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Matching conditions relate couplings to particle masses. We discuss the importance of one-loop matching
conditions in the Higgs boson and top quark sector as well as the choice of the matching scale. We argue for
matching scalesm0,t.mt andm0,H.max$mt ,MH%. Using these results, the two-loop Higgs boson mass upper
bounds are reanalyzed. Previous results forL' few TeV are found to be too stringent, and a recent update is
found to be wrong. ForL51019 GeV we findMH,1806465 GeV, the first error indicating the theoretical
uncertainty and the second error reflecting the experimental uncertainty due tomt517566 GeV. Hence a
Higgs boson mass of about 160–170 GeV certainly satisfies both upper and lower Higgs boson mass bounds
for cutoff scales up toL51019 GeV if mt5175 GeV. For such Higgs boson and top quark masses the
renormalization group behavior of the minimal standard model does not require new physics to set in before
the Planck scale.@S0556-2821~97!01509-9#

PACS number~s!: 14.80.Bn, 11.10.Hi, 12.15.Lk

I. INTRODUCTION

The Higgs sector of the minimal standard model~SM! is
usually considered to be an effective theory. The possible
triviality problem connected to the underlyingf4 theory@1#
can be avoided if new physics appears at some high energy
L. Depending on the specific value ofL, an upper bound on
the massMH of the SM Higgs boson can be derived@2–4#.
This upper bound is connected to the unsatisfactory high
energy behavior of the Higgs quartic self-couplingl if MH

is large. It manifests itself in the~one-loop! Landau pole@5#
when using a perturbative approach or in large cutoff effects
when performing lattice calculations@6–9#.

Previous work@3,4# extensively investigated the depen-
dence of theMH upper bound on the top quark massmt . The
discovery of the top quark and the steadily improving mass
determination ofmt allow for an update of this work, leading
to the question of which uncertainties remain in the theoret-
ical prediction of theMH upper bound. Using the perturba-
tive approach up to two loops, we investigate the sensitivity
of theMH upper bound with regard to various cutoff criteria,
the inclusion of matching corrections, and the choice of the
matching scalem0. We show that choosingMZ as the match-
ing scale, taken in some earlier analyses, is unreasonable and
can lead to unreliable predictions. This result is also impor-
tant for higher-order calculations other than two-loop Higgs
boson mass upper bounds.

Taking into account the results from lattice calculations
@7–9#, we investigate the dependence of theMH upper bound
on the cutoff condition. In the case of a low cutoff scale
L.103–104 GeV, we find the sum of theoretical uncertain-

ties to be large,;200 GeV. Earlier work underestimated
these uncertainties and gave too stringent bounds. At a high
cutoff scale ofL.1015–1019 GeV, the theoretical uncertain-
ties are much smaller,;10 GeV. Taking the present-day
value of the top quark mass ofmt517566 GeV @10# and a
cutoff scale ofL51019 GeV, we find an upper bound
MH,1806465 GeV, where the first error estimates the
theoretical uncertainty and the second error indicates the re-
maining top quark mass dependence. Comparing our results
with recent vacuum stability bounds@11–13#, we find that a
Higgs boson mass of about 160–170 GeV satisfies both up-
per and lower Higgs boson mass bounds for cutoff scales up
to L51019 GeV if mt5175 GeV. For such Higgs boson and
top masses the renormalization group behavior of the mini-
mal standard model does not require new physics to set in
before the Planck scale. The recent update of Higgs boson
mass upper bounds in@14# is wrong.

In Sec. II we review the scale dependence of the SM
matching conditions. We argue that the most reasonable
choice of the matching scale for the Higgs boson quartic
coupling is m0,H.max$mt ,MH% and that the top quark
Yukawa coupling should be fixed atm0,t.mt . In particular,
the use of the scaleMZ leads to unreliable results in the case
of the Higgs boson coupling. Using these observations, we
calculate the SM Higgs boson mass upper bounds at the
two-loop level in Sec. III.

