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Cherenkov radiation by massless neutrinos in a magnetic field
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We calculate the Cherenkov process vy in the presence of a homogeneous magnetic field. The neutrinos
are taken to be massless with only standard-model couplings. The magnetic field satisfies the dual purpose of
inducing an effective neutrino-photon vertex and of modifying the photon dispersion relation such that the
Cherenkov conditiom < |K| is satisfied. Our effect is closely related to photon splitting that occurs in magnetic
fields and that may be astrophysically important in the strong magnetic fields of pulsars. It is also closely
related to magnetic-field enhanced radiative desays’’ y that have been extensively discussed in the recent
literature. In the appropriate limits we agree with these results, but we disagree with earlier explicit calculations
of the Cherenkov process. For a field strenBtp= mé/e:4.41>< 10" G and forE=2m, the Cherenkov rate
is about 6x10 ™ s ! and thus too small to be of practical importance for pulsar physics.
[S0556-282197)04911-4

PACS numbsgps): 13.15:+g, 14.60.Lm, 97.10.Ld, 97.60.Gb

I. INTRODUCTION If neutrinos are exactly massless, as we will always as-
sume, and if medium-induced modifications of their disper-
In many astrophysical environments the absorption, emission relation can be neglected, the photon degayvv is
sion, or scattering of neutrinos occurs in dense media or ikinematically possible whenever the photon four-momentum
the presence of strong magnetic fie[dg Of particular con- k= (w,k) is time like! i.e., k?=k?— »?<0. Often the dis-
ceptual interest are those reactions which have no countepersion relation is expressed Byl =nw in terms of the re-
part in a vacuum, notably the plasmon degay vv and the  fractive indexn. In this language the photon decay is kine-
Cherenkov process— vy. These reactions do not occur in a matically possible wheneven<1. In stellar plasmas this
vacuum because they are kinematically forbidden and becondition is usually satisfied, leading to the great practical
cause neutrinos do not couple to photons. In the presence ohportance of the plasma decay process for the physics of
a medium orB field, neutrinos acquire an effective coupling stars.
to photons by virtue of intermediate charged particles. Also, Even in a normal plasma there are electromagnetic exci-
neutrinos may have anomalous electromagnetic interactiontations which satisfy the opposite condition>1, namely,
for example, induced by a magnetic dipole moment. In adthe longitudinal plasmons or Langmuir waves which do
dition, media or external fields modify the dispersion rela-not exist in a vacuum. Their dispersion relatian= f (k)
tions of all particles so that phase space is opened fotcrosses the light cone” at a certain momentup so that
neutrino-photon reactions of the type~12+3. k?—w?<0 for |k|<|k, andk®— w?>0 for |k|>|k.|. Thus
The plasma procesg— vv was first studied by Adams, there is phase space for the Cherenkov proocessvvy, .
Ruderman, and Wof2] and Zaidi[3] in order to calculate Based on the standard-model interactions with the electrons
stellar energy losses into neutrinos. Tie coupling is en-  of the medium, Tsytovicti9] was the first to calculate this
abled by the presence of the electrons of the backgrounsbort of process. It was later rediscovered by Oraevsky, Semi-
medium, and the process is kinematically allowed becauskoz, and Smorodinsky10], Sawyer[11], D'Olivo, Nieves,
the photons acquire essentially an effective mass. Thand Pal[12], and Hardy and Melrosgl3]. It was claimed
plasma process is the dominant source for neutrinos in mannat an intense neutrino beam could be particularly effective
types of stars and thus is of great practical importance it emitting Langmuir waves by virtue of a nonlinear feed-
astrophysicg1]. For that reason it also lends itself to deriv- back mechansiniBinghamet al. [14]), with important con-
ing astrophysical limits on anomalous electromagnetic neusequences for supernova physics. Unfortunately, this spec-
trino couplings which provide an additional contribution to tacular claim is erroneous because it was based on the
the v-y vertex and thus to the emission rafe4,5). assumption of a spurious phase coherence of the neutrino
The presence of a magnetic field induces an effective states—see Hardy and Melrogks).
¥ coupling which contributes to the— vv reaction. The
resulting decay rate was calculated by Galtsov and Nikitina—
[6], Skobelev[7], and DeRaad, Milton, and Hari Da§8], We always use the metric diag(+ ++) in accordance with
assuming that phase space is opened by a suitable mediumuch of the literature on magnetic-field effects on electromagnetic
or field-induced modification of the photon refractive index. couplings.
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Neutrinos may also couple to the electromagnetic field byagree with the results of Refl21-23.
virtue of an anomalous magnetic dipole moment, a hypo- Our work is also related to the process of photon splitting
thesis advanced a long time ago to solve the solar neutrinat may occur in magnetic fields as discussed, for example,
problem by magnetically induced spin oscillations. With thisin Refs.[24,25. In photon splitting the magnetic field also
motivation in mind, RadomsKil6] calculated the magnetic- Plays the dual role of providing an effective three-photon
moment Cherenkov process, but unsurprisingly found it too/ertex which does not exist in vacuum and of modifying the
small to reduce the solar neutrino flux by any Signiﬁcamdispersion relation of the differently polarized modes such

