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We calculate the Cherenkov processn→ng in the presence of a homogeneous magnetic field. The neutrinos
are taken to be massless with only standard-model couplings. The magnetic field satisfies the dual purpose of
inducing an effective neutrino-photon vertex and of modifying the photon dispersion relation such that the
Cherenkov conditionv,uku is satisfied. Our effect is closely related to photon splitting that occurs in magnetic
fields and that may be astrophysically important in the strong magnetic fields of pulsars. It is also closely
related to magnetic-field enhanced radiative decaysn→n8g that have been extensively discussed in the recent
literature. In the appropriate limits we agree with these results, but we disagree with earlier explicit calculations
of the Cherenkov process. For a field strengthBcrit5me

2/e54.4131013 G and forE52me the Cherenkov rate
is about 6310211 s21 and thus too small to be of practical importance for pulsar physics.
@S0556-2821~97!04911-4#

PACS number~s!: 13.15.1g, 14.60.Lm, 97.10.Ld, 97.60.Gb

I. INTRODUCTION

In many astrophysical environments the absorption, emis-
sion, or scattering of neutrinos occurs in dense media or in
the presence of strong magnetic fields@1#. Of particular con-
ceptual interest are those reactions which have no counter-
part in a vacuum, notably the plasmon decayg→ n̄n and the
Cherenkov processn→ng. These reactions do not occur in a
vacuum because they are kinematically forbidden and be-
cause neutrinos do not couple to photons. In the presence of
a medium orB field, neutrinos acquire an effective coupling
to photons by virtue of intermediate charged particles. Also,
neutrinos may have anomalous electromagnetic interactions,
for example, induced by a magnetic dipole moment. In ad-
dition, media or external fields modify the dispersion rela-
tions of all particles so that phase space is opened for
neutrino-photon reactions of the type 1→213.

The plasma processg→ n̄n was first studied by Adams,
Ruderman, and Woo@2# and Zaidi@3# in order to calculate
stellar energy losses into neutrinos. Then-g coupling is en-
abled by the presence of the electrons of the background
medium, and the process is kinematically allowed because
the photons acquire essentially an effective mass. The
plasma process is the dominant source for neutrinos in many
types of stars and thus is of great practical importance in
astrophysics@1#. For that reason it also lends itself to deriv-
ing astrophysical limits on anomalous electromagnetic neu-
trino couplings which provide an additional contribution to
the n-g vertex and thus to the emission rate@1,4,5#.

The presence of a magnetic field induces an effectiven-
g coupling which contributes to theg→ n̄n reaction. The
resulting decay rate was calculated by Galtsov and Nikitina
@6#, Skobelev@7#, and DeRaad, Milton, and Hari Dass@8#,
assuming that phase space is opened by a suitable medium-
or field-induced modification of the photon refractive index.

If neutrinos are exactly massless, as we will always as-
sume, and if medium-induced modifications of their disper-
sion relation can be neglected, the photon decayg→ n̄n is
kinematically possible whenever the photon four-momentum
k5(v,k) is time like,1 i.e., k25k22v2,0. Often the dis-
persion relation is expressed byuku5nv in terms of the re-
fractive indexn. In this language the photon decay is kine-
matically possible whenevern,1. In stellar plasmas this
condition is usually satisfied, leading to the great practical
importance of the plasma decay process for the physics of
stars.

Even in a normal plasma there are electromagnetic exci-
tations which satisfy the opposite conditionn.1, namely,
the longitudinal plasmons or Langmuir wavesgL which do
not exist in a vacuum. Their dispersion relationv5 f (k)
‘‘crosses the light cone’’ at a certain momentumkc so that
k22v2,0 for uku,ukcu andk22v2.0 for uku.ukcu. Thus
there is phase space for the Cherenkov processn→ngL .
Based on the standard-model interactions with the electrons
of the medium, Tsytovich@9# was the first to calculate this
sort of process. It was later rediscovered by Oraevsky, Semi-
koz, and Smorodinsky@10#, Sawyer@11#, D’Olivo, Nieves,
and Pal@12#, and Hardy and Melrose@13#. It was claimed
that an intense neutrino beam could be particularly effective
at emitting Langmuir waves by virtue of a nonlinear feed-
back mechansim~Binghamet al. @14#!, with important con-
sequences for supernova physics. Unfortunately, this spec-
tacular claim is erroneous because it was based on the
assumption of a spurious phase coherence of the neutrino
states—see Hardy and Melrose@15#.