II. MATCHING CONDITIONS

We start with a detailed look at the so-called matching
conditions in the SM: the relations between the physical
masses and the corresponding running couplings. This part
of our paper is therefore not specific to the calculation of
Higgs boson mass upper bounds but has further applications.

The modified minimal subtraction~MS! Higgs boson
*Present address: DESY-IfH, Platanenallee 6, 15738 Zeuthen,
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quartic couplingl̄ and top quark Yukawa couplingḡt are
related toMH andmt using the matching conditions

l̄~m0!5
MH

2

2v2
@11dH~m0!#, ~2.1!

ḡt~m0!5
A2mt

v
@11d t~m0!#, ~2.2!

wherev5(A2GF)
21/2'246 GeV. The definitions of the cor-

responding tree-level couplings are obtained by dropping the
matching correctionsd, thus fixing our notation. The use of
two-loop renormalization group~RG! equations in connec-
tion with MS couplings requires one-loop expressions for the
correctionsdH(m0) and d t(m0); they are given in@15# and
@16#, respectively.

In the case of the electroweak gauge couplings, one-loop
matching corrections have also been calculated@17,18#.
However, it is customary to extract theMS gauge couplings
directly usingMS definitions for experimental observables.
The measured values for theMS electroweak mixing angle
and QED coupling fix theMS electroweak couplings at the
scalem05MZ591.187 GeV@19#:

ā21~MZ!54p
ḡ2~MZ!1ḡ82~MZ!

ḡ2~MZ!ḡ82~MZ!
5127.90, ~2.3!

sin2uW
MS~MZ!5

ḡ82~MZ!

ḡ2~MZ!1ḡ82~MZ!
50.2315. ~2.4!

The MS electroweak couplings are obtained as
ḡ(MZ)50.651 . . . andḡ8(MZ)50.357 . . . .
For comparison, it is nevertheless interesting to define

gauge sector matching conditions in analogy to Eqs.~2.1!
and ~2.2!, that is, using gauge boson masses and matching
corrections: ḡ2(MZ)[(4MW

2 /v2)(11dW) and ḡ 2(MZ)
1ḡ82(MZ)[(4MZ

2/v2)(11dZ). Taking MW580.35 GeV
andMZ as above one obtainsdW'20.4% anddZ'0.7%.
As we will see below, the one-loop matching correctionsd t
and especiallydH are significantly larger.

In the following we examine in detail the interesting
structure of the matching correctionsdH(m0) andd t(m0) as
a function ofm0 andMH . FordH , the heavy top quark mass
of mt5175 GeV changes drastically the original discussion1

presented in@15#, except forMH@mt .
Using the result of@15#, the correctiondH(m0) can be

rewritten as

dH~m0!5
2v2

MH
2

1

32p2v4
$h0~m0!1MH

2 h1~m0!1MH
4 h2~m0!%,

~2.5!

with

h0~m0!5224mt
4ln

m0
2

mt
2 16MZ

4ln
m0
2

MZ
2 112MW

4 ln
m0
2

MW
2 1c0 ,

~2.6!

h1~m0!512mt
2ln

m0
2

mt
2 26MZ

2ln
m0
2

MZ
2 212MW

2 ln
m0
2

MW
2 1c1 ,

~2.7!

h2~m0!5
9

2
ln

m0
2

MH
2 1

1

2
ln

m0
2

MZ
2 1 ln

m0
2

MW
2 1c2 . ~2.8!

The constantsci are independent ofm0. For mt5175 GeV
and 75 GeV,MH, 570 GeV their total contribution to
dH is in magnitude less than 0.02, though some individual
terms can exceed 0.05. Depending on the choice ofm0, the
logarithmic terms in Eqs.~2.6!–~2.8! can yield a much larger
correction. In Fig. 1~a! we show the one-loop result ofdH as
a function ofm0 andMH for mt5175 GeV. We find that the
matching correctiondH can be in magnitude larger than 25%
for various regions in the parameter space (m0 ,MH), even
exceeding 100%. Clearly the matching correction should be
taken into account and the choice of the matching scalem0 is
important: Some choices are more appropriate than others.