amount. Later this process was reconsidered by Grimus arfiat ¥— vy becomes kinematically allowed for certain po-
Neufeld[17] and Mohanty and Sam#18]. larizations of the initial and final states. In fact, photon split-

Independently of the nature of the photon dispersion relaling com_JId_be called “Cherenkov radiation by photons in
magnetic fields.”

tion the process— vy occurs at the interface of two media We proceed in Sec. Il by deriving a aeneral expression for
with different refractive indicegtransition radiation With P 11Dy ¢ g9ag P
the Cherenkov rate, assuming a generg} vertex. In Sec.

thre assuvn\;ptlorn Ofnz netutélin(c)j r;a%nektlc ddlpzlg‘ lr(n Orin[:;%; th'?ll we derive the standard-model effective vertex in the pres-
process was recently studied by sakuda and Ku ence of a homogeneous magnetic field. In Sec. IV we calcu-

and Grimus and Neufel20]. late the Cherenkov rate on the basis of the magnetic-field-

We presently extend previous studies of the Cherenkoy,qified photon dispersion relation. In Sec. V we summarize
process to neutrinos propagating in an external magnetig,r findings.

field. Around pulsars, for example, field strengths around the
critical value By =m2/e=4.41x10"* G and perhaps even
larger are thought to occur. The electron density is probably
so small that the photon dispersion relation is dominated by Beginning with a general discussion of the Cherenkov
the magnetic field. The Cherenkov condition is then satisfiedProcessv(p)— »(p’) y(k) we note that in terms of the ma-
for significant ranges of photon frequencies. In addition, thefix elementM the transition rate is
magnetic field itself causes an effectivey vertex by 3 A3y
standard-model neutrino couplings to virtual electrons and — 1 i ﬂd_py o 2
. . r > ot (p—p —kIM[% (D)

positrons. Therefore, we study the Cherenkov effect entirely (2m)* 2Epals ) 2w 2E
within the particle-physics standard model.

A detailed literature searéMmeveals that even this process Here, p=(E.p), p'=(E’,p’), andk=(w,k) are the four-
has been calculated earlier by Galtsov and Nikifishand ~Momenta of the incoming neutrino, outgoing neutrino, and
Skobelev[7]. However, we do not agree with their results, photon, respectlvely. The sum is over.photon polarlzatlons. It
which also shed doubt on their treatment of the- vw pro-  aPpears outside of the_pha_lse-space integrals because in gen-
cess. er:_al th_e photon refractive index depends on the photon po-

Our work is closely related to a recent series of papers bI nzapon St?“e- 3 et [ de , )2
Gvozdev, Mikheev, and Vasilevskayal] and to papers by . With the 'deﬁﬁ“tyd p, /2E'=]d P O(E")(p"") we may
Skobele\[22] and Kachelriess and Wunn23] who studied integrate ovew”(p—p’—k) and find

IIl. CHERENKOV RADIATION

the neutrino radiative decay— v’y in the presence of mag- 1 K|
netic fields wherev and »' are different neutrino flavors = —2—22 f—d|k|dgodcosﬁ
. . . 3277 E pols w
which are assumed to mix. This process would proceed even
in the absence of external fields or media. In our case of 2Ew+k2— 02
massless unmixed neutrinos the initial and final states in X —2E|k| —0059>|M|2, 2

v— vy are the same flavor and the process does not take

place in a vacuum. The role of the external field at modifyingywnhereg is the angle between the emitted photon and incom-

the v-y vertex in our study is, however, similar to Refs. jng neutrino. We have assumed that the neutrino dispersion

[21-23. In addition, for us it is crucial that the magnetic relation is precisely lightlike so thai?>=0 andE=|p|. The

field modify the photon dispersion relation. In their case theintegration over the azimuthal photon directiapss not yet

process is kinematically allowed anyhow, and it depends owrarried out because the photon dispersion relation need not

the neutrino mass difference if neglecting the exact photome isotropic.

