formula-
+(Ng+7)D,2D*2'D,2"D'Z KK o tions for the dilaton, that such terms can be generated by

— . higher dimension operators. The contributighl4) to the
-(N,+1)D,z"D*2'D, 2D’z K,m*ﬂ effective Lagrangian determines the leading one-loop contri-
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bution to these operators; similar terms occur in string theonsetting M= —iD +Mg, f(M,)=InM,, Eq. (A5) gives
[33]. This is one example of how the determination of loopthe traceT, that has been evaluated previodgl¢—8|. To
corrections can serve as guide to the construction of such asvaluate the determinaiit. we define
effective theory.
My=yo(—=1D+Mg), (A6)
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APPENDIX A: DIRAC ALGEBRA

A :O"id;:(f’i[bv;—t#(a', o) ],
We work in the Weyl representation for the Dirac matri-
ces; for a flat metric: B :U’id;za’i[ﬁ;—tﬂ(m o],
o [0 -1 i 0 g - _
Y=Y =l o YTTYE L4 o) C=m+M,,c"=M(c%"), D=m+M,,c"=M(c"")
i.0,1.2.3 1 0 v I v T L:“ N v _p O
V=YY=l ) ot =Ly Lu(o—,04)=5,€nppo0= 000 0% (A7)

(A1)
The matrix elements i\, are defined, up to thes ambi-

To evaluate_the ferm_ion determinant_, we note that an arbiguity noted in[13], in terms of those appearing in the fermi-
trary 4xX 4 Dirac matrix M, can be written as onic part of the actior4.1) by

M;=RAR+LBL+RCL+LDR, (A2) ~ A L
D,=D,+iysL,=ID,R+ID L,

where A,B contain an even number of Dirac matrices,

C,D contain an odd1 numbeA,B,C,Dlhave no explicitys Me=M(o*")R+M(c*")L. (A8)
dependence, and=3(1— vys) andR=3(1+ ys) are the he-

licity  projection opergtors. Then _ M4=TrRA " The matrix-valued derivative operat&rﬂ is defined in Eq.
+TrLB=TrMs, whereMsg is the 8x8 matrix (A12) of I, the additional gaugino connectidr), is given in
RAR RC Eg. (C19 below, and the elements of the mass matrix
8=< j (A3) Me=MR+ML are given in Eqs(2.16), (2.17), (All), and
(B10) of I, together with Eq(C15 below. The tilde opera-
tion on A ,B ,C,D amounts to the interchange,«—o_.

LDR LBL/’

and Tif(M,)=Trf(Msg), wheref is any function that can

be expanded in a Taylor series. Writidgl ;= M (ys), we Thus
have
0 —-A 0 O
My(—7y5)=RBR+LAL+RDL+LCR, AL= 0o 0) AR= ~A o)
1[TM( )+ TrMu(—vs)] 1(TA+TB) L 2
=[Tr r - ==(Tr r ~
2 4 Ys 4 Vs 2 A A= R(D+716>\Vp07)‘7/”7p7”) R:RDZR,
1 (A C)
2 ' 3 -t v
L B 8=L(D SaEn VY'Y ) L=LD2L, (A9)
Similarly, if f is an arbitrary function of\,, where the appropriate zero’s in the transition from 2 to
1 1 4X 4 matrices is implicit in the last two lines. More, gener-
E{-|-rf[/\/14( ys) 1+ Tri[ My(— ys) ]} = ETrf(P), ally, products ofo’y can be converted into products of by

_ A C %The contributions from the termsl,,o*” were not fully in-
P= . (A5) . u
D B cluded in[5].
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(00 )" ——Ly"" IR,

% Ml(o’i”))
_M|(0'/jy) _Ty ,

1
E[M(Ys)_/\/l(_ ¥s)]=—

(0_0,)"o_——Ry>""1IL, (o,0_)"—Ly?"L,

o_o,)"—Ry*R. A10 i LMW
(0_0:)"—=Ry (A10) J=5(D;=Dy), M=5(M=-M), (A1)
Then defining

1 . ) and
- A -C o “Ly,MR Ly L)
Ma(~M, =)=~ = | = M=M= 390,
-D iR ALL 0 Ry,ML
(Al11) M,= — . (A15)
Ly,MR 0

Egs.(A9) and (A10) immediately gives:
1 We then redefine the integrand pi5]
S, =5TrIN[My(—M, = 3) My(M,0)]

ap ap
(A16)

" ~UTau™ U=erf i o 0.7
_RID2+MM]R —R(D*M—MiD L T(p,X)—UT(p,x)U™ %, U ex;{ id exp id ,

~L[iD"M-MiD*]JR —L[D2+MM]L

1

=5Trln

which leaves théproperly regulatedintegral unchanged. In
1 . 1 - the absence of background space-time curvature, thé 8
= _m2_M2 _= _R2_12 ;
—2Trln( D7=Mg +ilD,Me]) 2Tr|n( D*=Hg). matrix valued operatod,, is simply

(A12)

- J

whereD=Dg andHg are defined in Eq(2.17). Although d,=Dy=z Taux). (A17)
the matrix in Eq.(A12) is 8X 8, the helicity projection op-
eratorsL,R project out half the elements, so the counting of
states is unchanged when we také(’a0 the Dirac trace. Sin
TrinM(M)=TrInM(—M), we have” S.=T., and Eq. ) )
(A12) is equivalent to Eq(A5), up to the ambiguity de- M=y + 375, (0YPy + O(£):
scribed in[13]: terms even and odd irys can be inter-
changed usingys= (1/24)e""*7y,7,¥, Yo - d :iJra (X, &) (A18)

The next step is to ca§_=T_ in the form of Eq.(3.3) roggr TR
and to take its Fourier transform to obtain an expression of
the form (3.4), but before performing th@ integration we where ¥4, is the affine connection, and the full connection

In the presence of space-time curvature, one has to expand
C[%] the action atx’=x+y in terms of normal coordinates,

write a,(x,§) includes terms that depend on the affine connection
. and its derivatives. The expansion of E413) for this case
M M(ys) = M(~vs5)] is determined in[8]. We then obtain the expressidB.4)
1y - ith
= M IMG Mo M(y5) = M(~ )] "
| E 1
=2| D?~50,,G*'+iD,M*| DN, (A13) T(p,x)= = STrIn[1+2A(x,p)p*Rs(x,p)],
h is'? th trix(A11) with —1_ v » e Y
where M, is™ the matrix(A11) wi A~1=—TEA A, +h+X+(p"+GY)P, M,

C:D:O, A :5++E o4,0_), N
1 m /’“( —+ ) AM:pM_FGMJ’_ 5M, —szSI(pv+GV)P/LVNM’

B,=D,tLy(o-,0),

h=— EUWG’“’,
9n [5] it was incorrectly stated th&_=0.
Mt might seem more efficient to take instead\, G - m+1 D g\m d
=M4(—M,—5) but this form turns out to introduce a spurious /‘_mzo (m+2)! : % YEop,’

quadratic divergent term involvinif ,, . To explicitly regulate ul-
traviolet (or infrared divergences, one should introduce a regulator

* i\n n
mass matri and setMy— M+ ug; see the discussion in Sec. — c_ (=D i
o Xuo 0 ot Mo G,,=[D,,D,], F_; D. F,
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J J -1 -2 n -2
F=h,M#N*, D.—X=[D,,X]-—, A=(1+R)"H-p )= (-R)(-p~ 3 (A20)
ap ﬂpﬂ n=0
1 92 93 to obtain the expressiof8.8), where we have sgiy=0.
PrYy, =PHt= y“—grﬂp‘”yyw + O(F) , Once all these manipulations have been performed we can
P op P simplify the expression for the fermion connection by using
1 2 simply
TV = gHV__r#P”V P
3 apPap” D,=D,+iysL,. (A21)
i & a* The point is that the part of the gaugino connection arising
V)\ mpov o) . . .
A &p”&p"apﬁ apt) from the dilaton has been included in the “vectorL’]X):
ro J i J +jV=1(D++D‘)=1(5++5‘)+iyL
x:_g_gvura_M+oﬂ_' " A Al I 2 " 5w
P P (A22)
| 2 3 rather than in the “axial vector” (,) part of the connection.
5ﬂ_§(V#rPV_VVrPP«)é)pVélpp_l—O apd) (A19) We conclude this appendix by listing some Dirac traces
that are useful in the evaluation @f and of the ghostino
Finally we write A~ 1= —p?(1+R) and expand and fermion determinants:

-1/2

Trysy*y"yPy7= —4ie*"P?, TrySO'“ﬁa"”’= 4j 6“5‘”, €0123= — g_160123= g

Tr( 75)/“73)/73/5)/5%) = —4j [eyﬁe{gaﬁ+ eaﬁyﬁgd+ eaﬁevgéé+ 6ﬂﬁ~/£g£é+ eaﬁéegvé+ eaB£5g76+ eaﬂdgﬁ],
Tr( 'y50'“ﬁ';/70"95y§) =4 [eaﬁyﬁge§+ eaﬁévgﬁé+ eaﬁﬁég pZen eaﬁéﬁg YeL eaﬁéég 75],
Tr( ysaaﬁay‘syf'yg) =4 [Eaﬁyﬁgél+ Eaﬁevgt%_,_ Eaﬁyégﬁq_ eaﬁﬁfg R/ eaﬁwg ”e],

TrapgaM”Fg“ngstgVng,

Tro,,0,,0\F FL FY =32F LV Fy, F8

Cv?

Tr(o-Ao-Bo-Co-D)=16A*'B*"C,,D,,+(A-B)(C-D)+A*'(B-C)D,,,]
+64(A*"B,,,C*’D ,,—A*'B,,C,,D?"— A*"B*°C, D,,),

Tr(y*o-Ay’o-B)=8(g""A,,B7+2A#B "+ 2A "BH*),

po

Tr(y*y"o-Aa-B)=8(g""A,,BP +2A*B,"— 2A "B"?),

THZ,,v"0-Ay"o-Bys)=8ir “(A”B,,—A"B,,), (A23)

one-loop effective action. We adopt the gauge sign conven-
tions of[10,29:

— v 1 od H — .
vyhere o-A—aW.A.”“ , etc., andZW_,—zy"y Moovu 1S the D,=V ,+iA,, A#=TaAa, T;T_(Tlaj)*,
field strength arising from the spin connectiémote that #

yﬂyvzf‘”:% r). To evaluate the last trace in EGA23) we

used the relationé814) and (C25). D,2=0,2 +iAL(Ta2)', D,2"=9,2"—iAL(Ta2)",

1 .
APPENDIX B: RELATIONS AMONG OPERATORS Fw:i_[pﬂ D=V, A=V AFITALA

In this appendix we derive relations among the various a a 8 .a Abac
operators that appear in the traces needed to evaluate the Fru=V. A= VAL —ChA LA (B1)
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Our other conventions and notations are given in Appendix (Ty2)'Di(Ta2) = (T,2)'Di(Tp2)! +icCap T2),
A of l.
We first consider constraints on covariant scalar deriva- DbKﬁ-(Taz_)H(Taz)‘Di(sz)j

tives that follow from gauge invariance. We define 1

1 - _ 1 =DpKinj(Ta2)™(T°2)'D;(T32)! - zcg@apa.
’Cab:_KFj(Taz)m(sz)Jv D,=Ki(T,2)", D=;-D,D?

