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I. INTRODUCTION

Understanding the structure of the divergences in super-
gravity is a necessary step in determining the counterterms
@1–3# that are needed to fully restore modular invariance in
an effective supergravity theory from superstrings. The de-
termination of these loop corrections may also provide a
guide to the construction of an effective theory for a com-
posite chiral multiplet that is a bound state of strongly
coupled Yang-Mills superfields, which in turn could shed
light on gaugino condensation as a mechanism for supersym-
metry breaking.

In a recent paper@4# ~hereafter referred to as I!, we gave
the divergent contributions to the bosonic Lagrangian in a
general supergravity theory coupled to chiral matter, in a
general bosonic background, averaged over quantum fermion
helicities. That work extended and completed the results of
several earlier calculations@5–8#. In particular, using specific
choices of the gauge fixing and of the expansion of the ac-
tion, we were able to cast the results in an especially simple
form in which most of the one-loop corrections can be inter-
preted in terms of renormalizations. In the present paper we
extend these results to incorporate the Yang-Mills sector@9#,
including helicity-odd operators that arise from integration
over quantum fermions. Our results are completely general,
except that we assume that the tree-level gauge kinetic en-
ergy normalization functionf (z) @10#, wherez represents the
complex scalar fields of the theory, is proportional to the unit
matrix. This is the case for all known theories derived from
superstrings, up to possible multiplicative constants for dif-
ferent factor gauge groups that correspond to higher affine
levels@11#. This modification is easily incorporated into our
formalism, as explained in Sec. V.

The generalization of the results of I to the more general
case considered here can be summarized as follows. We de-
fine an operator of dimensiond as a Kähler invariant opera-
tor whose term of lowest dimension isd, where scalar and
Yang-Mills fields are assigned the canonical dimension of

unity. Then, among the ultraviolet divergent terms generated
at one loop, all operators of dimension 6 or less~as well as
many operators of dimension 8! that involve neither the
Kähler curvature nor derivatives of the gauge kinetic func-
tion can be absorbed by field redefinitions, interpreted as
renormalizations of the Ka¨hler potential, or take the form
Fab(z,z̄)(W

aWb)F1H.c., whereWa is a chiral Yang-Mills
supermultiplet, the subscript denotes theF component, and
the matrix-valued functionFab(z,z̄) is not in general holo-
morphic. The remaining terms of dimension 8 and higher
must be interpreted as arising from higher order spinorial
derivatives of superfield operators.

As noted in I, the effective cutoff for effective theories
derived from superstrings is field dependent@3,12,13#; more-
over the field dependence is different for loop corrections
arising from different sectors of the theory@3,13#. As in I we
use here a single cutoff and neglect its derivatives; terms
involving derivatives of the cutoff have a different depen-
dence on the moduli and must be considered together with
terms that are one-loop finite. Our results, some of which are
collected in the Appendices, are presented in such a way that
the contributions from different sectors can be isolated and
the corresponding Pauli-Villars contributions can easily be
evaluated.

In Sec. II we discuss gauge fixing and the definition of the
action expansion and in Sec. III we evaluate the helicity-odd
fermion loop contributions. Our result for the one-loop cor-
rected effective action is given in Sec. IV, and applied to
generic models from string theory in Sec. V. We summarize
our results and discuss applications in Sec. VI.

In I we included appendixes that define our conventions
and list the operators that appear in the quantum action as
defined by our gauge fixing and expansion prescriptions, as
well as the traces of products of these operators that deter-
mine the divergent terms in the effective one loop action.
Appendix C of this paper extends that compilation to include
operators involving the Yang-Mills background field and
new operators arising from integration over Yang-Mills
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quantum fields. Additional conventions and techniques used
in the evaluation of helicity-odd fermion traces are included
in Appendix A. In Appendix B we specify our Yang-Mills
sign conventions and list relations among the covariant sca-
lar derivatives of the Ka¨hler potentialK, the superpotential
W and the gauge field normalization functionf that follow
from gauge invariance of these functions and that are useful
in evaluating traces. Corrections to I are included in foot-
notes to the text.

II. GAUGE FIXING AND THE EXPANSION
OF THE ACTION

Our gauge fixing procedure is described in I. Here we
generalize the formalism of I to the casexÞ const, where
x5Ref (z) is the inverse squared gauge coupling. In the gen-
eral supergravity Lagrangian@10#, the functionf ab(z), where
a,b are gauge indices, that determines the inverse squared
gauge coupling constant, is matrix valued. Throughout this
paper we set

f ab~z!5dabf ~z![dab~x1 iy !.

The Yang-Mills gauge fixing prescription is modified when
xÞconst, and, since we are now including background as
well as quantum Yang-Mills fields, gauge-graviton ghost
mixing must be included. We discuss only gauge fixing of
the bosonic sector in this section. The fermion sector gauge
fixing is unchanged1 from that defined in I, and is summa-
rized in Appendix C 2. Our gauge sign conventions are those
of @10# and are defined in Appendix B.

The gauge-fixed Lagrangian is defined by2

L→L1LGF, LGF52
Ag
2
CAZ

ABCB ,

Z5S dab 0

0 2gmnD , C5S Ca

Cm
D ,

Ca5D9mÂm
a1

i

Ax
Kim̄@~Taz̄!m̄ẑi2~Taz! i ẑm̄#,

A2Cm5S ¹nhmn2
1

2
¹mhn

n22Dmz
IZIJẑ

J12Fmn
a Âa

nD ,
~2.1!

where hatted variables refer to quantum fields and unhatted
ones refer to background fields,hmn is the quantum part of
the space-time metric whose classical part isgmn , andKim̄ is
the Kähler metric, which here is a function of the back-
ground fields. Following@9# we have introduced canonically
normalized Yang-Mills fields,

Am5AxAm , Âm5AxÂm ,

Fmn5AxFmn , AxDmAn5Dm8Am , ~2.2!

and we have adopted the shorthand notation

Dm8 5Dm2
]mx

2x
, Dm9 5Dm1

]mx

2x
, ~2.3!

whereDm is the gauge and general coordinate invariant de-
rivative. Under a gauge transformation with parameter
b5Tab

a and fixed background fields we have, neglecting
terms of orderẑ,Â:

d ẑi52 i ~bz! i , d ẑm̄51 i ~b z̄!m̄, dÂm
a5AxDmba.

~2.4!

If we implement the gauge fixing condition in the usual way,
the ghost determinant contains a factor Det1/2x that translates
into a quartically divergent term proportional to Tr lnx in the
effective action. Note however that we have rescaled the
quantum Yang-Mills fields@9# @see Eq.~2.2! above# and the
quantum gaugino fields@5# ~see Appendix C 2 below! in or-
der to canonically normalize their kinetic energy. If we res-
cale the gauge parameter in the same way as the Yang-Mills
supermultiplet, and take, instead ofb, the gauge parameter

g5Axb, AxDmb5Dm8 g,

we get

dÂm5Dm8 g, d ẑi52
i

Ax
~gz! i , d ẑm̄51

i

Ax
~g z̄!m̄,

~2.5!

and no Tr lnx term is generated in the ghost determinant. We
therefore adopt the prescription~2.5!.

Under a general coordinate transformationx→x85x1e,
we have

d ẑi5em]mz
i , dÂn5Ax~es¹sAn1As¹nes!,

which is general coordinate, but not gauge, covariant. To
obtain a manifestly gauge covariant result, we add a compen-
sating gauge transformation with parameterga(em)
52emAm

a , giving

d ẑi5emDmz
i , dÂn5esFsn . ~2.6!

Then, relabeling the gauge parameter asea[ga , the
ghost determinantM is obtained in the usual way as

MB
A5

]

]eA
dCB , ~2.7!

where the variationdC is determined from

d ẑi52
i

Ax
~Tbz! ieb1emDmz

i ,

1There are some sign errors in the fermionic part of the Lagrang-
ian and gauge fixing terms given in I that are corrected in Appendix
C of this paper; they do not affect the results of I.
2There is a factor 2 missing in the last term in Eq.~2.6! of I.
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d ẑm̄5
i

Ax
~Tbz̄!m̄eb1emDmz̄

m̄,

dÂm
a5Dm8 ea1esFsm

a ,

dhmn5¹nem1¹men . ~2.8!

This gives a contribution to the gauge-fixed Lagrangian:

g21/2Lgh5 c̄BMB
AcA

0[ c̄Z~D̂21Hgh!c

5 c̄b@~Dm9D8m!b
a1qI

aqb
I #ca

2 c̄nA2@D9mFnm
a 1qI

a~Dnz
I !#ca

2 c̄m@¹2gmn2rmn22~Dmz
I !ZIJ~Dnz

J!

12Fmr
a Fan

r#cn

2 c̄aA2@~Dmz
I !qaI2FamnD8n#cm,

c0
a5ca, c0

m52A2cm,

qi
a5

i

Ax
~Taz̄!m̄Kim̄ , qa

i 52
i

Ax
~Taz! i . ~2.9!

The rescaling of the graviton ghost in order to canonically
normalize the ghost kinetic energy yields a factor Det21/22
in the functional integration that cancels a factor Det1/22
from the gravitino auxiliary field@5,4#. The matrix elements
of Hgh and of the covariant derivativeD̂ are given in Eqs.
~2.11!, ~C29!, and~C30!.

Finally, as discussed in I, we modify the graviton propa-
gator by adding terms that are proportional toLA
5]L/]fA, wherefA is any field. This modification, which
is equivalent to a nonlinear redefinition of the quantum vari-
ables, does not change theS matrix and can lead to simpli-
fications as well as enhancing manifest covariance under the
symmetries of the theory@14#. We define the graviton propa-
gator by3 Eqs.~2.20! and ~2.21! of I, and by

Dmn,ar
21 5Lmn,ar2

1

2
gmnLar1

1

2
gmrLan1

1

2
gnrLam

5Lmn,ar14Pmn,rsLas ,

Lmn,ar5gmm8gnn8grr8

]2

]gm8n8]Ar8
a L,

Las5gsrLar5
]

]As
aL. ~2.10!

It should be emphasized that the propagator modifications
that we use have been chosen purely for convenience; they
considerably simplify the matrix elements that are listed in
Appendix C 1, and are not necessarily derivable from a gen-

eralized metric@14#. A natural choice4 for this metric would
beGAB5Ag(ZF)AB , whereA,B run over all Bose degrees
of freedom and the metricZF is defined in Eq.~2.11! below.
Then definingDAB

215LAB2GAB
C LC , whereGAB

C is the Christ-
offel connection derived from the metricGAB , the propaga-
tor corrections would be precisely half the ones used here
~with additional corrections to the scalar propagatorD IJ

21 and
the vector propagatorDar,bs

21 proportional toLmn,rs). It is
possible that the use of this generalized metric would reduce
the need for field redefinitions as described in Sec. IV@see
Eqs.~4.11!–~4.13!#, but its use would make the intermediate
calculations more cumbersome.

Once the above prescriptions have been implemented, the
quadratic quantum Lagrangian for the bosonic sector takes
the general form

LBose1Lgh52
1

2
FT@ZF~D21MF

2 !1$Dm ,XF
m %#F

1
1

2
c̄@Zgh~D21Mgh

2 !1$Dm ,Xgh
m %#c,

where F5(hmn ,Âa,ẑi ,ẑm̄), Dm is covariant under scalar
field redefinitions as well as gauge and general coordinate
transformations, and theXm connect fields of different spin;
in addition, there is a vector-vector connection@9# in XF

m .
Following the procedure described in@9#, we introduce off-
diagonal connections in both the bosonic and ghost sectors,
as well as an additional connection for the gauge fields, so as
to cast the quantum Lagrangian for the full gauge fixed
bosonic sector in the form

LBose1Lgh52
1

2
FTZF~D̂F

2 1HF!F1
1

2
c̄Zgh~D̂gh

2 1Hgh!c,

D̂m
F5Dm1Vm , ~Vm!ar,bs52dabermsn

]ny

2x
,

~ZVm!ab,an5~Vm!an,ab5
1

4
~Fabmgan1Faamgbn!,

~Vm!an,i5~Vm! i ,an5@~Vm! ı̄,an#*5
1

4x
f i~Famn2 i F̃amn!,

D̂m
gh5Dm1Bm , ~Bm!an5~Bm!na52

1

A2
Fanm .

~2.11!

This introduces corresponding shifts in the background field-
dependent ‘‘squared mass’’ matrices:

MF
2→HF5MF

2 2VmV
m, Mgh

2 →Hgh5Mgh
2 2BmB

m.
~2.12!

3Equation ~2.21! of I should readDmn,rs
21 →Dmn,rs

21 22Pmn,rsLl
l

2
1
2 @gmnLrs 1 grsLmn] 1

1
2 @gmrLns 1 gnrLms 1 gmsLnr

1gnsLmr].

4This choice forGmn,rs coincides with that of Fradkin and Tseyt-
lin @14# for the case of supergravity with their parametert51,
which corresponds tol521/2 in their pure gravity case.
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The elements ofMF
2 were evaluated in@9#; here they are

somewhat modified by the different Yang-Mills gauge fixing
and action expansion. These modified matrix elements are
listed in Appendix C 1 below.

As explained in Sec. III and Appendix A, we evaluate the
fermion determinant by first writing it in two-component no-
tation, separating it into helicity-even and -odd contributions,
and then recasting these two contributions in Lorentz cova-
riant four-component notation. As discussed in@13#, this
separation is not uniquely defined. The choice that respects
supersymmetry as well as manifest gauge and Ka¨hler co-
variance allows a consistent Pauli-Villars regulation. We fol-
low that choice here; the corresponding matrix elements are
given in Appendixes A and C. The contribution from ferm-
ion loops to the effective action is evaluated~see Appendix
A! by introducing@5# the 838 matrices

Dm5SDm
1 0

0 Dm
2D , MQ5S 0 M

M̄ 0 D , D” 5gmDm

~2.13!

that operate on an eight-component fermionf T

5( f L , f R5 f L
c). The helicity averaged contribution of the

fermion determinant is then

2
i

4
Tr ln~2 iD” 1MQ!152

i

8
Tr ln~D” 21MQ

2 2 i @D” ,MQ#!,

~2.14!

Because the fermion mass matrix and connection contain the
termssmnMmn and iLmg5, respectively, they do not com-
mute withgm ; thus

D” 25D21
1

4
@gm,gn#Gmn1

1

2
$Dn ,g

m@Dm ,g
n#%

2
1

2
@Dn ,g

m@Dm ,g
n##,

@D” ,MQ#5
1

2
$gm ,D

mMQ%1
1

2
$Dm,@gm ,MQ#%

1
1

2
@MQ ,@D

m,gm##,

DmMQ[@Dm,MQ#. ~2.15!

Therefore, in analogy with the boson case discussed above,
we write

2
i

4
Tr ln~2 iD” 1MQ!152

i

8
Tr ln~D̂Q

2 1HQ!,

~2.16!

HQ5MQ
2 2

i

2
$gm,DmMQ%1

1

4
@gm,MQ#@gm ,MQ#

2
i

2
@MQ ,@D

m,gm##1
1

4
@gm,gn#Gmn

2
1

4
gm@Dm ,g

n#gr@Dr ,gn#2
1

2
@Dn ,g

m@Dm ,g
n##

1
i

4
$@gm,MQ#,gn@Dn ,gm#%,

D̂m
Q5Dm2

i

2
@gm ,MQ#1

1

2
gn@Dn ,gm#. ~2.17!

III. HELICITY-ODD FERMION LOOP CONTRIBUTIONS

In this section we determine the helicity-odd operators
that arise from integration over fermionic degrees of free-
dom. They are particularly relevant to the evaluation of
anomalies@2,3#, in effective supergravity theories, which is
currently of special interest in attempts to extract physics
from string theory. We show that these terms are finite, ex-
cept in the presence of a Yang-Mills sector with a nontrivial
kinetic normalization functionf (z), in which case there are
logarithmically divergent contributions that are invariant un-
der chiral U(1)R transformations, i.e., under Ka¨hler ~or
modular! transformations up to a possible dependence of the
cutoff on the Kähler potential. We also indicate how the
finite contributions to the effective action can be obtained.

A. General formalism

The fermion loop contribution is given by

L152
i

2
Tr ln~2 iD” 1MQ![2

i

2
Tr lnM. ~3.1!

To evaluate the determinant~3.1!, we write

T5Tr lnM5T11T2 ,

T65
1

2
@Tr lnM~g5!6Tr lnM~2g5!#. ~3.2!

Only T1 has been calculated previously for supergravity
@4–8#. Here we will evaluate the additional contribution,
T2 :

T252
1

2
Tr lnM~2g5!M21~g5!

52
1

2
Tr ln$12M21@M~g5!2M~2g5!#%

5
1

2
Tr(

n51

`
1

n
$M21@M~g5!2M~2g5!#%

n. ~3.3!

Using the techniques described in@15,5#, we can write the
trace in Eq.~3.3! as ~see Appendix A!

T25E d4xT~x!, T~x!5E d4p

~2p!4
T~p,x!, ~3.4!

and then expandT(p,x) as
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T~p,x!5Tr(
n51

`
2n

2n S (
l 50

`

~2R! l R5D n, ~3.5!

whereR,R5 are defined in Eqs.~A19! and ~A20!:

R5
1

2p2
@p22TmnDmDn1ĥ1X1~pn1Gn!PmnM̂

m#,

R55
1

2p2
@~pn1Gn!PmnN̂

m#. ~3.6!

The operators appearing in Eq.~3.5! are defined in Appendix
A as power series of the form(ncn(O)(D•]/]p)

nO, where
Dm5Dm

1R1Dm
2L is the fully covariant derivative defined in

Eq. ~A8! of Appendix A, and the operatorO is a function of
the background bosons. The coefficientscn(O) are constants
with, in particular,c0(G)50 in the expansion ofGm

6 ; more
specifically

G” 65gmGm
6 , Gm

65
1

2
Gnm

6
]

]pn
1OS ]2

]p]pD ,
Gmn

6 52Gnm
6 5@Dm

6 ,Dn
6#. ~3.7!

Thus we have to evaluate the following contribution to the
effective one-loop Lagrangian:

L1{2
i

2
T252 i E d4p

4~2p!4
Tr(

n51

`
2n

n S (
l 50

`

~2R! l R5D n,
~3.8!

where now the trace is over only Dirac indices and internal
quantum numbers~and Lorentz indices for the gravitino!.

To keep the integrals finite, the integration should be per-
formed including Pauli-Villars regulator massesm0:
2p22→(2p21m0

2)21 in the derivative expansion. How-
ever, as shown below,T2 , when suitably defined, contains
no quadratically divergent terms. Once the integrals are
properly regulated—including the appropriate definitions of
T6—the coefficients of log divergent terms are independent
of the regularization scheme. On the other hand, if one
wishes to evaluate finite terms, one has either to expand
around an infrared regulator massm0 or, alternatively, to
resum the derivative expansion@17,18#. In particular, the
ultra-violet finite terms include the standard chiral anomaly.
We explicitly evaluated this term for the vector-vector-axial
vertex induced by Dirac fermions with a common massm0,
and recovered the large mass limit of the Adler-Rosenberg
formula @19#; the complete expression for this formula re-
quires a resummation of the derivative expansion which will
be presented elsewhere@18#. We emphasize that, because of
the anomaly, Ka¨hler invariance is broken at the quantum
level. Classically, this invariance permits a choice@10# of
Kähler gauge such that the classical Lagrangian is derivable
from only two functions of the scalar fields, the~in general
matrix-valued! gauge normalization functionf ab(z) and the
generalized Ka¨hler potential G(z,z̄)5K(z,z̄)1 lnuW(z)u2,
whereK andW are the Ka¨hler potential and the superpoten-
tial, respectively. For the purpose of calculating the anomaly
@2,3#, one has to undo the Ka¨hler rotation of Cremmeret al.

@10#, by performing a phase transformation@20# on the ferm-
ion fields. As in I we work throughout in this Ka¨hler cova-
riant formalism.

As was discussed in@13#, the separation~3.2! of T into
helicity-odd and -even parts is not uniquely defined because
we can interchange terms that are even and odd ing5 using
g55( i /24)emnrsgmgngrgs and similar identities. In most
cases the correct choice is dictated by gauge or Ka¨hler co-
-variance. The remaining ambiguities are resolved by super-
symmetry. A fully SUSY-invariant result for the quadrati-
cally divergent terms requires the introduction of Pauli-
Villars regulator fields@8,16#; there is a unique definition of
the matrix elements that allows a supersymmetric Pauli-
Villars regularization@13#. Specifically, this fixes the forms
of the fermion mass matrix and connection matrix:

M5m1~aaFmn
a 1 ibag5F̃mn

a !smn, F̃mn5
1

2
emnrsF

rs,

Dm5Dm1 iGmg52
1

24
Lmelnrsglgngrgs , ~3.9!

whereGm ,Lm ,m, anda,b are proportional to the unit ma-
trix in Dirac space.Dm , which contains the spin connection,
is the gauge and general coordinate covariant derivative,
Gm is the Kähler connection,Fmn is the Yang-Mills field
strength, andLm is an additional axial connection for gaugi-
nos arising from the noncanonical form of the kinetic energy
term.T6 are defined by Eq.~3.2! using the explicitg5 de-
pendence in Eq.~3.9!. Then the operators appearing in the
derivative expansion of Eq.~3.6! take the form:

Gmn
6 5G̃mn

6 1 ig5Lmn
6 2@Lm ,Ln#, G̃mn

6 5@D̃m
6 ,D̃n

6#,

D̃m
65Dm

66 iGm1Gm8 , Lmn
6 5D̃m

6Ln2D̃n
6Lm ,

D̃m
6Ln[@D̃m

6 ,Ln#,

Jm5
i

2
~D̃m

12D̃m
2!5

i

2
~Dm

12Dm
2!2Gm ,

MI5
1

2
~M2M̄ !, M5m1Ms5m1Mmnsmn,

M̄5m̄1M̄s5m̄1M̄mnsmn, Mmn5aFmn2 ibF̃mn ,

M̄mn5āFmn1 i b̄F̃mn , ~3.10!

whereGm is the Kähler connection andGm8 is an off-diagonal
l-c connection. We consider only the case where the gauge
field normalization functionf (z) is diagonal in gauge indi-
ces; then, sinceGm is diagonal,Lm commutes withJn , and
we have

Lmn
1 5Lmn

2 [L̂mn5Lmn1@Gm8 ,Ln#2@Gn8 ,Lm#,

Lmn5¹mLn2¹nLm , @Lm ,Ln#50. ~3.11!

