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We develop tools to determine the gluonic content of a resonance of known mass, widfh Caindm its
branching fraction in radiative quarkonium decays and production cross sectiop éollisions. We test the
procedures by applying them to knowjig mesons, then analyze four leading glueball candidates. We identify
inconsistencies in data fdvr y— yfy(1500) andl/ 4— yf;(1710) whose resolution can quantify their glueball
status. Wher (f 5(1500)— yy) andI (f;(1710)— yy) are known, thexn,ss,gg mixing angles can be deter-
mined. The enigmatic situation in the 1400-1500 MeV region of the isosinglét €ector is discussed.
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PACS numbgs): 14.40.Gx, 13.25.Gv, 14.80.Ly

I. INTRODUCTION ing in the 0" ™ sector betweenn, ss, andgg, showing how
'3/ y— yfy) andT'(fy— yvy) determine mixing angles.

There has been considerable recent interest in the possible The interest in these states as glueball candidates is moti-
sighting of glueballs. Four states are of particular interestvated on both phenomenological and theoretical grounds.
fo(1500) [1-3]; f;(1710) [4] where J=0 or 2 [5]; Phenomenologically, these states satisfy qualitative criteria
£(2230)[6]; 7(1440)[7], now resolved into two pseudosca- expected for glueballEs].
lars. (1) Glueballs should be favored over ordinary mesons in

In this paper we calculate the production rate of convenihe central region of high energy scattering processes, away
tional mesonsqq) and glueballs G) in the radiative decay from beam and target quarks. Thg1710) and possibly the
of vector quarkonium, as a function of their mass, angulaf o(1500) have been seen in the central regiompmcolli-
momentum, and width. If the data on the radiative producSions[9.10. _ ,
tion of these states are correct, we find the following. (2) Glueballs should be produced in proton-antiproton an-

. : ; nihilation, where the destruction of quarks creates opportu-
be(g Tiesftg(t:ES(?r(Jh)elsap\)/rgrl;al;Iyor}Jr\(,)vc(i)t:ltzje((ij;taasrite gos(zshli?r:stonity for gluons to be manifested. This is the Crystal Barrel
qq9 state. 9 99 Tll] and E76(J12] production mechanism, in which detailed

glueballgq mixture.

i . L . decay systematics df,(1500) have been studied. The em-

, (”_) Thng(1_710) IS produced at a r_ate which IS Cons's,tempirical situation with regard td;(1710) andé(2230) is cur-
with it beingqq, only if J=2. If J=0, its production rate is o4y ynder investigation. They(1440) is clearly seen in
too high for it to be a pure|q state but is consistent with it pp annihilation[13,14.
being a glueball or mixedq glueball having a large glueball (3) Glueballs should be enhanced compared to ordinary
component. mesons in radiative quarkonium decay. In fact, all four of

(i) The £(2230), whose width is-20 MeV, is produced these resonances are produced in radiafiug decay at a
at a rate too high to be qq state for eithed=0 or 2. If  |evel typically of ~1 part per 1000. A major purpose of this
J=2, it is consistent with being a glueball. The assignmenipaper is to decide whether or not these rates indicate that
J=0 would requireB(J/y— y¢&)<=3x10 4, which already these resonances are glueballs.
may be excluded. On the theoretical side, lattice QCD predicts that the light-
(iv) The enhancement once calleq1440) has been re- est “ideal” (i.e., quenched approximatipglueball will be
solved into two states. The higher mag61480) is domi- 0" ", with state-of-the-art mass predictions of 1:53.05
nantly ss with some glue admixture, while the lower state GeV[15] and 1.74-0.07 GeV[4]. That lattice QCD is now
7(1410) has strong affinity for glue. concerned with such fine details represents a considerable
We note what improvements in data would allow theseadvance in the field and raises both opportunity and enigmas.
constraints to be sharpened. We also analyze three-state mikirst, it encourages serious consideration of the further lattice
predictions that the 2* glueball lies in the 2.2 GeV region,
and hence raises interest in thg2230). Second, it suggests

*Electronic address: fec@v2.rl.ac.uk that scalar mesons in the 1.5-1.7 GeV region merit special
"Electronic address: farrar@farrar.rutgers.edu attention. Amsler and Closg2]| have pointed out that the
*Electronic address: zpli@ibm320h.phy.pku.edu.cn fo(1500) shares features expected for a glueball that is
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mixed with the nearby isoscalar members of the, qq  eral treatment of the problem requires defining form factors
nonet. If thef,(1710) proves to hav@=2, then it is not a  for the coupling of a resonance, of specifi#d, to a pair of
candidate for the ground state glueball andfj@500) will ~ virtual gluons. The partial widtH’(R—gg) fixes a linear

be essentially unchallenged. On the other hand, if th&ombination of the form factors at the on-shell-gluon point.
f1(1710) hasl=0, it becomes a potentially interesting glue- The internal structure of the resonance determines both the
ball candidate. Indeed, Sextoetal. [16] argue that relative size of the various form factors at the on-shell-gluon

f,_0(1710) should be identified with the ground state g|ue_point and their virtuality dependence, just as in the case of
ball, based on its similarity in mass and decay properties t§1€ nucleon electromagnetic form factdfg and F,. The

the state seen in their lattice simulation. While the consisH2(X)'s depend on integrals of the form factors over the

tency between theoretical mass predictions and the observ@pon virtualities. In Sec. IID we discuss higher order cor-

states is quite satisfactory in thé 0 and 2" * sectors, this is Eflonierac?;itoiiﬁint?\gf’ ar;?n tlri]ti dg?/t/lgirezhlcgnoil the
not the case in the 0 sector. Both lattice and sum rule 99 Yy amp

calculations place the lightest' 0 glueball at or above the principle be measured in a photon-photon collidghe phe-