To discuss the dependence ofdH on m0 we consider its
derivative

ddH~m!

dm
5
1

m

2v2

MH
2

1

8p2v4
@3MH

4 23MH
2 ~MZ

212MW
2 22mt

2!

13MZ
416MW

4 212mt
4#

[
1

m

2v2

MH
2 bl , ~2.9!

wherebl is the one-loopb function of the couplingl ex-
pressed in terms of the different physical masses rather than
in terms of the variousMS couplings~which is consistent at
one-loop order!. For mt5175 GeV, bl equals zero if
MH.208 GeV. TakingMH to be different from this value,
bl quickly becomes large. IfMH!208 GeV, themt

4 contri-
bution dominates andbl!0; if MH@208 GeV, theMH

4 con-
tribution causesbl@0. Correspondingly, the magnitude of
dH is insensitive to the choice ofm0 only for a small range of
MH values; see Fig. 1.

Natural choices ofm0 in Eq. ~2.1! are the various masses
appearing in the logarithms in Eqs.~2.6!–~2.8!: MH , mt , or
MZ . Since the impact of the choice ofm0 is connected to the
value ofMH , we consider three cases.

~1! MH!mt (MH.70–100 GeV!. This is the range
wherebl!0 due to the dominantmt

4 term in Eq.~2.9!. Such
a large contribution tobl is possible for low values ofMH
because there is no symmetry in the scalar sector which im-
posesbl to go to 0 forl→0. This is in contrast to theb
functions of the gauge and Yukawa sectors. Consequently,
the coefficients of the logarithmic terms indH can be large
for small values ofMH , actually going to infinity as
MH→0. ~In contrast, the coefficients in the matching correc-
tions of the nonscalar sectors vanish or approach a finite
constant if the corresponding particle mass goes to zero.!
Indeed, themt

4 term inbl gives rise to the large coefficient1The analysis of@15# is based on a valuemt540 GeV.
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mt
4/MH

2 which multiplies ln(mt
2/m0

2). ~The overall factor

1/MH
2 is present becausedH is the ratio of the loop contribu-

tion to the lowest order contribution tol̄, the latter being
proportional toMH

2 .! Consequently, ifMH is small, then
dH is small only ifm0 is chosen close tomt , notMH . For
example, if MH570 GeV andmt5175 GeV, we find
dH(MH).80% whereasdH(mt).20.7%. The dominance
of the ln(m0

2/mt
2) term indicates that the top-quark mass scale

is the correct scale of reference for low values ofMH . In-
terestingly, even if the top-quark one-loop correction todH is
large, perturbation theory is still applicable:dH is formally
the product of a series in powers ofgt andl, with an overall
factor 1/MH

2 . The higher-order terms contributing todH are
expected to be small in the same way in which the two-loop
term ofbl @20,21# is smaller than the one-loop contribution2

to bl .
~2! MH.(0.8–1.7!mt . Takingmt5175 GeV, the func-

tion bl features a zero in this Higgs boson mass range, in-
dicating that both Higgs boson and top quark contributions
have similar weight. Bothm05mt andm05MH are accept-
able choices. In fact, we find the Higgs boson matching cor-
rections to satisfyudHu,5% for a large range ofm0 around
m0. MH.mt . This property remains true if the top quark
mass has a value somewhat different frommt5175 GeV.
Choosing m05max$mt ,MH%, a variation of 160 GeV
,mt, 190 GeV results in21.1%,dH(mt),21.0% if
MH5140 GeV and 2.4%,dH(MH), 3.6% if MH5300
GeV.

