
Bq˜ l1l2g decays in light cone QCD
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The radiative dileptonic decaysBs(Bd)→ l1l2g ( l5e,m) are investigated within the standard model. The
transition form factors are calculated in the framework of the light cone QCD sum rule method and it is found
that the branching ratios are B(Bs→e1e2g)52.3531029, B(Bs→m1m2g)51.931029,
B(Bd→e1e2g)51.5310210, andB(Bd→m1m2g)51.2310210. A comparison of our results with the con-
stituent quark model predictions on the branching ratios is presented.@S0556-2821~97!02011-0#

PACS number~s!: 13.20.He, 12.38.Bx, 13.25.Hw

I. INTRODUCTION

The flavor-changing neutral current~FCNC! processes are
the most promising field for testing the standard model~SM!
predictions at loop level and for establishing new physics
beyond that~for a review see@1# and references therein!. At
the same time the rare decays provide a direct and reliable
tool for extracting information about the fundamental param-
eters of the standard model~SM!, such as the Cabibbo-
Kobayashi-Maskawa~CKM! matrix elementsVtd , Vts, and
Vub @2#.

After the experimental observation of theb→sg @3# and
B→Xsg @4# processes, the interest has focused on the other
possible rareB-meson decays, which are expected to be ob-
served at futureB-meson factories and fixed target machines.
In addition to being used in the determination of the
Cabibbo-Kobayoshi-Maskowa~CKM! matrix elements, the
rareB-meson decays could play an important role in extract-
ing information about some hadronic parameters, such as the
leptonic decay constantsf Bs and f Bd. Pure leptonic decays

Bs→m1m2 andBs→e1e2 are not useful for this purpose,
since these decays are helicity suppressed and as a result they
have branching ratiosB(Bs→m1m2).1.831029 and
B(Bs→e1e2).4.2310214 @5#. For theBd-meson case the
situation becomes worse due to the smaller CKM angle. Al-
though the processBs→t1t2, whose branching ratio in the
SM is B(Bs→t1t2)5831027 @6#, is free of helicity sup-
pression, its observability is expected to be compatible with
the observability of theBs→m1m2 decay only when its ef-
ficiency is better than 1022.

When a photon is emitted in addition to the lepton pair, no
helicity suppression exists anymore and larger branching ra-
tios are expected. For that reason, the investigation of the
Bs(d)→ l1l2g decay becomes interesting. The branching ra-
tios of these processes depend quadratically on the leptonic
decay constants ofB mesons and hence it could be a possible
alternate in determiningf Bs and f Bd. In @7#, these decays are
investigated in the SM using the constituent quark approach
and it is shown that the diagrams with a photon radiation

from the light quark give the dominant contribution to the
decay amplitude which is inversely proportional to the con-
stituent light quark mass. However the concept of the ‘‘con-
stituent quark mass’’ is itself poorly understood. Therefore,
any prediction on the branching ratios, in the framework of
the above-mentioned approach, is strongly model dependent.

In this work, we investigate theBs(d)→ l1l2g processes
practically in a model independent way, namely, within the
framework of the light cone QCD sum rules method~more
about the method and its applications can be found in a re-
cent review@8#!. The paper is organized as follows: In Sec. II
we give the relevant effective Hamiltonian for the
b→ql1l2 decay. In Sec. III we derive the sum rules for the
transition formfactors. Section IV is devoted to the numerical
analysis of the form factors, and the calculation of the dif-
ferential and total widths for theBq→ l1l2g (q5s, d) de-
cays. In this section we also present a comparison of our
results with those of@7#.

II. EFFECTIVE HAMILTONIAN

The most important contribution toBq→ l1l2g
( l5e,m) stems from the effective Hamiltonian which in-
duces the pure leptonic processBq→ ł1ł2 . The short dis-
tance contributions tob→ l1l2q decay, comes from the box,
Z-boson, and photon mediated diagrams~Fig. 1!. The QCD
corrected quark level amplitude in the SM can be written as
@9,10#

M5
aGF

A2p
VtbVtq* FC9

eff~ q̄gmPLb! l̄gml1C10q̄gmPLbl̄gmg5l

22
C7

p2
q̄ismnpn~mbPR1mqPL!bl̄gml G . ~1!