T e nomenology of the latter is developed in Sec) M. Sec. llI
2"~ glueball so that the appearance of a glueball-like PSEUL e reexpress Eq1.1) so that its implications are more trans-

doscalar in the 1.4-1.5 GeV region is unexpected. It is inter- arent and it is easier to apply to data. Our central results

esting that its properties are consistent with those predicte, B . )
for the gluino-gluino bound state in supersymmetry-breakin _qs.(3.2) (3.4] ShO\.N how the_spln of a resonance and its
idth into gluons fix its production rate in radiative quarko-

scenarios with a light gluingl17]. : X
In order to make quantitative estimates of the gluonicnlum decay. In Sec. Ill B we show that the relations do not

content of isosinglet mesons, we use their measured radiati\geepend on flavor mixing and that the knowq resonances

guarkonium production rates andy decay widths. We ap- 2.(.1270;1525). satisfy Eq2). In Se_c. .”I c we discuss the
ply the relationship proposed by Cakir and Fafit8] (CF) utility of experimental study of radiative upsilon decay, es-

! : . o pecially Y — yy; in Sec. Il D we investigate 1" mesons.
between the branching fraction for a resonaRde radiative In Secs. IVA-IVC we apply Egs.(3.2—(3.4) to the

quarkonium decay brad QQu—y+R)=I'(QQv—y+X)/ ¢ 1500, ,(1710), £(2300), and(1410;1480), leading
I'(QQu—all), and its branching fraction to gluons, g the results listed at the beginning of the Introduction. In

b(R—gg)=I'(R—gg)/I'(R—all): Sec. V we discuss howyy—R in combination with
_ crX|H(X)|2 Mg Jly— yR can help to distinguish gluebells froopg states

b2 QQy— v+ RJ)=8—W Wrtotb(RJHgg), and determine basic parameters. Section VI considers the
m(m°=9) My possibility of glueballgq mixing involving three states

(1.9 fo(1370) f,(1500), andfy,(1710). In general we use the

i . nomenclature of the 1994 edition of the Particle Data Tables
whereM,, andmg are masses of the initial and final reso- throughouf5]. Readers mainly interested in the phenomeno-

— 2,012 . ; ;
nances, andk=1—mg/My; cg is @ numerical factor and |qgical results can proceed directly to Sec. Il and the fol-
H;(x) a loop integral which will be discussed in Sec. Il. For lowing ones.

a resonance of known mass, total width,4), andJPC, a
relationship such as Eql.1) would determinédb(R—gg) if o
b,.{QQv— y+R) were known. CF argued that one expects A. bq(QQy—y+R)

Il. FORMALISM

The decay width for the radiative decay of a vector heavy
quarkonium stateQ Q,— YR, is

1 K
b(R[G]—gg)~1. (1.2) F=szf |A2, (2.2
v L

b(R[qq]—gg)=0(a?)=0.1-0.2,

Thus knowledge ob(R—gg) would give quantitative infor- wherek is the photon momentunM,, is the mass of the
mation on the glueball content of a particular resonance. Usgpin_l QQ state, and the summation is over the polariza-
I(rll\lgRSIJ\g() Cdlft?rmlrc]ie?h 'T Iihe nonrelativistic qgark hmodel tions of the initial and final particles. If the resonariReoes

, & found hat knownqq resonancesucn as .+ contain a “valence”QQ component, the decay occurs
f2(1270] satisfy the former and noted that ttfg(1710) through a two-gluon intermediate state, in leading order per-

might be an example of the !atter. . . tyrbative QCD(PQCD), and the amplitudé is given by
In the present paper we give a more general discussion 0 K 11

the functionsH ;(x) needed to employ E@l.1), clarify some _ 1 j M anby / qanb
of the assumptions implicit in its derivation, and verify thatA 22 (2m* EZEE«QQM YNGR (22
application of the relation does not depend on flavor mixing. . L
A number of experimental tests are proposed. We discuss th?gq‘_a summation IS over the_polarlzatlon vecters and color
additional information that can be obtained when the crosddicesa,b of the intermediate gluons, whose momenta are
section for production of the resonance jr collisions is ~ denotedk; ,. The amplitude(QQy|ygg) couples a vector
known. Our analysis extends and quantifies Chanowitz's obQQ state with polarization and momentur,K) to a pho-
servation[19] that glueballs are favored relative tpg in  ton (e,k) and the two virtual gluons. For heavy qua®s
— R but are disfavored inyy production. this amplitude is reliably given by perturbative QCD. Using
The paper is organized as follows. We start with a sectiorthe nonrelativistic quark model to describe €, wave
on the formalism and its model dependei8ec. I). A gen-  function (the PQCD-NRQM approximatiof20-22),
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: 2
(@ vag")=eqgietn 2 21 - a 23
v QFs 3 JamrM3 K- (kitka)ky- (K+ka)ka- (K+ky) v '

where
a\/zfl' 62[_k1' ke'sz'kl_kz'kE‘klE' kz_klkkzkE €]+E e[kl'kfl'szz' k+ k2'k€2'kl€l'k_kl'k2€1' kez'k]
+{El,k1<:>6,k}+{62,k2<:>€,k}. (24)

Ry(0) is the (QQ)V wave function at the origin anel, is the charge of the heavy quagk

The amplitudeg(g3(ky,€;)g°(k,, €,)|R) must be linear inre; and e, and Lorentz and gauge invariant. A linearly indepen-
dent set of tensor structures satisfying these requiremenis fostates is given ih23]. Thus we can write, with the shorthand
G, <k, €e,—€,k, and the convention thad'(® refers toky ), €1(2), and suppressing”© labels on ther;’s,

A g

<gagb|o++>=5ab%[a(k2,k )GL G2, +Fy(K} KBKEGE G2 ks], (2.5

(97g°|0™ )= 6%Ag- + F1(KE k5) 47" G}, G2, (2.6)

(gPgP[17 ") = 62°A + +[F1(KT kD) €777 € (G, G2 kb + G2 G k) + Fo(k K3) -7 €, (k§ —K$)G 1L, G2, ], (2.7)