Note that the spin connection inD̃m @see Eq.~A12! of I#
drops out of the covariant derivativesD̃mM . This is because
we have taken the vierbein, and thereforegm , to be covari-
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antly constant@21#: @D̃m ,gn#50. The spin connection is
even ing5 and therefore contributes toD̃mM through the
commutator which vanishes@see the definitions~3.27! be-
low#.

To identify the ultraviolet divergences, we have to study
the largep behavior of the integrand in Eq.~3.8! and keep
terms up toO(p24). A priori R,R5;p21, so the ultraviolet
divergent part of Eq.~3.7! can occur only in terms with
n<4, l <42n. Aside from terms involvingLm , by con-
struction, the integrand is odd ing5, and we need at least
four gm’s to get a nonvanishing trace:

T}Tr~Amnrsgmgngrgsg5!524i emnrsTrAmnrs ,
~3.12!

so TrR550. Finally, we note thatGm
6 in Eq. ~3.7! vanishes

except when sandwiched between functions ofp, and is of
order p21 in power counting. Once allp differentiations
have been performed, surviving terms must have at least
threegm’s that are not contracted withpm because of anti-
symmetry. After integration overp, the tensorAmnrs in Eq.
~3.12! can be constructed only from the four-vectorsJm and
Lm , the tensorsMmn ,Gmn

6 the Riemann tensor, and their
covariant derivativesD̃m . Each factor ofGmn

6 and of Dm

reduces the apparent divergence of a given term by one
power ofp. Furthermore, in the covariant derivative expan-
sions~A19! and ~A20! of the operatorsO appearing in Eq.
~3.5! the indicesm i•••mn in Dm i

•••Dmn
O are automatically

symmetrized, so at most one derivative of each operator can
contribute toAmnrs in Eq. ~3.12!.

B. Quadratically divergent contributions

By construction,T2 is antisymmetric underg5→2g5.
Therefore we can evaluate, instead of Eq.~3.5!,

T2→
1

2
@T2~g5!2T2~2g5!#, ~3.13!

whereT2(2g5) is obtained fromT2(g5) by the substitu-
tions

~D1,D2,M ,M̄ ,J,MI !→~D2,D1,M̄ ,M ,2J,2MI !.

The matricesR,R5 are defined in Eqs.~A19! and ~A20!.
Since*d4pTrR550, the potentially quadratically divergent
contribution toT2 is

Tr~R5
22RR5!→

1

p4
Tr@~pmNm2pmMm!pnNn#,

~3.14!

with Nn ,M n given in Eq. ~A15!. Under Lorentz invariant
integration, withM5m1smnM

mn, we have

E d4pp”Mp”M 8~16g5!}E d4pp2gmMgmM 8~16g5!

54E d4pmp”M 8~16g5!.

It follows that there are no quadratically divergent contribu-
tions involving the mass matrix. The averaging procedure
~3.13! eliminates a residual spurious quadratic divergence
proportional to TrJmJm. This divergence would vanish iden-
tically if a Pauli-Villars ~PV! regularization were used with
PV masses that leave all classical symmetries unbroken.
However this is not in general possible for the classical
Kähler symmetry.5 Moreover, in the Pauli-Villars regulariza-
tion described in@13#, there are no PV fields that can regulate
quadratic divergences proportional toMmnM

mn, so the inte-
grals, which are ill defined unless they are explicitly regu-
lated, must be defined in such a way that these divergences
do not appear. Note that no quadratically divergent contribu-
tion to T2 arises if Eq.~3.3!, as defined by Eq.~A6!, is
expanded without performing the transformation~A16! that
makes use of partial integration, which is ill defined if the
integrals are not finite. However this transformation renders
many terms explicitly covariant and thereby considerably
simplifies the derivative expansion.

C. Logarithmically divergent contributions

In the remainder of this section,T2 is understood as the
average~3.13!. Since we encounter only logarithmic diver-
gences, after symmetric integration we may make the re-
placements:

pmpn f ~p
2!→

p2

4
gmn f ~p

2!,

pmpnprps f ~p
2!→

p4

24
~gmngrs1gmrgns1gmsgnr! f ~p2!.

~3.15!

To evaluate the terms withp-derivatives, we write

1

2p2
pm

]

]pn
→2

1

2p2
Amn,

1

2p2
pmGnm

]

]pn
→0,

Amn5gmn2
2

p2
pmpn,

]

]pn

1

2p2
pm→

1

2p2
Amn,

pmGnm

]

]pn

1

2p2
pr→

1

2p2
pmGnmg

rn, ~3.16!

where the first two lines are obtained by partial integration
over p, and it is understood that operators multiplying the
first ~last two! lines on the left~right! are independent ofp.
Similarly

5A detailed discussion of Pauli-Villars regularization ofT2 will
be given elsewhere@18#.
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]2

]pm]pn

1

2p2
pr

→
2

p4 S grmpn1grnpm1gmnpr2
4

p2
pmpnprD ,

]2

]pm]pn

1

2p2
p” prpsrmrsn

→
1

2p2 S rp”2
2

p2
pmpnp” rmn12rmngmpnD ,

1

2p2
]2

]pm]pn
prpsrmrsn→2

2

p4
pmpnrmn , ~3.17!

where the last line is obtained by partial integration.
It is easy to see that the nonvanishing terms inT2 involve

the connectionLm and/or the off-diagonal massMmn . In the
absence of these contributions, sinceemnrsrmnrt50, the only
helicity-odd terms are

emnrsTr@~Dm
eJn!JrJs#,

emnrsTr@Gmn
A JrJs#, emnrsTr@Gmn

V Dr
eJs#, ~3.18!

where

Dm
e5

1

2
~Dm

11Dm
2![]m1Jm8 , Gmn

A~V!5
1

2
@Gmn

1 2~1 !Gmn
2 #.

The first term in~3.18! can be written

1

3
emnrsTr@Dm

e ~JnJrJs!#5
1

3
emnrs]m~Tr@JnJrJs#!,

where we used cyclic permutations in the trace together with
the relation

Tr@Dm
e ~JJJ!#5Tr$]m~JJJ!1 i @Jm8 ,JJJ#%5]mTr~JJJ!.

~3.19!

Note that if a field-dependent ultraviolet regulator massL is
present one cannot drop the total derivative on the right-hand
side of Eq. ~3.19!, but integrating by parts gives
] lnL5]L/L which is finite forL→`. For the second term
in Eq. ~3.18!, definingDm

65]m1Gm
6 we have

Gmn
6 5]mGn

62]nGm
61@Gm

6 ,Gn
6#

5DmGn
62DnGm

62@Gm
6 ,Gn

6#. ~3.20!

By the above argument theDG terms give finite contribu-
tions, so we are left with

emnrsTr@~Gm
1Gn

12Gm
2Gn

2!~Gr
12Gr

2!~Gs
12Gs

2!#50,

again using cyclic permutations of the trace. Since
emnrsDm

e @Dn
e ,Dr

e# vanishes by virtue of the Bianchi identity,
the third term in Eq.~3.18! reduces~up to a total derivative!
to the same form as the first term:GV→@J,J#.

First consider the terms quartic inR,R5. To obtain the
logarithmically divergent piece, we drop allp derivatives:

R→
1

2p2
pmM

m, R5→
1

2p2
pmN

m. ~3.21!

We note thatFa
mnFnr

b Fm
c r andFa

mnFnr
b F̃m

c r vanish if any two
of the indicesa,b,c are equal; there are therefore no terms
cubic inMs . Then usinggmMgm54m, together with Eqs.
~A23!, ~B12!, and~B13! and cyclic permutivity of the trace,
we obtain

H~M1 ,M2![Tr~p”M1p”J” p”M2p”J”g5!

→
16i

3
p4Tr~M̃1

mnJnMmr
2 Jr2M1

mnJnM̃mr
2 Jr!,

F~M1 ,M2![Tr~p”M1p”M2p”J” p”J”g5!

→4p4Tr@~M̃1
mnm22m1M̃2

mn!JmJn#

1
4i

3
p4Tr@~Mmr

1 M̃2
mn2M̃1

mnMmr
2 !$Jr,Jn%#,

F8~M1 ,M2 ,M3 ,M4!

52F8~M4 ,M1 ,M2 ,M3!

[Tr~p”M1p”M2p”M3p”M4g5!

→
16i

3
p4Tr~M̃1

mnM2
rsMmn

3 M rs
4 2M1

mnM2
rsMmn

3 M̃ rs
4 !

18ip4Tr~m1Mmn
2 m3M̃4

mn2m4Mmn
1 m2M̃3

mn!,

~3.22!

whereMi5M ,M̄ ,MI , M̃ i
mn5 1

2 emnrs(Mi)rs , and the traces
on the right-hand sides are over internal indices only. In
evaluating these expressions we used the fact that since
Tr(Ms

1Ms
2Ms

3Ms
4g5)5Tr(Ms

4Ms
1Ms

2Ms
3g5), these terms do

not contribute to

1

2
@F8~M1 ,M2 ,M3 ,M4!2F8~M4 ,M1 ,M2 ,M3!#

5F8~M1 ,M2 ,M3 ,M4!.

Finally, since the expression~3.6! for R5 is odd in g5,
@R5(g5)#

451@R5(2g5)#
4, it follows that Tr(R5)

4 does
not contribute toT(g5)52T(2g5). The logarithmically di-
vergent contributions from the quartic terms in Eq.~3.8! are
therefore given by

TrF2R3R51R5R2R51R2R5
21~RR5!

2

2
4

3
~R5

2RR51R5RR5
21RR5

3!G
→

1

p4
~T41T48!. ~3.23!

For the terms quartic inM we obtain
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T4852
1

4
F8~M ,M̄ ,M ,M̄ !

52
4i

3
Tr~M̃mnM̄ rsMmnM̄ rs2MmnM̄ rsMmnM̃̄ rs!

22iTr~mM̄mnmM̃̄mn2m̄Mmnm̄M̃
mn!, ~3.24!

and for the terms quadratic inM , we find

TrR3R5→0, Tr~RR5!
2→2

1

p8
H~M ,M̄ !,

TrR2R5
25TrR5R2R5

→
1

p8
1

2
@F~M ,M̄ !2F~M̄ ,M !#5

1

p4
~T491T4-!,

TrRR5
35TrR5RR5

25TrR5
2RR5

→
1

p8
1

2
@H~M ,MI !1H~M̄ ,MI !2F~M ,MI !

2F~M̄ ,MI !1F~MI ,M̄ !1F~MI ,M !#

5
1

p4
~T491T4-!2

1

p8
1

2
H~M ,M̄ !52

1

2p4
T4 ,

T495Tr~@$m̄,M̃mn%2$m,M̃̄mn%#@Jm ,Jn#!,

T4-5
2i

3
Tr@~$Mmr ,M̃̄

mn%2$M̄mr ,M̃
mn%!$Jr,Jn%#.

(3.25)

Then

T4522~T491T4-!1
1

p4
H~M ,M̄ ![22T492t4

522T492
8i

3
Tr~$Jr,Mmr%$Jn ,M̃̄

mn%2

$Jr,M̄mr%$Jn ,M̃
mn%!. ~3.26!

To evaluate the cubic and quadratic terms, we use a short-
hand notation according to which the covariant derivatives
imply the matrix products:

Dm
6Jn[@Dm

6 ,Jn#, Dm
6M[Dm

6M2MDm
7 , ~3.27!

where hereM is any mass matrix. Using the Dirac traces in
Eq. ~A23!, the first identity in Eq.~B12!, and the additional
identities

Tr~@A,B#C!52Tr~A@B,C# !, Dm~MM̄ !5@dm
1 ,MM̄ #,

Dm~M̄M !5@dm
2 ,M̄M #,

@dm
1 ,MMI #5~DmM !MI1MDm

2MI ,

@dm
2 ,M̄MI #5~DmM̄ !MI1M̄Dm

1MI ,

Tr~$A,B%CD!5Tr~B$A,CD%!

5Tr~B$A,C%D !2Tr~BC@A,D# !,

~3.28!

together with the facts @see Eq. ~A23!# that
Tr(s•Agms•Bgn) and Tr(s•Agms•Bgng5) are symmetric
in $m,n%, and that@Lm ,Jn#50, we obtain

TrR2R5→
1

p4
TrH 22iX̃2

mn~M ,M̄ !D̃m
1Jn22iX̃2

mn~M̄ ,M !D̃m
2Jn2L~M ,M̄ !1@X̃2

mn~MI ,M̄ !2X̃2
mn~M ,MI !

1X̃1
mn~M ,MI !#G̃mn

1 1@X̃2
mn~MI ,M !2X̃2

mn~M̄ ,MI !1X̃1
mn~M̄ ,MI !#G̃mn

2

1
4

3
@X1~M ,M̄ !1X2~M̄ ,M !#12~m̄Mmn2mM̄mn!L̂mn2L̂mn@X2

mn~MI ,M !1X2
mn~MI ,M̄ !#J ,

TrRR5
21TrR5RR5→

1

p4
TrH 24i @X̃2

mn~MI ,M̄ !2X̃2
mn~M ,MI !#D̃m

1Jn14i @X̃2
mn~MI ,M !2X̃2

mn~M̄ ,MI !#D̃m
2Jn

22L~M̄ ,MI !12L~MI ,M !2
8

3
@X1~M ,MI !1X2~MI ,M !2X1~MI ,M̄ !2X2~M̄ ,MI !#

1@X̃1
mn~MI ,MI !22X̃2

mn~MI ,MI !#~G̃mn
1 2G̃mn

2 !,

TrR5
3→

1

p4
Tr$6iX̃2

mn~MI ,MI !~D̃m
1Jn1D̃m

2Jn!24@X1~MI ,MI !1X2~MI ,MI !#13L~MI ,MI !, ~3.29!

where

X6~M1 ,M2!5~D̃r
6M1

mrM̃mn
2 2D̃r

6M̃1
mrMmn

2 1M̃mn
1 D̃r

7M2
mr2Mmn

1 D̃r
7M̃2

mr!Jn,
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X6
mn~M1 ,M2!5M1

mnm26m1M2
mn , X̃6

mn5
1

2
emnrsX̃rs

6 ,

L~M1 ,M2!52$Lm ,m1%$Jn ,m2%1
4

3
$Lm ,M1

mn%$Jn ,Mmn
2 %

1
8

3
~$Lm ,M1

mr%$Jn,M rn
2 %1$Ln,M1

mr%$Jm ,M rn
2 %!. ~3.30!

Again, the traces on the right are over internal indices only. Here and throughout the remainder of this section,G̃mn
6 is

understood as one fourth of the Dirac trace of@D̃m
6 ,D̃n

6#, and has no contribution from the spin connection, and the derivative
operatorsD̃m are understood to operate only on the object to their immediate right. The expressions~3.30! can be simplified
further using the relations

Xmn~D̃m
1Jn1D̃m

2Jn!5
i

2
Xmn~G̃mn

1 2G̃mn
2 !,

Xmn~D̃m
1Jn2D̃m

2Jn!522iXmn@Jm ,Jn#,

$Jm ,M %5
i

2
~D̃m

1M2D̃m
2M !, ~3.31!

that follow from the definitions~3.10! and ~3.27!. Defining

X15Tr@X1~M ,M̄ !1X2~M̄ ,M !#,

X25Tr@X1~MI ,MI !1X2~MI ,MI !#5 iTr~D̃1sM̃sm
I D̃r

2MI
rm2D̃1sMsm

I D̃r
2M̃ I

rm!,

X35 iTr~D̃sM̃smD̃r
2MI

rm2D̃sMsmD̃r
2M̃ I

rm2D̃1sM̃sm
I D̃rM̄

rm1D̃1sMsm
I D̃r M̄ rm!,

X45Tr@X1~M ,MI !1X2~MI ,M !2X1~MI ,M̄ !2X2~M̄ ,MI !#

52X11X32 iTr~D̃sMsmD̃rM̃̄
rm2D̃sM̄smD̃rM̃

rm!, ~3.32!

where we dropped total derivatives, we obtain

T35TrSR2R52RR5
22R5RR51

4

3
R5

3D→ 1

p4 S 43X32
8

3
X21t412T49D

2
4i

3p4
Tr~D̃sMsmD̃rM̃̄

rm2D̃sM̄smD̃rM̃
rm!1

1

p4
Tr$X̃2

mn~M ,M̄ !G̃mn
1 2X̃2

mn~M̄ ,M !G̃mn
2 12~m̄Mmn2mM̄mn!

2@X2
mn~MI ,M !1X2

mn~MI ,M̄ !#L̂mn1X̃1
mn~MI ,MI !~G̃mn

1 2G̃mn
2 !2@X̃1

mn~M ,MI !G̃mn
1 1X̃1

mn~M̄ ,MI !G̃mn
2 #2L~M ,M̄ !%,

~3.33!

wheret4 ,T49 are defined in Eqs.~3.25! and ~3.26!, and

t45
4

3
X42

8

3
X2 . ~3.34!

Finally, to obtain the logarithmically divergent parts of TrRR5 and TrR5
2, we use Eqs.~3.15!–~3.17!, giving

TrR5
2→

8

3p4
X22

2

p4
L~MI ,MI !1

1

p4
X̃1

mn~MI ,MI !~G̃mn
1 2G̃mn

2 !,

TrRR5→
4

3p4
X31

4i

3p4
Tr~$Ls,Msm%$Lr ,M̃̄

rm%2$Ls,M̄sm%$Lr ,M̃
rm%!2

1

p4
Tr@ i ~$Lr,m%D̃rm̄2D̃rm$Lr ,m̄%!1L~M ,M̄ !

12L~MI ,MI !#2
2i

3p4
Tr~$Lr,Msm%D̃rM̄

sm2D̃rMsm$Lr ,M̄
sm%!1

8i

3p4
Tr~$Ls,Msm%D̃rM̄

rm2D̃sMsm$Lr ,M̄
rm%!

55 891SUPERGRAVITY COUPLED TO . . . . II. . . .



2
4i

3p4
Tr~ L̂s

r$Msm,M̄ rm%!2
1

p4
Tr~ L̂mn@X2

mn~M ,MI !1X2
mn~M̄ ,MI !# !1

1

p4
Tr@X̃1

mn~M ,MI !G̃mn
1 1X̃1

mn~M̄ ,MI !G̃mn
2 #

1
i

p4
r n

mTr~M̃ nrM̄mr2M nrM̃̄mr!1total derivative. ~3.35!

Inserting these results in Eq.~3.7! gives

2
i

2
T25g1/2

lnL2

32p2 ~T481T41T32TrRR51TrR5
2!

5g1/2
lnL2

32p2TrHT481@X̃2
mn~M ,M̄ !G̃mn

1 2X̃2
mn~M̄ ,M !G̃mn

2 #2
4i

3
~D̃sMsmD̃rM̃̄

rm2D̃sM̄smD̃rM̃
rm!

2 ir n
m~M̃ nrM̄mr2M nrM̃̄mr!1@ L̂mn ,m̄#Mmn2@ L̂mn ,m#M̄mn1 i ~$Lr,m%D̃rm̄2D̃rm$Lr ,m̄%!

2
4i

3
~$Ls,Msm%$Lr ,M̃̄

rm%2$Ls,M̄sm%$Lr ,M̃
rm%!2

8i

3
~$Ls,Msm%D̃rM̄

rm2D̃sMsm$Lr ,M̄
rm%!

1
2i

3
@Lr~$Msm ,D̃rM̄

sm%2$D̃rM
sm,M̄sm%!12L̂mn$M

mr,M̄ r
n%#J . ~3.36!

To evaluate Eq.~3.36!, we note that the connection is
block diagonal in thex-l-a sector, and the axial part is
diagonal in thel and a sectors, withJll52Jaa . Using
the reality and symmetry properties of the off-diagonall-a
masses:

mla52m̄la5mla
T , Mla

mn5M̄la
mn52~Mla

mn!T, ~3.37!

it is easy to see that there is no contribution that involves
only these masses. For the off-diagonall-x masses:

mlx5mlx
T , M̃lx

mn5 iM lx
mn , M̃̄lx

mn52 iM̄ lx
mn ,

Mlx
mn52~Mlx

mn!T, Mlx
mnM̄mn

lx5M̃lx
mnM̄mn

lx50,

~MmnM̄ rn!a
a5~M rnM̄

mn!a
a . ~3.38!