HerePL(R)5@12(1)g5#/2 , andp is the momentum of the
lepton pair. The analytic expressions for all Wilson coeffi-
cients can be found in@9,10# . In further considerations we
shall neglect the mass of the light quarks.

As we have already noted, the pure leptonic processes
Bq→ l1l2 ( l5e,m) are helicity suppressed. If a photon is
attached to any of the charged lines in Fig. 1, the situation
becomes different; helicity suppression is overcome. If a
photon is emitted from the final charged lepton lines, it fol-
lows from the helicity arguments that the amplitude of such
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diagrams must be proportional to the lepton mass
ml( l5e,m). Therefore the contribution of such diagrams are
negligible. When a photon is attached to any charged internal
line, the contributions of these diagrams will be strongly sup-
pressed by a factor ofmb

2/mW
2 in the Wilson coefficients,

since the resulting operators have dimension eight, which are
2 orders higher than usual operators in Eq.~1!. So, we con-
clude that the main contribution comes from the diagrams in

Fig. 1 with a photon radiation from the initial quark lines.
Thus the corresponding matrix element for the process
Bs(d)→ l1l2g can be written as

^guMuB&5
aGF

2A2p
VtbVtq* HC9

effl̄gml ^g~q!uq̄gm~12g5!buB~p1q!&1C10
effl̄gmg5l ^g~q!uq̄gm~12g5!buB~p1q!&

22C7

mb

p2
l̄gml ^g~q!uq̄ismapa~11g5!buB~p1q!&J . ~2!

These transition amplitudes can be written in terms of two independent, gauge-invariant~with respect to the electromagnetic
field! structures:

^g~q!uq̄gm~12g5!buB~p1q!&5eH emabsea* pbqs

g~p2!

mB
2 1 i @em* ~pq!2~e* p!qm#

f ~p2!

mB
2 J ,

^g~q!uq̄ismapa~11g5!buB~p1q!&5eH emabsea* pbqs

g1~p
2!

mB
2 1 i @em* ~pq!2~e* p!qm#

f 1~p
2!

mB
2 J . ~3!

Here,em andqm stand for the polarization vector and the momentum of the photon,p is the momentum of the lepton pair,
g(p2), g1(p

2), and f (p2), f 1(p
2) describe the parity conserving and parity violating form factors. Thus, the main problem is

to calculate the form factorsg, g1 and f , f 1 including their momentum dependence. For this aim we will employ the light cone
QCD sum rule method.

Note that the form factorsg and f are calculated in the light cone QCD sum rules in@11#. Therefore we concentrate
ourselves to the calculation of formfactorsg1 and f 1 induced by the magnetodipole interaction.

III. SUM RULES FOR THE TRANSITION FORM FACTORS f 1„p
2
… AND g1„p

2
…

According to the QCD sum rules ideology, in order to calculate the transition form factorsf 1(p
2) and g1(p

2), it is
necessary to write the representation of a suitable correlator function in the hadronic and quark-gluon languages. We start by
considering the following correlator function:

Pm~p,q!5 i E d4xeipx^g~q!uq̄~x!ismapa~11g5!b~x!b̄~0!ig5q~0!u0&. ~4!

FIG. 1. Feynman diagrams in the standard model for
bq̄→ l1l2.

FIG. 2. Diagrams describing the perturbative and nonperturba-
tive contributions to the correlator function~4!.
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This correlator can be calculated in two different ways. On one side we insert toPm(p,q) the hadronic states withB meson
quantum numbers. Then we have

Pm~p,q!5
mBq
2 f Bq
mb

1

mBq
2 2~p1q!2

^g~q!uq̄ismapa~11g5!buB~p1q!&

5e
mBq
2 f Bq
mb

1

mBq
2 2~p1q!2 H emabsea* pbqs

g1~p
2!

mB
2 11 i @em* ~pq!2~e* p!qm#

f 1~p
2!

mB
2 J . ~5!

In deriving Eq.~5! we used

^Bub̄ig5qu0&5
mBq
2 f Bq
mb

.

On the other hand, the correlation function~4!, can be calculated in QCD at large Euclidean momenta (p1q)2. In general, the
correlator~4! can be decomposed into the parity-conserving and parity-violating parts:

Pm~p,q!5emablea* pbqlP11 i @em* ~pq!2qm~e* p!#P2 . ~6!