(97g°|27F) = %A+ + €,,[ F1(kI K3) G, G2+ Fa(KS kSKEKS G G2, + Fa(KE k5K G G2 ks
+F (ki KDKIKIKE G G2 K31, (2.9
|

where where(gg|R) is the coefficient of52® in Egs. (2.5—(2.8).
For example, in the case=0"", using the matrix element
P —q — PPy 2.9 (gg|0™ ") given by Eq.(2.5), and summing over gluon po-

pr=Gps™ T2 ' larizationse;, ,, gives

for a resonance with masa and momentunP,. Heree, e

ande,,, are the polarization vector and tensor for a vector or E {gg[0™ )]
. . €

tensor resonance, and satisfy the relation 12

1 ! !
P,Py == Ao L (K ko) 20,000, + KEKIKE
E epe(r gp(r m

+ KK KEKY — 2Ky - Kp(Q, kKD + G, KE KE)
or

1 1 +kl'k2(g,u.1/k/f kIZ} +gy'v’kfk5)]Pp.VPu’v’
26 epa.Ep/a./ (Ppp'PUG'+Pp0'PUp') 3PP‘TPP’0J
(2.10

The resonanc® could beqq, glueball, or a mixture of
both. The form factor&;(k? ,k3) depend on the composition Which leads to
of R. This will be discussed below. We adopt the normaliza-
tion convention thatF,[J”¢](0,0)=1. Also, we use the
shorthand for on-shell form factos[ J°€](0,0)=F;[J"°].
Note that fork?=k3=0, (g2g?1" ")=0 as it must by Fur-
ry’s theorem. The constants,rc in Egs.(2.5—(2.8) are de- The decay widths for the other states are obtained by the
pendent on the coupling between gluons and the resonans@me procedure and read
constituents, the wave function of the resonance, and its
masgspecific examples foyq are given below in Eq(24)].

After summing over the color index of the final two-gluon
state, the general expression for the total width of a reso-
nanceR decaying into two real gluon$] is and

3
= §m4|Ao++|2, (2.12

3 3
F(RO++)— |A0++|2 (2.13

2m?3 )
1ﬂ(R07+)=T|A0*+| (2.19

1 3 4
[(R=99)= (557 meE l(gdIR)?, (2.10) I'(Rp++)= 55 m |A2++|2(1+m—F2[2++]) (2.15
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While these are nominally two-gluon widths, when the scaleThe above are particular models for E¢.5—(2.8). To see
of resolution of the gluons is taken large enougbe Ref. the correspondence between the quantitigg|J”c(qq))
[18] and below they become the total gluonic widths. Note and Eqgs.(2.5—(2.8), it is convenient to note that E¢R.16)
also that sinceA;++ cannot be fixed in this way, we focus can be rewritten in the form of E@2.5):
primarily on 0**, 2**, and 0" states. We return to the
axial mesons in Sec. Il D. ==, 2\/2 1a ~2a 2

Given the form factors appearing ig2g®|R) and the (990" " (qg)=c'm 3CauCuPurl(kike)® (2.22
NRQM-PQCD formuld Eq. (2.3)] for (QQy| yg?g®), the in-

~ ; The constantérc in our Eqs.(2.5—(2.8) are thus related

tegral [d*k(1/k3k3)(QQy|y9%g®)(g?g®|R) can be carried gpein
out, thus determining thel ,(x)’s appearing in Eq(L.1). The to the constants andc’ of Ref.[23] [Egs.(2.19 and(2.2))

analysis of Ref[18] assumed that the relative size of the abovd by
on-shell form factors and their dependence on gluon virtuali- 4\/§c’
ties are universal for heavy and liglhty mesons and for Ao++=A2++=\/§mA1++= el

glueballs. There is no general reason why this should be the

case. For example, we know from form factors of electro-

magnetic and weak currents that some aspects of form fac- Ag-+= 2_02 (2.23
tors are universalwhile other aspects such as the relative
magnitude of the nucleon on-shell form factors depend on o
detailed structure of the bound state, in particular the con@nd the matching implies that the only nonzero form factors

stituent quark magnetic moments. The next sections descri8" (9dlqa) in the NRQM are

the information we presently have on thegg|R) form fac- m?
tors. Fi0T ]=Fy[2" T ]=F{[1""]= ——— (2.2
1[ ] 1[ ] 1[ ] 4(k1‘k2)2 ( 4)
B. (gg|R) form factors and[33]
A particular example for thégg|R) form factors is the 5
case ofR=qq, where the quantitygg|R) has been modeled F,[0*]= m_. (2.25
[20,22,23 as a QCD analogug25] of the two-photon cou- 2k1 -k

pling to positroniunT26]. In the NRQM approximatiof23], Substituting Eq(2.23 into Egs.(2.13—(2.15 gives

2

— 1
(99/0* *(aa)=c’ \[5 [G2,G2, (Mt ky ko)

N o
L(q)o++)=962IR'(0)?, (2.26
—2KiG}, Gy Kol (ki kp)?, (2.1 .
- as
o r ++)=— —|R’'(0)|? 2.2
<gg|l++(qq)>:C/m%E,uvp(rea[GilLvG‘Z))\k)Z\ ((qq)Z ) 5 m4| (0)| ’ ( 7)
+G2,G, K 1/(ky k)%, (217 and
and _ 8 a2
F(q@o-+)=3 —|RO)|% (2.28
(ggl2"* (qu))=c'\2m*G}, G5 eI (ki ky)?, (218
, ] o which agree with those in Reff18].
where the constants’ are proportional to the derivative of  The gluon structure appearing in the form factors for the
B~ A apu =~ av v
1 been widely employed also for scalar and tensor glueballs
¢’ =g2n / R’(0) (2.19 [27]. It can be considered a natural relativistic generalization
S Nmir of transverse electri€TE) mode glueballs in a cavity ap-

) B ) proximation such as the MIT bag mod&8]:
Analogously the two-gluon coupling for a 0 state is[23]

(9910~ (qQ)) =Ce)yn G2, G ke ky, (220 $(Gyre)=(lai1B]3,a+ BY(Erky ek P d(r),  (2.29

PO mv
where where ¢(r) is a radial wave function, and the superscripts
a and B specify the projection of the angular momenta along