1We always use the metric diag(2111) in accordance with
much of the literature on magnetic-field effects on electromagnetic
couplings.
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Neutrinos may also couple to the electromagnetic field by
virtue of an anomalous magnetic dipole moment, a hypo-
thesis advanced a long time ago to solve the solar neutrino
problem by magnetically induced spin oscillations. With this
motivation in mind, Radomski@16# calculated the magnetic-
moment Cherenkov process, but unsurprisingly found it too
small to reduce the solar neutrino flux by any significant
amount. Later this process was reconsidered by Grimus and
Neufeld @17# and Mohanty and Samal@18#.

Independently of the nature of the photon dispersion rela-
tion the processn→ng occurs at the interface of two media
with different refractive indices~transition radiation!. With
the assumption of a neutrino magnetic dipole moment this
process was recently studied by Sakuda and Kurihara@19#
and Grimus and Neufeld@20#.

We presently extend previous studies of the Cherenkov
process to neutrinos propagating in an external magnetic
field. Around pulsars, for example, field strengths around the
critical valueBcrit5me

2/e54.4131013 G and perhaps even
larger are thought to occur. The electron density is probably
so small that the photon dispersion relation is dominated by
the magnetic field. The Cherenkov condition is then satisfied
for significant ranges of photon frequencies. In addition, the
magnetic field itself causes an effectiven-g vertex by
standard-model neutrino couplings to virtual electrons and
positrons. Therefore, we study the Cherenkov effect entirely
within the particle-physics standard model.

A detailed literature search2 reveals that even this process
has been calculated earlier by Galtsov and Nikitina@6# and
Skobelev@7#. However, we do not agree with their results,
which also shed doubt on their treatment of theg→ n̄n pro-
cess.

Our work is closely related to a recent series of papers by
Gvozdev, Mikheev, and Vasilevskaya@21# and to papers by
Skobelev@22# and Kachelriess and Wunner@23# who studied
the neutrino radiative decayn→n8g in the presence of mag-
netic fields wheren and n8 are different neutrino flavors
which are assumed to mix. This process would proceed even
in the absence of external fields or media. In our case of
massless unmixed neutrinos the initial and final states in
n→ng are the same flavor and the process does not take
place in a vacuum. The role of the external field at modifying
the n-g vertex in our study is, however, similar to Refs.
@21–23#. In addition, for us it is crucial that the magnetic
field modify the photon dispersion relation. In their case the
process is kinematically allowed anyhow, and it depends on
the neutrino mass difference if neglecting the exact photon
dispersion relation is justified. In the appropriate limits we

agree with the results of Refs.@21–23#.
Our work is also related to the process of photon splitting

that may occur in magnetic fields as discussed, for example,
in Refs. @24,25#. In photon splitting the magnetic field also
plays the dual role of providing an effective three-photon
vertex which does not exist in vacuum and of modifying the
dispersion relation of the differently polarized modes such
that g→gg becomes kinematically allowed for certain po-
larizations of the initial and final states. In fact, photon split-
ting could be called ‘‘Cherenkov radiation by photons in
magnetic fields.’’

We proceed in Sec. II by deriving a general expression for
the Cherenkov rate, assuming a generaln-g vertex. In Sec.
III we derive the standard-model effective vertex in the pres-
ence of a homogeneous magnetic field. In Sec. IV we calcu-
late the Cherenkov rate on the basis of the magnetic-field-
modified photon dispersion relation. In Sec. V we summarize
our findings.

II. CHERENKOV RADIATION

Beginning with a general discussion of the Cherenkov
processn(p)→n(p8)g(k) we note that in terms of the ma-
trix elementM the transition rate is

G5
1

~2p!2
1

2E(
pols

E d3k

2v

d3p8

2E8
d4~p2p82k!uMu2. ~1!

Here, p5(E,p), p85(E8,p8), and k5(v,k) are the four-
momenta of the incoming neutrino, outgoing neutrino, and
photon, respectively. The sum is over photon polarizations. It
appears outside of the phase-space integrals because in gen-
eral the photon refractive index depends on the photon po-
larization state.

With the identityd3p8/2E85*d4p8Q(E8)d(p82) we may
integrate overd4(p2p82k) and find

G5
1

32p2E2(
pols

E uku
v
dukudwdcosu

3dS 2Ev1k22v2

2Euku
2cosu D uMu2, ~2!

whereu is the angle between the emitted photon and incom-
ing neutrino. We have assumed that the neutrino dispersion
relation is precisely lightlike so thatp250 andE5upu. The
integration over the azimuthal photon directionsw is not yet
carried out because the photon dispersion relation need not
be isotropic.