Equating Eqs.~5! and ~6! we get sum rules for the form factorsg1(p
2) and f 1(p

2).
Let us start calculatingPm(p,q) from the QCD side. The virtuality of the heavy quark in the correlator function under

consideration, is large and of ordermb
22(p1q)2. Thus, one can use the perturbative expansion of the heavy quark propagator

in the external field of slowly varying fluctuations inside the photon. The leading contribution is obtained by using the free
heavy quark propagator in Eq.~4!. Then we have

Pm~p,q!5E d4x d4k

~2p!4
ei ~p2k!x

~mb
22k2!

^guq̄~x!ismapa~11g5!~k”1mb!ig5q~0!u0&

52E d4x d4k

~2p!4
ei ~p2k!x

~mb
22k2!

pa$mb^guq̄~x!sma~11g5!q~0!u0&2kr^guq̄~x!smagr~12g5!q~0!u0&%. ~7!

In this equation a path ordered gauge factor between the quark fields is omitted, since in the Fock-Schwinger gauge
xmA

m(x)50, whereAm(x) is the external electromagnetic field, it is irrelevant.
Figure 2~a! and 2~b! describe only the short distance~perturbative! part of these matrix elements corresponding to the

photon emission from the freely propagating heavy and light quarks. The nonperturbative contributions correspond to the
propagation of the light quark in the presence of external electromagnetic field@Figs. 2~c! and 2~d!#.

We now consider the perturbative contributions. For Figs. 2~a! and 2~b! we can write down the double dispersion repre-
sentation

P~1,2!5E ds dt r i
~1,2!~s,t !

@s2~p1q!2#~ t2p2!
1 subtr. terms. ~8!

Here, superscripts 1 and 2 correspond to the contributions of the spectral densities to the structuresemablea* pbql and
em* (pq)2qm(e* p), respectively.

For calculating the spectral densitiesr l andrH we use the method given in@12#. After a rigorous calculation for spectral
densities, we have

r l
~1!~s,t !52

Nc

16p2eeq sd~ t2s!S 12
mb
4

s2 D , ~9!

rH
~1!~s,t !52

2Nc

16p2eeb d~ t2s!S 12
mb
2

s D , ~10!

r l
~2!~s,t !5

2Nc

16p2eeqH d~ t2s!S 12
mb
2

s D S 2
mb
2

2
1
3

2
sD 2d8~ t2s!S 12

mb
2

s D ~s2mb
2!sJ , ~11!

rH
~2!~s,t !5

2Nc

16p2eebH d~ t2s!F S 12
mb
2

s D S 32 s1
1

2
mb
2D22mb

2lnS s

mb
2D G2d8~ t2s!F S 12

mb
2

s D ~s21smb
2!22smb

2lnS s

mb
2D G J .

~12!
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In Eqs.~9!–~12! r l andrH corresponds to the interaction of the photon with the light andb quarks,Nc53 is the color factor,
eq andeb the electric charge of the light andb quarks, andmb is the mass of theb quarkd8(t2s)5(d/dt)d(t2s).

Next consider the nonperturbative contributions. From Eq.~7! it follows that the non-perturbative contributions are ex-
pressed via the matrix elements of the gauge-invariant nonlocal operators, sandwiched in between the vacuum and the photon
state. These matrix elements define the following light cone photon wave functions~@10,13#, see also the first reference in
@11#!:

^guq̄~x!smaq~0!u0&5 ieeq^qq&E
0

1

dueiuqx„~emqa2eaqm!$xf~u!1x2@g1~u!2g2~u!#%

1g2~u!@qx~emxa2eaxm!1ex~xmqa2xaqm!#…

and

^guq̄~x!gmg5q~0!u0&5
1

4
eemableapbxl f E

0

1

g'~u!eiuqx. ~13!

Herex is magnetic susceptibility of the quark condensate,f(u) , g'(u) are the leading twistt52 photon wave functions,
g1(u) andg2(u) are the two-particlet54 wave functions. Note that for calculating the matrix elements

^g~q!uq̄~x!smagr~12g5!q~0!u0&

and

^g~q!uq̄~x!smag5q~0!u0&

we use the identities

smag55
1

2
i emalrslr , ~14!

smagr5 i ~gmgar2gagmr!1emarlglg5 . ~15!