It follows from these relations that the last line in Eq.~3.36!
vanishes.

Using the fermion matrix elements given in Appendix
C 2, we obtain the nonvanishing contributions toT2 listed in
Appendices C 3–C 8. Note that these expressions are fully
covariant, although the expansion~3.7! of T2 is not. This
noncovariance is necessarily the case sinceT2 contains the
chiral anomaly that breaks classical Ka¨hler invariance. How-
ever, the logarithmically divergent contributions are Ka¨hler
invariant, up to a possible dependence of the effective cutoff
on the Kähler potential@12,3,13#.

The ghostino determinant also contains helicity-odd con-
tributions, but since it has the same form@4# as that of a
four-component scalar, its evaluation is straightforward; the
result is given in Appendix C 7.

IV. THE ONE-LOOP EFFECTIVE ACTION

The quantum action obtained by the prescriptions defined
in I ~see Sec. II of that paper! and in Sec. II above takes the
form

Lq52
1

2
FTZF~D̂21HF!F

1
1

2
Q̄ZQ~ iD” 2MQ!Q1Lgh1LGh. ~4.1!

The last two terms are the ghost and ghostino terms, respec-
tively, F5(hmn ,Âa,ẑi ,ẑm̄) is a 2N14NG110 component
scalar,Q5(cm ,l

a,x I5Lx i1Rx ı̄,a) is anN1NG15 com-
ponent Majorana fermion, whereN is the number of chiral
multiplets,NG is the number of gauge multiplets, and the
matrix valued metricsZF andZQ are defined in Appendix B
of I and in Appendices C 1 and C 2 below. As in I we set
background fermion fields to zero, socm ,l

a,x I are the
quantum gravitino, gaugino, and chiral fermions, respec-
tively, anda is the auxiliary field introduced to implement
the gravitino gauge fixing condition@4#. The matrix-valued
covariant derivativeDm is defined as in Appendix A of I, and
D̂m includes additional terms in the connections that are
given in Eqs.~2.11! and ~2.17! above.

The one-loop contribution to the effective action is

L15
i

2
Tr ln~D̂21HF!2

i

2
Tr ln~2 iD” 1MQ!

1 iTr ln~D21HGh!2 iTr ln~D̂21Hgh!. ~4.2!

The general results obtained in@15,8,5,22# give, for the
bosonic determinant,
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i

2
Tr ln~D̂21HF!5AgH L2

32p2TrS 16 r2HFD
1
lnL2

32p2TrS 12HF
2 2

1

6
rHF

1
1

12
Ĝmn

F ĜF
mn1

1

120
@r 212rmnrmn# D J ,

~4.3!

and for the fermionic determinant we have

2
i

2
Tr ln~2 iD” 1MQ!52

i

2
~T11T2!

52
i

8
Tr ln@D̂21HQ#2

i

2
T2 ,

~4.4!

where in Eq.~4.4! D̂m andHQ are the 838 matrices defined
in Eqs.~2.14!–~2.17!. The helicity-averaged part,T1 , of the

fermion trace is2 1
4 times Eq.~4.3! with the substitutions

HF→HQ , Ĝmn
F →Ĝmn

Q , and the trace includes a trace over
Dirac indices, so

1

4
~Tr 1!Q5~Tr 1!F22NG52N12NG110.

Similarly, the ghost and ghostino contributions are equiva-
lent to, respectively,22 times the contribution of a

(41NG)-component scalar and12 times the contribution of
a four-component scalar. For bosons,HF andD̂m are defined
in Sec. II; the matrix elements ofH and of

Ĝmn5@D̂m ,D̂n#, ~4.5!

are given in Appendix C, as are helicity-odd contributions,
T2 , of the fermion determinant that was evaluated in Sec.
III, Eq. ~3.36!. The traces in Eqs.~4.3! and ~4.4! are given
explicitly in Appendix C below and in Appendix B of I. Here
we list only the contributions involving background Yang-
Mills fields and/or integration over the quantum Yang-Mills
supermultiplet that were omitted in I.

If L(g,K) is the standard Lagrangian@10,20# for N51
supergravity coupled to matter with space-time metricgmn ,
Kähler potentialK, and gauge kinetic normalization function
f ab5dab(x1 iy), then the logarithmically divergent part of
the one-loop corrected Lagrangian is

Leff5L~gR ,KR!1L01
lnL2

32p2 ~XABLALB1XALA!

1Ag
lnL2

32p2 ~L1NGLg!, ~4.6!

where the classical LagrangianL(g,K) is given in Appendix
C below ~see footnote 1!, L0 is the one-loop correction
found6 in I after renormalization ofg,K @see Eq.~3.6! of I#,
and

L5$Wab@3CGdab2Di~Tbz! jD j~Taz! i #1H.c.%224e2KaāD1
N15

6
@~Wab1W̄ab!DaDb2x~Frm

a 2 i F̃ rm
a !

3~Fa
rn1 i F̃ a

rn!Dnz
iDmz̄m̄Kim̄#1

N15

3
@x2WabW̄ab12D22D~Kim̄Drz

iDrz̄m̄12V̂14DMc
2 !#114x2WabW̄ab

112~Wab1W̄ab!DaDb122D212D~11V̂18Kim̄Drz
iDrz̄m̄!1x~W1W̄!~Kim̄Drz

iDrz̄m̄22Ml
222V!

14D~27Mc
217Ml

2!226iDmz
jDnz̄

m̄Kim̄DaFa
mn1

2

x
Dmz

iDmz̄m̄Rn̄im̄jDaD
j~Taz̄! n̄1

2

x
Dae

2KR n i
k j AkĀ

nD j~T
az! i

1
e2K

x
Da@~T

az! iRi
j
l
kĀl Ajk1H.c.#12iFmn

a D j~Taz! iRim̄k
j DmzkDnz̄m̄1

4

3
De2KRj

i AiĀ
j1

4

3
DDmz

iDmz̄m̄Rim̄

1
Di~Taz! i

6x
@4Da~Dmz

jDmz̄m̄K jm̄1V̂13Mc
222D!113iFmn

a Km̄jDmzjDnz̄m̄#1
1

2 S 19x2 1r ir i DD~]mx]mx1]my]my!

6The last five lines of Eq.~3.6! in I should read

24~Dmz̄
m̄DmziKim̄!21SN3 27DDmz

jDmziDnz̄
m̄Dnz̄n̄Ki n̄K jm̄1

2

3
Dmz̄

m̄DmziDnz̄
n̄DnzjKi n̄K jm̄2

2

3
Drz

iDrz̄m̄Kim̄DmzjDmz̄
n̄Rj n̄

1Dmz
jDmz̄m̄Rjm̄i

k Dnz
l Dnz̄n̄Rl n̄k

i 1Dmz
jDmziRji

kl Dnz̄
n̄Dnz̄m̄Rn̄km̄l 1

1

3
Dmz

iDnz̄
m̄Kim̄Rj n̄ ~DmzjDnz̄n̄2DnzjDmz̄n̄!

1Dmz
jDnz̄

m̄Rim̄j
k Dmzl Dnz̄n̄Rk n̄l

i 2Dmz
jDnz̄

m̄Rim̄j
k Dnzl Dmz̄n̄Rk n̄l

i 14~Li ĀiAe2K1H.c.!.
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2S 11x2 13r ir i D ]my]nxDaFa
mn2

1

4x
~113x2r ir i !~]rx]nx1]ry]ny!~Fmn

a 1 i F̃mn
a !~Fa

mr2 i F̃ a
mr!

25H F ix ~Fa
nm2 i F̃ a

nm!1
gnm

x2
DaG~]nx1 i ]ny!Kim̄~Taz! iDmz̄

m̄1H.c.J
2r ir i$@ ix~Fa

nm2 i F̃ a
nm!1gnmDa#~]nx1 i ]ny!Kim̄~Taz! iDmz̄

m̄1H.c.%12ix2r ir iDmz
jDnz̄

m̄Kim̄DaFa
mn

12x2r ir iD@8Mc
21Ml

212V̂22e2Kaā#2x2r ir i@2x
2WabW̄ab~12x2r ir i !24x~W1W̄!D1~Wab1W̄ab!DaDb

12D2#1
x3

2
r ir

i~Frm
a 2 i F̃ rm

a !~Fa
rn1 i F̃ a

rn!Dnz
iDmz̄m̄Kim̄12x2r ir

iDDmz
iDmz̄m̄Kim̄12x@4r i j ~T

az! i~Tbz! jWab

1 iDnz̄
m̄~Taz! irm̄i j ~Fa

mn2 i F̃ a
mn!Dmz

j1H.c.#1H r i jDmzjF2x ~]mx2 i ]my!~Taz! iDa2
f̄ i

2
W~]mx1 i ]my!G1H.c.J

1$W̄@2x3r ir iMl
21 f̄ iai~ ā2Ā!e2K2x2r i j ~AjikĀ

k2Ai j Ā!e2K#1H.c.%

1H ~e2KĀjAm̄1Dmz
jDmz̄m̄!F4rm̄i j ~T

az! iDa2S rm̄i j1
f̄ m̄
x

r i j D f̄ iDG1H.c.J 2
i

2
Kim̄@Dnz̄m̄~Taz! i2Dnzi~Taz̄!m̄#

3@ f̄ ir i jDrzj~Frn
a 2 i F̃ rn

a !1H.c.#1
Da

2x FKkm̄~Taz!kDmz̄m̄1
i

2
~]nx1 i ]ny!~Fnm2 i F̃ nm!1H.c.G~r i jDmz

i f̄ j1H.c.!

2@Wabr i j f
i~Taz! jDb1x2Drz

iDrzj~2r i jW2Rn̄im̄jr
m̄n̄W̄!1H.c.#12x2r i jrm̄

j DDrz
iDrz̄m̄1x4r i jr

i jWW̄, ~4.7!

Lg5x6~r ir i !
2WW̄22Ml

413Mc
422Mc

2Ml
21V̂21D216e2KaāMc

212V̂~2Mc
22Ml

21e2Kaā!2e2K~ āiAi1H.c.!~V̂1Mc
2 !

1e22KaiĀ
i ā jAj22e22K~ āiAiaĀ1H.c.!1x2r i jDmz

iDmzjr n̄ m̄Dnz̄
m̄Dnz̄n1e2KDmz

iDmz̄m̄F ~ai2Ai !~ ām̄2Ām̄!

1x2r ikĀ
krm̄

j Aj1
f̄ m̄f i
4x2

aāG1e2KHDmz
iDmzjF ~ai2Ai !S f j2x ā2xr jnĀ

nD 2
f j
2x

aiĀ2 f i~a2A!r jkĀ
kG1H.c.J

1
e2K

2x HDmz
iDmz̄m̄f̄ m̄@2āai2xr ik~a2A!Āk#1

f i f j
2x
Dmz

iDmzj ā~2a2A!1H.c.J 1x~r i jDmz
iDmzj1H.c.!~Mc

22V̂!

1e2K@xr i jDmz
iDmzj~akĀ

k22Āa!1H.c.#1
1

16x4
u~]mx1 i ]my!~]mx1 i ]my!u22x3r ir i~W1W̄!~Mc

21V̂!

1x3rkrk@W~xr i jDmz
iDmzj1e2KAiā

i22e2KāA!1H.c.#1
1

6
Kim̄K j n̄ ~4Dmz

iDmzjDnz̄
m̄Dnz̄n̄1Dmz

iDmz̄n̄Dnz̄
m̄Dnzj !

2
1

3
~Dmz

iDmz̄m̄Kim̄!21x2WabW̄ab1
1

2
~Wab1W̄ab!DaDb2

1

3
V21

1

3
Ml

2~Dmz
iDmz̄m̄Kim̄22V!

2S ]mx]nx1]my]ny

x2 DKim̄Dnz
iDmz̄m̄1

1

3
VDmz

iDmz̄m̄Kim̄1S ]nx]nx

6x2
1

]ny]ny

6x2 D ~2Dmz
iDmz̄m̄Kim̄2V!

1~Frm
a 1 i F̃ rm

a !~Fa
rn2 i F̃ a

rn!S ]mx]nx1]my]ny

4x
2
x

2
Kim̄Dnz

iDmz̄m̄D . ~4.8!

Our notation is defined in Appendix B below. HereW5Wa
a , where

Wb
a5

1

4
~Fmn

a Fb
mn2 iFmn

a F̃b
mn!2

1

2x2
DaDb ~4.9!

is the bosonic part of theF component of the composite chiral supermultiplet constructed from the Yang-Mills chiral
superfieldWa(u)5lL

a1O(u). The renormalized Ka¨hler potential is
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KR5K1
lnL2

32p2 @e2K~Ai j Ā
i j22AiĀ

i24AĀ!24Ka
a2~1214x2r ir

i !D#, ~4.10!

and the renormalized space-time metric is given by

gmn5~12e!gmn
R 1emn ,

e5e02
lnL2

32p2 FNG

6
~r1V!1

552N

6
D12x2r ir

iD1
2

3x
DaDi~T

az! i1
NG

3
Ml

2G ,
emn5emn

0 1
lnL2

32p2

NG

2 S rmn2
1

2
rgmnD2gmn

NG

6x2
~]rx]rx1]ry]ry2Dmz

iDmz̄m̄Kim̄!1NGF2¹m]nx

x
2

]mx]nx

x2
1

]my]ny

x2

2
1

2
~Dmz

iDnz̄
m̄1Dnz

iDmz̄
m̄!Kim̄G2gmnxFrs

a Fa
rsSN117

24
1
NG

8
2
x2r ir

i

4 D1xFmr
a Fan

rSN129

6
1
NG

2
2x2r ir

i D ,
~4.11!

where the superscript zero refers to the result of I. The terms in Eq.~4.6! proportional toLA can be removed by field
redefinitions:

fA→fR
A5fA2

lnL2

32p2 SXA1
1

2
XABLBD , ~4.12!

with

Xim̄5
NG

4x2Ag
f i f m̄ , Xam,bn52

1

xAg
~71x2r ir

i !dabgmn ,

Xi5~Xı̄!*54e2KĀiA1
2

x
~21x2r jr j !Da~T

az! i24xDr i22rm̄
i ~Taz̄!m̄Da

2NG

]mx

x
Dmzi1NG

f̄ i

2x
@x3r jr jW1xr jkDmz

jDmzk1e2K~ ā jAj22āA!2V̂2Mc
2 #,

Xma5
i

x
~1612x2r ir i !Kim̄@~Taz! iDmz̄

m̄2~Taz̄!m̄Dmz
i #1xr ir

i~]rxFarm1]ryF̃arm!

13
]ry

x
F̃arm1

]rx

x
~72NG!Farm1

1

2
@~Farm2 i F̃ arm!Drzir i j f̄

j1H.c.#2~51x2r ir i !
]my

x2
Da . ~4.13!

The terms in Eqs. ~4.7! and ~4.8! of the form
g(z,z̄)WW̄ are the bosonic part of the effective Lagrangian
~in the notation of@20#!

LuWu45E d4uEg~Z,Z̄!uWWu2. ~4.14!

It should be possible to write the remaining terms in super-
field form7 @up to total derivatives and field redefinitions of
the form ~4.11!–~4.13!#, and thus to extract the fermionic

part of the Lagrangian for these higher dimension operators.
However, there may be additional fermionic terms, e.g.,
those of the form@23#

LW2n5E d4uEg~Z,Z̄!~WW!n.11H.c., ~4.15!

that cannot be obtained in this way, as they have no purely
bosonic components. The determination of such terms re-
quires retaining fermionic background fields@24,8,16#.

Notice that the coefficient of lnL2FmnFmn is not a holo-
morphic function, except in the limits of a flat Ka¨hler metric
(Di→] i) and flat space-time (MPl→`, in which case opera-
tors of dimension greater than four are suppressed!. This
nonholomorphicity is distinct from from the holomorphic
anomaly@1,25# that arises from the field dependence of the
infrared regulator masses. In other words, when the Ka¨hler
and/or space-time metric is not flat, there are corrections that
correspond toD terms as well as the usualF terms.

7Note that Fi52e2K/2Āi and M523e2K/2A are the bosonic
parts of auxiliary fields of the chiral superfieldZi and the gravity
superfield, respectively. It is easy to show that calculating the one-
loop corrections before or after elimination of the auxiliary fields in
terms of their classical solutions gives the same result to the loop
order considered. Our results are expressed in terms of these auxil-
iary fields in @30#.
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The quadratically divergent contributions to the one-loop
Lagrangian are given by Eqs.~C3!, ~C36!, ~C62!, and~C67!.
The Pauli-Villars regularization of these terms was given in
@13#; they contribute additional renormalizations of the met-
ric and the Ka¨hler potential that are determined by the field-
dependent squared masses of the Pauli-Villars regulator
fields that play the role of effective cutoffs. The field depen-
dence of the effective cutoffs in the logarithmically divergent
contribution to the renormalized Ka¨hler potential will gener-
ate additional terms in the effective Lagrangian proportional
to

DI lnL252
DIL

L
, I5 i , ı̄,

that do not grow with the cutoff, and therefore have to be
considered together with the finite terms that we have not
evaluated here.

V. THE STRING DILATON

In effective supergravity from superstring theory, the clas-
sical Kähler potential K(z,z̄), superpotentialW(z) and

Yang-Mills normalization functionf ab(z) take the forms

K~z,z̄!52 ln~s1 s̄!1G~yi ,ȳm̄!, W~z!5W~yi !,

f ab~z!5dabkas, yi ,ȳm̄Þs. ~5.1!

Although we have restricted our analysis to the casef ab
5dabf , it is equally applicable to the casef ab5dabkaf ,
ka5const, provided we make the substitutions
Fmn
a →ka

1/2Fmn
a , Am

a→ka
1/2Am

a , Ta→ka
21/2Ta, cabc

→ka
21/2cabc (cabcÞ0 only if ka5kb5kc) in all the relevant

equations. Our results are therefore applicable to all known
effective tree Lagrangians from superstrings, including those
where the integerska>1 correspond to higher affine levels
@11#. In this case the operatorsa,r i j ,12x2r ir

i , and their
covariant derivatives vanish identically. In particular
Ml

25Mc
2[M2, and Eq.~4.6! reduces to

Leff5L~gR ,KR!1L01
lnL2

32p2 ~XABLALB1XALA!1Ag
lnL2

32p2 ~L1NGLg!,

L5~Wab1W̄ab!~3CGdab2Di~Tbz! jD j~Taz! i !12D~13V̂19Kim̄Dmz
iDmz̄m̄!

1
N15

12
@~s1 s̄!2WabW̄ab12~Wab1W̄ab!DaDb18D228~V̂12M2!D#

2
N15

12
@~s1 s̄!~Frm

a 2 i F̃ rm
a !~Fa

rn1 i F̃ a
rn!14gm

nD#Dnz
iDmz̄m̄Kim̄1

7

2
~s1 s̄!2WabW̄ab111~Wab1W̄ab!DaDb120D2

1154M2D1
s1 s̄

2
~W1W̄!~Kim̄Drz

iDrz̄m̄22V̂12D!224iDmz
iDnz̄

m̄Kim̄DaFa
mn

1
s1 s̄

4
~Frm

a 2 i F̃ rm
a !~Fa

rn1 i F̃ a
rn!Dnz

iDmz̄m̄Kim̄1
Di~Taz! i

3~s1 s̄!
@4Da~V̂22D13M21Kjm̄Dmz

jDmz̄m̄!

113iFmn
a Km̄jDmzjDnz̄m̄#2S 43DRim̄1

Da

s1 s̄
Rn̄ im̄jD

j~Taz̄! n̄ D ~e2KĀiAm̄1Dmz
iDmz̄m̄!12iFmn

a D j~Taz! iRim̄k
j DmzkDnz̄m̄

1
2e2K

s1 s̄
Da@~T

az! iRi
j
l
kĀl Ajk1H.c.#2

12

s1 s̄
H F i ]ns~Fa

nm2 i F̃ a
nm!1

2]ms

s1 s̄
DaGDmz̄

m̄Kim̄~Taz! i1H.c.J
22

]rs]
ns̄

s1 s̄
~Fmn

a 1 i F̃mn
a !~Fa

mr2 i F̃ a
mr!140

]ms]
ms̄

~s1 s̄!2
D128i

]ms]ns̄

~s1 s̄!2
DaFa

mn ,

Lg5
~s1 s̄!2

4
~WabW̄ab1WW̄!2

s1 s̄

2
~W1W̄!~M21V̂!1D21

1

2
~Wab1W̄ab!DaDb22SD1

1

3
VDM2

1
1

3
~M21V!Dmz

iDmz̄m̄Kim̄2
1

3
V21

1

6
Kim̄K j n̄ ~4Dmz

iDmzjDnz̄
m̄Dnz̄n̄1Dmz

iDmz̄n̄Dnz̄
m̄Dnzj !
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2
1

3
Kim̄K j n̄Dmz

iDmz̄m̄Dnz
jDnz̄n̄1

2

3
~2Kim̄Dmz

iDmz̄m̄2V!
]ns]

ns̄

~s1 s̄!2
1

]ms]
ms]ns̄]

ns̄

~s1 s̄!4

2
2]ms]ns̄

~s1 s̄!2
Kim̄~DmziDnz̄m̄1Dmz̄m̄Dnzi !