X 2x

(B7)
fan(2)=3dapf(2), f=x+iy. (B2)  combining Eqs(B3) and (B5) we obtain

The classical scalar potential 1+ D, whereV has been AD(T,2)"=AD™(T,2)'= —Aim_(Taz)iJrAFDaJrA(Taz_)F,
defined in I. It follows from the gauge invariance of the o o o -
Kahler potentialK that AD/(T,2)*=A-D"(T,2)*=ADKT.2)"

8. K=Ki(Ta2) =K T,2)™=0, = — AT 2) "+ A*D, + A(T.2)%,

DiDjDa: DHDrTIDaZO, —,k . 1—.k .
o - DaAJ Alj Dk(TaZ)I = - EA] Aijk(TaZ)lpa
KimDntTa2)"=K;7Di(Ta2)’,

1 P -
Di(TaZ_)F: DH(TaZ)i, + Eij_klAJkAiDa(TaZ)m
Kij(TaZ)j+Kj(Ta){:Kim_(TaZ—)Fi +XDAijE+Da(TaZ_)FA—iWA‘i-
. e B8
DVD;(Ts2) = —Risgd (T2, ®3) (9

) To evaluate the one-loop effective action, we find it con-
whereK;; =g;9;K=d,K;, and the last four lines follow from  yenjent to introduce the scalar field reparametrization cova-

the first two buaking successive scalar derivatives. Hergjznt derivatives of the variable, defined as the squared
d,=aloz', 1=i1, D, is the reparametrization covariant gauge coupling:

scalar derivative, an®;mj,-is the Kéhler curvature tensor.
Indices are lowered and raised, respectively, with thalé@ 1, i O =
metricK=-and its invers&'™. Similarly, it follows fromthe ~ P=%=9% Pi=Dip==532, p =K' Dmp=KTpm,
gauge invariance of that
. — — 1 fif
6af:fi(TaZ)|:01 fij(TaZ)JfIZ_fiDj(TaZ)lfJ, Pij:DiDjP:_EZ(fij_%)'
fii(Ta2) (Ty2)' = — £i(Ta2)!D;(TH2)', 1—

S — . Dminﬁ=—;fm=2Xpm,
fifmD (Ta2) "= — "t Ta2) "= — '1;;(Ta2)!,

fi;=DiD,f, (B4) Dj(x2pip))=x%p'pi;, DtXx2pip') =X%pp;
and from the gauge invariance of the superpoteiiahat D;Dw(x%pip")=x%p' pijic, etc.,
Al(Ta2) = Anf Ta2) "= DA, — fiffa
! a ma a B fﬂj:R:(m_jfk: _2X2pﬁj_2Xfﬁpij_ #zm (Bg)
Aij(Ta2)' + AD|(Ta2)' = DA + Kim( Ta2) A, _
_ _ _ _ It follows from [Dr,Di]1(Xx%p;p') =0 that
Aijk(Ta2)'+ AjjD(Ta2)' + ADj(Ta2)' + AiDD;(T,2)" 1 1
= DaAj Kt Ta2) A+ Ko T2TA, (B5) ol - FMpi=fipi+ S fifipd. (B10)
The tensorg\; .. ; are reparametrization invariant covariant |n addition we introduce the variable
derivatives[4] of A=eXW. Using Eq.(B3) and the defini- _
tions (B2) we obtain ' Ko —  —
. . a=A+o Ai=er (m,—m,), &, =Di---Dja.
i
ICab— ’Cba:;CabcDC' Icab(lcab_lcba) = ﬁcg)DaDa, (Bll)

(B6) The variables, p;; and 1- x%p'p;, and all covariant deriva-
tives thereof, vanish for effective supergravity theories ob-
where C(Ga) is the Casimir in the adjoint representation, tained from superstrings in the classical limi{z)=s,
Cabe are the structure constants of the gauge group, and K= —In(s+9)+G(z,z#s,s), W,=0.
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We will also need the following identities involving the 1
Yang-Mills field strength and the space-time curvature. It FpourFa PP =51 " FEFL, (B14)
follows from manipulating products of the antisymmetric

tensore,,,,, that

and, using Eq(B12) with M;=F, M,=F, M,=—F,

N Y 2 _ o’ 2 1 v

po’,uv a
VYT 1 1
pv= o CurpaVii —2r’V‘FZpF”P— ErFa Far— 5 MV”"Fg“’Ffw.
Fa FLFR Fo7=— (F2 FL")%— (F2 Fi)2 (B15)
+4F2 FOFOAFD,, In addition:
(F& FL)2=—2(F2 FE")2+4F2 F, FoHFL7, Fo [ D" D, JFL =CapdF i FOHPF S+ TUFS FLP
(B12) 1
) _ poMvEa
whereM'W is any antisymmetric tensor-valued operator. Us- Zr“” Fa Foo- (B16)
ing the first of these gives
It is convenient to isolate terms that do not contribute to
Tr ALY pCWD‘”’=ZTr[(D-A)(B-C)—(A- B)(C-D) the S matrix, using the classical equations of motion:
N2 o -1/2 wod N\ 1 a\J
-A*'B,,C,,D"], g "“L=-K,D,D"z —V,—;Da(T z)°K,;—1/2f,
v ~o’ 1 ~ =Y —
TrA*'B,,C ”DUV=ZTr[(A~B)(C-D)+(D~A)(B-C) e i,J
V~ o , _j ,
-A*'B,,C,,D* 1,
— 1 — _ -12p, _ -1/2
TrA*B##C,,D,,=Tr[(A-B)(C-D)~(D-A)(B-C) (XQ) " Lau=(X0) 0, G
_Auv o ~ Jy i
A*'B, ,C,,DP’], _ Ty _
po = uv ] _D fauﬂ"'favMT'i'ﬁKim
FaFa’=7 G’ZFZUF”U (B13) X[D,2"(T,2)'~D,Z(T.2)™]. (B17)
It follows from the symmetry properties of the space- t|meThe first of these gives, in particularM@=m,m,,
Riemann tensor that Mx m,m,):
fi i [N 2y _ivp2 4 i yr) 1 ; Yy i v 2 j i
\/_§£ = \/—aﬁi =—VX—iVy—-2x"p'piW+ ;(&Vx+|ayy)(a x+id"y)—2x°p;;D,2' Dtz
+2xe X(ZaA—aA) + 2x(V+M2—M2),
- VX d,XI"X X L\ ayox _~ o
— T'D’“Z LitH.c= —D“z KinD"D,z"+H.c.| — TV+ —Z V+ZF +TFF+totaI derivative,
X
a+bX2pipi a I a+bX2pipi a j 2 ayb -Krma in Al
TD (Ta2) Li=—— 2Klm—D”zD Z"DAD, i(Taz)! +8XDM;,—2D°D°Kyp— e [ D*(T2)'AjjA +H.c ]

+{KiFij_D'uzj(TaZ_)F[(Ta ) z"+ (Taz) D Z]+H C}_a_DaK _EDMZ](TaZ)m

+(Ta2)I D2+ bXDY D, 20! p Kinf D,iZ™(Ta2) + D, 2 (T,2)™]+ H.c} +total derivative.
(B18)
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We absorb a part of the one-loop correction into thél€apotential; a shifK in the Kéhler potential gives a shifh 5 £ in
the Lagrangian:

+H.c.. (B19

e KAA+ D, (T2
2x" @

1 ~ — — . ——
— A L=— 6KV + 5Km{e KAIAT+ D, 2 DHZ™) — [ 5K;

Vg

Taking 6K=D, the last equality in Eq(B18) can be written as

a+bx?p'p;

x\g

_ 2 _ - o
DA(Ta2)' L= (a+bx%'pj)| =ApL+2D[e aa—3M7—3ML — V] + KK 7D, 2 D 2 (T,2)™(T,2)" + H.c

Vo
1 _— .
+|—Da[K ~T.2)'D“Z"—H.c]— 22)[3 XX+ d,yo"y] +bxD3 D*Z*p kaK mD,z"(T,2)'

+D,7 (T.2)™+H.c]+total derivative. (B20)

APPENDIX C: MATRIX ELEMENTS AND SUPERTRACES

In this appendix we list matrix elements of operators appearing in &g8—(4.5 and traces needed to evaluate the
divergent contributions to the one-loop effective actiérg). Notation and conventions are defined in Appendix A of |, and the

relevant part of the tree Lagrangifh0,2( is*?

1 —— X iX— — —
\/—aﬁ(g K,f)= r+K|m—D“zD m_ZF F“”—%FWF’“’ V+ 5)\12))\+iKim—(¥[“IZ>X'L+¥EIDXQ)
—KI/2 Al i NE) —ym. 1 1 nv i
+e fA)\R)\L AinRXL+H'C' + I)\R 2Kia(TaZ) _Zfi,Da 40'MVF f XL+H'C'
+ L+ four-fermion terms,
1 1— 1— ,
\/—éﬁfzwﬂ (iD+M)Y* g, =7 4,y (ID + M) Y'Y,
X— VP A M a 4 . 755m, o i 1—- s a P i
— glﬂM(r YNaF5, b, DZ"Kimy*Lx _Z‘ﬂﬂ YsNDa i, yLx'mi+H.c.|,
M=(M)'=eKqWR+WL), m=eK2a,. (C1)
If we define
1 i InA?
STrF=TrF¢—ZTrF®—2Tngh+2TrFGh, - \/—372 , (C2
whereTr Fg is defined belowsee Eq.(C24)], the effective Lagrangiafd.2) is
1£ A* STH+InA2 ST 1H2 1HnLlG GH'|+T C3
N 72 R P I A v ' ©3

2n1we definedeomj 1; here we denote by*"?” the covariantly constant tensor—see E&R3). With this definition there is no factor
g~ Y2 multiplying the FF term in the Lagrangian. See also footnote 1.
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In the following subsections we list the matrix elements that f fJ 1 ~
were not included in I; the subscript O refers to the contribu  (V,.V*)i3=;5—vi=g 2T (P o, F 1R T,
tions without the Yang-Mills sector that are given in Appen- fa
dix B of I, except that ordinary derivatives are replaced by
gauge covariant derivatives.