After lengthy calculations forP1 andP2 we get the following results, which describe the nonperturbative contributions:

P15mbeeq^q̄q&E
0

1

duH 2
xf~u!

D
18mb

2g1~u!2g2~u!

D3 2
4~mb

22p2!

D3 g2J 2
e

4
f E

0

1

duF 1D 1
p21mb

2

D2 Gg'~u!

1eebmb^q̄q&
1

~mb
22p2!@mb

22~p1q!2#
, ~16!

P25mbeeq^q̄q&E
0

1

duH 2
xf~u!

D
18mb

2g1~u!2g2~u!

D3 2
4~mb

21p2!

D3 g2J 2
e

4
f E

0

1

duF 2D 1
2upq

D3 Gg'~u!

1eebmb^q̄q&
1

~mb
22p2!@mb

22~p1q!2#
. ~17!

HereD5mb
22(p1uq)2. The last term in Eqs.~16! and~17! describes the case when a photon is emitted from the heavy quark

@see Fig. 2~d!#. Collecting Eqs.~9!–~12! and ~16!–~17! we finally get the following expressions for the invariant functions
P1 andP2:

P152
Nce

16p2E
0

1

du
mb
22p2ū

u2D1
S 12

mb
2u

mb
22p2ū

D FeqS 11
mb
2u

mb
22p2ū

D 12ebG
1mbeeq^q̄q&E du

u H 2
xf~u!

D1
18mb

2g1~u!2g2~u!

u2D1
3 24

mb
22p2

u2D1
3 g2J 2

e

4
f E du

u F 1D1
1
p21mb

2

uD1
2 Gg'~u!

1eebmb^q̄q&
1

~mb
22p2!@mb

22~p1q!2#
, ~18!
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P25
Nce

16p2E
0

1 du

D1~mb
22p2!H S 12

umb
2

mb
22p2ū

D F ~eb1eq!
mb
22p2ū

u Smb
22p2ū

u
23p2D 1~eq2eb!mb

2Smb
22p2ū

u
1p2D G

14ebmb
2p2lnSmb

22p2ū

mb
2u D J 1mbeeq^q̄q&E

0

1du

u H 2
xf~u!

D1
18mb

2g1~u!2g2~u!

u2D1
3 14

mb
21p2

u2D1
3 g2J

2
e

4
f E

0

1du

u F 2D1
1
2~pq!

uD1
3 Gg'~u!1eebmb^q̄q&

1

~mb
22p2!@mb

22~p1q!2#
, ~19!

whereD15(mb
22p2ū)/u2(p1q)2, ū512u. In Eqs.~18! and~19! we have rewritten the dispersion integral in terms of the

variableu5(mb
22p2)/(s2p2) .

Here we would like to make the following remark. As we noted earlier, the functionsg1(u) and g2(u) represent twist
t54 contributions to the two-particle photon wave function. To this accuracy, in Eq.~19! we must take into account other
twist t54 photon wave functions~see, for example,@17#!. Using the equation of motion, one can relate them to the three-
particle wave functions of twistt54 with an additional gluon from heavy quark@17#. But, these three-particle wave function
contributions, in general, are small and we will neglect them in further analysis.

The remaining task is now to match Eqs.~18! and~19! with the corresponding hadronic representation@see Eq.~5!# and to
extract the form factorsg1(p

2) and f 1(p
2). As usual, invoking duality, we assume that above certain thresholds0535

GeV2 ~this value follows from two-point sum rule analysis! the spectral densityr(s) associated with higher resonances and
continuum states coincides with the spectral density from perturbative part. This procedure is equivalent to writing
(mb

22p2)/(s02p2) in the lower limit of the integration overu in Eqs. ~18! and ~19! ~for more detail see@11,15#!. Finally
applying the Borel transformation on the variable2(p1q)2→M2 to suppress both higher state resonances and higher Fock
states in the full photon wave functions, we get the following sum rules for the form factors:

g1~p
2!52

mb

f B
emB

2 /M2 H Nc

16p2E
d

1du

u2
~mb

22p2ū!S 12
mb
2u

mb
22p2ū

D FeqS 11
mb
2u

mb
22p2ū

D 12ebGe2~mb
2
2p2 ū !/uM2

1mb^q̄q&eqE
d

1du

u Fxf~u!24mb
2~g12g2!