,1 [ 1 z. The relativistic generalization adopted in RE27] pro-

C= gSZ mR(O) (2.2]) duces
Gla GZa
= —p _—#rTve 2
For instance, the leadinQ? dependence of the nucleon and me- $(Gor+) NEN S ¢(x) (230

son electromagnetic form factors depends only on the number of
valence constituen{4]. for the scalar and
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lag2a momentafrom Bose statistigs We can further constrain the
P(Gor+) = €,,—=—2h(X) (2.3)  form factors by power-counting arguments. Replace the vari-
V8ky -k, ables k? and k3 by k;-k, and the dimensionless ratio

for the tensor states, wheR,, ande,,, are defined in Egs. 2=(ky k) - (ki T ko) kg -kp. When R is an L.=0 bound

: : . . tate of t tituents, the leading | k, behavi f
(2.9 and (2.10. Note that in the cavity approximation the sta ezo 2wo- constituents, e leading atge; 2 ehavior o
same function(x) appears for both 0* and 2" * states, so  F1(K1.K2) is [1/(ki-kp)]f(2). The Fi(ky.kz) entering
that the relative magnitudes of their form factors are fixed{99|R) with additional factors ok{* have correspondingly
The resulting matrix elements for the two-gluon couplings ofmore rapid falloff, likeF, compared toF; for the case of
the glueballs are electromagnetic form factors. Fbr=1 systems one expects

an additionalu?/k, - k, suppression, wherg is a scale re-
la~2a

— 5 12 G.,Gip flecting the variation of the wave function at the origin. This
(99|G(I7))=Af(k 'kz)P;]wW’ (2.32 scaling behavior is manifested by the NRQM results, Egs.
(2.16—(2.20.
where pfwz pw/ﬁ and pfwz €,,. The form factor Neglect of higher twist corrections to the leading form
f(k2,k3) in Eq. (2.32 is determined by the wave function factors and neglect of those form factors whose leading de-
#(x) which appears in Eq$2.30 and (2.31). pendence falls more rapidly can be expected to give correc-

Comparison with Egs.(7) and (10) shows that tions to theH (x)’s of orderm&/M$ compared to the lead-
the glueball wave function (2.32 corresponds to ing terms. Since for our application this is a small quantity,
Ag++F[0TF](K2 k3 =A,+ +F4[2* T](K2 K3); the remain- we neglect these corrections. As we saw in Sec. Il B, in the
ing form factors vanish. Since this relation betweéinitand  NRQM f(z) = const. The effect of possible corrections to the
2** form factors is the same as in the NRQM, both modelsconstancy of (z), and overall scaling behavior which differs
give the same result for the ratio of thé 2 and 0" * widths. ~ from the NRQM, is presently under study.

Thus in the limit that the masses of the scalar and tensor
states are equal, independently of whether they are a pair of D. Higher order corrections and scale dependence
(NRQM) qq [25,26,29 or (cavity approximatioh glueball

For a resonance which couples to the two-gluon interme-
states,

diate state, corrections to the above formalism involve one
T'(Rys) 4 additional gluon loop and thus should be of order
_—= . (2.33  O(ad/4m) in the amplitude. For heav® Q mesons the wave
I'(Ro++) 15 function can be treated perturbatively and it is straightfor-
ward to make a systematic expansion in the coupling con-
stant[25,30. In this context it is sensible to distinguish be-
tween the components of the wave function in which the
QQ are in a “color singlet” or “color octet” state[31].
However, for the lightyq mesons and glueballs of interest,
defining a perturbative expansion and the relation between
“constituent” and “current” partons is more subtle and we
do not undertake this here. Suffice it to say that the concept
of “color singlet” versus “color octet” components of the
wave function does not have anpriori well-defined intui-
tive meaning as for the heavy quark system. The issue of
composition is a scale-dependent question, as it is for the
nucleon. The Altarelli-Parisi evolution of the parton distribu-
tion functions is a clear illustration of this point. In principle
'the same is true for the heavy quark system; however, the
quark mass gives a natural scale in that case.

Our treatment in previous sections implicitly made use of
an effective Lagrangian approach to the problem. By work-
C. Virtuality dependence of glueball form factors ing with b,{QQy— y+R), i.e., dividingI'(QQy— y+R)

The analysis ofl/ ¢ radiative decays in Ref18] implic- by I'(QQy— y+ X) also computed in leading order pertur-
itly assumed that the relative size of the on-shell form factordation theory, one removes the dependence on the effective
and also their dependence on gluon virtualities are universatrong coupling at the heavy quark vertices. Similarly, quot-
for g mesons and glueballs. Our investigation of the previ-ing the result in terms df(R— gg) removes at leading order
ous section showed that the first assumption may be reasothe sensitivity to the scale dependence of the definition of the
able. R wave function. Of course, the concept of “gluonic width”

For the(gg|R) form factors the situation is more compli- of a qq resonance necessarily has an intrinsic scale
cated than for electromagnetic form factors, because thdependence—as one goes to a shorter and shorter distance
gluon virtualities can vary independently. That is, the formscale, contributions from the parton sea invalidate simple
factors here are functions of two variables, constrained byalence intuition. Without a careful treatment of next-to-
the requirement of being even under interchange of the gluokeading order corrections, we cannot specify the correct scale

The large mass gap between thé*0glueball candidates
fo(1500) andfy(1700) and the 2* candidate£(2230) [as-
suming £(2230) hasJ=2] prevents immediate application
of Eqg. (2.33. However, since thesg,’s have widths 100—
150 MeV and the&(2230) width is~20 MeV (see Sec.
[Il C)—eitherf, is compatible with Eq(2.33. The presence
of 07" qq states in the vicinity of thes&,’s also compli-
cates the situatiofsee Sec. Vil

For a light qq system, Eq.(2.33 will be modified by
relativistic effects[29], which increases the ratio 4/15 to
around 3. While there are ndR—gg data available, one
could relate the width foR—gg to that for theR— yy at
the tree level. The data forfy(1300)—7yy and
f,(1270)— yvy are consistent with the result here. However
relativistic effects on the loop integralH(x)|? remain to be
investigated.
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for as appearing in the estimate of E@..1) for the gluonic 100
branching fraction ofgg mesons. For this reason, we can
make only qualitative use of the gluonic branching fractions
that we extract fogq mesons. However, when the branching
fraction of a state is found to b= 1/2, indicating that the
state has a significant gluon component, the sensitivity on
a is a higher order correction and wanmake quantitative
use of theb(R—gg) that we extract from the data.