1~Frm
a 1 i F̃ rm

a !~Fa
rn2 i F̃ a

rn!S ]ns]
ms̄

2~s1 s̄!
2
s1 s̄

4
Kim̄Dnz

iDmz̄m̄D , ~5.2!

with, instead of Eq.~4.10!,

KR5K1
lnL2

32p2 ~e2K@Ai j Ā
i j22AiĀ

i1~NG24!AĀ#

24Ka
a216D!. ~5.3!

Here we have considered only the standard chiral multip-
let formulation of supergravity. There is reason to believe
@2,3,26# that the dilaton in the effective field theory from
superstrings should be described, in fact, by a linear multi-
plet, which is dual to the chiral multiple used here. It has
been shown@27# that a variety of classically dual theories
remain equivalent at the quantum level. In@13# it was ob-
served that once the ambiguous matrix elements~3.9! have
been fixed in a supersymmetric way that admits Pauli-Villars
regularization, the axiony of the dilaton supermultiplet ap-
pears only through its dualhnrs5enrsm]my/4x

2. This sug-
gests that the properly regulated chiral supergravity theory
also remains equivalent to the linear multiplet version for the
dilaton at the quantum level. Some loop corrections using the
linear multiple formulation have been carried out in@28#.

As shown in I, further simplifications occur8 in specific
models, such as the untwisted sectors from orbifold compac-
tifications where the scalar Riemann tensor is covariantly
constant and the Ricci tensor is proportional to the Ka¨hler
metric for each untwisted sector.

VI. CONCLUSIONS

In this paper we have completed the results of I by includ-
ing the gauge sector. The complete divergent part of the
one-loop Lagrangian, obtained from the results of this paper
and from I, will be presented elsewhere in a short communi-
cation @30#.

Some comments on the implications and applications of
our results are in order. It has already been shown@13# that,
using the gauge fixing and expansion procedures defined
here, the one-loop quadratic divergences, as well as the loga-
rithmic divergences in the flat space limit and in the absence
of a dilaton, can be regulated a` la Pauli-Villars. Regulariza-
tion of the full supergravity divergences without a dilaton are
under study@18#. An objective of this study is to determine
the extent to which, in the string theory context, a modular
invariant regularization procedure can be achieved that pre-
serves the continuous SL(2,R) symmetry of the classical ef-
fective Lagrangian. To obtain the full one-loop Lagrangian,
including all finite contributions, requires a resummation of
the derivative expansion. A procedure for resummation will
be described elsewhere@18#.

We have presented our results for one-loop corrections to
the classical general supergravity Lagrangian@10,20# with at
most two-derivative terms. As seen in Sec. V, the result sim-
plifies considerably for the classical effective Lagrangian de-
rived from string theory, due to the the absence of a potential
for the dilaton and the special form of its Ka¨hler potential.
These features are modified when the effective Lagrangian
includes a nonperturbatively induced@31# superpotential for
the dilaton and/or the Green-Schwarz counterterm@2# that is
necessary to restore modular invariance. The latter term de-
stroys the no-scale nature of Lagrangians from torus compac-
tification and the untwisted sector of orbifold compactifica-
tion, and generally destabilizes the effective scalar potential.
However this term is of one-loop order and therefore should
be considered together with the full one-loop corrections. An
interesting question, that will be addressed elsewhere, is
whether these corrections can restabilize the potential.

An important unresolved issue in the construction of ef-
fective supergravity Lagrangians for gaugino condensation is
the correct form of the kinetic term for the composite chiral
multiplet that represents the lightest bound state of the con-
fined Yang-Mills sector. It has recently been shown@32#, in
the context of both the linear and chiral multiplet formula-
tions for the dilaton, that such terms can be generated by
higher dimension operators. The contribution~4.14! to the
effective Lagrangian determines the leading one-loop contri-

8The four-derivative terms of Eq.~4.4! of I should read

24~Dmz̄
m̄DmziKim̄!21SN3 27DDmz

jDmziDnz̄
m̄Dnz̄n̄Ki n̄K jm̄

1
2

3
Dmz̄

m̄DmziDnz̄
n̄DnzjKi n̄K jm̄

2
2

3
Drz

iDrz̄m̄Kim̄(
a

~Na11!DmzjDmz̄
n̄K j n̄

a

1
1

3
Dmz

iDnz̄
m̄Kim̄(

a
~Na11!Kj n̄

a ~DmzjDnz̄n̄2DnzjDmz̄n̄!

1(
a

@~Na11!~Dmz
iDmz̄m̄Kim̄

a !2

1~Na17!Dmz
jDmziDnz̄

n̄Dnz̄m̄Kim̄
a Kj n̄

a

2~Na11!Dmz̄
m̄DmziDnz

jDnz̄n̄K jm̄
a Ki n̄

a #.
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bution to these operators; similar terms occur in string theory
@33#. This is one example of how the determination of loop
corrections can serve as guide to the construction of such an
effective theory.
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APPENDIX A: DIRAC ALGEBRA

We work in the Weyl representation for the Dirac matri-
ces; for a flat metric:

g05g05S 0 21

21 0 D , g i52g i5S 0 s i

2s i 0 D ,
g55 ig0g1g2g35S 1 0

0 21D , smn5
i

2
@gm,gn#.

~A1!

To evaluate the fermion determinant, we note that an arbi-
trary 434 Dirac matrixM4 can be written as

M45RAR1LBL1RCL1LDR, ~A2!

whereA,B contain an even number of Dirac matricesgn ,
C,D contain an odd number,A,B,C,D have no explicitg5
dependence, andL5 1

2(12g5) andR5 1
2(11g5) are the he-

licity projection operators. Then TrM45TrRA
1TrLB5TrM8, whereM8 is the 838 matrix

M85S RAR RCL

LDR LBLD , ~A3!

and Trf (M4)5Trf (M8), where f is any function that can
be expanded in a Taylor series. WritingM4[M4(g5), we
have

M4~2g5!5RBR1LAL1RDL1LCR,

1

2
@TrM4~g5!1TrM4~2g5!#5

1

2
~TrA1TrB!

5
1

2
TrS A C

D BD .
~A4!

Similarly, if f is an arbitrary function ofM4,

1

2
$Trf @M4~g5!#1Trf @M4~2g5!#%5

1

2
Trf ~P!,

P5S A C

D BD . ~A5!

SettingM452 iD” 1MQ , f (M4)5 lnM4, Eq. ~A5! gives
the traceT1 that has been evaluated previously9 @4–8#. To
evaluate the determinantT2 we define

M45g0~2 iD” 1MQ!, ~A6!

which is a 434 matrix in Dirac space that we write@5# in
terms of the 232 Paulis matrices as

M452S iÃ\ C

D̃ iB\
D , s6

m 5~1,6sW !,

s6
mn5

i

2
~s6

m s7
n 2s6

n s7
m !,

Ã\ 5s1
m dm

15s1
m @D̃m

12L̃m~s2 ,s1!#,

B\ 5s2
m dm

25s2
m @D̃m

22L̃m~s1 ,s2!#,

C5m1Mmns1
mn[M ~s1

mn!, D̃5m̄1M̄mns2
mn[M̄ ~s2

mn!

L̃m~s2 ,s1!5
Lm

24
elnrss2

l s1
n s2

r s1
s . ~A7!

The matrix elements inM4 are defined, up to theg5 ambi-
guity noted in@13#, in terms of those appearing in the fermi-
onic part of the action~4.1! by

Dm5D̃m1 ig5Lm5 iDm
1R1 iDm

2L,

MQ5M̄ ~smn!R1M ~smn!L. ~A8!

The matrix-valued derivative operatorD̃m is defined in Eq.
~A12! of I, the additional gaugino connectionLm is given in
Eq. ~C19! below, and the elements of the mass matrix
MQ5M̄R1ML are given in Eqs.~2.16!, ~2.17!, ~A11!, and
~B10! of I, together with Eq.~C15! below. The tilde opera-
tion on A\ ,B\ ,C,D amounts to the interchanges1↔s2 .
Thus

A” L5S 0 2A\

0 0 D , A”R5S 0 0

2A\ 0D ,
A\ Ã\5RSD” 12

L”

24
elnrsglgngrgsD 2R5RD” 2R,

B\ B̃\5LSD” 22
L”

24
elnrsglgngrgsD 2L5LD” 2L, ~A9!

where the appropriate zero’s in the transition from 232 to
434 matrices is implicit in the last two lines. More, gener-
ally, products ofs6

m can be converted into products ofgm by

9The contributions from the termsMmnsmn were not fully in-
cluded in@5#.
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~s1s2!ns1→2Lg2n11R,

~s2s1!ns2→2Rg2n11L, ~s1s2!n→Lg2nL,

~s2s1!n→Rg2nR. ~A10!

Then defining

S65
1

2
@Tr lnM4~M ,sW !6Tr lnM4~2M ,2sW !#,

M4~2M ,2sW !52S iA\ 2C̃

2D iB̃\
D 5M4~2M ,2g5!g0 ,

~A11!

Eqs.~A9! and ~A10! immediately gives:

S15
1

2
Tr ln@M4~2M ,2sW !M4~M ,sW !#

5
1

2
Tr lnS 2R@D” 1

2 1MM̄ #R 2R@ iD” 1M2MiD” 2#L

2L@ iD” 2M̄2M̄ iD” 1#R 2L@D” 2
2 1M̄M #L

D
5
1

2
Tr ln~2D” 22MQ

2 1 i @D” ,MQ#!5
1

2
Tr ln~2D̂22HQ

2 !.

~A12!

whereD̂5D̂Q andHQ are defined in Eq.~2.17!. Although
the matrix in Eq.~A12! is 838, the helicity projection op-
eratorsL,R project out half the elements, so the counting of
states is unchanged when we take the Dirac trace. Since
Tr lnM(M )5Tr lnM(2M ), we have10 S65T6 , and Eq.
~A12! is equivalent to Eq.~A5!, up to the ambiguity de-
scribed in @13#: terms even and odd ing5 can be inter-
changed usingg55( i /24)emnrsgmgngrgs .

The next step is to castS25T2 in the form of Eq.~3.3!
and to take its Fourier transform to obtain an expression of
the form ~3.4!, but before performing thep integration we
write

M21@M~g5!2M~2g5!#

5M21M0
21M0@M~g5!2M~2g5!#

52SD22
i

2
smnG

mn1 iDmM
mD 21

iD nN
n, ~A13!

whereM0 is
11 the matrix~A11! with

C5D50, Am5D̃m
11L̃m~s1 ,s2!,

Bm5D̃m
21L̃m~s2 ,s1!,

1

2
@M~g5!2M~2g5!#52S J̃\ MI~s1

mn!

2MI~s2
mn! 2J̃\ D ,

Jm5
i

2
~Dm

12Dm
2!, MI5

1

2
~M2M̄ !, ~A14!

and

Nm5S 2RgmJ”R RgmMIL

2LgmMIR LgmJ”L
D ,

Mm5S 0 RgmML

LgmM̄R 0 D . ~A15!

We then redefine the integrand by@15#

T~p,x!→UT~p,x!U21, U5expS 2 id•
]

]pDexpS i ]• ]

]pD ,
~A16!

which leaves the~properly regulated! integral unchanged. In
the absence of background space-time curvature, the 838
matrix valued operatordm is simply

dm5Dm5
]

]xm 1am~x!. ~A17!

In the presence of space-time curvature, one has to expand
@8# the action atx85x1y in terms of normal coordinates,

jm5ym1 1
2grn

m (x)yryn1O(j3):

dm5
]

]jm 1am~x,j!, ~A18!

wheregrn
m is the affine connection, and the full connection

am(x,j) includes terms that depend on the affine connection
and its derivatives. The expansion of Eq.~A13! for this case
is determined in@8#. We then obtain the expression~3.4!
with

T~p,x!52
1

2
Tr ln@112D~x,p!p2R5~x,p!#,

D2152TmnDmDn1ĥ1X1~pn1Gn!PmnM̂
m,

Dm5pm1Gm1dm , 2p2R55~pn1Gn!PmnN̂
m,

h52
i

2
smnG

mn,

Gm5 (
m50

m11

~m12!! S 2 iD •
]

]pD
m

Gnm

]

]pn
,

Gmn5@Dm ,Dn#, F̂5(
0

`
~2 i !n

n! SD• ]

]pD
n

F,

10In @5# it was incorrectly stated thatS250.
11It might seem more efficient to take insteadM0

5M4(2M ,2sW ) but this form turns out to introduce a spurious
quadratic divergent term involvingMmn . To explicitly regulate ul-
traviolet ~or infrared! divergences, one should introduce a regulator
mass matrixm0 and setM0→M01m0; see the discussion in Sec.
III.
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F5h,Mm,Nm, D•
]

]p
X[@Dm ,X#

]

]pm
,

Pmngn5Pm5gm2
1

6
rmrsngn

]2

]pr]ps 1OS ]3

]p3D ,
Tmn5gmn2

1

3
rmrsn

]2

]pr]ps

2
i

6
¹lrmrsn

]3

]pr]ps]pl1OS ]4

]p4D ,
X52

r

3
2

i

3
¹mr

]

]pm 1OS ]2

]pD ,
dm5

i

9
~¹mr rn2¹nr rm!

]2

]pn]pr
1OS ]3

]p3D . ~A19!

Finally we writeD2152p2(11R) and expand

D5~11R!21~2p22!5 (
n50

~2R!n~2p22! ~A20!

to obtain the expression~3.8!, where we have setm050.
Once all these manipulations have been performed we can

simplify the expression for the fermion connection by using
simply

Dm
65D̃m

61 ig5Lm . ~A21!

The point is that the part of the gaugino connection arising
from the dilaton has been included in the ‘‘vector’’ (Jm

V):

]m1Jm
V5

1

2
~Dm

11Dm
2!5

1

2
~D̃m

11D̃m
2!1 ig5Lm ,

~A22!

rather than in the ‘‘axial vector’’ (Jm) part of the connection.
We conclude this appendix by listing some Dirac traces

that are useful in the evaluation ofT2 and of the ghostino
and fermion determinants:

Trg5g
mgngrgs524i emnrs, Trg5s

absmn54i eabmn, e012352g21e01235g2 1/2,

Tr~g5g
agbgggdgegz!524i @egdezgab1eabgdgez1eabeggdz1eabgzgde1eabdeggz1eabzdgge1eabezggd#,

Tr~g5s
abggsdegz!54i @eabgdgez1eabeggdz1eabdeggz1eabzdgge1eabezggd#,

Tr~g5s
absgdgegz!54i @eabgdgez1eabeggdz1eabgzgde1eabdeggz1eabzdgge#,

TrsrssmnFa
rsFmn

b 58Fa
mnFmn

b ,

TrsrssmnsltFa
rsFb

mnFc
lt532iF a

mnFbmrFcn
r ,

Tr~s•As•Bs•Cs•D !516@AmnBrsCmnDrs1~A•B!~C•D !1Amn~B•C!Dmn#

164~AmnBmrC
rsDns2AmnBmrCnsD

rs2AmnBrsCmrDns!,

Tr~gms•Agns•B!58~gmnArsB
rs12AmrBr

n12Ar
nBmr!,

Tr~gmgns•As•B!58~gmnArsB
rs12AmrBr

n22Ar
nBmr!,

Tr~Zmngms•Agns•Bg5!58ir n
m~ÃnrBmr2AnrB̃mr!, ~A23!

where s•A5smnA
mn, etc., andZmn5 1

4g
rgsr rsnm is the

field strength arising from the spin connection~note that
gmgnZ

mn5 1
2 r ). To evaluate the last trace in Eq.~A23! we

used the relations~B14! and ~C25!.

APPENDIX B: RELATIONS AMONG OPERATORS

In this appendix we derive relations among the various
operators that appear in the traces needed to evaluate the

one-loop effective action. We adopt the gauge sign conven-
tions of @10,29#:

Dm5¹m1 iAm , Am5TaAm
a , Ta̄

ı̄ 5~Taj
i !* ,

Dmz
i5]mz

i1 iAm
a ~Taz! i , Dmz̄

m̄5]mz̄
m̄2 iAm

a ~Taz̄!m̄,

Fmn5
1

i
@Dm ,Dn#5¹mAn2¹nAm1 i @Am ,An#,

Fmn
a 5¹mAn

a2¹nAm
a2cabcAm

bAn
c . ~B1!
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Our other conventions and notations are given in Appendix
A of I.

We first consider constraints on covariant scalar deriva-
tives that follow from gauge invariance. We define

Kab5
1

x
Km̄j~Taz̄!m̄~Tbz! j , Da5Ki~Taz! i , D5

1

2x
DaDa,

f ab~z!5dabf ~z!, f5x1 iy . ~B2!

The classical scalar potential isV̂1D, where V̂ has been
defined in I. It follows from the gauge invariance of the
Kähler potentialK that

daK5Ki~Taz! i2Km̄~Taz̄!m̄50,

DiD jDa5Dm̄D n̄Da50,

Kim̄D n̄~Taz̄!m̄5Kj n̄Di~Taz! j ,

Di~Taz̄!m̄5Dm̄~Taz! i ,

Ki j ~Taz! j1Kj~Ta! i
j5Kim̄~Taz̄!m̄,

DkD j~Taz! i52Rjm̄k
i~Taz̄!m̄, ~B3!

whereKi j5] i] jK5] iK j , and the last four lines follow from
the first two by taking successive scalar derivatives. Here
] I5]/]zI , I5 i , ı̄, DI is the reparametrization covariant
scalar derivative, andRim̄j n̄ is the Kähler curvature tensor.
Indices are lowered and raised, respectively, with the Ka¨hler
metricKim̄ and its inverseKim̄. Similarly, it follows from the
gauge invariance off that

daf5 f i~Taz! i50, f i j ~Taz! j f̄ i52 f iD j~Taz! i f̄ j ,

f i j ~Taz! j~Tbz! i52 f i~Taz! jD j~Tbz! i ,

f i f̄ m̄D
i~Taz̄!m̄52 f n̄ f̄ n̄ m̄~Taz̄!m̄52 f̄ i f i j ~Taz! j ,

f i j5DiD j f , ~B4!

and from the gauge invariance of the superpotentialW that

Ai~Taz! i5Am̄~Taz̄!m̄5DaA,

Ai j ~Taz! i1AiD j~Taz! i5DaAj1Kjm̄~Taz̄!m̄A,

Ai jk~Taz! i1Ai jDk~Taz! i1AikD j~Taz! i1AiDkD j~Taz! i

5DaAjk1Kjm̄~Taz̄!m̄Ak1Kkm̄~Taz̄!m̄Aj . ~B5!

The tensorsAi1••• i n
are reparametrization invariant covariant

derivatives@4# of A5eKW. Using Eq.~B3! and the defini-
tions ~B2! we obtain

Kab2Kba5
i

x
cabcDc, Kab~Kab2Kba!52

1

2x2
CG

~a!DaDa,

~B6!

where CG
(a) is the Casimir in the adjoint representation,

cabc are the structure constants of the gauge group, and

~Tbz! iDi~Taz! j5~Taz! iDi~Tbz! j1 icabc~T
cz! j ,

DbKm̄j~Taz̄!m̄~Taz! iDi~T
bz! j

5DbKm̄j~Taz̄!m̄~Tbz! iDi~T
az! j2

1

2
CG

~a!DaDa.

~B7!

Combining Eqs.~B3! and ~B5! we obtain

AiD
i~Taz̄!m̄5AiD

m̄~Taz! i52Ai
m̄~Taz! i1Am̄Da1A~Taz̄!m̄,

ĀiDi~Taz!k5Ā n̄D
n̄~Taz!k5Ā n̄D

k~Taz̄! n̄

52Ā n̄
k ~Taz̄! n̄1ĀkDa1Ā~Taz!k,

DaĀjkAi jDk~Taz! i52
1

2
ĀjkAi jk~Taz! iDa

1
1

2
Rjm̄k

i ĀjkAiDa~Taz̄!m̄

1xDAi j Ā
i j1Da~Taz̄!m̄Ām̄

i Ai .

~B8!

To evaluate the one-loop effective action, we find it con-
venient to introduce the scalar field reparametrization cova-
riant derivatives of the variabler, defined as the squared
gauge coupling:

r5
1

x
5g2, r i5Dir52

f i
2x2

, r i5Kim̄Dm̄r5Kim̄rm̄ ,

r i j5DiD jr52
1

2x2 S f i j2 f i f j
x D ,

Dm̄r i5rm̄i52
1

x
f̄ m̄r i52xrm̄r i ,

Dj~x
2r ir

i !5x2r ir i j , Dm̄~x2r ir
i !5x2rm̄

i r i ,

DjDk~x
2r ir

i !5x2r ir i jk , etc.,

f m̄i j5Rim̄j
k f k522x2rm̄i j22x f̄m̄r i j2

f i f j f̄ m̄
2x2

. ~B9!

It follows from @Dm̄ ,Di #(x
2r ir

i)50 that

f̄ kr j
ki1

1

x
f̄ k f̄ jrki5 f kr i

k j1
1

x
f kf ir

k j. ~B10!

In addition we introduce the variable

a5A1
f̄ i

2x
Ai5eK/2~m̄c2m̄l!, ai1••• i n5Di1

•••Din
a.