1

u2M4 22
~mb

22p2!

u2M4 g2Ge2~mb
2
2p2 ū !/uM2

1
f

4Ed

1

du
g'~u!

u S 11
p21mb

2

uM2 De2~mb
2
2p2 ū !/uM2

2ebmb

^q̄q&
mb
22p2

e2mb
2/M2J ,

f 1~p
2!5

mb

f B
emB

2 /M2 H Nc

16p2E
d

1 du

mb
22p2

e2~mb
2
2p2 ū !/uM2F S 12

mb
2u

mb
22p2ū

D F ~eq1eb!
mb
22p2ū

u Smb
22p2ū

u
23p2D

1~eq2eb!mb
2Smb

22p2ū

u
1p2D G14mb

2p2ln
mb
22p2ū

mb
2u G

1mbeq^q̄q&E
d

1du

u F2xf~u!1
4mb

2

M4u2
~g12g2!1

2~p21mb
2!

u2M4 g2Ge2~mb
2
2p2 ū !/uM2

1
f

4Ed

1du

u
g'~u!S 211

p22mb
2

uM2 De2~mb
2
2p2 ū !/uM2

1ebmb

^q̄q&
mb
22p2

e2mb
2/M2J . ~20!

At the end of this section we give the result for the differential decay widths:

dG

dŝ
5

a3G2

768p5 uVtbVtq* u2mB
5 ŝ~12 ŝ!3A124

ml
2

mB
2 ŝ

H 1

mB
2 @ uAu21uBu2#1

1

mB
2 uC10u2@ f 2~p2!1g2~p2!#J , ~21!
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where

ŝ5p2/mB
2 ,

A5C9
effg~p2!22 C7

mb

p2
g1~p

2!,

and

B5C9
efff ~p2!22 C7

mb

p2
f 1~p

2!.

IV. NUMERICAL ANALYSIS

For calculating form factorsf 1(p
2) andg1(p

2) we use the
following input parameters:mb54.7 GeV, s0.35 GeV2,
f B5140 MeV@14,15#, f(u)56u(12u) @16,17#. To the
leading twist accuracy we use forg'(u)51 ~see the first
reference in@11#! and forg1(u) andg2(u) the expressions
@13#

g1~u!52
1

8
~12u!~32u!, ~22!

g2~u!52
1

4
~12u!2. ~23!

The magnetic susceptibilityx was determined in@18#,
x523.4 GeV22 at the scalemb;AmB

22mb
2, ^q̄q&5

2(0.26 GeV)3. The Borel parameterM2 has been varied in
the region 8 GeV2,M2,20 GeV2. Numerical analysis
shows that the variation ofM2 in this region changes the
results by less than 8%. The predictions of the sum rules are
very stable in this region of the Borel parameter and vary

only a few percent with the changes ofmb , s0, and f B
within the intervals allowed by the two-point sum rule for
f B .
The sum rule is reliable in the regionmb

22p2; a few
GeV2, which is smaller thanp25mb

2 . In order to extend our
results to the whole region ofp2 we use some extrapolation
formulas. We found that the best agreement is achieved by
the dipole-type formulas

g1~p
2!5

3.74 GeV2

~12p2/m1
2!2

, ~24!

f 1~p
2!5

0.68 GeV2

~12p2/m2
2!2

, ~25!

wherem1
2540.5 GeV2 andm2

2530 GeV2. For calculating
differential and total decay widths, we need the values of
C9
eff , C7 andC10 coefficients and the explicit forms of the

form factorsg(p2) and f (p2). These form factors are calcu-
lated in @11#

g~p2!5
1 GeV

~12p2/5.62!2
, ~26!

f ~p2!5
0.8 GeV

~12p2/6.52!2
. ~27!

The values of the Wilson coefficientsC7 andC10 are taken
from @9,10# as

C7520.315, C10524.642,

and the expressionC9
eff for b→s transition, in the next-to-

leading-order approximation is given as~see@19#!

C9
eff5C910.124w~ ŝ!1g~m̂c,ŝ!~3C11C213C31C413C51C6!2

1

2
g~m̂q,ŝ!~C313C4!

2
1

2
g~m̂b,ŝ!~4C314C413C51C6!1

2

9
~3C31C413C51C6!, ~28!

with

C1520.249, C251.108, C351.11231022, C4522.56931022,

C557.431023, C6523.14431022, C954.227.