The d function constrains the photon emission angle to
have the value

cosu5n21F11~n221!
v

2EG , ~3!

where we have used the photon refractive indexn5k/v.
Because it is not isotropic, this opening angle of the Cheren-
kov ‘‘cone’’ actually depends on the azimuthal directionw.

In a magnetic field the photon refractive index is not iso-
tropic, and it depends on the photon polarization. According
to Adler’s classic paper@24# there are two eigenmodes of

2The literature on neutrino Cherenkov radiation and related pro-
cesses is extremely scattered. Many of the papers quoted here have
never been referenced in other papers on the same topic. Therefore,
it is quite possible that we have overlooked other relevant works.
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photon propagation, one with the polarization vector parallel
(i) and one perpendicular (') to the plane containingk and
B.3 Therefore, we write the refractive index in the form

ni ,'511
a

4p
h i ,'sin

2b, ~4!

whereb is the angle betweenk andB. The numerical coef-
ficientsh i ,' depend onB, v, andb. For B5O(Bcrit) they
are of order unity. Therefore, for all situations of practical
interest we haveuni ,'21u!1. This allows us to expand Eq.
~3! to lowest order ina:

cosu512
a

4p
h i ,'S 12

v

ED sin2b. ~5!

This result reveals that to lowest order the outgoing photon
propagates parallel to the original neutrino direction.

Therefore, to lowest order the azimuthal dependence of
Eq. ~2! drops out, allowing us to perform both angular inte-
grations explicitly. Moreover, to this order we do not need to
distinguish betweenv and uku5nv5v@11O(a)#. There-
fore, to lowest order ina the Cherenkov rate, Eq.~2!, is
found to be

G5
1

16pE2E
0

vmax
dv(

pols
uMu2. ~6!

Energy conservation requiresv,E so thatvmax<E. The
photon dispersion relation ‘‘crosses the light cone’’ at some
frequencyvc so that the Cherenkov condition is only satis-
fied for 0,v,vc . Therefore,vmax5min(E,vc).

III. NEUTRINO-PHOTON VERTEX

In a magnetic field, photons couple to neutrinos by the
amplitudes shown in Figs. 1~a! and 1~b!. The electron propa-
gator, represented by a double line, is modified by the field to
allow for a nonvanishing coupling. It has been speculated
that superstrong magnetic fields may exist in the early uni-
verse, but we limit our discussion to field strengths not very
much larger thanBcrit5me

2/e which is the range thought to
occur in pulsars. Therefore, while in principle similar graphs
exist form andt leptons, we may neglect their contribution.
For the same reason we may ignore field-induced modifica-
tions of the gauge-boson propagators. Moreover, we are in-
terested in neutrino energies very much smaller than the
W- andZ-boson masses, allowing us to use the limit of in-
finitely heavy gauge bosons and thus an effective four-
fermion interaction

Leff52
GF

A2
n̄ gm~12g5!n Ēgm~gV2gAg5!E. ~7!

Here, E stands for the electron field,g55 ig0g1g2g3,
gV52 sin2uW11

2 andgA5 1
2 for ne , andgV52 sin2uW21

2 and
gA52 1

2 for nm,t . In our subsequent calculations we will

always use sin2uW51
4 for the weak mixing angle so that the

vector coupling will identically vanish fornm andnt . Any-
how, we will find that the axial coupling is far more impor-
tant.

The n-g vertex is then given by the amplitude shown in
Fig. 1~c!, for which we find

M5 i
eGF

A2
Z«m n̄ gn~12g5!nE d4p

~2p!4

3Tr@gmG~p!gn~gV2gAg5!G~p2k!#. ~8!

Here,G(p) denotes the electron propagator in a magnetic
field, p the four-momentum of the electron in the loop, and
k the four-momentum of the photon line. Further,« is the
photon polarization vector andZ its wave-function renormal-
ization factor. For the physical circumstances of interest to
us, the photon refractive index will be very close to unity so
that we will be able to use the vacuum approximation
Z51.

The matrix element, Eq.~8!, can be written in the form

M52
GF

A2e
Z«m n̄ gn~12g5!n~gVPmn2gAP5

mn!, ~9!

where

Pmn~k!52 ie2E d4p

~2p!4
Tr@gmG~p!gnG~p2k!#, ~10!