~3! MH@mt . Such a value ofMH causes a large and
positive value ofbl . The leading logarithmic contribution to

dH is theMH
2 ln(m0

2/MH
2 ) term which can be suppressed choos-

ing m0.MH . Yet the other terms, including ln(m0
2/mt

2), are
viable form05MH . For example,MH5570 GeV results in
dH(MH).20%. For largerMH the matching correction ap-
proaches the heavy-Higgs-boson result

dH5
MH

2

32p2v2 S 12lnm0
2

MH
2 12523pA3D . ~2.10!

A possible choice, used in@15#, would bem0.0.7MH such
that dH(m0).0. This approach, however, fails at two loops
since the two-loop heavy-Higgs-boson terms are sizable
@23#. Adding these two-loop contributions to the full one-
loop result ofdH , we show the resultingm0 dependence in
Fig. 1~b!. A satisfactory perturbative behavior is obtained for
m05MH if MH&800 GeV. The choicesm05mt or MZ are
inappropriate since they lead to unreliable perturbative pre-
dictions for even smaller values ofMH . In particular, the
choicem05MZ leads todH,21.0 for MH.690 GeV, re-
sulting in an unphysicalnegativeMS Higgs boson coupling.

Summarizing our results for the three different Higgs bo-
son mass scenarios described above, we find the scale
m0.max$mt ,MH% to be the appropriate Higgs boson match-
ing scale formt.175 GeV. The calculation of theMH upper
bound~see Sec. II! is an example how physical quantities are
sensitive to the choice ofm0.

Next we consider the matching correctiond t(m0) entering
Eq. ~2.2!. It has been given at one loop in@16#, with the
dominant QCD correction given earlier in@24# and the
Yukawa corrections in@25#. The result can be written as

d t~m0!5S 24
as

4p
2
4

3

a

4p
1
9

4

mt
2

16p2v2D lnm0
2

mt
2 1ct , ~2.11!

2The simultaneous largeness and perturbativity of the top quark
contribution in the scalar sector could be the origin of the symmetry
breaking of SU~2! 3 U~1!. A recent model@22# using this approach
yieldsMH.80–100 GeV.

FIG. 1. ~a! Values ofm0 andMH for which the one-loop Higgs boson matching correctiondH(m0), Eq. ~2.1!, equals the values indicated
next to the various contour lines. The top quark mass is taken to be 175 GeV.~b! Same plot, but the leading two-loop heavy-Higgs-boson
corrections@23# have been added.
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wherect is independent ofm0 and can be evaluated using the
results3 in @16#. Taking as(MZ)50.118 @26#, we find
20.052,ct,20.042 for a top quark mass of 150 GeV
,mt, 200 GeV and a Higgs boson mass of 50 GeV
,MH, 600 GeV. The correction due toct is therefore in
magnitude larger than the sum of them0-independent contri-
butionsci to dH . The largeness ofct is mostly due to the
QCD correction. In contrast, there is no one-loop QCD cor-
rection contributing todH .

Since the CERNe1e2 collider LEP I provides the result
for as at scaleMZ , it seems plausible to use a matching
scalem05MZ . This yieldsd t(MZ).22% as can be seen in
Fig. 2. Looking at the logarithm appearing in Eq.~2.11!,
however, the adequate choice ism0.mt : No other particle
mass enters them0-dependent logarithms. With this choice
we immediately obtaind t(mt)5ct.5%. Here the difference
in takingas(MZ) vsas(mt) amounts to higher-order correc-
tions which are suppressed.

The present-day experimental result ofmt517566 GeV
@10# leads to63.4% uncertainty in the tree-level result of
gt . Comparing with the results above, we find the one-loop
matching correctiond t to be of equal importance. This con-
cludes our review of the matching conditions.