~B11!

The variablesa,r i j and 12x2r ir i , and all covariant deriva-
tives thereof, vanish for effective supergravity theories ob-
tained from superstrings in the classical limitf (z)5s,
K52 ln(s1s̄)1G(z,z̄Þs,s̄), Ws50.
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We will also need the following identities involving the
Yang-Mills field strength and the space-time curvature. It
follows from manipulating products of the antisymmetric
tensoremnrs that

M̃1
mnMmr

2 5
1

2
gr

nM1
msM̃ms

2 2Mmr
1 M̃2

mn ,

M̃mn
i 5

1

2
emnrsMi

rs ,

F̃mn
a Fb

mnF̃rs
b Fa

rs52~Fmn
a Fb

mn!22~Fmn
a Fa

mn!2

14Frm
a Fa

rnFb
smFsn

b ,

~ F̃mn
a Fa

mn!2522~Fmn
a Fb

mn!214Fmn
a FarsF

bmrFb
ns ,

~B12!

whereMmn
i is any antisymmetric tensor-valued operator. Us-

ing the first of these gives

TrAmnBmrC̃nsD
sr5

1

4
Tr @~D̃•A!~B•C!2~A•B!~C̃•D !

2ÃmnBrsCmnD
rs#,

TrAmnBmrC̃
srDsn5

1

4
Tr @~A•B!~C̃•D !1~D•A!~B̃•C!

2AmnB̃rsCmnD
rs#,

TrAnsBrmC̃mnDrs5
1

4
Tr @~Ã•B!~C•D !2~D•A!~B̃•C!

2ÃmnBrsCmnD
rs#,

F̃mn
a Fa

mr5
1

4
gn

rF̃ms
a Fa

ms . ~B13!

It follows from the symmetry properties of the space-time
Riemann tensor that

r rsmnFa
nsFamr5

1

2
rmn

rsFa
mnFrs

a , ~B14!

and, using Eq.~B12! with M15F, M25F̃, M̃252F,

r rsmnF̃a
nsF̃amr5

1

2
rmn

rsF̃a
mnF̃rs

a

52r n
mFmr

a Fa
nr2

1

2
rFmr

a Fa
mr2

1

2
rmn

rsFa
mnFrs

a .

~B15!

In addition:

Fmn
a @Dm,Dr#Fa

rn5cabcFmn
a FbmrFcn

r1r n
mFmr

a Fa
nr

2
1

2
rmn

rsFa
mnFrs

a . ~B16!

It is convenient to isolate terms that do not contribute to
theSmatrix, using the classical equations of motion:

g21/2LI52KIJDmDmzJ2V̂I2
1

x
Da~T

az!JKIJ21/2f I HWW̄,

I ,J5H i , ̄
ı̄, j

,

~xg!21/2Lam5~xg!21/2gmn

]L
]An

a

5D9nFanm1F̃anm

]ny

x
1

i

Ax
Kim̄

3@Dmz̄
m̄~Taz! i2Dmz

i~Taz̄!m̄#. ~B17!

The first of these gives, in particular (Mc
25mcm̄c ,

Ml
25mlm̄l):

f i

Ag
Li5S f̄ i

Ag
Li D *52¹2x2 i¹2y22x4r ir iW̄1

1

x
~]nx1 i ]ny!~]nx1 i ]ny!22x2r i jDmz

jDmzi

12xe2K~2āA2āiAi !12x~V̂1Mc
22Ml

2!,

2
]mx

Agx
DmziLi1H.c.5S ]mx

x
DmziKim̄D

nDnz̄
m̄1H.c.D2

¹2x

x
V1

]mx]mx

x2 SV1
x

4
F2D1

]my]mx

4x
FF̃1total derivative,

a1bx2r ir i

xAg
Da~Taz! ILI5

a1bx2r ir i
x S 2Kjm̄DmziDmz̄

m̄DaDi~Taz! j18xDMc
222DaDbKab2e2K@Da~Taz! iAi j Ā

j1H.c.#

1$Ki n̄K jm̄Dmzj~Taz̄!m̄@~Taz! iDmz̄
n̄1~Taz̄! n̄Dmz

i #1H.c.%2
]mx

x
DaK jm̄@Dmzj~Taz̄!m̄

1~Taz! jDmz̄m̄#1bxDa$Dmz
kr jrk jKim̄@Dmz̄

m̄~Taz! i1Dmz
i~Taz̄!m̄#1H.c.%1total derivative.

~B18!
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We absorb a part of the one-loop correction into the Ka¨hler potential; a shiftdK in the Kähler potential gives a shiftDdKL in
the Lagrangian:

1

Ag
DdKL52dKV̂1dKim̄~e2KĀiAm̄1Dmz

iDmz̄m̄!2H dKiFe2KĀiA1
1

2x
Da~T

az! i G1H.c.J . ~B19!

Taking dK5D, the last equality in Eq.~B18! can be written as

a1bx2r ir i

xAg
Da~Taz! ILI5~a1bx2r ir i !S 2

Ag
DDL12D@e2Kaā23Mc

223Ml
22V̂#1@Ki n̄K jm̄Dmz

iDmzj~Taz̄!m̄~Taz̄! n̄1H.c.#

1 i
]my

x2
Da@Kim̄~Taz! iDmz̄m̄2H.c.#2

1

x2
D@]mx]mx1]my]my# D 1bxDa@Dmzkr jrk jKim̄~Dmz̄

m̄~Taz! i

1Dmz
i~Taz̄!m̄!1H.c.#1total derivative. ~B20!

APPENDIX C: MATRIX ELEMENTS AND SUPERTRACES

In this appendix we list matrix elements of operators appearing in Eqs.~4.2!–~4.5! and traces needed to evaluate the
divergent contributions to the one-loop effective action~4.6!. Notation and conventions are defined in Appendix A of I, and the
relevant part of the tree Lagrangian@10,20# is12

1

Ag
L~g,K, f !5

1

2
r1Kim̄DmziDmz̄

m̄2
x

4
FmnF

mn2
y

4
F̃mnF

mn2V1
ix

2
l̄D” l1 iK im̄~ x̄L

m̄D” xL
i 1x̄R

i D” xR
m̄!

1e2K/2S 14 f i Āi l̄RlL2Ai j x̄R
i xL

j 1H.c.D1S i l̄RaF2Kim̄~Taz̄!m̄2
1

2x
f iDa2

1

4
smnFa

mn f i GxL
i 1H.c.D

1Lc1four-fermion terms,

1

Ag
Lc5

1

4
c̄mgn~ iD” 1M !gmcn2

1

4
c̄mgm~ iD” 1M !gncn

2F x8 c̄msnrgmlaFnr
a 1c̄mD” z̄m̄Kim̄gmLx i2

1

4
c̄mgmg5l

aDa1 i c̄mgmLx imi1H.c.G ,
M̄5~M !†5eK/2~WR1W̄L !, mi5e2K/2Ai . ~C1!

If we define

STrF5TrFF2
1

4
TrFQ22TrFgh12TrFGh, 2

i

2
T25Ag

lnL2

32p2T, ~C2!

whereTr FQ is defined below@see Eq.~C24!#, the effective Lagrangian~4.2! is

1

Ag
L152

L2

32p2STrH1
lnL2

32p2 FSTrS 12H22
1

6
rH1

1

12
ĜmnĜ

mnD1TG . ~C3!

12In I we definede012351; here we denote byemnrs the covariantly constant tensor—see Eq.~A23!. With this definition there is no factor
g21/2 multiplying theFF̃ term in the Lagrangian. See also footnote 1.
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In the following subsections we list the matrix elements that
were not included in I; the subscript 0 refers to the contribu
tions without the Yang-Mills sector that are given in Appen-
dix B of I, except that ordinary derivatives are replaced by
gauge covariant derivatives.13

The contributions toSTrH from each supermultiplet have
been given in@13#; below we list the analogous contributions
to STrH2 andSTrG2; we drop all total derivatives.

1. Boson matrix elements

As in @9# we rescale the quantum gauge fields:
Am5AxAm . Then the operatorHF can be expressed as

ZFHF5H1X1Y2N2S2K,

FTZFHFF5zIHIJz
J1hmnXmn,rsh

rs12hmnYmnIz
I

2ÂmNmnÂn22ÂmSmIz
I22hmnKmn,rÂr,

~C4!

with, in addition to the matrix elements ofZF given in I,

Zi ,am5Zmn,ar50, Zam,bn52gmndab . ~C5!

Using the results of@9# and Sec. II above, the elements of
H,X,Y are modified with respect to those given in Eq.~B3!
of I by14

HIJ5~H0! IJ1DIJ1qI
aqaJ1v IJ2~VmV

m! IJ ,

qa
i 52

i

Ax
~Taz! i , qi

a5
i

Ax
~Taz̄!m̄Kim̄ ,

v im̄5vm̄i5~VmV
m! im̄5~VmV

m!m̄i50,

~VmV
m! IJ5

f I f J
x f IJ

v IJ5
1

8x2
f I f J~FamnFmn

a 7 i F̃amnFmn
a !,

v IJ2~VmV
m! IJ52

x

4
r IJ~FamnFmn

a 7 i F̃amnFmn
a !,

I ,J5H i , j
ı̄, ̄

,

YmnI52
1

2
~DmDn1DnDm!KIJz

J2
1

8
f IFmr

a Fan
r

6
i

32
gmn f IFa

srF̃sr
a , I ,J5H i , ̄

ı̄, j
,

Xmn,rs5~X0!mn,rs22Pmn,rsD1
1

2
Pmn,rsFlt

a Falt

1
1

4
~Fmr

a Fans1Fnr
a Fams!2

1

16
~Fml

a Far
l gns

1Fnl
a Far

l gms1Fml
a Fas

lgnr1Fnl
a Fas

lgmr!,

~C6!

where f I[ f i( f̄ ı̄) for I5 i ( ı̄), etc. The potentialV5V̂1D
now includes theD termD defined in Eq.~B2! above:

Di52
1

2x
f iD1

1

x
DaKim̄~Taz̄!m̄,

Di
j5

1

2x2
f i f̄

jD2
1

2x2
f iDa~T

az! j2
1

2x2
f̄ jDaKi n̄ ~Taz̄! n̄

1
1

x
~Taz! jKi n̄ ~Taz̄! n̄1

1

x
DaDi~T

az! j ,

Di j5xr i jD2
1

2x2
Da~ f iK jm̄1 f jKim̄!~Taz̄!m̄

1
1

x
K jm̄~Taz̄!m̄Ki n̄ ~Taz̄! n̄. ~C7!

The additional nonvanishing elements ofZFHF : are
2Nam,bn , Sam,I , andKmn,ar , with

15

13In ~B21! of I 1
2STrH

2 should be modified as follows: the last
term in the first line should be multiplied byeK, the term
2

1
2re

2KAi j Ā
i j should be added, and the third and fourth lines from

the bottom should read:

1
N247

4
Dmz

jDmziDnz̄
m̄Dnz̄n̄Ki n̄K jm̄

2
N117

4
Dmz̄

m̄DmziDnz̄
n̄DnzjKi n̄K jm̄

1
1

2
Dmz

iDnz̄
m̄Kim̄Rj n̄ ~DmzjDnz̄n̄2DnzjDmz̄n̄!.

In addition, the term 2
1
6Dmz

iDnz̄
m̄Kim̄Rj n̄ (DmzjDnz̄n̄

2DnzjDmz̄n̄) should be added to the right-hand side of
1
12STrGmnG

mn in the same equation.
14The Lorentz indices inUIJ andRIJ in Eq. ~B3! of I should be

contracted.

15In @5,9#, there is an additional graviton-gauge mass term
Qmn,ar ; this term drops out when the prescription~2.10! is adopted.
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Nam,bn5gmnSKab1Kba2
1

2
FarsFbrsD12cabcFmn

c 1
1

2
~5FamrFbn

r2FanrFbm
r!

2
x2

2
r ir

i SFamrFbn
r1FanrFbm

r2
1

2
gmnFarsFbrsD2gmndabS ¹2x

2x
2

]rx]rx

4x2
1

]ry]ry

2x2 D
1dabS ¹m]nx

x
2

]mx]nx

x2
1

]my]ny

2x2
1rmnD ,

Sam,I56 i
2

Ax
KIKFDm~Taz!K2

]mx

2x
~Taz!KG2

x

2
r IJ~Fanm7 i F̃anm!DnzJ

1
1

4x
f IFD8nFanm1

3]nx

2x
~Fanm7 i F̃anm!G12DnzKKIKFamn ,

I ,J,K5H i , j ,k̄
ı̄ ̄ ,k

,

Kmn,r
a 52

1

2
~Dm9Fnr

a 1Dn9Fmr
a !1

1

4
~gmrD9sFsn

a 1gnrD9sFsm
a !2

]sx

8x
~gmrFsn

a 1gnrFsm
a !

1
3]sy

8x
~gmrF̃sn

a 1gnrF̃sm
a !2

1

8x
~]myF̃nr

a 1]nyF̃mr
a !2gmnF̃sr

a ]sy

4x
. ~C8!

In writing the above expressions we used the notation in Eqs.~2.2! and ~2.3! and the first identity in~B12! with
M15Fa , M25F̃b , M̃252Fb . The inverse metricZ21 must be included in evaluating the traces of these operators, which
are defined such that

TrHF5TrH1TrX1TrN, TrHF
2 5TrH21TrX21TrN212TrY222TrK222TrS2. ~C9!

In the expressions for the traces16 to be given below, space-time indices are raised withgmn and scalar indices are raised with
Kim̄.

Finally we need17

Ĝmn5~Gz1GG1Gg1Ggz1GGz1GgG!mn ,

~Gmn
z !J

I 5~G0mn
z !J

I 6 iFmn
a DJ~Taz! I , I ,J5H i , j

ı̄, ̄
,

~Gmn
z !J

I 5~G0mn
z !J

I , I ,J5H i , ̄
ı̄, j

,

~Gmn
G !ab,gd5~G0mn

G !ab,gd1
1

4
@Fam

a Fagngbd1Fam
a Fadngbg1Fbm

a Fagngad1Fbm
a Fadngag2~m↔n!#,

~Gmn
g !ar,bs5grsS cabcFmn

c 1
1

2
@FalmFb n

l 2FalnFb m
l # D1dabr srmn2dabS ernslF¹m]ly

2x
2

]ly]mx

2x2 G2~m↔n! D
2dab

1

4x2
@]ly]lygrngms1]sy]nygrm1]ry]mygns2~m↔n!#

16There is a term missing from TrY2 in I: namely,

24Dmz̄
m̄Dmz̄n̄Dnz

jDnziRn̄ jm̄i14Dmz̄
m̄DmziDnz

jDnz̄n̄Rm̄j n̄ i .

17In Eq. ~B8! of I the expression for TrRmnR
mn should be multiplied by 2 and the fourth line of Eq.~B8! of I should read

(Gmn
G )gd,ab5dab,rs(r gmn

r gd
s1r dmn

r gg
s).

55 905SUPERGRAVITY COUPLED TO . . . . II. . . .



1
1

2
@FasmFbrn2FarmFbsn1x2r ir

i~FamrFbns1F̃amrF̃bns!2~m↔n!#,

~Gmn
gz !ar,I5~Gmn

gz ! I ,ar52DmF x2 r I~Fanr7 i F̃anr!G2ermsl

]ly

8x2
f I~Fan

s7 i F̃an
s!2~m↔n!, I5H iı̄ ,

~Gmn
Gz!ab,I524~Gmn

Gz! I ,ab56
ixr I
2

@F̃am
a Fabn1F̃bm

a Faan2~m↔n!#, I5H iı̄ ,
~Gmn

gG!ar,ab5
1

4 F S gbrDm2
]ly

2x
ermblDFaan1S garDm2

]ly

2x
ermalDFabn2~m↔n!G ,

~Gmn
gG!ab,ar5S gbrDm2

]ly

2x
ermblDFaan1S garDm2

]ly

2x
ermalDFabn2gabSDmFarn2

]ly

2x
ermslFa n

s D2~m↔n!.

~C10!

2. Fermion matrix elements

As described in I, we take the Landau gauge condition
G50, where

G52gn~ iD” 2M̄ !cn22~D” ziKim̄Rxm̄1D” z̄m̄Kim̄Lx i !

1
x

2
snrlaFnr

a 12imIx
I2g5Dal

a, ~C11!

which we implement by introducing an auxiliary fielda.
After an appropriate shift in the gravitino fieldcm , we ob-
tain for the bilinear fermion couplings of the gravity sector:

1

Ag
Lc1a52

1

2
c̄m~ iD” 2M̄ !cm2ā~ iD” 12M !a1 ixc̄mF” a

mla

22c̄m~Dmz̄m̄Kim̄Lx i1DmziKim̄Rxm̄!

2āS x2snrlaFnr
a 22imIx

I1g5Dal
aD . ~C12!

To obtain the ghostino determinant we use the supersymme-
try transformations@10#

idx i5
1

2
~D” ziR2 im̄iL !e, idxm̄5F12 ~D” z̄m̄L2 imm̄R!Ge,

idcm5S iDm2
1

2
gmM D e,

idla5F i4 gmgnFmn
a 2

1

2x
g5DaGe, ~C13!

yielding

D21HGh5
]dG

]e
5DmDm2

1

2
gmgn@Dm ,Dn#2 i @D” ,M #

22MM̄1m̄imi1D12im̄m̄D” z̄m̄L12imiD” ziR

1
x

2
ssrFa

srS 14smnFmn
a 2

1

x
g5DaD

2Dmz
iKim̄Dmz̄m̄1

1

2
g5@gm,gn#Dmz̄

m̄Kim̄Dnz
i .

~C14!

The metric for the gaugino field, as obtained from the
classical supergravity Lagrangian given in Eq.~A9! of I, is
Zab5dabx. Following @5# we rescale the gaugino field
l5Axl8, so for the rescaled fieldl8, Zab5dab . The matrix
elements ofMQ are given by Eqs.~2.17!, ~A11!, ~B9! and
~B10! of I and by18

Mb
a5~M̄b

a!*5db
aml , ml52

e2K/2

2x
f kĀ

k,

MI
a5dab~mbI1MbI

mnsmn!, Ma
I 5

1

2
KIJ~mJa1MJa

mnsmn!,

mai5mia5
i

Ax
S 12x f iDa22Kim̄~Taz̄!m̄D5maı̄* ,

MaI
mn52MIa

mn52
ix

4
r I~Famn7 i F̃amn!, I5H iı̄ ,

2Ma
a52M̄a

a5maa1Maa
mnsmn ,

2M̄a
a52Ma

a5m̄aa1M̄aa
mnsmn ,

maa52m̄aa5
1

Ax
Da , Maa

mn5M̄aa
mn52

1

2
Famn ,

~C15!

18Equation~B10! of I should readMI
m522ZIJDmzJ,Mm

I 5Dmz
I .

The equation before Eq.~2.16! should readA5eKW5eK/2M̄ .
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with covariant derivatives as defined in Eq.~A21! @see also
Eq. ~B11! of I#

Dmm
l52e2K/2SDmz̄

m̄@ ām̄2Ām̄#1Dmz
iF f i2x ā2xr ikĀ

kG D ,
DrMaA5D̃rMaA2 i

]ry

2x
MaAg5 ,

DrMAa5D̃rMAa1 i
]ry

2x
MAag5 , A5 i ,m̄,a,

D̃rMai
mn52D̃rMia

mn52~D̃rM̄aı̄
mn!*5~D̃rM̄ ı̄a

mn!*

52
ix

4 Fr i SDr1 i
]ry

x D1Drz
jr i j G~Famn2 i F̃amn!,

D̃rmai5D̃rmia5~D̃rmaı̄!*

5
i

Ax
FDaS f i

4x2
@2i ]ry2]rx#2xr i jDrz

j D
1

]rx

x
Kim̄~Taz̄!m̄1

1

2x
f i~Kjm̄~Taz̄!m̄Drz

j1H.c.!

22Kim̄D n̄~Taz̄!m̄Drz̄
n̄G ,

D̃mmaa52~D̃mm̄aa!*

5
1

Ax
SKim̄@Dmz

i~Taz̄!m̄1Dmz̄
m̄~Taz! i #2

]mx

2x
DaD ,

D̃rMaa
mn5~D̃rM̄aa

mn!*52
1

2
DrFamn . ~C16!

Herea is the auxiliary field introduced in I to implement the
gravitino gauge fixing; its couplings to chiral and Yang-Mills
matter are given in Eq.~3.10! of I. In addition, there is a
l-c connection@5#, (Dm)an5(Dm)na52Fanm , that contrib-
utes as follows to the covariant derivatives of the fermion
mass matrix:

~DrM !am52~DrM !ma52e2K/2āFamr ,

~DrM ! I
m522KIJD

rDmzJ2MI
aFamr ,

~DrM !m
I 5DrDmz

I1Ma
IFmr

a ,

~DrM ! I
a5DrMI

a12KIJDmzJFmr
a ,

~DrM !a
I 5DrMa

I 1DmzIFmr
a ,

~DrM !a
m52Ma

aFamr ,

~DrM !m
a5Ma

aFmr
a . ~C17!

The nonvanishing matrix elements ofGmn involving the
gaugino field are

~Gmn
6 !ab5cabcFmn

c 1dab~6Gmn1 ig5Lmn1Zmn!