It follows from the above discussion that we cannot ex-
pect a trivial relationship between the form factors for the
amplitude(gg|R), and those forR|yy). In principle the 40 I <l
latter can be measured as a function of photon virtualities in z -
ane’e” collider. For heavyQQ resonances such as tiye P
states, these amplitudes are identical except for the value of 20 P
the overall coefficientAjec. To obtain (R|yy) from 7
(9g|R), substitutegs—eq and remove the color factor. At PPt
leading order this gives o &=~

0.0 0.2 0.4 0.6 0.8 1.0
X

80

60

xIH)P

9e} [ a\?
I'(R—yy)=—2|—| (R 2.3
Y= (R—g9). (2.39 . ,
Qs FIG. 1. Magnitude of the loop integrak|H|? versusx for
0** (dotted ling, 0" (dashed ling and 2" (solid line);

We test the validity of Eq(2.34) for light qg resonances in X=1— (e /my)>.

Sec. V by applying it to the knownq statesf,(1270) and
f,(1525). We then extend it to other examples. Insisting on . . o
the naive relation(2.34 allows one to extract an effective !N the x regime of |mn;ed|ate interesg~0.5-0.75, we
value ofa,. Doing so for severaiq resonances gives some note from Fig. 1 thak|H,|*/(30—45)~0O(1). This enables
idea of the sensitivity ob(R—gg) to scale. us to mampu!a;e the CF expression, E’b,T'L), into a sce}led

It might be the case that the dynamics of the form factorsform that exhibits the phenomenological implications imme-
i.e., the functional dependence of thes onk? andk? and ~ diately. Specifically, for scalar mesons,
their relative normalization at the on-shell point, corresponds I H 2
more accurately than does their overall normalization, in go- 10b(J/h— 40+ +) = m ) R—gg >X| s(X)| .
ing from? (R|yy) to (gg|R). This could in principle be 15 GeV/ |96 MeV] 35
tested by measuring the off-shell form factors inys& col- (3.2
lider and using this dependence to predict thgx)’'s ap-
pearing in Eq.(1.1). Onceb,,{ QQy— v+ R) is measured
for bothJ/y andY radiative decay to a giveqq meson, one
can inferH; at two values ofx. With several relatedjq

This is to be compared with the analogous formula for a
tensor meson:

2
mesons of different masses, such d$(1270) and 10%b(J/ p— 72++)=( m ( Tr—gg )XlHT(X)| )
f,(1520), this will give a number of points iH;(x). 15 GeV |26 Mev] 34 33
Ill. CONSTRAINTS FROM RADIATIVE QUARKONIUM .
DECAY For pseudoscalars we find
JP Q m Irogq | X|Hpg(X)|?
A. J" dependence oQQy— yR,r 1O3b(J/¢//—>yO+)=( )( R gg) | psl )| .
The loop integral in Eq(2.2) determines the function 1.5 GeV |50 MeVv/ 45

H,(x) appearing in Eq(1.1). For the NRQM wave functions (3.9
these integrals have been evaluaff2€,33 in an analytical . . .

form and are recorded in the Appendix for convenience/1aving scaled ~ the expressions this way, because
Readers interested in the derivation of the analytic expres’5|HJ| /(30—45)~1 in thex range relevant for production of
sions are referred to those papers. The relevant functionk3—2-2 GeV statesee Fig. ], we see immediately that the
x|H;(x)|? are shown in Fig. 1 fodP€=0**, 2** and magnitudes of the branching ratios are driven by the denomi-

0~ ". The CorrespondingR’s in Eq (11) are nators 96 an(_j 26 MeV for p+ and 2t and 50 MeV for
0~ ". Thus, if a stateR; is produced inJ/¢— yX at
1, JP¢=0"", ~103, thenT'(R;—gg) will typically be of the order 100
2 MeV for 0F*, ~25MeV for 2**, and ~50 MeV for
2, JPC=p++, 0 ".
cr=1 3 3.9 This immediately shows why the ©2° qq states are
5 e i prominent: A 2" " state with a total width of~100 MeV
2 =2 (typical for 2** qgq's in this mass rang¢2,32]) will be

easily visible in J/¢—y2*" with branching fraction
~10 3, while remaining consistent with

2E.g., forqq states, the overall normalization ¢§g|R) contains — )
a factorag and is necessarily scale dependent. b(R[QQ]—99)=0(a5)=0.1-0.2. (3.9
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Equations(3.2—(3.4) not only indicate whichqq states  and, similarly,

will be prominent inJ/ — yR, but they also help to resolve — 2 o

an old paradox concerning™@ production. It was recog- L'(V—yR)=T'(V—yR(dd))(y2cosp+rising)?.  (3.10

nized early on that when the gluons in the absorptive part of

J/y— vgg are classified according to thelf©, the partial

Evidently, the flavor factors cancel out in derivation of the

wave with 2°* was predicted to dominate. The waves with expressions of the previous sections and so apply immedi-

0~ * and 0" were also predicted to be significant and o

comparable strength to one anotii2t]. When extended to
include the dispersive pai18,20 the 0" * was predicted to

fately to state® of arbitrary flavor mixings. We can illustrate

this with the *P, statesf,(1270) andf,(1520), for which
cosp~1 and 0, respectively. From E¢3.9 we have

be prominent over a considerable part of the kinematic res _
gion of interest. States with=3 were predicted to have a I'(f5(nn)(1270 —gg)/T'(f(dd)(1270 —gg)=2
very small rate in this process. Experimentally, all but one ofyq
these appeared to be satisfied. There are clear resonant sig- L
nals in 2" and 0", and no unambiguous signals have I'(f,(ss)(1520 —gg)/T'(f,(dd)(1520 —gg)=r2. (3.12
been seen with)=3. However, no 0" signal had been
isolated. If qq—gg is flavor blind, we expec[§~1.