dispersion relation is justified. In the appropriate limits we The & function constrains the photon emission angle to
have the value

cos¥=n"1

: ()

w
+(n?=1)5=
1+(n 1)2E

where we have used the photon refractive inaexk/w.
Because it is not isotropic, this opening angle of the Cheren-
2The literature on neutrino Cherenkov radiation and related prokov “cone” actually depends on the azimuthal directipn
cesses is extremely scattered. Many of the papers quoted here haveIn a magnetic field the photon refractive index is not iso-
never been referenced in other papers on the same topic. Therefoteppic, and it depends on the photon polarization. According
it is quite possible that we have overlooked other relevant works. to Adler's classic papef24] there are two eigenmodes of
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photon propagation, one with the polarization vector parallel
(I and one perpendicular. () to the plane containing and
B.3 Therefore, we write the refractive index in the form

a .
nH'J_Zldl-En”'J_SInZﬁ, 4)
wheref is the angle betweek andB. The numerical coef- y
ficients 77, depend orB, w, and 8. For B=0(B) they W (b)
are of order unity. Therefore, for all situations of practical
interest we havén) , —1|<1. This allows us to expand Eq. v

(3) to lowest order ina:

COS@ZJ._%‘)’]LL(].—%)S“’\ZIB. (5) @ 0 (c)

v,
This result reveals that to lowest order the outgoing photon

propagates parallel to the original neutrino direction.

Therefore, to Iowest_ order the azimuthal dependence of FIG. 1. Neutrino-photon coupling in an external magnetic field.
Eq. (2) drops out, allowing us to perform both angular inte- the gouble line represents the electron propagator in the presence
grations explicitly. Moreover, to this order we do not need t0of 4 B field. (a) Z-A-mixing. (b) Penguin diagrantonly for ). (c)
distinguish betweems and|k|=no=w[1+0O(a)]. There-  Effective coupling in the limit of infinite gauge-boson masses.
fore, to lowest order ine the Cherenkov rate, Eq2), is

found to be always use sift,=3 for the weak mixing angle so that the

1 Omax vector coupling will identically vanish for,, andv,. Any-
r= —zf dwY, |M|2 (6)  how, we will find that the axial coupling is far more impor-
16wE"Jo pols tant.

. . The v-y vertex is then given by the amplitude shown in
Energy conservation requires<E so thatwn,=E. The Fig. 1(03} %lor which we findg y P

photon dispersion relation “crosses the light cone” at some

frequencyw,. so that the Cherenkov condition is only satis- G o d“p
fied for O<w<w.. Therefore,wma=Min(E,w). M=i fzgﬂyyv(l_ 75),,f 2m
lll. NEUTRINO-PHOTON VERTEX XTI Y“G(P) ¥"(gy—9ays)G(p—K)]. (8)

In a magnetic field, photons couple to neutrinos by the . .
amplitudes shown in Figs(@ and Xb). The electron propa- €€, G(p) denotes the electron propagator in a magnetic
gator, represented by a double line, is modified by the field tdi€!d, p the four-momentum of the electron in the loop, and
allow for a nonvanishing coupling. It has been speculatedt the four-momentum of the photon line. Furtheris the
that superstrong magnetic fields may exist in the early uniPhoton polarization vector arilits wave-function renormal-
verse, but we limit our discussion to field strengths not venyzation factor. For thg ph.yS|caI circumstances of interest to
much larger tharB, = mé/e which is the range thought to US: the pho'ton refractive index will be very close to L.Inlty'SO
occur in pulsars. Therefore, while in principle similar graphsthat we will be able to use the vacuum approximation
exist for u and 7 leptons, we may neglect their contribution. Z=1. . ! .

For the same reason we may ignore field-induced modifica- '€ Matrix element, EG8), can be written in the form
tions of the gauge-boson propagators. Moreover, we are in-

terested in neutrino energies very much smaller than the :_& i1 uv_ v
W- and Z-boson masses, allowing us to use the limit of in- M \/Eezg“yyy(l v VGVl = gallg"), (9
finitely heavy gauge bosons and thus an effective four-
fermion interaction where

L= G Ey* E 7 (k)= 'ZJ OI4IOT “G(p)y'G(p—k)], (10

eﬁ__ﬁyyﬂ( —v5)vEy*(dyv—0a¥s)E. (7 (k)=—ie W Ty*G(p)y'G(p—k)], (10

Here, E stands for the electron fieldys=iy°y'y?y?, - L, d'p Y ,
gv=2 sirfé,+3 andg,= 3 for v, andgy=2 sirféy— 3 and g7 (k)=—ie (277)4-”[7 G(p)y"ysG(p—k)].
ga=—3 for v, - In our subsequent calculations we will (1D