The contributions t&TrH from each supermultiplet have X I i
been given if13]; below we list the analogous conﬁributions 3= (V9= = g pu(FR FL, 1 P F ),
to STrH? and STrG?; we drop all total derivatives.

|
. I 1‘] = —_ 7
1. Boson matrix elements J

As in [9] we rescale the quantum gauge fields:
A= \/QA#. Then the operatdr 4 can be expressed as

1 1
Y —5(D, D+ D,D,)K;Z’— gle;pFa

,uVlZ
ZoHo=H+X+Y—N—S—K,

i
il "Fi,,, |,J={_,,

®'ZyHe® =2'H, ;22 +h#*X,, ,,h?7+2h#*Y 7'

— ABN, A" 2APS, 7' — 2hHPK AP,

(C4 1 r
XMV,p(T:(XO)MV,pO'_ZP/.LV,pO'DJ’_2 MV, pO )\ng

with, in addition to the matrix elements &f;, given in I,

1
(fa fava+fa fauo') 16(~7:2,)\]:2ng0'
Zi,a,u: Z/.Lv,ap: 0, ZaM,bV: - g,u,v5ab . (CS)
+f?/‘)\f')a\pgﬂa_'—fi}\faa)\gvp_l—f"s)\]:a(r}\gp,p)a
Using the results of9] and Sec. Il above, the elements of (C6)
H,X,Y are modified with respect to those given in EB3)

of I by** _ .
where f,=f,(f;)} for I=i(1), etc. The potentiaV=V+D

now includes theD term D defined in Eq.(B2) above:
Hiy=(Ho) i3+t Diy+aidagtvi— (V, V)3,

1 1 —
(Ta 7)"K Di=— 5 fiD+ DKt T°2)",

. i .
:51:_ T,z ! ia

UVim=vmi=(V, V")im=(V, V*)5=0,

01— 1 )

Di':ﬁfifjp_ ﬁfi’Da(TaZ)J_ f IDKin(T2)™
BIn (B21) of | 3STrH? should be modified as follows: the last

term in the first line should be multiplied bgX, the term +E(-|- Z)J'K,_(-l—exz—)FJr ED D,(Taz)j

— 5re”¥A;;All should be added, and the third and fourth lines from x e x & '

the bottom should read:

1 _
N-47 _
+ ——D, 2 DD DT KK Dij=xpii D~ 5 2Pa(fiKjmt fiKim) (T°2)"
NHLT 1 _ _
B D,2"D*2'D,2"D"ZKi7Kim + ;ijﬁTaZ)mKiﬁ(TaZ)n. (C7)

+%D 2D, 7K mR( D 2 D2 - D' D7),
The additional nonvanishing elements &4Hgq: are
In addition, the term —gD/_LZD ZmK,m —(D"ZJD" —Nagbrr Sapis andK,, 5,, with®®
—DVZiDHZ™) should be added to the rlght hand side of

1ZSTrGM G*"” in the same equation.
The Lorentz indices iJ,; andR,; in Eq. (B3) of | should be ¥n [5,9], there is an additional graviton-gauge mass term
contracted. Q3 this term drops out when the prescripti¢h10 is adopted.
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1
Na,u bv— g/.w ab+’Cba_ Efapa'fgg +2Cabc + (5 ap,pfbvp_favp]:bp,p)
x2 , , 1 i VX 9XdPX  d,ydPy
_?pip fap,pfbv +favpfb,u - Eg,uvfapa'fg _g,uvﬁab W_ W-i_ 7
V,x adxdx 4,¥d,y
wv ury unY %y
2 K X k|_X —i T vJ
Sa,u,I: *i WKIK D;L(Taz) - E(Taz) - §p|\](faV,lL+|faV/L)D z
1 v 39" — T v,K
+Rf D -7:a1/,u+ 2% (]:auﬂ"_lj:av,u) +2D"z KIK]:a,uV!
i,j,K
I,\],K: ——
1J,k
a 1 /! /! /'O /o
K, p__E(DMf?/p—'_D fa Dtz (g,upD ff;v+ngD fi,u) (g,up]:f;v gvpfiu)
3(90 ~ ~ %
(QM)JTa +9,,75.) g (&,Lyfa 0¥ F ) = 9unFop 2y (C8)

In writing the above expressions we used the notation in ERY) and (2.3) and the first identity in(B12) with
=Fa, M,y= ]—'b, Mz— — Fp . The inverse metri@ ! must be included in evaluating the traces of these operators, which
are defined such that

TrHe=TrH+TrX+TrN, TrHZ=TrH2+TrX?+TrN?+2TrY?—2TrK?—2TrS2. (C9)

In the expressions for the tracBso be given below, space-time indices are raised githand scalar indices are raised with
m
“ F.inaIIy we need’
G,,=(G;+Gg+Gy+ Gy, + Gg,+Gyi) v »
]
(G2))=(Gh, ) *iF3,Dy(Ta2)!, 1= {TJ_'

(G2,)5=(G3,,)). I.J={';J,

1
(G;Lv)aﬁ y6— (GOMV)aE,75+ Z[f?yﬂfayvgﬁﬁ_’_fa F. 51/913}/ f%ﬂfayvgaﬁ—}_faﬁﬂfa&Vgay_(MHV)]v

v,y &*yﬁ X

2X 2x?2 (’W_)V))

1
(G?/,V)ap,b(r: gpo’ CabCF;V—’_ E[fa)\uf:; V_]:a)\l/f?t\) /,L] + 5abr(rp,u.1/_ 5ab( €ovoN| T oy

1
- 5abm[(?)\ya}\ygpvg,uo+ (?O'yé)vygp,u,_l— [?pya,u,ygvo_ (/*L(_) V)]

%There is a term missing from Y# in I: namely,
—4D,Z"D¥Z2"D, 2 D*Z Ry + 4D,2"D*2 D, 2 D'Z" R

YIn Eq. (B8) of | the expression for R,,R*” should be multiplied by 2 and the fourth line of E@B8) of | should read
(G,Su)'yé,aﬂ:5aﬁ,p0(r‘;ﬂugg+rgﬂugg)'
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1
+ E[fao,ufbpv ‘FapﬂbeV+X plp( aupfbvo+FaMpfbya)_(MH V)]v

X =~ I’y S~ i
(G?J,Zv)ap,lz(G/gLi)l,ap: _D/A Epl(favpilfavp) _Ep,u,(r)\Wfl(]:availfavc)_(MHy): IZ{T-
iXp| ~ ~ |
(G api =~ MG ap= * 5 [FauFapst FppFaaw— (meow)], 1= [T

1 ity Nty
(G,.w)ap aB™ 4 gﬂp no 2x v Epupn ]:aav+ gapD,u_gep,ua}\ faBV_(ﬂH V) ’

i ay 'y ,
(GMV)aB ap ng no 2X pp,ﬁ)\ Faav+ gapD,u, 2% ep,ua)\ faﬂv_gaﬂ Dufapv_gfpuo')\g v _(/-LHV)-
(C10
I
2. Fermion matrix elements X 1 1
— op| _ FHVED _ a
As described in I, we take the Landau gauge condition +2(‘r"PFa (40 Fiuv x75D )
G=0, where 1
J— ) - ) _ _ﬁ i
G=—y"(iD — M), — 2( D2 K;RY"+ D2 Kk ') D,2KD T 5 76l v 71D, 2 KD,z
X vp a H | a (014)
+ EO' )\aFVpJF 2|m|X - 'ySDa)\ , (Cll)

The metric for the gaugino field, as obtained from the
classical supergravity Lagrangian given in E49) of |, is

After an appropriate shift in the gravitino field, , we ob- Zab=dapx. Following [5] we rescale the gaugino field

: - . ' . .A=+X\", so for the rescaled fiel’, Z,,= &,,. The matrix
tain for the bilinear fermion couplings of the gravity sector: elements oM, are given by Eqs(2.17, (A11), (B9) and

(B10) of | and by*®

which we implement by introducing an auxiliary field.

1 1— — . o
\/—§£¢+a=—EW‘(lD—M)wﬂ—a(|D+2M)a+|x¢MF§)\a . o K2 _
o o o b:(Mb)*—ﬁgm)\, m)\:_ 2% ka y
=24, (D*Z"Kimk x' + D*Z'KimRx™)
1
X v v
_#EUVP)\aFip_Zim”(l‘i"}/5Da}\a>. (C12) Ivlla: 5ab(mb|+Mgl O-,U.V)Y MLIZEKIJ(mJa—’_MSLao-p.V)s
To obtain the ghostino determinant we use the supersymme- i (1 — .
try transformationg10] mai:miazﬁ ﬂfiDa_ZKiﬁ(TaZ) =M
i)' = E(7DziR—im_)e iéxmz[l(@?‘L—immR) € ix ~ i
2 ’ 2 ’ M&'=—-M{'= 4P|(~7'—”V1'f§")y IZ[l_’
: H 1 a VE! v
oy, = |Dﬂ—§yMM €, 2Mg=—Mg=m,+ Mo, ,

| i L 2ME=—M2=m_+M“q,,,
i ON2= Z)f’“y"FZV X — ysD? (C13

yielding
(C19
D?+H —@—DMD Loy D,,D,]-i[D,M
Gh™ ae_ I 27 7[ o V] I[ ’ ]
. - ¥ quation(B10) of | should readVi{'= —2Z,,D"*z’,M|,=D,7".
—2MM +m'm;,+ D+ 2imDz"L + 2im;PZ' R The equation before Eq2.16) should readA=e W= ekl
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with covariant derivatives as defined in Eé\21) [see also (DpM)I =D,D,Z' + ML
Eq. (B11) of I] a e
_ (D,M)=D M}+2K ;D42 75,

N — —KI/2 M 4 i
D,m'=—e D, z"ap— ﬁ+D#z'

£
ia_xpikAkD, |
(D,M),=D, M, + D2 72,

- Sy
D,Maa=D M a—i ﬁMaM’sv (DPM)h=—MEFR?,

9y L (DPM)z=M§f';p. (C17)
D,Maa= D Maati5—-Maays, A=im,a, . . . .
2x The nonvanishing matrix elements &,, involving the
—~ ) - ) S— . gaugino field are
D,M4’=—-D ML'=—(D,M5H* (D M =) . . _
(le)abzcach V+5ab(iruv+|75l-,uv+z,uv)

iX d y L~
= 4 Pi D +i—— +D Z Pij (fa,u,v_lfap,v)i +(.7'-a ,LL<—>V)
D pMai= D pMia= (D ma_).* (Giy)ap:_[(DM_'—i')/SLM)J:apv_(/»L(_’V)]r
(GMV)pa [(DM_IYSLﬂ)fapV_(MHV)] (C18)

i f, _
=—|D (— 2id,y—d,x]—xp;i D z')
&[ | L2 9Y = 9170 D, As in I, D, is the gauge and general coordinate covariant
oy o B derivative,I ,, andZ,,, are given in Eq(B13) of I, and'®
+ 5 Kim(Ta2) ™+ 5 fi(Kji(Ta2) "D, 2 + H.c) 3,y
=VxF,,, L,=- o