From our relations above, we see that for @"0to be To confront these equations with data we use the mea-
produced at the 10 level in J/y radiative decay it must sured radiative branching rati¢s]
either have a large gluonic content and widti00 MeV or,

(3.11

if it is a qq meson, it must have a very large widtz500 10°Xb(I/— y5(1270)=1.4+0.14  (3.13
MeV. Taking this into account, along with the following d
points, the puzzle of the absence of 0 signal has been an
resolved. . _

(i) The width of 3P, qq is predicted to be~500 MeV LOXbQIy—71,(1520)=0.63-01.  (3.19
[2,32]. Thus production at the leveb(J/¥— y(gQ)o+ From Eq.(3.3), we have
~10"3) is consistent witth(R—gg) =0(a?)=0.1-0.2, but
the ~500 MeV wide signal is smeared over a large kine- I'(1270-~9gg)=41+7 MeV (3.19
matic (x) range.

(i) The ~100 MeV wide fo(1500) signal seen in 2nd
J/ y— vAm was originally misidentified as 0", but is now I'(1520-gg)=17=2 MeV. (3.16

understood to be 0" [3].
(iii) The f;(1710) which was originally believed to be Combining these results with the measured widths,
J=2 may contain a contribution with=0 [3,5].

T 1270 = 185+ 20MeV,

_ 3.1
B. Flavor mixing and the f,(1270 and f,(1520 qq states (3.19

. . N I'o(1520 =76=10MeV,
We can test this formalism by applying it first to the the

well-known quarkonium statef,(1270) andf,(1525). The we find

above formulas have been derived for the case that the pro-

duced mesorR(g;q;) contains a single flavor, and so we

begin by considering what changes occur for a state of mixed R

flavor. We shall see that(J/¢— yR) and I'(R—gg) de- which are as expected for e_stabllsh_qarqi states; see I_Ec{l)

pend on the mass and flavor®f but in a common way such and Ref.[1.8].. Among other fchmgs_, this supports the idea that

that b(R—gg) is universal, as summarized in Eq8.2)— gluebagzr}nxmg is not prominent in the’2™ channel at these

masse$2].

(S‘Lli)(.)r a generatjq resonance If the dependence on mass is weak in going from 1270 to

' 1520 MeV, Eqgs(3.11) and(3.12 imply

b(f»(1270 —gg)=b(f,(1520—gg)=0.22, (3.18

R=cosp|nn)+sing|ss), 3.6
splnm) +sing|s9 (3.6 F(151270—-g9) 2 .
where nn=(uu+dd)/\2. Allowing for flavor symmetry [(f,(1520—gg) rZ’ '
breaking,
g o Inserting the widths from Eq¢3.15 and(3.16 we see that
(gg|s?)sr§<gg|dd>. (3.7 rs~—~.0.8f1, and thuqq. flavor can be |gr_10re_d to first approxi-
mation in this analysis. We will exploit this flavor indepen-
Thus dence in a later sectiofgec. IV A) to probe the structure of
o wave functions for potentiajg mesons.
(90lR)=(\2cosp+rising)(ggldd), (3.8
C. Radiative Y decay
and so No peaks are seen in the photon energy spectrum in in-
2o — clusive Y — yX at a branching fraction sensitivity of about
I'(R—gg)=(\2cosp+r3sing)?I'(R(dd)—gg) (3.9 1074 [5]. The following analysis suggests that with only a
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factor of a few improvement in sensitivity, many interestinglead to Eqs(2.13—(2.15), it is not certain that this is pos-
states should become evident. We could use data osible. However, in the spirit of an effective Lagrangian ap-
Y— yR in two ways. First, forR=cc, PQCD-NRQM pre- proach it might be appropriate to consider that gluons have
dictions should be reliable. Testing those predictions tests than effective mass, so that the amplituteg|R) need not
underlying assumption of this methodology: that PQCD pro-vanish at the on-shell point when one of the gluons is longi-
vides an adequate description of mQV|»ygg> amplitude. tudinal. Making the further assumption that the PQCD-
Second, production of a given resonanceYin-yR; de- NRQM approximation of Ref[30] gives an adequate de-
pends onH;(x) at x much closer to 1. This allows a more scription of the 17 total width, with an adjustable overall
detailed examination of the form factors, as well as probingiormalization, one can obtain a relation of the form of Eq.
the x—1 region where resummation of perturbation theory(1.1) [18]. Substituting forH,(x) leads to the scaled formula
; +
may be required for the 0" and 2" * cases. - )lel(x)|2

Let us begin by considerind — yx., where theQa 10°b(J/ p— 71++):( m \)

bound states are rather well underst¢ad]. The branching 1.45 GeV |12 Mev/ 30 °
ratio is (3.23)
4 a X|Hy(x)[2 m where in this applicatiod’(R—gg) is the total direct cou-
b(Y—y+R,)=c; §a_) R-09g 7( n2—9) M2’ (3.20 p:ing to gluons, not literally the coupling to two massless
gluons.

It is interesting to apply the above relation to the

f1(1285),f1(1420), andf,(1530) stategsee also Ref.20]).