P5
mn~k!52 ie2E d4p

~2p!4
Tr@gmG~p!gng5G~p2k!#.

~11!

Here,P is the photon polarization tensor or vector-vector
~VV ! response function in the magnetic field, whileP5 is the
vector–axial-vector~VA ! response function.

3Our definition ofi and' is opposite to Adler’s@24# who used
the photon’s magnetic-field vector to define the polarization.

FIG. 1. Neutrino-photon coupling in an external magnetic field.
The double line represents the electron propagator in the presence
of aB field. ~a! Z-A-mixing. ~b! Penguin diagram~only for ne). ~c!
Effective coupling in the limit of infinite gauge-boson masses.
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In the presence of the external field the electron propaga-
tion functionG(x1 ,x2) satisfies the equation

Fme1gS ]

i ]x1
2eA~x1! D GG~x1 ,x2!5d~x12x2!, ~12!

which can be solved exactly by Schwinger’s proper-time
method@26#. For the case of a purely homogeneous magnetic
field in the three-direction (F1252F215B35B) the result is
@26,27#

G~x1 ,x2!5F~x1 ,x2!E d4p

~2p!4
eip~x12x2!G~p!. ~13!

Here,

F~x1 ,x2!5expF ieE
x2

x1
dyA~y!G ~14!

and

G~p!5 i E
0

`

ds expF2 isSme
21pi

21
tanz

z
p'
2 D G

3
1

coszF ~me2gpi!e
is3z2

gp'

coszG , ~15!

where z5eBs. Note that s3z5Fmnsmnz/2B with
smn[( i /2)@gm,gn#. The i and' decomposition of a four-
vector a is defined byai5(a0,0,0,a3) with a spatial part
parallel to the externalB field and a'5a2ai5(0,a1 ,
a2,0). In the absence of a magnetic field (B→0) obviously
G(p)5(gp1me2 i0)21.

The photon polarization tensor implied by this result has
been calculated in Refs.@24,27,28#. Following Ref.@27# it is

Pmn~k!5
e3B

~4p!2
E
0

`

dsE
21

11

dv$e2 isf0@~gmnk22kmkn!N0

2~gi
mnki

22ki
mki

n!Ni1~g'
mnk'

22k'
mk'

n !N'#

2e2 isme
2
~12v2!~gmnk22kmkn!%, ~16!

where

f05me
21

12v2

4
ki
21

coszv2cosz

2zsinz
k'
2 . ~17!

Further,

N05
coszv2vcotzsinzv

sinz
,

Ni52cotzS 12v21
vsinzv
sinz D1

coszv
sinz

,

N'52
coszv
sinz

1
vcotzsinzv

sinz
12

coszv2cosz

sin3z
. ~18!

The i and ' decomposition of the metric is
gi5diag(2,0,0,1) andg'5g2gi5diag(0,1,1,0).

The VA response functionP5 has been calculated in Ref.
@8#. However, their calculation contains several errors which
require a reconsideration ofP5. It is @8#

P5
mn~k!5 i

e3

~4p!2
E
0

`

dsE
21

11

dve2 isf0

3H S 2me
21

12v2

2
ki
2D F̃mn2~12v2!ki

n~ F̃k!m

1R@k'
m~kF̃!n2k'

2 F̃mn#J , ~19!

where

R5
12vsinzvsinz2coszcoszv

sin2z
~20!

and F̃mn5 1
2e

mnrsFrs , with e012351 the dual of the field-
strength tensor.

This result is not gauge invariant. However, one may in-
tegrate the first term under the integral by parts@8#:

E
0

`

dsS 2me
21

12v2

2
ki
2De2 isf0522i2E

0

`

dsk'
2e2 isf0R.

~21!

The first term on the right-hand side~RHS! does not depend
on the mass of the particle in the loop. For theZ-A-mixing
amplitude@Fig. 1~a!# it cancels when we take into account all
fermions from each generation according to the cancellation
of the Adler anomaly in the standard model@29#. For the
penguin diagram this term disappears when we take into ac-
count the exactW propagator@30#.

With these results we find for the VA response function

P5
mn~k!5

e3

~4p!2me
2 $2Ciki

n~ F̃k!m

1C'@k'
n ~kF̃!m1k'

m~kF̃!n2k'
2 F̃mn#%, ~22!

where

Ci5 ime
2E

0

`

dsE
21

11

dve2 isf0~12v2!,

C'5 ime
2E

0

`

dsE
21

11

dve2 isf0R ~23!

are dimensionless coefficients which are real forv,2me ,
i.e., below the pair-production threshold.