—2Kimﬂ3waz_>m1>pz_ﬂ,

1
. Lﬂy=ﬁ(aﬂxavy—&vxaﬂy). (C19
D maa (DMmaa)*
The other matrix elements @& ,, are as given in EqB12)
1 274 D 2T of I, except that now the chiral matter connection includes
7 Kimf D2 (Ta2) ™+ D,2"(Ta2)' ]_ : the gauge field:
L (Gun)3=(Ryu)y=iF},Dy(Ta2)' + 85(Z,, = Ty,
D ,M“=(D, M~ *=—SD, R (C16) i
1d={_—, (C20
Herea is the auxiliary field introduced in | to implement the LJ

gravitino gauge fixing; its couplings to chiral and Yang-Mills where R ).J is defined in Eq(B8) of I, and they-\ con-
y2a )

matter are given in Eq(3.10 of I. In addition, there 'S @ nection gives an additional contribution to the gravitino ma-
N -y connectior5], (D ,)a,=(D ) ya= — Fas » that contrib- . 0

p > _Lavu . trix element® of G,
utes as follows to the covariant derivatives of the fermion ®

mass matrix: (Giv)ptr:gpa'(trp,v—{_zp, ) pa',uv+( aa'V M(—(éjz)l)
(D,M)a,=—(D,M),,=—e "%F,,,,
, . Finally, in the 8<8 matrix notation of Eqs(2.14—(2.17),
(DPM)f'=—2K;DPD*z’ =~ M F,”, settingG,,, =G, +iysL .,
He= M®M®+ [y Y ] —iDMg— ZD”M LY =4y yoMgpM’éU—ZLML”-I-iD'“LM75+2iy#ypy,,y5[L”,MgV],

N0 _ N vpp ©
D9=D,+2y'M,+,,7sL",

~0 _~ ~ (€] ~ (€] o (€] C] (C] 0
GY,=G,,+2y"(D MO —D,M? )+4y’y" (MG ME —ME MO )

%We use the notatioh,, ,L ,, , to denote the field operators defined in BQ19), and also the matrices defined by these fields multiplying

the unit projection operator in the space of gauginos, as in Bd¢®, (3. 1]) (A22)—(A23), (C22), etc.
“The last line of Eq(B12) of | should read G )%= 82(ysl' ., +Z,,,) —

a'up.
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+[apﬂ(y55VLP—2iLVLP)—(MHV)]—2inLPaM,,—4i[|L,M2,,]y5
=207, ({LP MO} =i[LP,MP, Ty5) +{L,, . M§ }y* = (uev)],
M®:m®+MgVO'MV:m®+MO.. (022)

Then, definingHg=H;+H,+Hjz, with
Hi=MgMg—4y"y,M% M4,

Ho=—iDMg—2y"D*M},+2iy,7,7,ys[L"M§'],
1 o~ ~
Ha=7[7",7"1G,,— 2L, L*+iD L, s,

G,.=G.=Zu, (C23

we find the following tracesTr includes the Dirac trageTr1=8Trl, where Tr is over internal symmetry indices only:

1 1 E—
gTrH1=§Tr[m@m®—ZMZ)VMg”]:Tr[mm—ZMWM’”]

1 2 a 2 i 2 X a cuv

=5 Tr(M§)o+4K5—2D(1-x%p'p) +NeMi+5F7 FLY,

1 2 1 2 MU\ PON2 y3% (€]
§TrH1=§Tr[(m@m@) T(0,,0,:Me" MG )“+4mgME mgM ;,

+16ME"M O, (MO M = MEM )]
_ ) 2 .y 7y N AV N e N LY ' N ALY 2 N LY Ve
=Tr (mm)“+2mM# mM ,,+2M#*mM,, m+4M , M, ,M#*MP7+8(M*# MW) —16M#~#*"M*P MWMW],

(C29
and using Eq(B12), partial integration and the relation
Dy*y'M,,=2y"D*M,,+2iy"D*M ,, ys, (C25
we obtain
1 2_ 1 ; N ALY ; N nun2
— §TrH2— — gTr{—|Dm®+27,,[LM Mg+ 2iy,ysD,MG"}
=Tr{5#ﬁ”m—45#ﬁl7”5"l\7lpv
—4[L ,MAPI[LY, M, ]+ [L, ,m][L#,m]
(L MIMA L, mIM )}, (C26)

whereI:MV is defined in Eq(3.11). The remaining traces needed to evalubtél g ,TrHﬁ) are

1 a,yo
5TrHs=(N+Ng+5)r—2Ng “3)/(2 Y

2

1 5 5 r
ETngzNGTrh3+(N+5)Z

1
—Tr([I},,LMD2=ZTr (GG,

1 1 r O rpuv~ s~ v
ETr(HlH3)=ETr[(Z—zLMLﬂ)Hl—zngMg D,Lr—iG!, {M&" ,me} |,
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1 ~0 Apuv 1 = = ~ vo v, v v
STrGR.GE =5 Tr{G,,G""+16G,, ME"My YoYot 8D,MO (DM —D"M4P)+16(D M4 (L7, MO}

-D M‘“’{LPM ) +4[T, LT # L ]+ 2([T ), ,L*])2=32AM
—32M %, M7 (METME —3M "M &P) +80L ,L"MEM ) —

+NgTr(§°-9%),

whereTrh3, Trg? andTrg? are given in Eq(C66), and
FL is the gaugino-gravitino connection.

3. Ghost matrix elements

For the gravitino ghostd g}, is defined by Eq(C14). For
the bosonic ghosts we have

th:(H ot

P
2#931”

1
HSE: Kapt Kpa— 5Fn flbw_ Sab ox 4x2

27w

(sz aﬂxa/‘x)

1 "X
H,%,g: _Dyfauv'i_}—‘a,uvﬁ + \/Eqa,D#z',

J2
(I, = = —Dv7%, - 73, 2 V2D,
(C28
(GP) o= =Tyt [ Faov— ()],
1
(G )ab CachMV+ [fapu V—(a<—>b)],

A 1
(GHh)2,=(G%) 2=~ 5 PP DA (€29
4. Chiral multiplet supertraces
Defining
1 2_ iyl ij 1 1340 X —
ESTerzHJ-HiJrHin —gTr(H@)H,J), has=(mm)q,
(C30

we have

1 x*(p'pi)? )

g Tr(HY)?=Tr hi+ —=—D,DF} F{",

i~ e KA AT A AT I DK T
(hX)i:e (AkiA _AlA )_ZD#Z 'D’MZ K|m7+ mflf D

1 1—
f iD,(T32)) — —zf‘D Kin(T?® )

(€] vpy © o (C] (€] vo
/.LVM% Mpo'Ml(:) +MVPM6PM/JATM®)

vppy © ~ Vi) v,
—80L,L°M&"M®, +24D ,L*MO My
(C27)

2 ] i
+ (T2 Kin(T2)",

Hl= (") +8(V+M?) +R]

kmi

(e KAKATL D A DHZT)

1 — 1 .
+ mfifID—F ;DaDi(TaZ)],

Hij = e_K(Ajikﬁ_ AijA_)_ DM?DILZ_F(ZKJHK|m_+ er?jr‘l_)

1 e
—ﬁpa(fiK,-m—+ijimﬁ(Taz)m—xzp”W, (C31)

where

1
W=W3, VVaI—(Fa FE"—iF? Fg”)——ZXZDan
(C32

is the bosonic part of th& component of the chiral super-
field WAWE, and Wa=\2+0(#) is the Yang-Mills field
strength supermultlplet Thus

x*(p'pi)?

7 Lo+ WRD)D_ D, +4D?],

1 X\2 2
gTr(Hl) =Tr hi+

X\2 — X\2 E X:E X
Tr(H%)“=Tr(H%)g, TrH% 8Tr(H3)0

8

1 X\2 1 X\ 2 1 i bo\ipa puv
§TF(H3) :gTr(H3)0+EDi(TaZ) D](T Z) F;LVFb

—2iF JADj (T,2)' lek

+D; (Taz) Ko | DHZ*D"Z™,

1 1 r
—TrH’3(H’1(=ZTr(H{{H){)O—t)‘wL il hX,

7 (C33

where
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Tr hx=e XA A; —V—3M2 - 2D,z D¥Z7K 5+ x2p! p; D+ 2K3,
=

1 i
(xWab+ 'Da'Db)p”(TaZ) [2(T,2)! +xpIDy]+H.c.|+ 2x p pI'D 2D, 7KDL (C349

and the chiral fermion contributions to the helicity-odd operdtare

TX=TX+TY,

TY=[X*" (M, MG, ) = [XE (M, M)TH(GL )+ T ETH(M "M, ~ MM )]
1., 1

— 3 v a vEa

—tX+§X p'pi| ryFPFS 4rF“ Fovls

T§:§(MWMW)}(MMMP(,){'—2[(HMW)}(FMM){+H.C.]
X8 2 _ x4(pip:)2

= (p p') e LN ng)z]_—(pSP,) D,D°F2 FL. (C39)
Then we obtain

STrH,=STr(H )0+ 2X D,Di(T?2)'+2x%p;p'D

1 1 . 1 . — . .
5 STrH} =3 STr(H})o— TA+2xpip' DaDyK**— - DX(To2) ki = - 5 CEDa D~ (Wap+ Wap) Di(T°2)/D;(T?2)
x*(p'pi)? 1 1

— g WP W DDy + Xl py| AR~ ZIFETFS,
x2pip:
—r| K3+ ;p'

D | +2x%(pip')>D?+ 2D(6M?% — 3MZ = V) — 6x%p' p;M2D+ 4(V+ M2) (K2+x%p;p' D)
£k -K
k..+f_ o
P ij X Pij

—(T,2)' (Taz)manlAkAw 2e KD(aa'+2aa+ A,JA”)

—2e KDFIAIA,

_— _ ryd . 2 ~ .
+—e ¥{[a(2A a)—aijA'+AkA'(x,)kij+pijfk)]Da(Taz)J+H.c.}+;Da[(v+M3)D(Taz)'
— ek 4 —
e KR ] iAkA“Dj(Taz)']+T Da(T?2)'[4A;Al + R/ kA/Ak] D| 2a,A -

—

' —
AJ

“ZJ

+H.c.
X

4 L )
+x%[2D,2' D2 pyW—e” Kp”(A“kAk A,JA)W+H c]+x* p”p”WW——D'“ZD Z"KmD,Di(T?2)!

- F(&an“xﬁt (9My(9“y)(1+2x2p'pi)D+Da ?fﬁDMmeiﬁ(Taz)'D“z”+(W(Taz)'—Wab(sz)J)pijf'Jr H.c
2 jrTasn._ 1 irTasn 1— 105 i
;(Taz) (T Z) + ;DaD (T Z) + Pﬂj"’;fﬁ)ij Dtz DMZ +H.c.
niijﬁW— 207D

(TEZ)™+H.c}+2iF2 [ Dj(Ta2) R+ Di(Ta2) K| DHZ¥DZ™
ix2p!pi D, 2 D, 2K FDFL" + 4X(Vp (To2) (To2) + H.c)

(C36
where

+2D,72DFZ™R

nimj

[2(T32)ID,— D]

+{D,Z'D*Z[x*R

k=

Dik, k=e KA;AT—2V—10M?%-4K2. (C37)
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Finally we havé!