III. HIGGS BOSON MASS UPPER BOUNDS

The triviality problem of the SM is completely fixed by
the b functions of the theory. The functionsb i for all SM
couplings have been calculated in theMS scheme up to two
loops@20,21,27#. At the one-loop level, a heavy Higgs boson
particle gives rise to a positive functionbl , causing the
running Higgs quartic couplingl(m) to permanently in-
crease asm increases. At some valuem5LL , the position of

the one-loop Landau pole@5#, the Higgs boson running cou-
pling becomes infinite: Perturbation theory has ceased to be
meaningful long before.

At the two-loop level, a heavy Higgs boson mass causes
l(m) to approach an ultraviolet~metastable! fixed point.
This fixed point is almost entirely determined by the leading
Higgs boson coupling contributions tobl at two loops:

bl524
l2

~16p2!2
2312

l3

~16p2!3
. ~3.1!

The resulting fixed point value, corresponding tobl50, is

lFP512.1 . . . . ~3.2!

Increasing the scalem even further, the growing value of the
running top quark coupling can no longer be neglected and
changesbl , hence modifying the above fixed point behav-
ior. Since perturbation theory is already meaningless even
beforel(m) reacheslFP, we are not concerned about the
details of thel(m) behavior beyond the metastable fixed
point.

At three loops, only the leading contribution tobl is
known @23,28,29#. It causes the running Higgs boson cou-
pling to again have a Landau singularity. Since the complete
set of three-loop SMb functions and the corresponding two-
loop matching conditions is not yet available, we restrict our
present analysis to two-loopb functions.

To obtainMH upper bounds from the RG evolution of
l(m) to some embedding scalem5L, one has to choose a
cutoff value forl(L). We denote this cutoff condition by
lc(L). At one loop, the standard choice is to require that
l(m) avoid the Landau singularity form,L. This corre-
sponds tolc(L)5`. At two loops, the running Higgs boson
coupling remains finite andl(m)→lFP asm increases. The
perturbative approximation, however, fails long before
reaching the fixed point. Therefore we examine two different
two-loop cutoff conditions

lc~L!5lFP/4 and lc~L!5lFP/2. ~3.3!

The first choice corresponds to a two-loop correction of 25%
to the one-loopb function bl ; see Eq.~3.1!. Perturbation
theory is expected to be reliable for such a value ofl(L)
@30#. The second choice causes a 50% correction, and its
value is comparable with upper bounds onl(L) which can
be obtained from lattice calculations@7–9#. In addition, it is
also relatively close to the upper bound of the perturbative
regime@30#.

Choosing four different embedding scalesL5103, 106,
1010, and 1016 GeV, we give in Fig. 3 the different values of
l(MZ) which lead to the corresponding cutoff conditions
lc(L) when evolving all SM couplings fromMZ to L. The
one-loop result in Fig. 3 withlc(L)5` agrees with the
result obtained by Lindner @3# when setting
l(MZ)5MH

2 /2v2 andgt(MZ)5A2mt /v, and taking into ac-
count the updated experimental input for the various

3There is a misprint in Table I of@16#: The term 6.9031023

should have the opposite sign.

FIG. 2. Values ofm0 andMH for which top quark matching
correctiond t(m0), Eq. ~2.2!, equals the values indicated next to the
various contour lines. Results are shown usingmt5165 GeV~dot-
ted line!, 175 GeV~solid line!, and 185 GeV~dashed line!.
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couplings4 at m05MZ . The recent results in@14# which
question the Lindner results at all scalesL are incorrect.5

Taking instead the valuelc(L)5lFP/4 at one loop, we
find a value ofl(MZ) for which perturbation theory is defi-
nitely reliable when evolving all SM couplings toL. For
L51016 GeV the one-loop perturbative upper bound on
l(MZ) is only slightly less than the nonperturbative value
obtained using the Landau pole criterion, indicating the in-
sensitivity of the upper bound to the cutoff condition. For
L5103 GeV, however, the perturbative upper bound is
about 50% less than the Landau pole bound, a sign for a
strong dependence on the cutoff conditionlc(L).