The value of C9
eff for the b→d transition can be obtained by adding to Eq.~28! the term lu@g(m̂c,ŝ)2

g(m̂d,ŝ)#(3 C11C2), where

lu5
VubVud*

VtbVtd*
.

For obtaining these values we usedLQCD5225 MeV, sin2uW50.23, mt5176 GeV, mW580.2 GeV, andm̂q5mq /mb . In
the above formulaw( ŝ) represents the one-gluon correction to the matrix elementO9 and explicit expression can be found in
@10#, while the functiong(m̂q,ŝ) arises from the one-loop contributions of the four quark operatorsO1 – O6 ~see, for example,
@9,10#!: i.e.,
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g~m̂q,ŝ8!52
8

9
lnm̂q1

8

27
1
4

9
yq2

2

9
~21yq!A112yq11H Q~12yq!S ln11A12yq

12A12yq
2 ip D 1Q~yq21!arctg

1

Ayq21
J
~29!

with yq5m̂q
2/ ŝ8, and ŝ85p2/mb

2 .
For a more complete analysis of the above decay, one has to take into account the long distance contributions. In the case

of the J/c family, this is accomplished by introducing a Breit-Wigner formula through the replacement~see@20#!

g~m̂c,ŝ8!→g~m̂c,ŝ8!2
3p

a2 (
V5J/c,c8

m̂VBr~V→ l1l2!Ĝ tot
V

ŝ82m̂V
21 im̂VĜ tot

V
, ~30!

where m̂V5mV /mb , Ĝ tot5G/mb . The masses and decay
widths of the corresponding mesons are listed in@21#. In Fig.
3 we present the differential decay rate forBs→m1m2g
decay ~behavior of the differential decay rate for
Bs→e1e2g decay is similar! as a function ofŝ, with and
without resonance (J/c and c8) contributions. From this
figure we see that the contribution from soft photons corre-
sponding to the largeŝ region is negligible.

Using the above-mentioned values of the parameters and
uVtbVts* u50.045, uVtbVtd* u50.01, t(Bs)51.34310212 s,
t(Bd)51.5310212 s @21#, for branching ratios we get~with-
out the long distance contributions!

B~Bs→e1e2g!52.3531029,

B~Bs→m1m2g!51.931029,

B~Bd→e1e2g!51.5310210,

B~Bd→m1m2g!51.2310210. ~31!

For comparison we present also the constituent model pre-
diction ~at f B5140 MeV,ms50.57 GeV,md50.35 GeV!
@7#:

B~Bs→e1e2g!5331029,

B~Bs→m1m2g!52.331029,

B~Bd→e1e2g!54310210,

FIG. 3. Differential decay rates ofBs→m1m2g vs ŝ5p2/mB
2 . Here the thick line corresponds to the case without theJ/c, c8 and the

thin line with theJ/c, c8 contributions.
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B~Bd→m1m2g!53310210. ~32!

We see that the constituent quark model and light cone
sum rule method predictions on the branching ratios are very
close. Let us compare our results on branching ratios with
those of pure leptonic decays. The rates for the pure leptonic
decays are~see, for example,@6,7#!

G~Bq→ l1l2!5
a2GF

2 f Bq
2 mBq

ml
2

16p3 uVtbVtq* u2C10
2 . ~33!

If we use the value off Bs. f Bd.140 MeV, for the corre-
sponding branching ratios we get

B~Bs→e1e2!53310214,

B~Bs→m1m2!51.331029,

B~Bd→e1e2!52.1310215,

B~Bd→m1m2!59310211. ~34!

From these values and Eq.~30! it follows that the radia-
tive decays dominate over the pure leptonic decays in the
corresponding channels andBs→e1e2g decay mode has a
larger branching ratio. A few words about the experimental
detectabilty of these processes is in order. In futureB facto-
ries and LHC approximately 631011(231011)Bd(Bs) me-
sons are expected per year. Therefore the decays
Bs(d)→ l1l2g are expected to be quite detectable in these
machines.

In conclusion, we have analyzed the rareBq→ l1l2g de-
cays in SM and obtain the branching ratios forBs→ l1l2g to
be around 231029 and around 2310210 for Bd→ l1l2g.
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