IV. CHERENKOV RATE

Armed with these results we may now turn to an evalua-
tion of the rate forn→ng. It is easy to see that for both
photon eigenmodes the parity-conserving part of the effec-
tive vertex (Pmn) is proportional to the small parameter
(ni ,'21)2'(a/2p)h i ,'sin

2b. It is important to note that the
parity-violating part (P5

mn) is not proportional to this small
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parameter for thei photon mode, while it is proportional to it
for the' mode.

It is interesting to compare this finding with the standard
plasma decay processg→ n̄n which is dominated by the VV
vertex function. Therefore, in the approximation sin2uW51

4

only the electron flavor contributes to plasmon decay. Here,
we are in the opposite situation where the axial coupling to
the electrons is the dominating one so that the Cherenkov
rate is equal for~anti!neutrinos of all flavors.

For neutrinos which propagate perpendicular to the mag-
netic field, Eqs.~6!, ~9!, and~22! lead to a Cherenkov emis-
sion rate ofi photons of

G5
2aGF

2

~4p!4S B

Bcrit
D 2E

0

vmax
dvv4S 12

v

ED SCi

2
2C'D 2.

~24!

We consider at first neutrino energies below the pair-
production thresholdE,2me . For v,2me the photon re-
fractive index@24,31# always obeys the Cherenkov condition
n.1 so thatvmax5E. Further, it turns out that in the range
0,v,2me the expressionCi/22C' depends only weakly
on v so that it is well approximated by its value atv50.
Therefore, Eq.~24! can be written in the form

G'
4aGF

2E5

135~4p!4S B

Bcrit
D 2h~B!

52.031029 s21S E

2me
D 5S B

Bcrit
D 2h~B!, ~25!

where

h~B![ 9
16 ~Ci22C'!v50

2 . ~26!

Explicitly, this is found to be

h~B!5H ~4/25!~B/Bcrit!
4 for B!Bcrit ,

1 for B@Bcrit .
~27!

Evidently, even if the field strength is around the critical
value, the Cherenkov rate is rather small.

Turning next to the caseE.2me we note that in the pres-
ence of a magnetic field the electron and positron wave func-
tions are Landau states so that the processn→ne1e2 be-
comes kinematically allowed. Therefore, neutrinos with such
large energies will lose energy primarily by pair production
rather than by Cherenkov radiation—for recent calculations
see Refs.@32#.

The Cherenkov effectn→ng has been previously calcu-
lated in Refs. @6,7#. However, they have not taken the
neutral-current part into account so that their result applies
only to ne for which the effective axial couplinggA51 was
used instead of ourgA512 1

25
1
2 which is a sum of the

charged- and neutral-current contributions. Further, their fi-
nal result is larger by a factor 24p relative to our Eq.~25!.

We may also compare ourn→ng calculation with previ-
ous n→n8g ones @21–23#. To this end we note that in
n→n8g the photon energy obeys 0,v,E if n is ultrarela-
tivistic, if mn850, and if one uses the vacuum photon dis-
persion relation. As this is the same range allowed in our
case, there is no phase-space complication and we may com-
pare our Eq.~25! with Eq. ~15! of Ref. @23#. However, we
must identify n8 with n which implies that we must drop
their mixing-angle factors. Further, we must substitutegA5
1
2 for their value 1 to account for the neutral-current contri-
bution. After these modifications our result is still a factor of
2 larger. This is explained by their use of an unpolarized
initial state of massive Dirac neutrinos while our neutrinos
are always left handed.

If n8 is not taken to be massless, then→n8g decay rate is
reduced and vanishes formn85mn . This, of course, is just
our case of identical initial and final states where the Cher-
enkov rate by no means vanishes. This discrepancy is due to
the use of the vacuum photon dispersion relation in Refs.
@21–23#. Using a consistent dispersion relation prevents this
suppression effect because, for ultrarelativistic initial neutri-
nos, the allowed range of photon energies will always be
0,v,E.

V. SUMMARY AND CONCLUSIONS

We have calculated the neutrino Cherenkov process
n→ng in a homogeneous magnetic field. The magnetic field
provides an effectiven-g vertex, and it modifies the photon
dispersion relation such that the Cherenkov condition is met
for photon energiesv,2me . The neutrino emits primarily
photons with a polarization vector parallel to the transverse
component of the magnetic field~the i propagation eigen-
mode!, and the coupling is primarily due to the VA~pseudo-
tensor! electromagnetic vertex function. We have corrected
some errors of a previous calculation of this dominant term
which had been studied in the context of theg→ n̄n process
in magnetic fields. We have also corrected errors in previous
calculations of the Cherenkov process.