1~FarmFb n
r 2m↔n!,

~Gmn
6 !ar52@~Dm1 ig5Lm!Farn2~m↔n!#,

~Gmn
6 !ra52@~Dm2 ig5Lm!Farn2~m↔n!#. ~C18!

As in I, Dm is the gauge and general coordinate covariant
derivative,Gmn andZmn are given in Eq.~B13! of I, and19

Fmn5AxFmn , Lm52
]my

2x
,

Lmn5
1

2x2
~]mx]ny2]nx]my!. ~C19!

The other matrix elements ofGmn are as given in Eq.~B12!
of I, except that now the chiral matter connection includes
the gauge field:

~Gmn!J
I 5~Rmn!J

I 6 iFmn
a DJ~Taz! I1dJ

I ~Zmn6Gmn!,

I ,J5H i , j
ı̄, ̄

, ~C20!

where (Rmn)J
I is defined in Eq.~B8! of I, and thec-l con-

nection gives an additional contribution to the gravitino ma-
trix element20 of Gmn :

~Gmn
6 !rs5grs~6Gmn1Zmn!2r rsmn1~Frm

a Fasn2m↔n!.
~C21!

Finally, in the 838 matrix notation of Eqs.~2.14!–~2.17!,
settingGmn5G̃mn1 ig5Lmn ,

HQ5MQMQ1
1

4
@gm,gn#G̃mn2 iD” MQ22DmMmn

Q gn24grgsMmr
Q MQ

ms22LmL
m1 iD̃mLmg512igmgrgng5@L

r,MQ
mn#,

D̂m
Q5D̃m12gnMmn

Q 1smng5L
n,

Ĝmn
Q 5G̃mn12gr~D̃mM nr

Q 2D̃nMmr
Q !14grgs~Mmr

Q M ns
Q 2M nr

Q Mms
Q !

19We use the notationLm ,Lmn , to denote the field operators defined in Eq.~C19!, and also the matrices defined by these fields multiplying
the unit projection operator in the space of gauginos, as in Eqs.~3.9!, ~3.11!, ~A22!–~A23!, ~C22!, etc.
20The last line of Eq.~B12! of I should read (Gmn)s

r 5ds
r (g5Gmn1Zmn)2r snm

r .
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1@srm~g5D̃nL
r22iL nL

r!2~m↔n!#22iL rL
rsmn24i @L” ,Mmn

Q #g5

22@gm~$Lr,M̃ rn
Q %2 i @Lr,M rn

Q #g5!1$Lm ,M̃ nr
Q %gr2~m↔n!#,

MQ5mQ1MQ
mnsmn5mQ1Ms . ~C22!

Then, definingHQ5H11H21H3, with

H15MQMQ24grgsMmr
Q MQ

ms ,

H252 iD” MQ22gnDmMmn
Q 12igmgrgng5@L

r,MQ
mn#,

H35
1

4
@gm,gn#G̃mn22LmL

m1 iD̃mLmg5 ,

Gmn8 5G̃mn2Zmn , ~C23!

we find the following traces (Tr includes the Dirac trace!: Tr 1[8Tr1, where Tr is over internal symmetry indices only:

1

8
TrH15

1

8
Tr @mQmQ22Mmn

Q MQ
mn#5Tr@m̄m22M̄mnM

mn#

5
1

8
Tr ~MQ

2 !014Ka
a22D~12x2r ir i !1NGMl

21
x

2
Fmn
a Fa

mn ,

1

8
TrH1

25
1

8
Tr @~mQmQ!21~smnsrsMQ

mnMQ
rs!214mQMQ

mnmQMmn
Q

116MQ
mnM rn

Q ~Mms
Q MQ

rs2MQ
rsMms

Q !#

5Tr@~m̄m!212m̄Mmnm̄Mmn12M̄mnmM̄mnm14M̄mnM rsM̄
mnM rs18~M̄mnMmn!2216M̄mnM rsM̄mrM ns#,

~C24!

and using Eq.~B12!, partial integration and the relation

D” gmgnMmn52gnDmMmn12ignDmM̃mng5 , ~C25!

we obtain

2
1

8
TrH2

252
1

8
Tr $2 iD” mQ12gn@Lm ,M̃Q

mn#12igng5D̃mM̃Q
mn%2

5Tr$D̃mm̄D̃
mm24D̃mM̃̄

mnD̃rM̃ rn

24@LmM̃̄
mr#@Ln,M̃ nr#1@Lm ,m̄#@Lm,m#

2 i ~@ L̂mn ,m̄#M̃mn1@ L̂mn ,m# M̃̄mn!%, ~C26!

whereL̂mn is defined in Eq.~3.11!. The remaining traces needed to evaluateTrHQ ,TrHQ
2 are

1

2
TrH35~N1NG15!r22NG

]my]my

x2
,

1

2
TrH3

25NGTr h3
21~N15!

r 2

4

2Tr ~@Gm8 ,L
m#!22

1

4
Tr ~Gmn8 G8mn!,

1

2
Tr ~H1H3!5

1

2
Tr F S r422LmL

mDH122Mmn
Q M̃Q

mnD̃rL
r2 iGmn8 $MQ

mn ,mQ%G ,
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1

2
Tr Ĝmn

Q ĜQ
mn5

1

2
Tr $G̃mnG̃

mn116G̃mnMQ
mrMQ

nsgrgs18D̃mM nr
Q ~D̃mMQ

nr2D̃nMQ
mr!116~D̃mMQ

mn$Lr,M̃ rn
Q %

2D̃mM̃Q
mn$Lr,M rn

Q %!14@Gm8 ,Ln#@G8m,Ln#12~@Gm8 ,L
m#!2232~Mmn

Q MQ
mnM rs

Q MQ
rs1M nr

Q MQ
mrMms

Q MQ
ns!

232Mms
Q M nr

Q ~MQ
msMQ

nr23MQ
nsMQ

mr!180LmL
nMQ

mrM nr
Q 280LrL

rMQ
mnMmn

Q 124D̃mL
mM̃ nr

Q MQ
nr

1NGTr ~ ĝ
22g̃2!, ~C27!

whereTr h3
2 , Tr ĝ2, andTr g̃2 are given in Eq.~C66!, and

Gm8 is the gaugino-gravitino connection.

3. Ghost matrix elements

For the gravitino ghost,HGh is defined by Eq.~C14!. For
the bosonic ghosts we have

Hgh
mn5~Hgh

mn!01
3

2
Fmr
a Fan

r ,

Hgh
ab5Kab1Kba2

1

2
Fmn
a Fbmn2dabS ¹2x

2x
2

]mx]mx

4x2 D ,
Hma
gh5

1

A2
DnFamn1Famn

]nx

A2x
1A2qaIDmz

I ,

~Hgh!an52
1

A2
DmFnm

a 2Fnm
a ]mx

A2x
2A2qIaDnz

I ,

~C28!

~Ĝmn
gh !rs52r rsmn1

1

2
@Frm

a Fasn2~m↔n!#,

~Ĝmn
gh !ab5cabcFmn

c 1
1

2
@FarmFb n

r 2~a↔b!#,

~Ĝmn
gh !ar5~Ĝmn

gh !r
a52

1

A2
~DmFrn

a 2DnFrm
a !. ~C29!

4. Chiral multiplet supertraces

Defining

1

2
STrHx

25Hj
iHi

j1Hi jH
i j2

1

8
Tr ~HQ

IJHIJ
Q !, hm̄i

x 5~m̄m!m̄i ,

~C30!

we have

1

8
Tr ~H1

x!25Tr hx
21

x4~r ir i !
2

8
DaDbFmn

a Fb
mn ,

~hx! i
j5e2K~AkiĀ

jk2AiĀ
j !22Dmz

jDmz̄m̄Kim̄1
1

4x2
f i f̄

jD

2
1

2x2
f iDa~T

az! j2
1

2x2
f̄ jDaKi n̄ ~Taz̄! n̄

1
2

x
~Taz! jKi n̄ ~Taz̄! n̄,

Hi
j5~hx! i

j1d i
j~V̂1Mc

2 !1Rkm̄i
j ~e2KĀkAm̄1Dmz

kDmz̄m̄!

1
1

4x2
f i f̄

jD1
1

x
DaDi~T

az! j ,

Hi j5e2K~AjikĀ
k2Ai j Ā!2Dmz̄

nDmz̄m̄~2Kj n̄Kim̄1Rim̄j n̄ !

2
1

2x2
Da~ f iK jm̄1 f jKim̄!~Taz̄!m̄2x2r i jW, ~C31!

where

W5Wa
a , Wb

a5
1

4
~Fmn

a Fb
mn2 iFmn

a F̃b
mn!2

1

2x2
DaDb

~C32!

is the bosonic part of theF component of the chiral super-
field Wa

aWb
a , andWa

a5la
a1O(u) is the Yang-Mills field

strength supermultiplet. Thus

1

8
Tr ~H1

x!25Tr hx
21

x4~r ir i !
2

4
@~Wab1W̄ab!DaDb14D2#,

Tr ~H2
x!25Tr ~H2

x!0
2 ,

1

8
TrH3

x5
1

8
Tr ~H3

x!0

1

8
Tr ~H3

x!25
1

8
Tr ~H3

x!0
21

1

2
Di~Taz! jD j~T

bz! iFmn
a Fb

mn

22iFmn
a @Dj~Taz! iRim̄k

j

1Di~Taz! iKm̄k#DmzkDnz̄m̄,

1

4
TrH3

xH1
x5

1

4
Tr ~H3

xH1
x!02tx1

r

2
Tr hx, ~C33!

where
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Tr hx5e2KĀi j Ai j2V̂23Mc
222Dmz

iDmz̄m̄Kim̄1x2r ir iD12Ka
a ,

tx5F S xWab1
1

2x
DaDbD r i j ~Taz! i@2~Tbz! j1xr jDb#1H.c.G1

i

2
x2r ir iDmz

jDnz̄
m̄Kim̄DaFa

mn , ~C34!

and the chiral fermion contributions to the helicity-odd operatorT are

Tx5T3
x1T4

x ,

T3
x5@X̃2

mn~M ,M̄ !# n̄
m̄~Gmn81!m̄

n̄2@X̃2
mn~M̄ ,M !# j

i ~Gmn82! i
j1r n

mTr~M̃ nrM̄mr2M nrM̃̄mr! i
j

5tx1
1

8
x3r ir i S r n

mFa
nrFmr

a 2
1

4
rF a

mnFmn
a D ,

T4
x5

8

3
~M̄mnM rs! j

i ~M̄mnM rs! i
j22@~m̄Mmn! j

i ~m̄Mmn! i
j1H.c.#

5
x6~r ir i !

2

96
@~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!2#2

x4~r ir i !
2

8
DaDbFmn

a Fb
mn . ~C35!

Then we obtain

STrHx5STr~Hx!012x21DaDi~T
az! i12x2r ir

iD,

1

2
STrHx

25
1

2
STr~Hx

2!02T3
x12xr ir

iDaDbKab2
1

x
Da~Taz! iki2

2

x2
CG
aDaDa2~Wab1W̄ab!Di~T

bz! jD j~T
az! i

2
x4~r ir i !

2

4
~Wab1W̄ab!DaDb1

1

8
x3r ir i S r n

mFa
nrFmr

a 2
1

4
rF a

mnFmn
a D

2r SKa
a1

x2r ir i
2
DD 12x4~r ir

i !2D212D~6Mc
223Ml

22V̂!26x2r ir iMl
2D14~V̂1Mc

2 !~Ka
a1x2r ir

iD!

22e2KD f̄ i Ā jAkS rki j1
f̄ k

x
r i j D 1

4e2K

x
~Taz! i~Taz̄!m̄Rnm̄i

k AkĀ
n12e2KD~aiā

i12aā1Ai j Ā
i j !

1
2

x
e2K$@aj~2Ā2ā!2ai j Ā

i1AkĀ
i~xr i j

k 1r i j f̄
k!#Da~T

az! j1H.c.%1
2

x
Da@~V̂1Mc

2 !Di~T
az! i

1e2KR n i
k j AkĀ

nD j~T
az! i #1

e2K

x HDa~T
az! i@4Ai j Ā

j1Ri
j
l
kĀl Ajk#2DS 2aiĀi2

f̄ i f j
2x2

aiĀ
j D 1H.c.J

1x2@2Drz
iDrzjr i jW2e2Kr i j ~AjikĀ

k2Ai j Ā!W̄1H.c.#1x4r i jr
i jWW̄2

4

x
DmziDmz̄

m̄K jm̄DaDi~T
az! j

2
1

x2
~]mx]mx1]my]my!~112x2r ir i !D1DaF 2x2 f̄ m̄Dmz̄

m̄Ki n̄ ~Taz! iDmz̄n̄1~W~Taz! j2Wab~T
bz! j !r i j f̄

i1H.c.G
12Dmz

iDmz̄m̄Rn̄im̄jF2x ~Taz! j~Taz̄! n̄1
1

x
DaD

j~Taz̄! n̄G1H @2~Taz! jDa2 f̄ jD#Frm̄i j1
1

x
f̄ m̄r i j GDmz̄m̄Dmz

i1H.c.J
1$Dmz

iDmzj@x2Rn̄im̄jr
m̄n̄W̄22rm̄i jDa~T

az̄!m̄#1H.c.%12iFmn
a @Dj~Taz! iRim̄k

j 1Di~Taz! iKm̄k#DmzkDnz̄m̄

1 ix2r ir iDmz
jDnz̄

m̄K jm̄DaFa
mn14x~Wabr i j ~Taz! i~Tbz! j1H.c.!, ~C36!

where

ki5Dik, k5e2KAi j Ā
i j22V̂210Mc

224Ka
a . ~C37!
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Finally we have21

1

12
STrĜmn

x Ĝx
mn5

1

12
STr~Ĝmn

x Ĝx
mn!02

x3r ir i
12 S r n

mFmr
a Fa

nr2
r

4
Fmn
a Fa

mnD
1
x6~r ir i !

2

96
@~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!2#1

i

6
Fmn
a Kim̄DmzjDnz̄m̄Di~Taz! i . ~C38!

5. Mixed chiral-gauge supertraces

For the Bose sector we haveHF
xg52S, and

TrS25
8

x
Kim̄@Dm~Taz! i #@Dm~Taz̄!m̄#24

]mx

x2
@~Taz! iKim̄Dm~Taz̄!m̄1H.c.#12Ka

a ]mx]mx

x2
2x@r i j ~T

az! i~Tbz! jFa
nm

3~Fnm
b 2 i F̃ nm

b !1H.c.#22i @xrm̄i jDnz̄
m̄~Taz! iDmz

j~Fa
mn2 i F̃ a

mn!2H.c.#1
x2

2
r ir

iSDn9Fanr1
]ny

x
F̃anrD 2

1xr ir
iFa

nmFrm
a S ]ny]ry

2
1
5]nx]rx

4 D 2xr ir
iFFa

nmFnm
a S 9]rx]rx

16
1

]ry]ry

4 D 1F̃a
nmFnm

a ]ry]rx

8 G
2

Ax
4 SDn9Fanr1

]ny

x
F̃anrD @ f̄ ir i jDmzj~Fmr

a 2 i F̃mr
a !1H.c.#1

Ax
2
xr ir iSDn9Fanr1

]ny

x
F̃anrD ~]mxFmr

a 22]myF̃mr
a !

2Fa
nmFrm

a H F S ]nx

2
1 i

]ny

4 DDrzjr i j f̄
i1H.c.G1x3Dnz

iDrz̄m̄r i jrm̄
j J 1Fa

nmFnm
a H F S 3]rx

16
1 i

]ry

8 DDrzjr i j f̄
i1H.c.G

1
x3

4
Drz

iDrz̄m̄r i jrm̄
j J 2

1

16
F̃a

nmFnm
a @ i ~]rx1 i ]ry!Drzjr i j f̄

i1H.c.#18xFa
nmFnm

b Kb
a

14i S 2

Ax
Dm9Fmn2

]mx

x
Fa

mnD @~Taz! iKim̄Dnz̄
m̄2H.c.#22

]mx

Ax
Fmr
a Dn9Fanr2

3]ny]nx

4x
Fa

mrF̃mr
a 2Fa

nmFrm
a ]nx]rx

x

12xFa
nmFrm

a @4DrziDnz̄
m̄Kim̄1x~DrziDnzjr i j1H.c.!#2

i

2
x2F̃a

nmFnm
a ~Drz

jDrzir i j2H.c.!. ~C39!

In writing this expression we dropped total derivatives and used Eqs.~B10! and ~B12!–~B14!, as well as the Yang-Mills
Bianchi identity. In addition we used Eqs.~B3!–~B5! and ~B8! and

Axr i j ~Fanm2 i F̃anm!Dnz
iDm~Taz! j52Dnz

ir i j ~T
az! j~AxDm9Fanm2 i F̃ a

nm]mx!2x~Taz! j~Fa
nm2 i F̃ a

nm!

3~r i j DmDnz
i1rm̄i jDmz̄

m̄Dnz
i !1total derivative,

2 iFmn
a @DmziDnz̄m̄K jm̄Di~Taz! j2H.c.#5total derivative1 iDmFmn

a Kim̄@Dnz̄m̄~Taz! i2Dnzi~Taz̄!m̄#1xFmn
a Fb

mnKa
b ,

Fmn
a DmDnzI56

i

2
Fmn
a Fb

mn~Tbz! I , I5H iı̄ . ~C40!

To evaluate the fermion matrix elements we use~C23!; we have

1

8
Tr ~H1

xg!25Trhxg
2 12@~m̄Mmn!a

i ~m̄Mmn! i
a1~M̄mnm!a

i ~M̄mnm! i
a1H.c.#

52T4
xg1e2KD~2aiā

i18aā!12D~V̂2Mc
2 !1

e2K

x
$4~Taz! iAi j ~T

az! j~ ā2Ā!22@~Taz! iDaAi j ā
j1H.c.#%

21The term14Dmz
iDnz̄

m̄Kim̄Rj n̄ (DmzjDnz̄n̄2DnzjDmz̄n̄) should be included on the right-hand side of Eq.~B14! of I.
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14
e2K

x
~Taz! i~Taz̄! n̄AkiĀ n̄

k 12Ml
2@2Ka

a1~3x2r ir i24!D#12
e2K

x
$ai~ ā2Ā!@ f̄ iD2~Taz! iDa#1H.c.%,

2
1

8
Tr ~H2

xg!252~D̃mm̄!a
i ~D̃mm! i

a28~D̃mM̄
mn!a

i ~D̃rM rn! i
a1$@ L̂mn ,m̄#a

i ~Mmn! i
a1@ L̂mn ,m̄#m̄

a ~Mmn!a
m̄1H.c.%

12@Lm ,m̄#a
i @Lm,m# i

a18LrLm~M̄ rn!a
i ~Mmn! i

a ~C41!

with

28~D̃mM̄
mn!a

i ~D̃rM rn! i
a52

x2r ir
i

4 SDn9Fnm1
]ny

Ax
F̃nmD 21 xr ir

i

4 S AxDn9Fnm1]nyF̃
nm2

1

2
]nxF

nmD ]rxFrm

1
xr ir

i

4 S 18 ]rx]rxFnmFnm1
1

4
]rx]ryFnmF̃nm2]ny]ryFnmFrmD 1

1

8
$Drzir i j f̄

j~Frm2 i F̃ rm!

3@AxDn9Fnm2 i ]ny~Fnm1 i F̃ nm!#1H.c.%2
1

32
@Drzir i j f̄

j]rx~FnmFnm2 iF nmF̃nm!1H.c.#

2
x3

2
DrziDnz̄

m̄r i jrm̄
j FnmFrm1

x3

8
DrziDrz̄

m̄r i jrm̄
j FnmFnm ,

8LrLm~M̄ rn!a
i ~Mmn! i

a5
xr ir i
32

~4]ny]ryFrmF
nm2]ry]ryFmnF

mn!,

$@ L̂mn ,m̄#a
i ~Mmn! i

a1@ L̂mn ,m̄#m̄
a ~Mmn!a

m̄1H.c.%5t3
xg , ~C42!

and, using Eq.~C40!,

2~D̃mm̄!a
i ~D̃mm! i

a12@Lm ,m̄#a
i @Lm,m# i

a522
]mx

x2
@~Taz! iKim̄Dm~Taz̄!m̄1H.c.#1

4

x
Kim̄D n̄~Taz̄!m̄Dmz̄

n̄D j~T
az! iDmzj

14xKa
bFmn

a Fb
mn1xr ir

i$Ki n̄K jm̄Dmzj~Taz̄!m̄@~Taz! iDmz̄
n̄1~Taz̄! n̄Dmz

i #1H.c.%

2]mxr ir
iDaK jm̄@~Taz! jDmz̄

m̄1~Taz̄!m̄Dmz
j #

22$Kjm̄~Taz̄!m̄Dmz
j@r ik~T

az! iDmzk1rm̄n̄~Taz̄!m̄Dmz̄n̄#1H.c.%

2
1

2x
Da$r i jDmz

i f̄ jKkm̄@~Taz!kDmz̄m̄1~Taz̄!m̄Dmzk#1H.c.%

12Da@r i jDmz
iDmzkDk~T

az! j1H.c.#2
2i ]my

x
Da@r ik~T

az! iDmzk2H.c.#

1~]mx]mx13]my]my!
r ir

i

2
D12x2Dr i jDmz

iDmz̄m̄rm̄
j

1F2x Fa
mn]nyKim̄Dmz

i~Taz̄!m̄2xDr ir i jDmz
i~]mx12i ]my!1H.c.G

14xFmn
a Fa

mrDrz
iDnz̄m̄Kim̄1Ka

aS ]mx]mx

x2
2

]my]my

x2 D
12i S 2

Ax
Dm9Famn2

]mx

x
Fa

mnDKim̄@Dnz̄
m̄~Taz! i2Dnz

i~Taz̄!m̄#. ~C43!