Going to two loops, the perturbative bound corresponding
to lc(L)5lFP/4 differs from the corresponding one-loop re-
sult by less than 12%: Perturbation theory indeed seems ap-
plicable. The maximal upper bound as modeled by
lc(L)5lFP/2 gives upper bounds onl(MZ) which are of
the order of the one-loop Landau pole bounds.

We conclude that our two-loop cutoff conditions are suit-
able for representing two scenarios:lc(L)5lFP/4 corre-
sponds to a perturbatively reliable Higgs boson sector at em-
bedding scaleL, and the conditionlc(L)5lFP/2 is at the
verge of being nonperturbative.

The procedure for obtaining anMH upper bound from the
bound onl(MZ) is as follows. The couplingsl(MZ) and
gt(MZ) in Fig. 3 areMS couplings atm5MZ . The MS
gauge couplings are fixed atMZ using Eqs.~2.3! and ~2.4!,
andas(MZ)50.118. The matching scale for the top quark
coupling is taken according to our previous discussion~Sec.

I! as m0,t[mt , and we takemt5175 GeV. ~Taking
m0,t5MZ has little effect on the final numerical results.! The
matching scale for the Higgs boson coupling is chosen to be
m0,H[MH as argued above. With these settings, we evolve
l̄(MZ) and all other SM couplings fromMZ to some value
m0,H such that Eq.~2.1! is solved for some valueMH with
m0,H5MH . Subsequent evolution tom0,t checks the top
quark matching condition, Eq.~2.2!, usingmt5175 GeV and
the value ofMH found in the previous step. If the top quark
matching condition is not satisfied, we iterate our procedure,
starting at scaleMZ with a different value ofḡt(MZ). Even-
tually, we find a final solution forMH which is consistent
with both matching conditions. To investigate the impor-
tance of the one-loop matching corrections, we repeat the
above procedure taking the matching correctionsdH andd t
to be zero.

In Fig. 4 we show the resulting two-loop upper bound on
MH with and without the use of matching corrections, fixing
the cutoff condition aslc(L)5lFP/2. Using the choice
m0,H5MH , the comparison of the solid line~with matching
corrections! and long-dashed line~without matching correc-
tions! allows for a conservative estimate of higher-order cor-
rections. We find that the difference of the two results can
exceed 100 GeV at a small embedding scaleL, but reduces
to less than about 6 GeV at a large scale.

In addition to the preferred choicem0,H5MH , we also
give results when usingm0,H5MZ . For a large embedding
scaleL ~resulting in small values ofMH), the two different
choices ofm0,H give similar results. For a small scaleL, the
difference is significant~Fig. 4, dotted line!. This was al-
ready anticipated in a one-loop study of puref4 theory
which underlies the SM Higgs boson sector@31#. However,
the inclusion of matching corrections~short-dashed curve!
shows that the scale choicem0,H5MZ is completely inad-
equate for large values ofMH as indicated by the largeness
of the corrections compared to the choicem0,H5MH . Even
more strikingly, valuesL,23104 GeV @which lead to
boundsl(MZ).1.2 when usinglc(L)5lFP/2# have no so-

4In the case ofL5103 GeV, for which Lindner@3# only gives a
qualitative estimate, we find a slightly higher upper bound on
l(MZ).
5For large scaleL, the errors in@14# seem to be partially con-

nected to the errorneous use of 10n instead ofen in all equations
and figures whereL is specified. This replacement, however, still
does not correct all their results.

FIG. 3. Choosing either one-loop or two-loop RG evolution and various cutoff conditionslc(L), the maximally allowed value of
l(MZ) is given as a function ofgt(MZ). The cutoff conditionlc(L) is imposed at scalesL5103 GeV ~left plot! andL5106,1010,1016 GeV
~right plot!.
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lution in MH which satisfies theMS matching condition.
This is due to the fact that the choicem0,H5MZ restricts the
MS coupling to a maximal valuel̄(MZ)51.2 which is ob-
tained for MH'495 GeV. We will only consider the
m0,H5MH results when determining the finalMH upper
bounds.