Only two isoscalar mesons can be accommodated in a

quarkonium nonet and there has been considerable discus-

sion as to which of the three axial states is the odd one out

(and, if it exists, what its nature)isThere has been no con-
4o a, firmed sign off(1530) inJ/ ¢ radiative decay whereas the

b(Y— ygg)= —( 1—2.6—) ~2.8%. f1(1420) andf,(1285) are both seen. Their branching ratios
Sas m are, respectivelys],

wherec;=1(7.), 4(xY), and 3(x2). In all these examples
x=1-mi/M2~0.9, and so from Fig. 1 we have
x|H|?=54(5,), 32(x)), and 37¢2). If we use
ag(m,)~0.18 and include the one-loop corrections from
[34], we find

Identifying I'(cc—gg) with I'(cc— light hadrong implies b/ — yf,(1285)=(0.65-0.10 X 102 (3.22

— ~ — ~ —5
b(Y — yx2)~br(Y—yxe)~0.9x10 and

and _
b(J/p— yf1(1420) X b(f1(1420 — KK )

b(Y —yn.)~(2.3+0.9 X105, —(0.83+0.15%10°3 (3.23

Although these predicted branching ratios are small, the ) ) )
photons are in a region of phase space where there is igserting  these  values  into Eq(3.21) together with
background, and so a relatively short period of dedicated tof(f1(1285)=24=3 MeV and I'i(f,(1420)=52x4
running at aB factory should be adequate to observe thesd1€V 9Ives
modes. Precision data on these transitions could both vali-
date the PQCD analysis and give insights into higher order
effects including the role of color octet components in theand
x wave functions.

Data onY — yfg 5(1270-1700 may also be obtained, re- ad) = KK~
placing the present upper limits10~* [5]. The kinematics b(f1(1420~g9)=(0.18-0.04/[b(f,(1420 KK7(212'5)
here arex~0.97. In this regionHg(x)|? and |[H+(x)|? are '
dominated by In(+x) divergences, and the leading order |t \we now inputb(fl(l420)—>KK_qr)~0.67[35], we find
PQCD predictions become unreliable. We urge that studies
of PQCD resummation be made in order to analyze this pro- b(f,(1420—gg)~0.3. (3.26
cess and make predictions. Data on these processes could be
used both to extradH ;(x)| for phenomenological use as in Within the uncertainties of applying these ideas to low
Sec. IV, and also permit detailed testing of PQCD resummamassege.g., f,(1285) has a low width due to phase space
tion techniques. The qualitatively different behavior of theSLiEpression oKK*] and the ill-defined branching ratio to
x—1 limits of Hy(x) for the 0" and 0,2 * cases can also k' for thef,(1420), these results are not inconsistent with
be exploited to this end. the acceptedyq interpretation of thef;(1285) and support

also the quarkonium interpretation 6f(1420) [unless the
D. 177 states b(KK ) should turn out to be much overestimated

Before turning to our main topic of glueball candidates, The ratio
we discuss briefly the possibility of applying this formalism
to 1** mesons. Since for them we cannot normalize the b(/y—yf,(1420) o (3.27
(gg|R) amplitudes using the procedure of Sec. Ill A which b(J/y— yf(1285) ’

b(f,(1285—gg)=0.34+0.05 (3.24
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is consistent with the quarkonium mixing arising from a qua- b(J/ y— yfo(1500)=(0.82+0.15x 10 3,
dratic mass formula for the axial non&5]:

_ _ which translates into
f1(1285=0.94nn)—0.39s5=0.571)+0.838), (3.28

o o b(f,(1500 —gg)=0.64+0.11. (4.2
f1(1420=0.39nn)+0.94s5=0.831)—0.578).  (3.29

These values are significantly larger than meai) which
Recent data from BEE36] have large error bars but are \youid be expected for a pumgg system, and support this

consistent with the older data fd;(1420); they obtain state as a glueball candidate.
— On the other hand, BES has recently repor{éd]
b(J/¢y— yf1(1420)x b(f,(1420 — KK ) b(d/ p— yfo(1500)— ymO7%) =3 —5x 10"5. Landua [40]
=(0.76+0.46-0.18 X 10°3 combines this with the Crystal Barrel data on

b(fy(1500)— 7 ) to get
andI’=59+5 MeV. They do not see anf;(1285) but this

may not be surprising since they are looking in K&
mode. They also report a signgj(1497),I'=44=7 MeV
and

b(J/ y— yfo(1500)=(0.4—0.6 X 103,
Thus, via Eq.(3.2),

b3/ h— yf1(1497) X b(f (1497 — KK ) b(fs(1500 —gg)=0.3-0.5, 4.3
=(0.52+0.23 X 1073, The interpretation of this state cannot be settled until the
experimental situation clarifies. An order of magnitude in-
This state’s parameters are also consistent with those exrease in statistics fal/ y— ym o7 will enable extension
pected for a quarkonium as long ab(f;(1497) of the analysis shown in Fig. 2 of RdB], andJ/¢y— ym 7
—KKm7)=0.5. likewise needs to be improved. The neutral channel
The axial mesons are currently an enigma. There are threll #— ym°m°m°x° is particularly advantageous here as it is
candidates where the quark model would require only twofree frompp contamination and so can help to improve the
The lattice predicts the lightest'T glueball to be at~4  quantification ofb(fy(1500)—o0c). These should be high
GeV[15]. It is noticeable that no single experiment sees allpriorities at ar-charm factory.
three and one should be cautious as to whether there are We shall return to the interpretation of ttig(1500) in
indeed three genuine states. We urge that BES, in particulagec. VI.
seek thred; signals or place limits on them in order to help
clarify the above analysis. In any event, more detailed theo- B. f;(1710
retical work, specifically formalizing the effective Lagrang-

: . ; The case off ;(1710) is particularly interesting and the
ian treatment of the problem, is warranted in order to relat%onclusions depend critically on whethde—0 [3.41] or
to the production of axial mesons ipy* and to provide a P y '

more solid foundation to the theoretical analysis after the‘]:2 [5’42’43' It has been observe_d mogt clearly in rgdlatlve
experimental situation becomes clear. J/ ¢ decay in theKK mode[42], with ewdence_also in the
47 mode[3]. Recently BES has reported seeing bath0
andJ=2 states in this region. We discuss the various mea-
surements in turn.