3 i

V__ 14 X pp 14 r 14
—STrG,X”G; STr(G,X”G; )o— reFs F P—ZF;VF”
6(10 p|)2 ~
+ o [(F& FE")2+(F5 FE)?]+ 6FZVK ~DHZDZTD(T,2)'. (C398

5. Mixed chiral-gauge supertraces
For the Bose sector we have}’=—S, and

2 8 i M I*X i am. ao'?MXé"“X
TrS" =2 Kiml D u(Ta2) I1D#(Ta2) "]~ 4= 7 [(Ta2) KimD ,(T2) "+ H.C. ]+ 2K3— 7

—x[ pij(T?2)'(Tp2) F2*

2 2
~ — S ~ X 3y~
X (Fy,—1F3,) +H.c]=2i[xpmiD,2"(T°2)'D, 2 (F4"—iF L") —H.c]+ = pip' ( D’,j]—";f’+7y}"§p>

a,yd’y 5d,Xd°x

99, Xd°x  4,yo"y
v P P
2 + 2 ) Xpip +

16 4

d,y X
+Xpip' FV'“Fa %

X
— \/T—( D FiP+

+FuFe,

feees

avy""v i i = \& i
7&’-‘;’) [f'py DHZ(FE,—iFE,)+ H.c.]+7Xp'pi

3.y~ -
D, Fy+ %]—‘2”) (9“xF3,—2d"yF2 )

d,X i d,y

2 4

B Fg”':?aw{ 16 8

0] 3 pm 7% a 3(9/3)( aPy 0] £
DZpr-I-HC +xDzDz p”pm +FFF +i—- | DPZp;f'+H.c

x
w

+ D2 'Dﬂ_mp”pm} —EFWFE‘ [i(9,x+13,y) D2 py;f +H.c]+8xFLF2 K2

/! TV (?/'LX nv a _H a /! VP 3d y(yV upea vupEa §VX(7PX
J_DM]-" — eI 2)'KimD,z"—H.c.]— ZTF DI —— g FaFL,—FFo.—
+2xFy4F8 [4DPZD,Z 2K+ X(DPZD"Z pjj + H. C)]——XZF;“Fiu(DPZJDPZip”—H.C.). (C39

In writing this expression we dropped total derivatives and used Bi) and (B12)—(B14), as well as the Yang-Mills
Bianchi identity. In addition we used Eg83)—(B5) and (B8) and

VXpij (Fe =i F")D, 2D (T?2)) = — D, Z'p; (T22)I (VXD Fyt— iF2#a,%)—x(T22) (FL#—iF i)
X (p;;D ,D,Z + psi; D,2™D, 2 ) + total derivative,

—iF3 [D*Z D'Z"K5Di(T,2)! —H.c]=total derivativetiD*F5 Kinf D'Z™(T,2)'~ D”z(T‘,jlz)m]erFa FErKh,

F2,DAD"Z =

IE FEY(TP2)", |=:_ (C40

To evaluate the fermion matrix elements we (623); we have
1 X9)2 2 o W YIAN ey ay (MAYAY (N a
gTr(H1 )e=Trhig+2[(MMAY) (MM )7 +(M#Pm) (M, ,m)i’+H.c ]

- X e X . o — . —
=-T{%+e *D(2a;a'+8aa) + 2D(V—M3) + T{4(Taz)'Aij (Te2)!(a—A)—2[(T,2)'D°Ajja’ +H.c]}

2The term+4D,2'D,Z K R7{ D*2'D'z"— D'Z1D¥z") should be included on the right-hand side of EBL4) of .



912 MARY K. GAILLARD, VIDYUT JAIN, AND KAMRAN SARIRIAN 55

e K A — . e .
+4T(Taz)'(TaZ)nAkiAl:Tl-ZMi[Zng-l-(3X2p'pi—4)D]+27{ai(a—A)[f'D—(TaZ)'Da]-I-H.C.},

B %TF(H)Z(Q)zz Z(B,uﬁ)ia(aum)ia_ S(B#WV)L(BPMPV)?-’_{[I:MV ’F]ii(M'uV)ia-’_ [I:,U«V ’m%(MMV)g]_+ H'C'}

+2[L, mIL[L# m]2+8LIL (M) h(MA7)? (C4D
with
x*pip ay~, \* xpip 1
[N _ [ " v i 1" =v v
—8(D,M#")(D’M,,) 2= — 7 ( & M) +T( XD FPE+ 9,y F t—5d,xF “)&PXFW
xpip' [ 1 , 1 = , 1 L= ~
+ 1 8apxanF *E, +Zapxa”yF KB, —d,ydPYFMF +§{DPZpijfl(Fpﬂ iF,.)

_ 1 S — _
X[ XD, =19,y (F - IF ") |+ H.o = [ D2y T19,X(FF,, —IF"F,,) + Hc]
x3 x3

—?DPZD z p,]p4:”'“F +§D’]ZD z p,Jp4:"'“F

v
N » P Pi Y Y
8LPLM(MPV)'a(|\/|“ )Ia (4(9Vy(7”yF F “—ﬁpy&PyFWF” ),

{[ W,m]a(M’”) +[Lw,,m]—(M‘“’) mH. ct=139, (C42

and, using Eq(C40),

2(DMW;(D“m)?+2[LM,ﬁ]'a[l-",m]ia:—2(9)(—2X[(Ta2) KimD (TZ)™+ H.c]+ — K.HD—(T_) D,2"D{(T%2)'D*Z

+AXKCOFS FEY+Xxpip' {KinK DA (T,2)"(T?2)' D, 2"+ (T%2)"D,Z ]+ H.c}
—&“Xpip'DaKJﬁ(TaZ)JD’uZm-I—(TaZ)mDHZJ]
—2{K;(Ta2) ™D, 2] pi( T22) D#Z+ prant T2) "D¥Z2" ]+ H.c}

l P —_— —_—
- Z'Da{pi i D, 2 K ik (T22)*DHZ™+ (T92)™DHZ] + H.c}

i k a5\ | Zi{?#y a5\i k
+2D,[ pijD,Z D*Z"D(T2) +H-C-]_TDa[Pik(T 2)'D*z"—H.c]

i
(9,X0"x+3,yo"y) %DJF 2x2Dp;; D, 2 D7l

m

2 R . . ,
+ ;F"awﬂVmeTD#Z'(TaZ)m—X'Dp'pileuZ'(c?#X-i- 2id,y)+H.c.

+4xF3 FLPD, 2 DZK i+ K

nr'oa

a 9, XdHx B a,yoty
a X2 X2

2y g O F“”)HD Z'(T.2)'~D,2(T2)"]. (C43

\/_ I

We write they-\ contribution toT as

TO=T39+ T30+ {0+ t49=T, ,+t59,
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_ A : __f
T}%=—4(mM#")(mM )8+ H.c.=(xXW+ D) szlpiM}z\-F(a—A)a'z—)l( +H.c.,

16 ~ — . ~ — 16i — .~
t39=— Z LD M)a(D M)+ LIL (M) a(MP#)]+ - L[(M,)a(D , MP#)F—H.cl,

P Pi ,uy

9=~ 5 Oy I XD F2,("XFL"— gPyFLY)

TY9=2iL"m?D,m}+H.c.

i Iy %0 y
= =29,y0"ypip' D+ 2~ ~FL"[KinD,Z (T2) )M+ H.c]+ A F DR
'9,Y il Dl 4 azymr a\j 2i a [ j
— D7 | Df pij+;K]ﬁ(T 2)™D;(T%2)! | - +YD oy pij(Ta2)' D, 2 —H.cl, (Ca4

where

8iL7(M,,)4(D, MP*)2+H. c——[DPz p”f'(4(9,,yFa Fi'—d,yF4"F5 ) —H.c]

plp

PY[F3 (VXD FE"+ 9,y Fi’— 3, XFL) + 0,y F3 F&v]. (C45

In addition we have

Tr(GY9)%=4 (ng)ap,(ng)'ap—Tr(GX9)2—64(D Myp) (DEM*P—D"M#P)2 —128[L”(Myp)a(D M#P)8—H.cl,

ya%
2

1 L —
—Z{Dpz'piij[Fg”FZVﬁpx—|F’”Fa (9, x+id,y)

Iy~

e

+4i9,yF3 FAT+H.ch+ (VXD FE + 9,y FE) {2%p! pidPXF2,

Fav

6B, 1, B w2l o172 22

+[(F3, —iF2 )DPZp,]f1+H cl}+FA"FL,

4p,p "o XﬁpX+X3pijpjm4)pZi'DpZ_ﬂ

Plp

—FA'FL LY 3 X~ FEPE2 [Xpip!(d,X0"X+23,y3"y) + 4x3p;; piD, 2 D'Z™],

(C46

Using the classical equations of motitB17)—(B20), we obtain, withk!= —4K3

x%p'pi

Vg

1eri2 , iy AT AT Ky | kL 2 e i STE KL IAT 4
ESTrHXg=—TXg+(D#zD Z"+A'ATe™ )| ki— ;(T 2)(Ta2)"Rimjn] —€ “(kfA'A+H.c)— ApL

X pp'c caﬂ+2 pp'{waﬂ[K TUT.2) — Hoo ]+ DA(T.2) L)+ —=?] xp!pr iy

gx imDy a -C. a I \/a a) Xp Pio"YF,,
_i

5 5P DD(F3, —iF? ,) T H. c” ZSTreig—t§9+4x2pipiD[3M§,+V—e—*<a?]+ 10x%p' piDM2

+4x +H.c.|+2[ixpm; D, 2™(T%2)' D, 2 (FL” — iF4") 4+ H.c]