Here, I is the photon polarization tensor or vector-vector
30ur definition of| and_L is opposite to Adler§24] who used  (VV) response function in the magnetic field, wHilg is the
the photon’s magnetic-field vector to define the polarization. vector—axial-vectofVA) response function.
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In the presence of the external field the electron propaga- The VA response functiohls has been calculated in Ref.

tion function G(x4,X,) satisfies the equation [8]. However, their calculation contains several errors which
require a reconsideration &fs. It is [8]
J
Met 7y E_GA(XQ) G(X1,X2)= (X1~ Xp), (12 3

e * 1 is¢
BV — -
| | _ Ie¥(k)=i (477)2J0 dSJ,ldUe 0
which can be solved exactly by Schwinger’'s proper-time

method[26]. For the case of a purely homogeneous magnetic ) 1—v? 2\ = N
field in the three-direction;,= — F ;= B;=B) the result is X\ | 2me+ —— ki |F*" = (1—v9kj(Fk)
(26,27
dp +R[kf(kﬁ>V—ki'F”W]], (19
G(Xl,xz):(D(Xl,Xz)f 2€P1T2G(p). (13
(2)
where
Here,
1—wvsinzvsinz— cogzcosv
i X1 = n2 (20)
D(X1,X) =€x Ief dyAy) (14 sirz
X2
and F#7=3er"P?F . with €2?°=1 the dual of the field-
and p

strength tensor.
This result is not gauge invariant. However, one may in-
tegrate the first term under the integral by p48k

tarz
2 2 2
Me+ P+~ pL)

G(p)=i f:ds exp{ —is

1
X_
cog

» 1-v? . » _
f ds(2m§+ 20 kz)e'5¢0=—2i—f dske S%R,
0 0

(22)

(Me— ~y|ou)e“’32—y—pL : (19

cog

where z=eBs Note that o3z=F,,0""2/2B with
o= (i/2)[ y*,v"]. The| and L decomposition of a four-
vector a is defined bya;=(ay,0,0a3) with a spatial part
parallel to the externaB field and a, =a—a=(0a,,
a,,0). In the absence of a magnetic fieB-{0) obviously
G(p)=(yp+m—i0)~".
The photon polarization tensor implied by this result ha

been calculated in Reff24,27,2§. Following Ref.[27] it is

The first term on the right-hand sidBHS) does not depend
on the mass of the particle in the loop. For #é\-mixing
amplitude[Fig. 1(a)] it cancels when we take into account all
fermions from each generation according to the cancellation
of the Adler anomaly in the standard mod@Q]. For the
Spenguin diagram this term disappears when we take into ac-
count the exactV propagatoif 30].

With these results we find for the VA response function

eB [~ [(+1 .
H’”kz—f dsf dv{e " "*%e[ (g~ k2—k*k")N , e’ iy
(k) 4m2), » v{ [(g )No I (k)zm{_cﬂku(pk)u
e
vy, 2 v v, 2 v
~(9f "k — kKN + (92K — kKN, ] +CL K (KE)# +k#(KE) — 2B}, (22)

. 2
—e Me(1-v?%)(g" k>~ k*k")}, (16)
where
where
vy "t isé 2
= - 0 —
2, 1—02k2+cosw—coszk2 L Cj=ime o ds 7ldve (1-v9),
Po=Me+ —5—Kf 2zsiz b (A7)
o +1 X
Further, CL=im§f dsf dve 'S?oR (23
0 -1
CcosZv — v cotzsinz ] ] o i
No= Sz , are dimensionless coefficients which are real dox2m;,
i.e., below the pair-production threshold.
) vsinzv| cosv
Nj=—coz| 1—v°+ — —, IV. CHERENKOV RATE
sinz sinz
_ Armed with these results we may now turn to an evalua-
_ Cosw vcotzsinzy 2COSZv—COSZ 18 tion of the rate forvr—vy. It is easy to see that for both
L7 sinz + sinz + simz (18) photon eigenmodes the parity-conserving part of the effec-
tive vertex (I#”) is proportional to the small parameter
The | and 1 decomposition of the metric is (n”,L—l)z%(a/ZTr) musinzﬂ. It is important to note that the

gj=diag(-,0,0,+) andg, =g—g;=diag(0;+,+,0). parity-violating part {I1£") is not proportional to this small
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parameter for th¢ photon mode, while it is proportional to it charged- and neutral-current contributions. Further, their fi-
for the L mode. nal result is larger by a factor*z relative to our Eq(25).