We write thex-l contribution toT as

Txg5T4
xg1T3

xg1t3
xg1t3

xg5Txg8 1t3
xg ,
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T4
xg524~m̄Mmn!a

i ~m̄Mmn! i
a1H.c.5~xW1D!S x2r ir iMl

21~a2A!āi
f i
2xD1H.c.,

t3
xg52

16

3
@~D̃sM̄sm!a

i ~D̃rM
rm! i

a1LsLr~M̄sm!a
i ~M rm! i

a#1
16i

3
Ls@~M̄sm!a

i ~D̃rM
rm! i

a2H.c.#,

t3
xg52

r ir i
2

]my]nxFa
mnDa1

]my

2x
Frn
a ~]rxF̃a

mn2]ryFa
mn!

T3
xg52iL rmi

aD̃rm̄a
i 1H.c.

522]my]myr ir
iD12

]my

x
Fa

mn@Kim̄Dnz
i~Taz̄!m̄1H.c.#1

]mx]ny

x2
Fa

mnDa

2
i ]my

2x HDmziFD f̄ jr i j1 4

x
K jm̄~Taz̄!m̄Di~T

az! j G2H.c.J 1
2i

x
Da]my@r i j ~Taz! iDmz

j2H.c.#, ~C44!

where

8iL s~M̄sm!a
i ~D̃rM

rm! i
a1H.c.5

i

32
@Drzir i j f̄

j~4]nyFmr
a Fa

mn2]ryFa
mnFmn

a !2H.c.#

1
xr ir

i

4
]ry@ F̃rn

a ~AxDm9Famn1]myF̃a
mn2]mxFa

mn!1]nyFmr
a Fa

mn#. ~C45!

In addition we have

Tr~ĜF
xg!254~Gmn

gz !ar,i~Gmn
gz ! i ,ar5Tr ~ĜQ

xg!2564~D̃mM̄ nr!a
i ~D̃mM nr2D̃nMmr! i

a2128i @Ln~M̄ nr!a
i ~D̃mM

mr! i
a2H.c.#,

64~D̃mM̄ nr!a
i ~D̃mM nr2D̃nMmr! i

a522x2r ir
iSDm9Famn1

]my

Ax
F̃a

mnD 22 1

4
$Drzir i j f̄

j@Fa
mnFmn

a ]rx2 i F̃ a
mnFmn

a ~]rx1 i ]ry!

14i ]nyFmr
a Fa

mn#1H.c.%1~AxDm9Famn1]myF̃a
mn!$2xr ir i]

rxFrn
a

1@~Frn
a 2 i F̃ rn

a !Drzir i j f̄
j1H.c.#%1Fa

mnFmn
a F x4 r ir

i]rx]rx1x3r i jrm̄
j Drz

iDrz̄m̄G
1
xr ir

i

2
F̃a

mnFmn
a ]ry]rx2Fa

mrFnr
a @xr ir

i~]mx]nx12]my]ny!14x3r i jrm̄
j Dmz

iDnz̄m#,

~C46!

Using the classical equations of motion~B17!–~B20!, we obtain, withk1524Ka
a

1

2
STrHxg

2 52Txg8 1~Dmz
iDmz̄m̄1ĀiAm̄e2K!S kim̄1 2

4

x
~Taz! j~Taz̄! n̄Rim̄j n̄ D 2e2K~ki

1ĀiA1H.c.!2
4x2r ir i

Ag
DDL

2
x2r ir i
gx
LamLam1

2xr ir i

Ag
$ iLam@Kim̄Dmz̄

m̄~Taz! i2H.c.#1Da~Taz! ILI%1
1

Ag
LarH xr ir i]

myF̃mr
a

1F f̄ i2 r i jDnzj~Fnr
a 2 i F̃ nr

a !1H.c.G J 2
1

12
STrĜxg

2 2t3
xg14x2r ir iD@3Mc

21V̂2e2Kaā#110x2r ir iDMl
2

14xFr i j ~T
az! i~Tbz! j SWab1

1

2x2
DaDbD 1H.c.G12@ ixrm̄i jDnz̄

m̄~Taz! iDmz
j~Fa

mn2 i F̃ a
mn!1H.c.#

2
3xr ir

i

4
~Fnm2 i F̃ nm!~Frm1 i F̃ rm!~]nx]rx1]ny]ry!2S 1x21r ir i D ]my]nxDaFa

mn24Mc
2Ka

a
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1
r ir

i

2
D~5]mx]mx13]my]my!2 ixr ir iKim̄@Drz̄m̄~Taz! i2Drzi~Taz̄!m̄#]myF̃mr

a

1HWF2x3r ir iMl
21~a2A! f i ā

ie2K2~]rx1 i ]ry!Drzjr i j
f̄ i

2 G1H.c.J 12x2r i jrm̄
j DDrz

iDrz̄m̄

22x2@~Fa
nmFrm

a 2 iF a
nmF̃rm

a !DrziDnzjr i j1H.c.#12
]mx

Ax
Fmr
a Dn9Fanr1

]ny]nx

x
Fa

mrF̃mr
a

1Fa
nmFrm

a S ]nx]rx

x
2

]ny]ry

x D 2e2KD~2aiā
i116aā!12D~3V̂117Mc

2 !14Ml
2~D1Ka

a!

1
e2K

x
$2Da~Taz! iAi j ~ ā

j22Āj !2ai~ ā2Ā!@ f̄ iD22~Taz! iDa#1H.c.%24xKa
bFmn

a Fb
mn

2r ir
i@~]mx12i ]my!Kjm̄~Taz! jDmz̄

m̄1H.c.#Da

2
i

2
Kim̄@Dnz̄m̄~Taz! i2Dnzi~Taz̄!m̄#@ f̄ ir i jDrzj~Frn

a 2 i F̃ rn
a !1H.c.#

22$Kjm̄~Taz̄!m̄Dmz
j@r ik~T

az! iDmzk1r l̄ n̄~Taz̄! l̄ Dmz̄n̄#1H.c.%

1
1

2x
Da$r i jDmz

i f̄ jKkm̄@~Taz!kDmz̄m̄1~Taz̄!m̄Dmzk#1H.c.%

1H r i jDnziF2DaDk~T
az! jDnz

k1 f̄ jFa
mrS ]mx

2
Fnr
a 2

]nx

8
Fmr
a D G1H.c.J 24xFmn

a Fa
mrDrz

iDnz̄m̄Kim̄

1Ka
aS ]mx]mx

x2
1

]my]my

x2 D 22i S 2Dm9Famn

Ax
2

]mx

x
Fa

mnDKim̄@Dnz̄
m̄~Taz! i2Dnz

i~Taz̄!m̄#

1
xr ir

i

4
~Fa

mnFmn
a ]rx]rx1Fa

mnF̃mn
a ]rx]ry!2

13xr ir
i

96
~Fa

mnFmn
a ]ry]ry24Fa

mrFnr
a ]my]ny!,

1

12
STrĜxg

2 52t3
xg2

x2r ir
i

4 SDm9Famn1
]my

Ax
F̃a

mnD 21xr ir
iF ]rx

4
Frn
a ~AxDm9Famn1]myF̃a

mn!1
]ry]rx

16
F̃a

mnFmn
a G

1
1

8
@~Frn

a 2 i F̃ rn
a !Drzir i j f̄

j1H.c.#~AxDm9Famn1]myF̃a
mn!1

1

32
Fa

mnF̃mn
a @ i ~]rx1 i ]ry!Drzir i j f̄

j1H.c.#

2
x3

2
r i jrm̄

j S Fa
mrFnr

a Dmz
iDnz̄m2

1

4
Fa

mnFmn
a Drz

iDrz̄mD 1
xr ir

i

32
@Fa

mnFmn
a ]rx]rx24Fa

mrFnr
a ~]mx]nx12]my]ny!#

2
1

32
@~Fmn

a ]rx14iFmr
a ]ny!Fa

mnr i j f̄
iDrzj1H.c.#1

xr ir
i

48
~Fa

mnFmn
a ]ry]ry24Fa

mrFnr
a ]my]ny!. ~C47!

6. Mixed chiral-gravity supertraces

For the bosonic sectorHF
xG5S; using Eq.~C39! we obtain

TrY25TrY0
212xKb

aFmn
b Fa

mn1
x4r ir

i

8
@~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!21~Fmn

a Fa
mn!21~Fmn

a F̃a
mn!2#

12i SDm9Famr

Ax
2

]mx

x
Fa

mrDKim̄@Drz̄
m̄~Taz! i2Drz

i~Taz̄!m̄#

2x2F r i jDmz
iDmzjFnr

a S Fa
nr2

i

2
F̃a

nrD 22r i jDnz
iDmzjFmr

a Fa
nr1H.c.G
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2Fmn
a Fa

mnS ¹2x

2
2

]rx]rx2]ry]ry

x D 1
2]my]ny

x
Fa

mrFnr
a 22Fmr

a Dn9Fanr
]mx

Ax
2Fmn

a F̃a
mnS ¹2y

2
2

]rx]ry

x D . ~C48!

For the fermions, we have

1

8
Tr ~H1

xG!25TrhxG
2 14@~m̄Mmn!a

i ~m̄Mmn! i
a1H.c.#18~M̄mnM rs!a

i ~M̄mnM rs! i
a116~M̄mnMmn!a

i ~M̄ rsM rs! i
a

232~M̄mnM rs!a
i ~M̄mrM ns! i

a

5
1

8
Tr ~H1

xG!0
212e2KD~Aiā

i1H.c.!14D~2Ml
22V̂2e2Kaā!22x2r ir iD22

2

x
DaDbKab

22
e2K

x
Da@~Taz! iAi j Ā

j1H.c.#2
x2

4
r ir iDaDbFmn

a Fb
mn2

x4r ir
i

32
@~Fmn

a Fa
mn!21~Fmn

a F̃a
mn!2# ,

2
1

8
Tr ~H2

xG!252 (
A5a,n

~D̃mm̄!A
i ~D̃mm! i

A28~D̃sM̄
sn!m

i ~D̃rM rn! i
m

52
1

8
Tr ~H2

xG!0
22x2Fmn

a Fb
mnr ir iDaDb28~D̃sM̄

sn!m
i ~D̃rM rn! i

m , ~C49!

where

~D̃sM̄
sn!m

i ~D̃rM rn! i
m52

x4r ir
i

128
@~Fmn

a Fa
mn!21~Fmn

a F̃a
mn!21~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!2#, ~C50!

giving

1

2
STrHxG

2 5
1

2
~STrHxG

2 !022e2KD~Aiā
i1H.c.!24D~2Ml

22V̂2e2Kaā!12x2r ir iD21
2

x
DaDbKab

12
e2K

x
Da@~Taz! iAi j Ā

j1H.c.#12xFmn
a Fb

mnKb
a12i SDm9Famr

Ax
2

]mx

x
Fa

mrDKim̄@Drz̄
m̄~Taz! i2Drz

i~Taz̄!m̄#

22Fmr
a Dn9Fanr

]mx

Ax
2Fmn

a F̃a
mnS ¹2y

2
2

]rx]ry

x D 1
2]my]ny

x
Fa

mrFnr
a

2Fmn
a Fa

mnS ¹2x

2
2

]rx]rx2]ry]ry

x D 2
3

4
x2r ir iDaDbFmn

a Fb
mn

1
x4r ir i
32

@7~Fa
mnFmn

a !217~Fa
mnF̃mn

a !216~Fa
mnFmn

b !216~Fa
mnF̃mn

b !2#

2x2H r i jDmz
iFDmzjFnr

a S Fa
nr2

i

2
F̃a

nrD 22DnzjFnr
a Fa

mrG1H.c.J . ~C51!

The contribution toT is

TxG5T4
xG1T3

xG ,

T3
xG52

16

3
~D̃sM̄

sn!m
i ~D̃rM rn! i

m ,
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T4
xG524@~m̄Mmn!a

i ~m̄Mmn! i
a1H.c.#1

16

3
~M̄ rsMmn!a

i ~M̄ rsMmn! i
a5

x2r ir
i

48
@12Fa

mnFmn
b DaDb2~Fa

mnFmn
b !22~Fa

mnF̃mn
b !2#,

~C52!

which for future reference@see Eqs.~C59! and ~C62!# we write as

2T4
xG1T3

xG5x2r ir
i H 1

24
@~Fa

mnFmn
a !21~Fa

mnF̃mn
a !2#1

1

2
Fa

mnFmn
b DaDbJ . ~C53!

The contribution toSTrĜ2 is

Tr~ĜzG
F !25x4r ir

i@~Fmn
a Fb

mn!21~Fmn
a F̃b

mn!2#,

1

2
Tr ~ĜxG

Q !25x4r ir
i@~Fmn

a Fa
mn!21~Fmn

a F̃a
mn!21~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!2#,

1

12
STrĜxG

2 5
x4r ir

i

24
@~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!22~Fmn

a Fa
mn!22~Fmn

a F̃a
mn!2#. ~C54!

7. Yang-Mills and gravity supertraces

For the remaining bosonic contributions, we haveHF
g1G5X2N2K; we writeNab5Nab8 1dabn, and evaluate separately in

the next subsection the terms that depend only onn and are proportional toNG , the number of gauge degrees of freedom.
Then

TrX5TrX0220D1xFmn
a Fa

mn ,

TrX25TrX0
2140D2180DV̂28rD1xFmn

a Fa
mn~r24V!12r n

mxFmr
a Fa

nr26xrmn
rsFa

mnFrs
a

2
3x2

8
~Fmn

a Fa
mn!21

x2

2
~Fmn

a F̃a
mn!21

29x2

8
~Fmn

a Fb
mn!21

5x2

8
~Fmn

a F̃b
mn!2,

TrN58Ka
a1NGn,

TrN258~KabKba1KabKab!14CG
a Fmn

a Fa
mn1NGn

214rKa
a14xS 12

x2r ir
i

2 D S r n
mFmr

a Fa
nr2

1

4
rFmn

a Fa
mnD

112xcabcFmn
a Fr

bmFcrn24Ka
aS ¹2x

x
1
3]my]my

2x2 D22~22x2r ir
i !

]mx

Ax
Fmr
a Dn9Fanr

1S 12
x2r ir

i

2 D FFmn
a Fa

mnS ]rx]rx

x
2

]ry]ry

2x D12Fmr
a Fa

nr
]ny]my

x G
2~Dnzir i j f̄

j1H.c.!Fa
mrS ]mxFnr

a 2
]nx

4
Fmr
a D1

13x2

8
@~Fmn

a Fa
mn!21~Fmn

a F̃b
mn!2#

2
x4r ir

i

2
@~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!21~Fmn

a Fa
mn!21~Fmn

a F̃a
mn!2#2

5x2

8
@~Fmn

a Fb
mn!21~Fmn

a F̃a
mn!2#

1
x6~r ir

i !2

8
@~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!21~Fmn

a Fa
mn!21~Fmn

a F̃a
mn!2#,

TrK2510D9mFmr
a Dn9Fanr16rm

n xFa
mrFnr

a 23rmn
rsxFa

mnFrs
a 16xcabcFmn

a Fr
b mFcrn2Fa

mnFmn
a S 3¹2x

2
2
2]rx]rx

x
1
25]ry]ry

8x D
1Fa

lnFrn
a S 5]lx]rx

2x
1
6]ly]ry

x D2
1

Ax
D9mFmn

a ~10Fa
ln]lx211F̃a

ln]ly!2
1

4
Fa

mnF̃mn
a S 3¹2y2

]ry]rx

x D . ~C55!

In writing these expressions we dropped total derivatives and used Eqs.~B10! and ~B12!–~B14!, as well as the Yang-Mills
Bianchi identity.
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Finally, writing (Ĝmn
g )b

a5(Ĝmn8 )b
a1ĝmndb

a , we have

Tr~ĜF
g1G!25Tr~GF

G!0
224CG

a Fmn
a Fa

mn1NGĝ
21F̃mn

a Fa
mnS 3¹2y2

4]nx]ny

x D1x3r ir
i~4rm

nFa
mrFnr

a 2rFmn
a Fa

mn!

18~Dm9Famn!218xrm
nFnr

a Fa
mr1

1

2x
FmnF

mn~4]rx]rx2]ry]ry!2
2

x
FmrF

nr~]mx]nx12]my]ny!

1
x6~r ir

i !2

4
@~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!223~Fmn

a Fa
mn!223~Fmn

a F̃a
mn!2#1

x4r ir
i

2
[ ~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!2

1~Fmn
a Fa

mn!21~Fmn
a F̃a

mn!2]2
3x2

2
~Fmn

a Fb
mn!22x2~Fmn

a Fa
mn!21

5x2

4
~Fmn

a F̃a
mn!2

2
xr ir

i

2
~Fa

mnFmn
a ]ry]ry24Fa

mrFnr
a ]my]ny!2~8]mxFmr24]myF̃mr!

Dn9Fnr

Ax
, ~C56!

whereCG
a is the Casimir in the adjoint representation, and we used Eqs.~C10! and ~B12!–~B14!.

For the fermions we defineHg1G5Hg1HG1HgG, with

Hab
g 5Hab8 1dabS 1 0

0 1D ^ ~h1
g1h2

g1h3
g!, ~Gmn

g !b
a5~Gmn8 !b

a1db
aS 1 0

0 1D ^ ~ g̃mn1 ig5Lmn!,

~Ĝmn
g !b

a5~Ĝmn8g !b
a1db

aS 1 0

0 1D ^ ĝmn
g , ~C57!

wherehi , g̃mn and ĝmn are 434 Dirac matrices. Then we obtain

1

8
TrH1

g1G5
1

8
Tr ~H1

G!01
NG

4
Tr h112Ka

a2D~22x2r ir i !1
x

2
Fmn
a Fa

mn ,

1

8
Tr ~H1

g1G!25
1

8
Tr ~H1

G!0
21

NG

4
Tr h1

212Ml
2@2Ka

a1D~31x2r ir i !#1D2@222x2r ir
i1~x2r ir

i !2#

14KabKba2
2

x
~12x2r ir i !KabDaDb2

1

x2
~]mx]mx1]my]my!D2

8

x
Dmz

iDmz̄m̄~Taz! j~Taz̄! n̄Ki n̄K jm̄

1
2

x2
Da@~]mx1 i ]my!Dmz̄m̄~Taz! iKim̄1H.c.#12D~Mc

21V̂24e2Kāa!1xFmn
a Fa

mnS 12Ml
21Mc

22e2KāaD
1
1

2
Fmn
a Fb

mnDaDbS 12
x2r ir i
2

1
~x2r ir i !

2

4 D1
x2

16
@~Fmn

a Fb
mn!21~Fmn

a Fa
mn!22~Fmn

a F̃b
mn!22~Fmn

a F̃a
mn!2#

1
x4r ir i
32

@~Fmn
a Fa

mn!21~Fmn
a F̃a

mn!2#,

2
1

8
Tr ~H2

g1G!252
1

8
Tr ~H2

G!0
22

NG

4
Tr h2

21DaDbFmn
a Fb

mn22xe2KāaFmn
a Fa

mn2S ]mx]mx

2x2
2

]my]my

2x2 DD
1

]mx

x2
Da@Dmz

iKim̄~Taz̄!m̄1H.c.#2
1

x
$Ki n̄K jm̄Dmzj~Taz̄!m̄@~Taz! iDmz̄

n̄1~Taz̄! n̄Dmz
i #1H.c.%

2
x2

4
~Fmn

a F̃a
mn!21

1

4x
~]mx]nx2]my]ny!Fmr

a Fa
nr2

1

8x
~]mx]mx2]my]my!Fmn

a Fa
mn ,

1

8
TrH3

g1G5
1

8
Tr ~H3

G!01
NG

4
Tr h3 ,
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1

8
Tr ~H3

g1G!25
N15

16
r 21

NG

4
Tr h3

21
]my]ny

2x2
Fa

mrFmr
a 2

1

16
Tr G̃8g1G2 ,

1

4
Tr ~H1H3!

g1G5
1

4
Tr ~H1H3!0

G1
NG

2
Tr ~h1h3!2

1

4
Fmn
a F̃a

mnS ¹2y2
]rx]ry

x D1S r2
2]ry]ry

x2 D SKa
a1

x2

2
r ir iDD

1S r2
]ry]ry

x2 D S x4Fmn
a Fa

mn2DD2T3
gG1 i S 22

x2r ir i
2 DDmz

jDnz̄
m̄Kim̄DaFa

mn ,

1

2
Tr Ĝg1G

2 5
1

2
Tr G̃g1G82 1NGTr ĝ

21
5

2
~r 222rmnrmn!1F̃mn

a Fa
mnS 6¹2y28

]nx]ny

x D1x3r ir i S 2r n
mFmr

a Fa
nr2

r

2
Fmn
a Fa

mnD
28~Dm9Famn!228xrm

nFnr
a Fa

mr2
2

x
FmnF

mn~]rx]rx2]ry]ry!1
2

x
FmrF

nr~]mx]nx27]my]ny!