The results of Fig. 4 can also be compared with the two-
loop results of@4#. There no matching corrections have been
included, andm0,H5MZ is used. The cutoff condition
lc(L) is determined as a turning point in the two-loop cal-
culation rather than a fixed value. This procedure yields
larger two-loop values oflc(L) than used here. The result-
ing MH bounds are therefore larger than our corresponding
result withm0,H5MZ and no matching corrections, but with
lc(L)5lFP/2.

In Fig. 5 we analyze the dependence of the upperMH
bound onmt . Varying mt in the range 150–200 GeV, the
bound onMH changes less than 40 GeV for the largest em-
bedding scale considered,L51019 GeV. The latest experi-
mental result@10# mt517566 GeV reduces this uncertainty
to less than 5 GeV at the 1s level. For embedding scales
L,1010 GeV the uncertainty due tomt can then entirely be
neglected compared to the theoretical uncertainties con-
nected to the cutoff condition and higher-order corrections.
The uncertainty in the QCD coupling,
as(MZ)50.11860.003 @26#, causes a shift of less than 1
GeV in theMH upper bound, with the maximal effect at
L51019 GeV.

In summary, we have discussed the uncertainties in the
MH upper bound due to the choice of the cutoff condition
~Fig. 3!, the importance of one-loop matching corrections
and the choice of the matching scalem0,H ~Fig. 4!, and the
top quark mass dependence~Fig. 5!. Fixing the top quark
mass to be 175 GeV, using two-loopb functions, and appro-
priately choosing the matching scale to bem0,H5MH , we
find the sum of all theoretical uncertainties to be represented
by the upper solid area indicated in Fig. 6. They are obtained

by choosingm0,H5MH and using matching conditions with
and without one-loop matching corrections. The cutoff con-
dition is varied betweenlc(L)5lFP/4 andlFP/2. The lower
edge of the solid area indicates a value ofMH for which
perturbation theory is certainly reliable up to scaleL; in
particular, the triviality problem of the standard model is
clearly avoided for such values ofL andMH . The upper
edge of the solid area can be used to estimate the scale
L(MH) at which the standard model ceases to be meaningful

FIG. 4. Choosing two-loop RG evolution and cutoff conditionlc(L)5lFP/2, the upper bound onMH is calculated. The running Higgs
boson and top quark Yukawa couplings,l(m) andgt(m), are fixed by the physical massesMH andmt using matching conditions with and
without one-loop matching corrections. In addition, the Higgs boson matching scale is varied to bem0,H5MH andMZ . The top quark mass
is fixed atmt5175 GeV, andm0,t5mt . The left plot shows the result for small values ofL, and the right plot extends up to values of
L51019 GeV.

FIG. 5. The dependence of the upperMH bound on the top
quark mass. TheMS matching conditions withm0,H5MH and
m0,t5mt are used in connection with two-loop RG evolution and
cutoff conditionlc(L)5lFP/2. For low values of the embedding
scaleL, theMH upper bound is insensitive to the exact value of
mt . For large embedding scales there is a largermt dependence.
Without matching corrections~not shown!, the top quark mass de-
pendence is qualitatively the same.
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as an effective theory. Although the perturbative approach
does not allow for extraction of absolute upper bounds, the
consideration of lattice calculations inf4 theory seems to
reinforce or even tighten the upper bounds presented here
@7,9,8,30#. For low values ofL, the one-loop Landau pole
bounds of@3# are found to be near the perturbative lower
edge of the upper solid area in Fig. 6. The additional experi-
mental uncertainty due to the top quark mass is represented
by the cross hatched area in Fig. 6, generously varying the
top quark mass from 150 GeV to 200 GeV. The present-day
1s result ofmt517566 GeV is sufficient to make it the
smallest source of error except for large values of the em-
bedding scaleL. In particular, we find

MH,1806465GeV if L51019GeV, ~3.4!

the first error indicating the theoretical uncertainty, the sec-
ond error reflecting themt dependence.