It is interesting to compare this finding with the standard We may also compare our— vy calculation with previ-
plasma decay process— vv which is dominated by the VV  ous v— v’y ones[21-23. To this end we note that in
vertex function. Therefore, in the approximation %#ip=; v— v’y the photon energy obeys<Ow<E if v is ultrarela-
only the electron flavor contributes to plasmon decay. Heretivistic, if m,,=0, and if one uses the vacuum photon dis-
we are in the opposite situation where the axial coupling tgersion relation. As this is the same range allowed in our
the electrons is the dominating one so that the Cherenkowase, there is no phase-space complication and we may com-
rate is equal fofant)neutrinos of all flavors. pare our Eq(25) with Eq. (15 of Ref.[23]. However, we

For neutrinos which propagate perpendicular to the magmust identify v’ with » which implies that we must drop
netic field, Eqs(6), (9), and(22) lead to a Cherenkov emis- their mixing-angle factors. Further, we must substityte=
sion rate of| photons of 1 for their value 1 to account for the neutral-current contri-

bution. After these modifications our result is still a factor of
2 larger. This is explained by their use of an unpolarized

2aGZ[ B \? (omax 4 w\[Cy 2 initial state of massive Dirac neutrinos while our neutrinos
" (4m)*\ By fo wo'| 1-F 7_CL are always left handed.
« (24) If v' is not taken to be massless, the> v’ v decay rate is

reduced and vanishes fan,,=m,. This, of course, is just

We consider at first neutrino energies below the pair-OUr case of identical initial and final states where the Cher-
production thresholE<2m,. For o<2m, the photon re- enkov rate by no means vanishes. This discrepancy is due to
fractive index[24,31] always obeys the Cherenkov condition € use of the vacuum photon dispersion relation in Refs.
n>1 so thatw.—E. Further, it turns out that in the range [21-23. Using a consistent dispersion relation prevents this
0<w<2m, the expressiorlC;/2—C, depends only weakly suppression effect because, for ultrarelativistic initial neutri-

e . .

on  so that it is well approximated by its value at=0. nos, the allowed range of photon energies will always be

Therefore, Eq(24) can be written in the form 0<w<E.
4aG,2:E5 B \2 V. SUMMARY AND CONCLUSIONS
13547 By h(B) We have calculated the neutrino Cherenkov process
E\5 B \2 vy ina homog_eneous magnetic field. T_he magnetic field
—2.0x10 9 sl( ) ( ) h(B), (25) p.rowde_s an effgcnvez—y vertex, and it modifies thg_pho_ton
2mg) \ Bgit dispersion relation such that the Cherenkov condition is met
for photon energiew<<2m,. The neutrino emits primarily
photons with a polarization vector parallel to the transverse
where component of the magnetic fieldhe | propagation eigen-
mode, and the coupling is primarily due to the Vi@sseudo-
tensoj electromagnetic vertex function. We have corrected
h(B)El%(CH—ZCL)i:O. (26) some errors of a previous calculation of this dominant term
which had been studied in the context of thes vv process
in magnetic fields. We have also corrected errors in previous
Explicitly, this is found to be calculations of the Cherenkov process.
For neutrinos propagating transverse to the magnetic field,
the Cherenkov rate is numerically given in E@5). The
(4/125)(B/Bgi)* for B<Bg, strongest magnetic fields known in nature are near pulsars.
11 for B>B... (27 However, they have a spatial extent of only tens of kilome-
erit: ters. Therefore, even if the field strength is as large as the
critical one, most neutrinos escaping from the pulsar or pass-
ing through its magnetosphere will not emit Cherenkov pho-
tons. Thus, the magnetosphere of a pulsar is quite transparent
to neutrinos as one might have expected.

Evidently, even if the field strength is around the critical
value, the Cherenkov rate is rather small.

Turning next to the caseé>2m, we note that in the pres-
ence of a magnetic field the electron and positron wave func-
tions are Landau states so that the processve*e™ be-
comes kinematically allowed. Therefore, neutrinos with such We are grateful to Gagik Grigorian, Jose Valle, and
large energies will lose energy primarily by pair production Daniel Wyler for useful discussions. We thank Alexander
rather than by Cherenkov radiation—for recent calculation&Kuznetsov and Nicolay Mikheev for pointing out a missing
see Refs[32]. factor of 2 in Eq.(24) of our original manuscript. A.l. ac-

The Cherenkov effeck— vy has been previously calcu- knowledges the hospitality of the Max-Planck-Institut fu
lated in Refs.[6,7]. However, they have not taken the Physik during a visit when this work was begun. This re-
neutral-current part into account so that their result appliesearch was supported, in part, by Deutsche Forschungsge-
only to v, for which the effective axial couplinga=1 was  meinschaft Grant No. SFB 371&.R) and by the Lady Davis
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