2
5xr ir i
4

~FmnF
mn]ry]ry24FmrF

nr]my]ny!18~]mxFmr1]myF̃mr!
Dn9Fnr

Ax

2
x6

4
~r ir i !

2@~Fmn
a Fb

mn!21~Fmn
a F̃b

mn!2#1
x4r ir i
2

@~Fmn
a Fb

mn!21~Fmn
a F̃b

mn!22~Fmn
a Fa

mn!22~Fmn
a F̃a

mn!2#

1
x2

2
@~Fmn

a Fa
mn!22~Fmn

a Fb
mn!215~Fmn

a F̃b
mn!225~Fmn

a F̃a
mn!2#,

1

2
Tr G̃g1G82 54~r 224rmnrmn!120GmnGmn24CG

a Fmn
a Fa

mn116D9nFrn
a Dm9Farm216

]nx

Ax
Frn
a Dm9Farm116xrn

mFa
rnFrm

a

1
4

x
~]rx]rxFmn

a Fa
mn2]mx]nxFa

mrFnr
a !14x2~Fmn

a F̃a
mn!222x2@~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!21~Fmn

a Fa
mn!2#.

~C58!

The nonvanishing contributions toTg1G are

T3
gG52@X̃2

mn~M ,M̄ !#r
a~Gmn81!a

r22@X̃2
mn~M̄ ,M !#r

a~Gmn82!a
r

52
1

4 FFmn
a Fa

mn¹2x1F̃mn
a Fa

mnS ¹2y2
]rx]ry

2x D G1
]mx]nx

2x
Fnr
a Fa

mr ,

T3
g5@X̃2

mn~M ,M̄ !#b
a~Gmn81!a

b2@X̃2
mn~M̄ ,M !#b

a~Gmn82!a
b1 iNG

]my

x
~m̄lD̃mml2H.c!1r n

mTr~M̃ nrM̄mr2M nr M̄mr! i
j

5
i

2
x2r ir iDmz

jDnz̄
m̄Kim̄DaFa

mn1
1

8
x3r ir i S r n

mFa
nrFmr

a 2
1

4
rF a

mnFmn
a D1NGt3 ,

T4
gG524i ~mM̄mn!a

a~mM̃̄mn!a
a1H.c.5

x

2
Fmn
a Fa

mnMl
21 ixFmn

a F̃a
mne2K~ āA2H.c.!,

T4
g5T4

x1T4
xG . ~C59!

Finally, for the ghost sector, defining (Hgh
g )b

a5(Hgh8 )b
a1hghdb

a , we have

TrHgh
g 52Ka

a2
x

2
Fmn
a Fa

mn1NGhgh, TrHgh
G5Tr~Hgh!01

3x

2
Fmn
a ,

Tr~Hgh
g !25NGhgh

2 12~KabKba1KabKab!24Ka
aS ¹2x

2x
2

]mx]mx

4x2 D
1
1

2
Fmn
a Fa

mnS ¹2x2
]mx]mx

2x D22xFmn
a Fb

mnKba1
x2

4
~Fmn

a Fb
mn!2,
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Tr~Hgh
G !25~TrHgh

2 !01
9x2

16
@~Fmn

a Fa
mn!21~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!2#23xFmr

a Fa
nr~2DmzIDnz

JZIJ1r n
m!,

Tr~Hgh
gG!252~D9nFamn!22

1

4x
~Famn]nx!224~qaIDmz

I !22D9mFnm
a S Fa

nr
]rx

Ax
14qaIDnzI D 22Fa

mr
]rx

Ax
qI
aDmz

I ,

Tr~ĜmnĜ
mn!gh5~TrGmnG

mn!0
gh2

]nx]mx

2x
Fmr
a Fa

nr1
]rx]rx

2x
Fmn
a Fa

mn12xrm
nFa

mrFnr
a 12~Dm9Famn!2

22
]mx

Ax
Fmr
a Dn9Fanr2CG

a Fmn
a Fa

mn1
x2

4
~Fmn

a F̃a
mn!22

x2

8
@~Fmn

a Fa
mn!21~Fmn

a Fb
mn!21~Fmn

a F̃b
mn!2#. ~C60!

For the ghostino, TrGmnG
mn is given in Eq.~B18! of I, and the remaining traces are modified with respect to that equation by22

TrHGh5~TrHGh!014D1xFmn
a Fa

mn ,

TrHGh
2 5~TrHGh

2 !014D212xDFmn
a Fa

mn224iDaFa
mnDmz

iKim̄Dnz̄
m̄12~4D1xFmn

a Fa
mn!S V̂1Mc

22Drz
iKim̄Drz̄m̄2

r

4D
12DaDbFmn

a Fb
mn1

x2

4
@~Fmn

a Fa
mn!22~Fmn

a F̃a
mn!2#. ~C61!

For the supertraces we obtain@see Eqs.~B17!–~B20!#

STrHg1G5STrH0
G1NGSTrh

g22D~41x2r ir
i !,

1

2
STrHg1G

2 5
1

2
@STr~HG

2 !01STr~HxG
2 !02STrHxG

2 1NGSTrhg
2#2T3

g1G2T4
gG2

7

gx
LamLam

1
4

Agx
$4iLam@Kim̄Dmz̄
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Lan
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mxFmn
a 13]myF̃mn
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2
12
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DDL1rKa

a1xS 22
7x2r ir

i

8 D r n
mFmr

a Fa
nr2

x

4 S 32
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i

8 D rFmn
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mn14Kb
aFa

mnFmn
b 13CG
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1
2
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CG
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x2r ir
i

2 D rD2Ka
aS ]mx]mx
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1

]my]my

x2 D 22x2r ir iDMl
224Ka
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2

22e2K~DAiā
i1H.c.!12D~31V̂129Mc
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22Ml
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2

]mx

x
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]mx
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2
1

x2
Da@~3]mx18i ]my!Kim̄~Taz! iDmz̄

m̄1H.c.#1
4

x
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m̄K jm̄DaDi~T
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jDnz̄

m̄DaFa
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i
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@~51x2r ir i !]mxFa
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1
13

2x2
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8x
1
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2
1
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1

x
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a F̃a
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4 FFmn
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mnS ]rx]rx2

1

2
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22The last term in the equation for TrHGh
2 should be218GmnGmn.
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1Fmn
a F̃a

mn]rx]ryG12Fmn
a Fa

mr]ny]ry1r ir i]
my]myD2Fa

mrS ]mx

2
Fnr
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]nx

8
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2r ir i21!@xWW̄1xWabW̄ab1D~W1W̄!#2x2r ir i S 322

x2r ir i
4 D

3DaDb~Wab1W̄ab!2~8D12xFrs
a Fa

rs!Dmz
iDmz̄m̄Kim̄112xFrm

a Fa
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iDmz̄m̄Kim̄ ,

1
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STrĜg1G

2 5
1
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STr~Gg1G

2 !01
1

12
NGSTrĝ

22
1

12
STrĜxG

2 2
1

12
STrĜx

22TxG2T4
g2T4

x1
x3r ir

i

4 S rm
nFa

mrFnr
a 2

r

4
Fmn
a Fa

mnD
2

1

8x
~FmnF

mn]ry]ry22FmrF
nr]my]ny!1

i

6
Fmn
a K jm̄DmzjDnz̄m̄Di~Taz! i1

xr ir i
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~FmnF
mn]ry]ry

24FmrF
nr]my]ny!1x4r ir

i~WabW̄ab1WW̄!1x2r ir
iF32DaDb~Wab1W̄ab!1xD~W1W̄!16D2G

1x4~r ir
i !2@x2~WabW̄ab2WW̄!22D22xD~W1W̄!#. ~C62!

The space-time curvature dependent terms in the supertraces evaluated in Appendixes C 4–C 7 give a contributionLr of the
form ~2.23! of I with

Hmn5Hmn
0 1Hmn

g 1
lnL2

32p2 Fx~42x2r ir
i !Fmr

a Fan
r2gmnxFrs

a Fa
rsS 322

1

4
x2r ir

i D G ,
e05~e0!01e0

g2
lnL2

32p2 H 223 D12x2r ir
iD1

2

3x
DaDi~T

az! i J ,
a5a01ag, b5b01bg, ~C63!

whereag, etc. are evaluated in Appendix C 8. The metric redefinition in Eqs.~2.24! and~2.25! of I gives Eq.~4.11!, and we
get a correction23 D rL:

D rL5~D rL!01D rgL1
lnL2

32p2 H N267

3
D22

2N1118

3
DV̂2

4N132

3
DMc

21~Dmz
iDmz̄m̄Kim̄22V!F2x2r ir iD1

2

3x
DaDi~T

az! i G
22xV~W1W̄!22De2KSAi j Ā

i j2
2

3
Rj
iAiĀ

j D1
1

3
DDmz

iDmz̄m̄@4Rim̄2~N261!Kim̄#

1SN129

6
2x2r ir

i D @2x2WabW̄ab1~Wab1W̄ab!DaDb12D2#1SN135

3
2x2r ir

i D x4Frs
a Fa

rsDmz
iDmz̄m̄Kim̄

2SN129

3
2x2r ir

i D xFrm
a Fa

rnDnz
iDmz̄m̄Kim̄J , ~C64!

whereD rgL is given in Eq.~C73! below.

23Equation~B23! of I should read

1

Ag
D rL5

lnL2

32p2 F H 22e2KSAkiĀ
ik2

2

3
Rn
kAkĀ

nD2~N117!V̂2
4N132

3
Mc

2 J V̂1FKim̄H N159

3
V̂1e2KSAkiĀ

ik2
2

3
Rn
kAkĀ

nD1
2N116

3
Mc

2 J
1
4

3
Rim̄V̂GDrz

iDrz̄m̄2H S 23Rim̄18Kim̄DDrz
iDrz̄m̄gmn2

N129

6
~Dmz

iDnz̄
m̄1Dnz

iDmz̄
m̄!Kim̄JDmzjDmz̄n̄Ki n̄ G .
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8. Order NG contributions

The bosonic traces are

n5r2
¹2x

x
2
3]my]my

2x2
,

n25rmnr
mn2r F¹2x

x
2

]mx]mx

2x2
1

]my]my

x2 G1rmnF2¹n]nx

x
2

]mx]nx

x2
1

]my]ny

x2 G
1S ¹2x

x D 22 3]mx]mx¹2x

2x3
1

]my]my¹2x

x3
2

]my]mx¹2y

x3

1
1

4x4
@3~]mx]mx!218~]my]mx!213~]my]my!225]mx]mx]ny]ny#, ~C65!

and

ĝ25
1

x2 F3~¹2y!226
]my]mx

x
¹2y1

~]my]mx!2

x2
1
2]my]my]nx]nx

x2
2
3~]my]my!2

4x2 G
1~r 224rmnr

mn!22rmn
]my]ny

x2
1r

]my]my

x2
. ~C66!

The fermion traces are~hereTr includes the ordinary Dirac trace;Tr154)

1

4
Tr h15Ml

2 ,
1

4
Tr h1

25Ml
4 ,

2
1

4
Tr h2

25e2KDmz
iDmz̄m̄F ~ai2Ai !~ ām̄2Ām̄!1x2r ikĀ

krm̄
j Aj1

f̄ m̄f i
4x2

aāG1e2KFDmz
iDmzj~ai2Ai !S f j2x ā2xr jnĀ

nD 1H.c.G
2
1

2
e2KDmz

iDmz̄m̄~ f̄ m̄r ikaĀ
k1H.c.!,

Tr h35r22
]my]my

x2
,

Tr ~h1h3!5S r2
]my]my

2x2 DMl
2 ,

Tr h3
25

1

4
r 22

1

2
Tr ~ g̃mng̃

mn2ZmnZmn!2
~¹2y!2

x2
12

¹2y]mx]my

x3
2r

]my]my

x2
1

~]my]my!2

x4
2

~]my]mx!2

x4
,

Tr ĝmnĝ
mn5Tr g̃mng̃

mn16
~¹2y!2

x2
212

¹2y]mx]my

x3
12r

]my]my

x2

24rmn
]my]ny

x2
26

~]my]my!2

x4
12

~]mx]my!2

x4
14

]my]my]nx]nx

x4
,

Tr g̃mng̃
mn54GmnGmn1TrZmnZ

mn54GmnGmn1
1

2
r 222rmnr

mn. ~C67!

To evaluatet3, Eq. ~C58!, we write it as

t35
]mx1 i ]my

2x
m̄lD̃

mml2
]mx2 i ]my

2x
m̄lD̃

mml1H.c.

5
e2K

2x
~ f̄ m̄Dmz̄m̄2 f iDmzi !~ ā2Ā!FDmz

j~aj2Aj !2Dmz̄
n̄S f̄ n̄2x a2xr n̄

j Aj D G1H.c. ~C68!
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The ghost traces are

Trhgh52
¹2x

2x
1

]mx]mx

4x2
, Trhgh

2 5S ¹2x

2x
2

]mx]mx

4x2 D 2. ~C69!

The supertraces are

2
r

6
STrh5

r

3
Ml

22
r 2

12
1r

]mx]mx

12x2
1r

]my]my

12x2
,

1

2
STrh252t32

r 2

16
1
1

2
rmnr

mn2Ml
2S r22

]my]my

4x2 D 2Ml
41

1

2
GmnGmn2r S ¹2x

2x
2

]mx]mx

4x2
1

]my]my

4x2 D
1rmnS ¹n]nx

x
2

]mx]nx

2x2
1

]my]ny

2x2 D 1
~¹2x!2

4x2
1

~¹2y!2

4x2
2

1

2x3
@~]mx]mx2]my]my!¹2x12]mx]my¹2y#

1
5

16x4
u~]mx1 i ]my!~]mx1 i ]my!u22

3

16x4
~]my]my!21e2KDmz

iDmz̄m̄F ~ai2Ai !~ ām̄2Ām̄!1x2r ikĀ
krm̄

j Aj

2
f̄ m̄f i
4x2

aāG1e2KHDmz
iDmzjF ~ai2Ai !S f j2x Ā2xr jnĀ

nD 1
f i f j
4x2

aā2
f j
2

~a2A!r ikĀ
kG1H.c.J

1
e2K

2x
$Dmz

iDmz̄m̄f̄ m̄@~ ā2Ā!~ai2Ai !2xr ikAĀ
k#1H.c.%,

1

12
STrĝ25

1

16
~r 224rmnr

mn!1
3

16x4
~]my]my!22

1

6
GmnGmn. ~C70!

Dropping the total derivative

]mS ]mx

x
Ml

2D5
¹2x

x
Ml

22
]mx]mx

x
Ml

21
]mx

x
DmMl

2

and using the equations of motion~B18!, we can write

NG

lnL2

32p2 FSTrS h22 r

6
h1

1

12
ĝ2D 1t3G5Lrg1NG

lnL2

32p2 Fx2r ir j

Ag
LiLj1~Xg

i Li1H.c.!G1NGAg
lnL2

32p2 H x6~r ir i !
2WW̄22Ml

4

13Mc
222Mc

2Ml
21V̂216e2KaāMc

22e2K~ āiAi1H.c.!~V̂1Mc
2 !1e22KaiĀ

i ā jAj

22e22K~ āiAiaĀ1H.c.!12V̂~2Mc
222Ml

21e2Kaā!1e2KDmz
iDmz̄m̄F ~ai2Ai !~ ām̄

2Ām̄!1x2r ikĀ
krm̄

j Aj1
f̄ m̄f i
4x2

aāG1e2KHDmz
iDmzjF ~ai2Ai !S f j

2x
Ā2xr jnĀ

nD
2
f i
2x

aiĀ2 f i~a2A!r ikĀ
kG1H.c.J 1

e2K

2x HDmz
iDmz̄m̄f̄ m̄@2āai2xr ik~a2A!Āk#

1
f i f j
2x2

ā~2a2A!Dmz
iDmzj1H.c.J 1x~r i jDmz

iDmzj1H.c.!~Mc
22V̂!

1e2K@xr i jDmz
iDmzj~akĀ

k22Āa!1H.c.#1
1

16x4
u~]mx1 i ]my!~]mx1]my!u2

2x3r ir i~W1W̄!~Mc
21V̂!1x3rkrk@W~xr i jDmz

iDmzj1e2KAiā
i22e2KāA!

1H.c.#1
1

3
GmnGmn1x2r i jDmz

iDmzjr n̄ m̄Dnz̄
m̄Dnz̄nJ 1total derivative. ~C71!
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where

Xg
i 5~Xg

ı̄ !*5
f̄ i

2x
@x3r jr jW̄1xr jkDmz

jDmzk1e2K~ ā jAj22āA!2V2Mc
2 #, ~C72!

andLrg is of the form~2.23! of I with

ag52
NG

6

lnL2

32p2 , bg5
NG

2

lnL2

32p2 , e0
g52

lnL2

32p2

NG

3
Ml

2 ,

Hmn
g 5NG

lnL2

32p2 H gmnS 2
¹2x

x
1
2]rx]rx

3x2
2

]ry]ry

3x2 D12
¹m]nx

x
2

]mx]nx

x2
1

]my]ny

x2 J . ~C73!

Finally, using the equations of motion~B17! and ~B18! we obtain@see Eq.~C62!#:

D rgL52NG

lnL2

32p2

]rx

x
@Fa

rmLm
a1~DrziLi1H.c.!#1AgNG

lnL2

32p2 H 2
1

3
V21

1

3
Ml

2~Dmz
iDmz̄m̄Kim̄22V!1

1

3
VDmz

iDmz̄m̄Kim̄

1S ]nx]nx

x2
1

]ny]ny

x2 D S 13Dmz
iDmz̄m̄Kim̄2

1

6
V2

x

8
Fa

mrFmr
a D1S x2Fa

mrFnr
a 2Dnz

iDmz̄m̄Kim̄D S ]mx]nx

x
1

]my]ny

x D
2
1

3
~Dmz

iDmz̄m̄Kim̄!21
1

2
Kim̄K j n̄ ~Dmz

iDmzjDnz̄
m̄Dnz̄n̄1Dmz

iDmz̄n̄Dnz̄
m̄Dnzj !1

1

4
xFrs

a Fa
rsDmz

iDmz̄m̄Kim̄

2xFrm
a Fa

rnDnz
iDmz̄m̄Kim̄1

x2

16
@~Frs

a Fb
rs!21~Frs

a F̃b
rs!2#J . ~C74!

Combining the results of Appendixes C 4–C 8, and evaluatingL12Lr1D rL2DKL2DxL2LAXA2LALBXAB, with

24e2KĀiALi1H.c.52~LIXI !024Ag@x~W1W̄!Mc
224DMc

22xe2K~WāA1H.c.!#,

yields the result given in Eqs.~4.6!–~4.12!, where we used gauge invariance to write

05da~Dmz
iDmzjr i j !5Dmz

iDmzj@~Taz!kr i jk12r ikD j~Taz!k2~Taz̄!m̄rm̄i j #

5Dmz
i$Dm@~Taz! jr i j #1@r ikD j~Taz!k2~Taz̄!m̄rm̄i j #Dmz

j2~Taz! jrm̄i jDmz̄m̄%,

05da~r i Ā
i !5r i j ~Taz! j Āi2r i~Taz̄!m̄Ām̄

i 1Dar i Ā
i ,

05da~ f i f̄
i !52x@rm̄

i ~Taz̄!m̄f i2r i j ~Taz! j f̄ i #

05da~r i V̂
i !5r i j ~Taz! j V̂i2

e2K

x
~ajĀ2ai j Ā

i1Ai j ā
i2xrm̄i j A

m̄Āi !~Taz! j

2
e2K

x
@Da~aā2Aā2aĀ!12xrm̄

i ~Taz̄!m̄Ai~ ā2Ā!#. ~C75!

We also used the following identities, that hold up to a total derivative

05Dmz
iDm@Dar i j ~T

az! j #2r i jDa~T
az! jFg2 1/2Li1V̂i1

1

x
Db~T

bz! i1
1

2
f̄ iW̄G ,

052
]my

x
Kim̄@~Taz! iDnz̄m̄1~Taz̄!m̄Dnzi #Fmn

a 1Da

]my

x2 F 1

Ag
Lm
a12]nxFmn

a 2 iK im̄@Dmz̄
m̄~Taz! i2Dmz

i~Taz̄!m̄#G ,
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052
]mx

x
Kim̄@~Taz! iDnz̄m̄1~Taz̄!m̄Dnzi #F̃mn

a ,

052
]mx

x2
DaKim̄@~Taz! iDmz̄m̄1~Taz̄!m̄Dmzi #1DF 1x2 ~]mx]mx1]my]my!24~Mc

22Ml
2!22~V̂1e2Kaā!

1S f̄ iLi
2xAg

1e2KaiĀ
i1xr i jDmz

iDmzj1x3r ir iW1H.c.D G ,
0522x2r ir iDnA

n1~ f̄ ir i jDnz
j1H.c.!An, ~C76!

where 2DnA
n is given by the right-hand sides of the second and third equations in Eq.~C76!, with

An5(]my/x)DaFmn
a , (]mx/x)DaF̃mn

a , respectively.
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