1
p”(TaZ) (sz)]< Wapt 2% 572PaDy

3Xp|p , , ~
— (F"*— iF )(F put1F ;) (0,X0°X+3,yd"y) —

1
et s d,y3,XDPF4"—AMZKS
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+£D(5a X3"X+33,y"y) —iXp'p; Ki—f DPZ™(T 2)' — DPzi(Taz_)F]aMyE‘;p

ow
IH*x o'?yé’

— 2X[(FLMF2 —iF M2 ) DPZ'DZp;j +H. c]+2—Fa D) FpP+——

G

) —e *D(2aa’+ 16aa) + 2D(3V+17M?) + 4M2(D+K2)

2x3p M2+ (a—A)fiale K—(9,x+id,y) D2 p;; | +H-. +2x2p;; pDD, 7 D7

FMPFa

d XX 9, yIPy
X X

+F;"“F‘;‘ﬂ(

+ T{ZDa(TaZ)'A” (al=2Al)—aj(a—A)[f'D—-2(T%2)'D,]+ H.C.}—4XIC2FZVF{J“’

— pip'[(*x+ 2i 9*y)K i Ta2)I D, 27+ H.c.] D?

i _
—EKiEfD ™(T,2)'— DVZ(TaZ)m][fp,]DPZJ(Fa —|Fa ) +H.c]
—2{K;i(T22) ™D, 2] pir(T22) D2+ p (T2 D2+ H.c)

1 e —_— —_—
+§Da{pi i D, 2 K ik (T22)*DHZ™+ (T9Z2)™DHZ*] + H.c}

|pIJDV

nr'a

2 v 8

d9,X __
2D,D(T%2)iD,z +fJF’”’( = +H.c] 4XF3 FLPD 2 D77

d, XX 9,y D, T%" X —_— =
+/c:( 2+ | g g O F“”)K—[D (T2)=D,2(T2"
X X VX
pp ) y 13*pip'
—4 (FE'FL,0, 0"+ FLYRS 0, x07y) = =g o (FL'F3,d,y0"y — 4F4PFS,0,y9"Y),

7/ v v yP v
F2 (VXD Fer+ 9,y Fir) + —— = 1 Furpa,

1 X2pip dy 2 9Px
—STI‘G2 =—t)3(g— I (D"}—’”-I——F"”’) -f—Xpipi

12 4 Jx

1 L=
+2 [(Fa —iF2 )'Dpr,JfJ-f—H cJ(VxD), 7% +aﬂyF’”’)+ F‘”Fa JLi(d,x+i0,y)D°Z p;;fl+H.c]

3
X . 1
—Epijp% F“pFi‘pD#z D'z™ 4F’”FZVDPZ DPZ™ ) X! [F“”szapxapx AFLPES (9,X0"X+20,y9"Y)]

1
— SL(F3,0,X+4IF 3,0,y F4"p, TDP 2+ Ho]+ o Xpip)  (FuFs

wvp

d,ydPy—AFLPES o a,ya"y). (C4?

wuv9p

6. Mixed chiral-gravity supertraces

For the bosonic sectdﬂXG S; using Eq.(C39 we obtain

P|P

TrY2=TrY5+ 2xK3F5 Far+ +(F2 F")2+ (F2 FA") 2+ (F2 FL)?)

([ DLFR aux . o
+2i - —F“P Kiml D,2"(T%2)' = D,Z (T%2)™]
X
i o
=X\ piD, 2 DZIF] (F””—EF””) 2p;;D,Z D*2FS FiP+H.c.
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VX 9, X3°X—3a,yd° 20,y9" X V2 9,xd°
_Fa F;az,v I o py y + My yFlaLpFa 2Fa D//fyp _Fa F'u,, y y (C48)
ny 2 X X \/— 2
For the fermions, we have
1 _ o — L — — J—
§Tr(H{G)2=Trh§G+4[(mMW);(mM,w)i“+H.c.]+8(MWMPU);(MWMP”)$+16(MWMW);(MP”MPU)$
—32M#*MP7) (M ,,M )"
1 XG\ 2 -K AT 2\ -Kaay 2 2 2 ab
=§Tr(H1 )ot2e "D(Aja'+H.c)+4D(2Ms—V—e "aa) —2x°p'p;D —;DanIC
e K L= x2 plp
~ 2D (Ta2) Ay AT+ H.c] = o' p DD Fl = [(F3,FA") 2+ (F3LFE" ],
——Tr(HXG =2 E (D,m)\(D*m)A-8(D, M‘”) (DM,
1 xG mv i b N pmoni ~p 1
=——Tr(H )0 X F JFt7p'piD,D°—8(D M )M(D MpVi , (C49
where
= poni (N pp v v v Tuv
(B, M), (BM,, )t =~ [(F2 )2+ (F3,FA% 2+ (F2, )2+ (3, FE)2) (C50
giving

1 2 1 2 -K AT 2_ N, KAy 2 i 2 2 ab
ESTrHXeZE(STrHXe)O—Ze D(Aja'+H.c)—4D(2M5—V—e "aa)+2x“p'p;iD +;DanIC

e K TR’ 0,X . R—

+2—Da[(Taz) A.,AJ+H c]+2xF5 F“”Ica+2|( \/_a —%F{;") Kiml D,2"(T%2)' = D,Z'(T%2)™]

X

IR = [V axay\ 2d,ydy
—2F2 DIFP— —F2 F¥ (T_ |

VX

HpEa
Fa va

V32X 9,XdPx—d,ydy| 3
—-F3 F’”( > _f _ZXPMDanFZVFﬁV

Ppl

+
32

[7(FLUF2 )2+ T(FL'F2 )2+ 6(FAFS )2+ 6(FA'FD )?]

1 i~ .
—Xz[pij'DMZ'['D'“ZJFip For—5Fa" | —2D"2F Far

+ H.c.] . (C5)1)

The contribution tor is

TXC=TY+T14°,

TgG———(D M), (DM,
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xG AN AV A a 16 N PO NIV a szipi preb ma pvpeb 2 uveEb N2
TYC=—4[(MM#"),(MM,,,){ + H.c]+ 5 (MPIME) (M M ,,)f = — e[ 12F47F) DDy — (FA'F) )° = (FA'F))2),
(C52
which for future referencgsee Eqs(C59) and(C62)] we write as
xG xG 2 i 1 prpa 2 uvpea \2 1 preb a

2T4 +T3 =X pPip ﬂ[(Fa F,U,V) +(Fa F,u,V) ]+§Fa F,U,VD Db . (C53)

The contribution toSTrG?2 is
THGYe) 2= X pip'[(F3,FE")2+ (F3,FE"2],

Tr(GYe)2=X"pip![(F2,FA")2+ (F3 FA") 24 (F3 FL) 2+ (F2 F)7,

1 ~2 _X4pipi a -ur2 a Tun2 a ury2 a Tur?2

ST e =5, [(FLFE)>+(FiLFE) = (F) F&")2= (F)F4")]. (C54

7. Yang-Mills and gravity supertraces

For the remaining bosonic contributions, we h&i§ ©=X—N—K; we writeN,,=N_/,+ 8,,n, and evaluate separately in
the next subsection the terms that depend onlyw@nd are proportional tdl;, the number of gauge degrees of freedom.
Then

TrX=TrXo— 20D+ xF2 F4*,

TrX2="TrX2+ 40D?+ 80DV — 8rD+xF FA"(r—4V)+2rbxFs FiP—6xr, P FL Fs,

v upt a
3x2 NG - 29x? 5x2 -
—?(FZVFZV)%?(F"‘ F’”)2+—8 (FZVF{)”)2+?(FZVF€”)2,

uv'a

TrN=8K3+Ngn,

TIN?=8(KapKP2+ Kapk?P) +4CEFS, F A7+ Ngn?+4r Ki+4x 1—@)(rgF;ngﬂ— %er‘ngV
+ 12xcach2VF2”F°PV—4IC§(VTZX+ %ﬁ"—y) - Z(Z_szipi)&’u_: FLo.DFaf
—(DVzipijf_j+H.c.)F§P(aMxF‘jp—aszip +1T3X2[(Ff‘wF§”)2+(Ff‘wEﬁ”)z]

- X4’;”i [(F3FED+ (R, P2+ (FS L") 2+ (F3 FL” 2]—5?X2[<F2VF€”>2+(F2F§” %]
+—X6(‘g” i)z[(F,ifg“>2+(Fifg”>2+(FZVF§”>2+(FZVE§”>2L

2
3V°x  2d,xd°x N 25¢9pyapy)

TrK?=10D"*F% DiFuP+ 61 XFAPF2 —3r , POXFLF2 +6XCapdF 2, Fo MFCPV—FgVFj;V< 5 v

dpydPx

59,XdPX  6d,yd” 1 = g
N n Yo'y __D/,#fiv(lol:;\v&)\x_1]F2V(9}\y)_ZFg’“VF2V<3V2y_

2X X \/§

In writing these expressions we dropped total derivatives and usedE®. and (B12)—(B14), as well as the Yang-Mills
Bianchi identity.

+FYFS, (C55
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Finally, writing (éiy)g=(é}’w)§+@w5ﬁ, we have

49,9y

Tr(éng)Z:Tr(Gg)§—4chvag”+ NGQ2+E§VF5”( 3V2y— +X3pip! (4rVFLPFS —FS FAY)

1 2
+ 8(D;;f§”)2+ 8Xr'F2 FhP+ — F . F*7(40°%d,x—d°yd,y)— X FupF"P(0#Xd,x+20"yd,y)

wv 2%
x*pip'

x8( p:p)2
N (pip")
2

4

[(F&,F6") 2+ (F5 FE")?—3(F5 F4")2=3(F5 F4")%]+ [(F&,FE)2+(F5 FE)?