For neutrinos propagating transverse to the magnetic field,
the Cherenkov rate is numerically given in Eq.~25!. The
strongest magnetic fields known in nature are near pulsars.
However, they have a spatial extent of only tens of kilome-
ters. Therefore, even if the field strength is as large as the
critical one, most neutrinos escaping from the pulsar or pass-
ing through its magnetosphere will not emit Cherenkov pho-
tons. Thus, the magnetosphere of a pulsar is quite transparent
to neutrinos as one might have expected.
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Pis’ma Zh. Éksp. Teor. Fiz.43, 549~1986! @JETP Lett.43, 709
~1986!.

@11# R. F. Sawyer, Phys. Rev. D46, 1180~1992!.
@12# J. D’Olivo, J. Nieves, and P. Pal, Phys. Lett. B365, 178

~1996!.
@13# S. J. Hardy and D. B. Melrose, Publ. Astron. Soc. Aus.13, 144

~1996!.
@14# R. Bingham, J. M. Dawson, J. J. Su, and H. A. Bethe, Phys.

Lett. A 193, 279 ~1994!.
@15# S. J. Hardy and D. B. Melrose, Astrophys. J.480, 705 ~1997!.
@16# M. Radomski, Phys. Rev. D12, 2208~1975!.
@17# W. Grimus and H. Neufeld, Phys. Lett. B315, 129 ~1993!.

@18# S. Mohanty and M. K. Samal, Phys. Rev. Lett.77, 806~1996!.
@19# M. Sakuda, Phys. Rev. Lett.72, 804~1994!; M. Sakuda and Y.

Kurihara, ibid. 74, 1284~1995!.
@20# W. Grimus and H. Neufeld, Phys. Lett. B344, 252 ~1995!.
@21# A. A. Gvozdev, N. V. Mikheev, and L. A. Vasilevskaya, Phys.

Lett. B 289, 103 ~1992!; 292, 176 ~1992!; 313, 161 ~1993!;
321, 108 ~1994!; 323, 179 ~1994!; Phys. Rev. D54, 5674
~1996!; L. A. Vasilevskaya, A. A. Gvozdev, and N. V.
Mikheev, Yad. Fiz.55, 1029 ~1992! @Sov. J. Nucl. Phys.55,
579 ~1992!#; 57, 124 ~1994! @ 57, 117 ~1994!#; 58, 712 ~1995!
@ 58, 654 ~1995!#.

@22# V. V. Skobelev, Zh. E´ksp. Teor. Fiz.108, 3 ~1995! @JETP81,
1 ~1995!#.

@23# M. Kachelriess and G. Wunner, Phys. Lett. B390, 263~1997!.
@24# S. L. Adler, Ann. Phys.~N.Y.! 67, 599 ~1971!.
@25# S. L. Adler and C. Schubert, Phys. Rev. Lett.77, 1695~1996!;

M. Mentzel, D. Berg, and G. Wunner, Phys. Rev. D50, 1125
~1994!; G. Wunner, R. Sang, and D. Berg, Astrophys. J.455,
L51 ~1995!; V. N. Baier, A. I. Milstein, and R. Zh. Shaisul-
tanov, Phys. Rev. Lett.77, 1691~1996!.

@26# J. Schwinger, Phys. Rev.82, 664 ~1951!.
@27# W.-Y. Tsai, Phys. Rev. D10, 2699~1974!.
@28# A. Minguzzi, Nuovo Cimento7, 501 ~1957!.
@29# S. L. Adler, Phys. Rev.177, 2426~1969!.
@30# D. Wyler and H. Simma, Nucl. Phys.B344, 283 ~1990!.
@31# W.-Y. Tsai and T. Erber, Phys. Rev. D10, 492 ~1974!; 12,

1132 ~1975!; Acta Phys. Austriaca45, 245 ~1976!.
@32# A. V. Borisov, A. I. Ternov, and V. Ch. Zhukovsky, Phys.

Lett. B 318, 489~1993!; A. V. Kuznetsov and N. V. Mikheev,
ibid. 394, 123 ~1997!.

55 7043CHERENKOV RADIATION BY MASSLESS NEUTRINOS . . .