6

For comparison, we also give the lower bounds onMH
from stability conditions on the SM Higgs effective poten-
tial. At a large scaleL, the stability bound is well approxi-
mated by requiring the Higgs boson running coupling to re-
main positive:l(L).0. Such an analysis has been carried
out at the two-loop level including matching corrections
@11#, and they agree within the theoretical errors with a more
careful treatment of the one-loop effective potential@12#.
The discrepancy at scalesL,10 TeV has been resolved re-
cently @13#, and we use the latter results. Fixingmt5175
GeV andas(MZ)50.118 we show the lower bound in Fig. 6
~lower solid area!, with the solid area indicating the theoret-
ical uncertainty. At largeL, the theoretical error is estimated
by usingm0,H5mt and comparing the results with and with-
out matching corrections, and at lowL the theoretical error
is 65 GeV according to@13#. The variationmt5175625
GeV yields a much larger uncertainty in theMH lower bound
than in theMH upper bound and is not shown.

Looking at Fig. 6 we see that a Higgs boson mass of
about 160–170 GeV certainly satisfies both upper and lower
Higgs boson mass bounds for cutoff scales up toL51019

GeV if mt5175 GeV. For such Higgs boson and top quark
masses the renormalization group behavior of the minimal
standard model does not require new physics to set in before
the Planck scale.

ACKNOWLEDGMENTS

The authors thank L. Durand, M. Lindner, and J. Pestieau
for valuable discussions and a reading of the manuscript.
One author~T.H.! thanks the Bundesministerium fu¨r For-
schung und Technologie~BMFT! for support under Con-
tracts No. 056DO93P~5!. The other author~K.R.! acknowl-
edges support by the Deutsche Forschungsgemeinschaft
~DFG! under Contract No. DFG-Li-519/2-1, and is grateful
for the hospitality of the University of Wisconsin-Madison
where parts of this work were completed.

@1# For reviews see D. J. E. Callaway, Phys. Rep.167, 241~1988!;
The Standard Model Higgs Boson, edited by M. Einhorn, Cur-
rent Physics Sources and Comments Vol. 8~North-Holland,
Amsterdam, 1991!; B. Schrempp and M. Wimmer, Report No.
DESY 96-109, hep-ph/9606386, 1996~unpublished!.

@2# L. Maiani, G. Parisi, and R. Petronzio, Nucl. Phys.B136, 115
~1979!; N. Cabbibo, L. Maiani, G. Parisi, and R. Petronzio,
ibid. B158, 295 ~1979!; R. Dashen and H. Neuberger, Phys.
Rev. Lett. 50, 1897 ~1983!; D. J. E. Callaway, Nucl. Phys.
B233, 189 ~1984!; M. A. Beg, C. Panagiotakopolus, and A.
Sirlin, Phys. Rev. Lett.52, 883 ~1984!.

@3# M. Lindner, Z. Phys. C31, 295 ~1986!.
@4# B. Grzadkowski and M. Lindner, Phys. Lett. B178, 81 ~1986!.
@5# L. D. Landau, inNiels Bohr and the Development of Physics

~McGraw-Hill, New York, 1955!.
@6# W. Langguth and I. Montvay, Z. Phys. C36, 725 ~1987!; A.

Hasenfratz, T. Neuhaus, K. Jansen, H. Yoneyama, and C. B.
Lang, Phys. Lett. B199, 531 ~1987!; A. Hasenfratz and T.
Neuhaus, Nucl. Phys.B297, 205 ~1988!; P. Hasenfratz and J.
Nager, Z. Phys. C37, 477~1988!; U. M. Heller, H. Neuberger,
and P. Vranas, Nucl. Phys.B399, 271 ~1993!.
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