- 3x2 5x2 -
+(F3 FA")2+(F8 F4")?] - T(FZVng)z—XZ(F2VF§V)2+ T(Ffw':éw)z
DI F

#P)VT’

whereCg is the Casimir in the adjoint representation, and we used @€ and(B12)—(B14).
For the fermions we definel9*¢=H9+HC+H9®, with

xpip' , -
— T'(Fg‘ F2 o yﬁpy—4F§PF§p&Mya y)—(89*xF,,—4d"yF

wvp

(C56)

0

H3b=Hap T Jap 0 1

®(h{+h3+hj), (G‘fw)ﬁ=(Gl'w)§+5‘;)1 ® (G tivsk ),

0 1

. . 1 0|
(GL)Bb=(G0bt 3| o 1| @G (C57)

whereh;, g,, andg,, are 4x4 Dirac matrices. Then we obtain

1

X
8 ~F2 FLv,

1 N i
TrHE C=Tr (HY)o+ —  Trhy +2K3-D(2—x%p'p)) + 5 F5,

8
1 g+Gy\2 1 Gy2 Ng 2 2 a 2 i 2 2 2 iy2
g TT(HI ") =g Tr(HD)o+ = Trhi+2My[ 2K+ D(3+xX%p'pi) ]+ D 2= 2X"pip' + (X"pip')°]
ab 2 2 i ab. 1 8 i yromy irTasny
+4K Kba—;(l—x p'pi) K Dan—?(a"xaMera“yaﬂy)D— ;’DMZ D" (T2)(T%2) "KinKjm

2 . _ . ~ _ v 1 —
+7Da[(0Mx+|3My)D"zm(Taz)'Kimf+H.c.]+2D(M$,+V—4e Kaa) +xF5 F&'| SM{+M;—e ¥aa

2
1 x%p'pi  (X%p'p)?) X ~ ~
S FLFE DD\ 1= —5— + |+ el (FLLFE) >+ (FLFA) 2= (FLLFE") = (FLLF4")?]
X4pipi a v\ 2 a Sur 2

Hxd,x 3 atya,y
2x° 2x°

1 1 Ng o ,
—g Tr(H3" €)= — 2 Tr(H3)5— - Trh+ D,D°F}, F{"—2xe™“aaF,, F4'~

X ) g 1 R R .
+7D3[DMZ'Kim—(Taz)m+H.c.]—;{Ki;ij—D”zJ(Taz)m[(Taz)'Dﬂz”+(Taz)”DMz']+H.c.}

2

X ~ 1 1
- Z(FivFg”)an&(a“xavx— a*ya,y)F Faf— ax (90, X— a*ya,y )RS FLY,

1 1 N
g TTHE O=g Tr(HS)o+ - Trhg,
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1 N+5 N yo'y 1
- g+Gy2___ " .2 _G 2 ,u up a _
8Tr(H3 ) 6" + 2 Trhi+ ——— o FLPFS 16TrG g+62,
1 1 Ng , 3Pxd )y 20,y0°y x?
7 17 (HiHg)9 " C=2Tr (HiHy)5 + == Tr (hihy) — 4Fwa" (sz— . )+(r — 7 || KatZp'pD
o X%p'p; —
+(r— piz Y (4|:ij~” D)—T%GH(Z— pp')DMz‘DV KimD?F2",

1 2 uve Ta cuv 2 (9VX(5'Vy 3 pEa vp a Cuv
2TrGg+G 2TrGngGJrNGTrg + = (r —2r#r ) +F R 6Vy—8 " +x°p'pi| 2ryF Fa —ZFWF
—8(D! Fi)2—8xr’F2 F’”’—ZF SR (P — o +2F FrP(o* — 7o

( o ) xr# p — (9°Xd x—3°ya,y) 3 Fuo (*Xd X—Td*yd,y)
5Xp pi , , ~ DIFP
(F L FrroPya,y—4F , F"Pa*ya,y)+8(d*XF ,,+ ﬁ“yFMP)T
X
x° i N2 a uvy2 a pun2 pp. F )2 a pun2 pun2_ pa ,U.V
7 (P P)T(FL P+ (FL R ]+ —— [(F.FE")2+(FLFE") 2= (F5, FE" 2= (F3, 2]

2
X ~
+ 5 L(FLFEN? = (FLFE")*+5(FF F")* =5 (F2,F&)2],

puv' a

1~
STrG2 g=4(r?—4r#’r,,,)+ 200, I#*— 4CAF2 Fi'+ 16D"" F2, Dl Fik— 16" X D), Foi+ 16xr4F"F2,

2 prp \/—pvu

4
+ - (,XXF, FA"= 3, X" XF4PF} )+ AxX3(F2 FA)2—2x?[ (F3 )2+ (F3 FE) 2+ (F2 FL)2).
(C58
The nonvanishing contributions ©°* ¢ are
T9C=2[X*"(M,M)J3(G,)a—2[ X*"(M,M)TX(G, )5
3 X3Py
2X

0 #xa”x
2X

a cup
4 uv'oa vaFa ’

1
F& Fury2y+ Fa F’”( Viy—

v AN ’ YRVIN r—= : (9'U'y - M
TI=[X2(M,M)TR(GL)2—[X#"(M,M)JR(G,, )3+ NG — = (M Dmy — H.0)+ r4TH(M "M, = M M,,)]
_i Smy ar mv 1 3 i mrevpca 1 uvpea
=5%X2p'piD, 2D, 7 KDL+ 53! pi| TUF PR~ ZTFLFL, |+ Nats,
—_— ~ X ~ -
Tgez—4i(mMMV)§(mM“V)§+H.c.=§Fwag‘”M§+iij‘ng‘Ve‘K(aA—H.c.),
TI=TX+T)C. (C59

Finally, for the ghost sector, defining4f,)p=(Hg)p+hgndp, we have

3x
TrHE,= 2K~ JF2 F4%+ Nohgs,  THS=Tr(Hgno+ 2 Fu

2 y7ag mv?
V32X d,Xd*X
Tr(HZp 2= NghZ+ 2(KapKP2+ Kapk ) — 4/ca(g— “a )

1 X2
+ 5P ) —2XF}, FE Kpat 7 (FLLFE"?,

0, XX
2 )
(V 2X
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9x?
Tr(Hg?=(TrHg)o+ T [(FLFE) 2+ (FLFE")*+(F), JFL)?]—3xF2 FLP(2D#2'D,2°Z,,+ 1),

1 d,X dpX
THHER)2= = (D" Fay) 2= 7= (Fay, %)= 4(0a D2 D"ﬂfﬂ( 0 4 4y D'z ) 2F4"

T K P

~ ~pv gh r\gh VX a vp 4 ﬁPX&pX a mv veupea /" 2
TH(G,,,G*")%"'=(T1G,,G*")§'~ — k2 Fuos o P Far+ 2xrFAPFS 4+ 2(D), FL")
X a U P ara y72% X2 a MvN2 a vy 2 a vy 2 a ~/LV 2
—Z—FMPDV}Z —CgF L Fa "+ —+ (F F ) [(F SR (FLLFEY)“+H(FLLFEN ] (C60

Vx
For the ghostino, T&,,G*" is given in Eq.(B18) of I, and the remaining traces are modified with respect to that equatfén by

TrHgh=(TrHgn ot 4D+XFZVF§V,

- : T
TrHZ,= (TrHE )0+ 4D%+ 2XDF 2 FA*— 24 DF 47D, 2 KD, 2™+ 2(4D+xF2 F4%) | V+ M}~ D,ZKimD'z"— o
X2
+ 2D, D°F} FE+ 5 [(F3LFA) = (FLLFA"?). (C61

For the supertraces we obtdisee Eqs(B17)—(B20)]

STrHITC=STrHS+ NgSTrh9—2D(4+ x%p;p'),

7
STng+G —[STr(HG)0+STr(H 6)o— STrHZo+NgSTrh] - T ¢~ TgG—g—XcaMcaﬂ

14

_ L _ -
X{4|,Ca"[K,m 2 (Ta2) —H.c]+D3(T,2)' L)} + \/—S[(7+X2p'pi)0"‘XFiy+3&“yFiy]

BN

12 a 7X2Pip [HE3 EVP X 7X2pipi a Cuv a-uveb
R b rUFS Fa— 2| 3= | IS FAY+ AICEFATFS, + 3CRNVA+ D)

2 x2pip' X, X MY

+ 5 CED*D,—2xp! piK*D,Dy— | 5+ ’;‘p rD—/cg( 7+ i’("y> 2x2p! p DM2 — 4C2M2

—2e K(DA@+H.c)+2D(3WV+29M2 + 1IM2) — 4e~KaaD+ 2x(W+ W) (2M2—M?2)

D;’ﬂ;” d X

VX

1 4 — i
- ?Da[(&?“w— 8i 94y )Kim( T2)" D,z 2+ H.c]+ —D“z D,z"K7D,Di(T%2)’

_ T Tag)! S 9™
_ _K . M _ _9____[a /I TV
4xe K(WAa+H.c)+2i F“”) Kinf D,2"(T%2)' = D,z'(T42)™] - 2 " Fro Do P’

. R [ A .
—i(26—sz'pi)Kimﬂ)#ZlDyszaFg‘V—;[(5+X2p'p|)r9 xF‘“’+5aMyFW][KJm zZ™(T3z)) —H.c]

£ 23 (mxax+ amyo,y D+ | 0K L TV | pa
2X2( X p,x y ,uy) 8x Ax pr'oa
_1 a VP 12 14 1 RV 9p _Xpipi a gyl gp 1 14
- 4XF (6‘9 X(9 X (9 yavy)_ _F/.LVFa (9 X&py_ 4 F’qua (9 XaPX_ 519 yapy

*’The last term in the equation for Fi§,, should be— 18", I'*".
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. 9,X
+F2 FLraPxa,y |+ 2F 23 FLPavya,y+ pl piatyd,yD—FLr| £=F2

5o g Fap | (D2 T+ H.C)

+X°[(F2 F&—iF2 F&)(2D,2D"2 — g, D2 D,2}) pyj + H.C1+ BX2WEOW,+ 8D, Dy WP+ 2D

2 4
X DDy WP+ W) — (8D+ 2xF3, F27) D, 2 DFZ K+ 12 F3 F2'D, 2 DFZ™K i,

. . . — — — (3 X%pip
+2D2(19—X2p'pi)+X3p'pi(X2p'pi—1)[XWW+XWabWab+D(W+W)]—X2p'pi(—— pp')

1 1 1 1 1 2 6 gy PP s a
1—ZSTrGg+G 15STH(Gh . 6)ot 5NaSTIE ~ 1 STrGXG 12STrG TXC—Tg= T+ —, | F4PFS, Lpa g

vpo g KV

1 v v i P mr P Pi v
—&(FWF" d’yad,y—2F,,F Pa"y&,,y)+6FZVK D2 DPZ"Di(T .2z )+ I(F JFHYOPYay

. _ J— 13 - _
—4F , F"P"ya,y) + X pip' (WEPWap+ W) + X2p; p'[EDan(Wab-F WRDY £ XxDOW+ W) + GDZ}

x4(pip ) 2DXEONVEW,p— W) — 2D?— xD(W+ W) . (C62

The space-time curvature dependent terms in the supertraces evaluated in Appendixes C 4—C 7 give a cofitrdfutien
form (2.23 of | with

o InA?
H,=HS, +HY + 2

3 1 .
30,2 | X(4—X 2pip )F Fa, P = 0u.XFS, F’“’(E—ZX pap'”,
- InA? [ 22 2 a
60:(60)0+ 60 3277 ?ID‘{‘ZX Pip D+ S_D D (T Z)
a=ag+al, B=py+8Y, (C63

wherea?, etc. are evaluated in Appendix C 8. The metric redefinition in E224) and(2.25 of | gives Eq.(4.11), and we
get a correctiof? A, L:

AL=(A L)+ AL+

2 2 i
32772 2X Pip D+

INA? [ N—67 2N+118 -~ 4N+32
3 D%— 3 DV — 3 DM¢+(DZD"“Z —2V)

2 .
gDaD i(T32)!

—2xV(W+W)—2De‘K<AiJ-A"—§R}AiAJ) +3DD, Z D7 4R =— (N—B1)K;]

N+ 29 . — — N+35
5 —x2pip' [[2XPWAOW, o+ (WRP+ WRPYD, D+ 2D?] + 3 —x?pip’ 4F§0Fg"D Z2DHZK
N+29 2 i a -pv i oMy,
|3 ~Xpip xF, F8"D,2 D" K, (C69

whereA 4L is given in Eq.(C73) below.

2*Equation(B23) of | should read

1 InA? T 2k - AN+32 — —|  2N+16

\/—gArﬂ_W —2e AA —§RnAkA —(N+17)V—TM1// V+ Kim V+e AiA ——R PAA TMI//
A ol i (2ot aw A i NT29 DF+ D, 2D, 7Kl DI DT
+3R,m—V D,z Dz 3R,erSKIm D,zDPz"g,,— —F—(D,z D*Z'DHz
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8. Order N¢ contributions

The bosonic traces are

V& 3a*ya,y
n=r== 2x°

2
Vex o 9,xdx  d,yd*y 2V ,d,x B 9,Xd,X +aﬂyayy

= wv_p| 7 v
A 2x° X2 ' X X2 X2
V2|2 33,X3*XV?X  3,yo*yVex  3,yd*xV3y
x| 2x3 * x3 B x3
1
+ 2@ [8(9,X0"X)?+8(3,y9"X)?+3(9,y9"y)* = 53,x3"X9,y3"Y], (C65)
and
1 3,y "X (9,YO*x)?  29,yd"*ya xd"x  3(d,yo'y)?
=1 |3(VAY)? 6 — Vo + — gt — e~ — s

Y d*ya
Y, Yoy

d,yo
+(r2=A4r, ) =2rm ”iz z (C66)

The fermion traces arghereTr includes the ordinary Dirac trac@rl =4)

1 1
ZTrh1=|\/|§, ZTrh§= My,

) ) fi
D,z'D*Z (a;—Ay) 2—;(a— XpjpA" | +H.c.

1 2_ —K i yiom . Al 2 Ak ] f_ﬁfi —K
—ZTrhzze D,z'D*Z"| (aj— Aj)(am— Am) + X“piA p#\ﬁwaa +e

1 L —
— 5 XD, 2Dz (fopaA+H.c),

2
ad,yor
Trhy=r—2 "))/(2 y'
a,yoty
T"(hlhs):(r_ M2X2 ) 2,

(V2Y)*  Voyaxdty  a,ydty  (9,Y0*Y)°  (3,y9"%)°
V)

1 1
2" 2_ T Tr(Q QHV_T7HY _
Trh3 4 ZTr(g;ng z Z,uv) X2 X3 X2 X X4 '

(V?y)2 B 1,)V2y(9#x(9“y o a,y*y

Trg,,9""=Trg,,0""+6 2 3 2

a,yd, ayoMy)2 (9 xd*y)2  9,yaMya, Xa"X
g ,Lizy & My4y) Lo Mx4y) g0y )}(/4

_ ~ 1
Trg,,9""=4r, I'*"'+TrZ, z*'=4T, ['*"+ Erz— 21,1, (Ce7

To evaluate;, Eq. (C58), we write it as

d X+id,y___~ I X—id,y __ ~
t3=%m}\D“m}\— %me“mﬁ— H.c.

-K

ek R At
= 5 (eD 2"~ 1,D+2)(a=A) Dﬂzl(aj—Aj)—Dﬂzﬁ(z—;a—xPJnﬁAj +H.c. (C68)
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The ghost traces are

Trhgp,

(C69

VX 3,xd"x 5 (sz d,XI"X\ 2
— Ty th2,=| — —
2X 4x% 2X 4x?

The supertraces are

" r2 g xox  aMyad,y
_ - _ o M M
6STrh 3 12+r 2 +r R

2 2
r 1 rod,yoty 1 Vex o g, xd*x  d,.yoty
- 2 ¢ _ - nv__ 20 4, = nv__ M M
STrh ts 16+ 2er M"(Z Tz ) )\+2FM,,F r( v + v

+rr

V,0,X  axdx dydy| (V)2 (V?y)32
O uy nY %y _ YN " 2 YA V&4
< o> + o2 )+ v + v ﬁ[(ﬂﬂxa X—3d,yd"y)VxX+2d,xd*yVey]

5 3 — . — —
- - — — k
+W|(ﬁﬂx+|aﬂy)(a“x+|&“y)|2—W(aﬂy&“y)%e KDMZ'D#zm[(ai—Ai)(am—Amﬁ+x2pikA PEA

f_f i
4—2—aa +e” DMZD z

efK

fi fifi — f AR
(@—A)|5 A Xer‘IA tzdaT 5 (@-A)piA

+ H.c.]

S (D, 2Dl (8 A) (@~ A) ~ xpi AR +H.cl,

—STrgzzi(r2—4r r’“’)+ 3 ((9 y&“y)Z—EF A (C70
12 16 #

Dropping the total derivative

2
5 X ) :Vx 5 a“xaﬂx
~lox A

Hx
2 2
M- — = ME —DMMx

and using the equations of moti¢B18), we can write
AZ

INAZ2
NGsz

x?p'p;
=LigtNego> !

Vg

+3M2—2M2M2+V2+6e “aaMi—e X(@A+H.c)(V+M2)+e XaAalA,

1 INnA?
2_ _
STr( h h+ 12g ) +15 + NG\/§32772

x®(p'p) WW—2M

—2e 2K(@AaA+ H.c.)+20(2M3—2M§+ e Xaa)+ eKDMziD"z—m{(ai —A)(ay

— fof, ol f, —
— A +x2p A p'—A +4 saal+e D,z D2 (a;— ) A XpmAn
—ZaiA—fi(a—A)pikA +H.c. +§ D, 72 D¥Z™f 2aa, — xpi(a— A)A]

fif_ _ o Y
+ié<’:1(2a—A)D,LZ'D"zJ+ H-C'} +X(piD,Z D2+ H.c)(My=V)

B — 1
+e X[xp;; D,z D2 (ayA*—2Aa) + H.c]+ W|(aﬂx+ 19,Y)("x+ *y)|?
—x3p! p (WA W) (M2 +V) +x3p*0 [ W(xp; D, 2 D2 + & X Aa — 2eKaA)

+Hel+3 FWF "+ Xx2p; DﬂziD“zipWDVz_ﬁDV?] + total derivative. (C71)
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where
aA 2 (C72

_f o — . .
=(Xp)* =5-[p)pjW+xpj D, 2D Z*+ e X (alA;— 2aA) - V—-M7],

and L, is of the form(2.23 of | with

Ng InA2 Ng InA2 INA? Ng
a9=——C2_— pgi=—C2__  g—_ —Sm2
6 327’ 2 327’ 0 32w 3
InA?2 V2x 20,%0Px _ 3py3°Y\ V0 X 9,X,X d,Yd.y
|g#,,<—7+ 3x? 3x? ) x X T2 ] €73

H NG32

sing the equations of motidB17) and (B18) we obtain[see Eq(C62)]:

Finally, u
InA? ¢ InA? 1 1
ArgL=—Nozo—> [F”"Ea (DPZ'L;+H. c)]+\/—NG32 §V2+§M (D, 2 D¥ZK - ~2V)+ 3VD,2 D" MR —
d,Xd"X Yo'y 1 X X R d,Xa"x d,yd"y
* _xz_+_2_) §D"ZD 7K 6V_§F§pr‘P - EngFi"_szlpﬂmeim)( MX - Mx
1 o i 1 iy ST T Sy LA o 7K
—§(DMZD 2K )2+ EK'”‘ int{Dy 2 D2 D, 7" D'Z" +D, Z2D*2"D, 2" D7) + xFWFa1 D, ZDHK;
i NG
—xF3 F&"D, 7 DFZ™Kjm+ E[(FﬁgFﬁ0)2+ (F5, FL)2)t . (C74
Combining the results of Appendixes C 4—C 8, and evaluafipg £, + A, L— A L— A L— LA XA~ LALgXAB, with
—4e KAAL+H.c.= — (LX) o= 4Vg[X(OW+ W)MZ - 4DM2 — xe X (WaA+H.c)],
yields the result given in Eq$4.6)—(4.12), where we used gauge invariance to write
0=6,(D,Z2 D2 pi;) =D,z D*Z[(Ta2)*pijk + 2pikD;(Ta2)*— (T 22) "oy ]
= D,2{D*[(Ta2)! pij1+ [ pikD;(Ta2)*~ (Ta2) "pii; 1D, 2 — (Ta2)! pi; D2,
0=354(piA) = pij (Ta2) A= pi(T2) A+ DapiAl,
= 8a(fif) =2X[ pi Ta2)™ i~ pij (Ta2) ']
~ .ok — — -
0 5a(P|V')_Pij(TaZ)JV'_T(ajA_aijA'+Aija'—xpﬂjAmA')(Ta)
(C79

—K o . o o
- eT[Da(a?— Aa—aA)+2xp{T.2)"Ai(a—A)].

We also used the following identities, that hold up to a total derivative
RN | o1
V2pipvit ;Db(sz)'JrEf'W ,

,—iKimf D, Z(T? z)i—Dﬂzi(Taz_)F]l,

Dy(T?2))| g~

0="D,Z' D*[D,pij(T?2)'] - p;;

M M
o=——y|< il (Ta2) D27+ (T2 "DZ |F2 1+ D, y{TLZ-I—Za xF2
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X T
0=~ ——Kinl(Ta2)' D2+ (Ta2)™D*Z'|F,

v

1 ~ _
5 (3,X3"X+3,y0"y) —4M5—M3) —2(V+e Kaa)

d,X A —
0=~ —7DKinf (Ta2) D2+ (Ta2) "D 21+ D) 17

+

+e KaAl+xp,: D, 7 D2 +x3p' p W+ H.c.
2X\/§ i Pij Y P Pi )
0=—2x2p'p;D, A"+ (f1p; D, 2 +H.c)A”, (C76)

where —D,A” is given by the right-hand sides of the second and third equations in (EF6), with

A,=(d*yIX)DaF%,, (9“xIX)D,F?,, respectively.
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