A. £,(1500 In the KK channel,b(J/¢— yf ,(1710)— yKK)=(0.97
We look first at the established scalar me$g(1500). As = 0-12)X 10"° [5]. Assuming first thaf ;(1710) is a single

we shall see below, there are discrepancies between the vatate WithJ=2, we use Eq(3.3):
ues of b(J/y— yfp(1500)) as presently determined from

IV. GLUEBALL CANDIDATES

various experimental analyses. _ 10°b(J/ p— yf(1710)= (%Gev)
The analysis of Ref.[3] gives b(J/¢— yfy(1500) .
— yoo)=(5.7+0.8)x 10" * with an overall=15% normal- T'n x| H(x)|?
ization uncertainty. The analysis of Ref87,3§ implies that (26 K/Iggv) T
the oo mode is at least 50% branching ratio and so we infer €
(0.57+0.08 X 10~ 3<b(J/ — yf4(1500) which implies
<(1.15+0.15 %103, (22+3) MeV
1“(f2(171()ﬂgg)=b(f (1710 SKK)' (4.4
2

with an overall normalization uncertainty af 15%. In this
case, withl",o(f5(1500))= 120z 20 MeV, if we add errors in

. . No comparable signal has been seen in any other channel in
guadrature and use the central value, B2) implies that P 9 y —

J/p— yf,(1710)— yX and it would thus appear thEK is a
0.5+0.1=<h(fo(1500—gg)<0.9+0.2.  (4.1)  Major mode of any)=2 object inJ/y radiative decayfthe

listing of decay channels fod/¢— yf;(1710)— yKK in

The Particle Data Grou[B9] gives Ref.[5] suggests that this mode is greater thaf0% of the
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KK + o+ nn channels togethgr With T'i(f;(1710)
~150 MeV, Eq. 4.4 and(f,(1710)—KK)=0.5 imply

b(f,(1710 —gg)=<30%, 4.5

which would be consistent with this state beinga
By contrast, iff ;(1710) is a single state with=0, we
use Eq.(3.2):

x|[Hs(x)]?
3B

m I'g
Y —99
1%/ 0™") (1.5 Gev) (96 MeV.
which implies

(78=10)MeV
b(fo(1710 —KK)

I'(fo(1710—gQ)= (4.6)

and, hence,

b(fo(1710 —gg)=0.52+0.07, 4.7

in accord with Fig. 14 of Ref.[18]. In this case the
fo(1710) would be a strong candidate for a scalar glueball.
Knowing the spin and&KK branching fraction of ;(1710) is

of great importance for a more detailed quantitative under

standing of the composition of this state.
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C. £(2230 tensor glueball candidate

The appearance of a narrow staté(2230) in
y—ym 7, yKTK™, yK2K?, andypp has created con-
siderable intereg6]. In each of these channels the branching
ratios are typicallyb(J/ y— y&) X b(£—XX)~3x 10" for
each of the channels wherX=m, K* or KZ, and
~1.5X 10 ° for pp. In all channels the signal is consistent
with T'\;;~20 MeV. After allowing for associated neutral
modes such as®#°, %, andnn by isospin, this gives

b(J/y— y£)=0.1x 103, 4.9
When combined with our formulas Eq&.2) and(3.3), this
implies thatb(é—gg)=0.4 forJ=0 and=0.15 forJ=2.
However, Eq.(4.9) is likely to be a gross underestimate be-
causepp, ww, and multibody channels were not included.
Indeed, the absence of a signal in PS185 at CE&B sug-
gests that two-body final states constitute no more than
~10% of the total. In view of the uncertainties in the mea-
sured quantities this givels(é—gg) consistent with unity
for J=2; for J=0, it unacceptably exceeds the unitarity
bound.

Thus we suggest that if evidence for thg230) survives
increases in statistics, the cake 2 would be consistent with
£(2230) being a tensor glueball. Such a result would have
significant implications for the emergence of a glueball spec-
troscopy in accordance with lattice QCD. It would also raise
tantalizing questions about the” 0 sector, where lattice

These questions have become central in view of new d
from Beijing Electron Positron CollideBEPC Collabora-
tion [44] which, for the first time, separate &=2 and
J=0 signal from the ‘9®(1710)” region. They find an
f,(1696) with I'=103+18 MeV and b(J/¢y— yfy)
Xb(f,—~K"K7)=25+0.4(10%. They also find an
fo(1780) with I'=85+25 MeV and b(J/y— yfy) =7
Xb(fo—K*K™)=0.8+0.1(10"*). These signals are weak,  The branching ratio for@Q),— yR in terms of the total

~10"%, in contrast with the~10"2 reported in the earlier gluonic decay width of the pseudoscalar state is given by
literature cited above. The BEPC=2 state is consistent Egs.(1.1) and(3.1):

with a (radial excited qqg. Their J=0 state strength appears
too feeble for a glueball, unles§*K~ is a minor decay
mode.

If the BEPC data are definitive, then the possibility that
b(fy(1780)—~K*"K™) is small merits investigation. In this As noted in Eq(3.4), the above formula may be scaled as
context we note that Ref3] analyzes)/ ¢y— y4+ and finds

Afinds a glueball mass2GeV. This is interesting in view of
the appearance of a clear 0 signal in the 1450 MeV re-
gion, which would then be difficult to reconcile with being
the 0" * glueball. We now turn to this question.

D. 0~ * signals inJ/¢— yR

X[Hp(x)|*> m

brad(QQ)y— ¥+ R)=FR_>ggm vz 49

a signal at about 1750 MeV consistent with 0, although o . m Tr_gg |XIHp(x)|?
2f+ is not absolutely excluded. If interpreted &g, the 100/ g— 0" ") = 15 GeV |50 Mev/ 45 -
width is I'=160 MeV and the branching fraction in (4.10

I p— yfq— y4mr is (0.9+0.13)x 102 [3]. Thus the analy-
sis of Ref.[3] indicates that there is a scalar signal in This subsumes Figs. 2, 3, 5, 6, 9, and 10 of R&8]. (Note
J/y— yAm at strength characteristic of gluonic states. Wethat the dashed curve in Fig. 8 of RéL8] corresponds to
urge that BEPC investigate therdchannel to see if their the above; the figure caption has typographical errors.
scalar state is visible at a level consistent with the above As a consistency test of this methodology for Ostates,
analysis of Ref[3]. we consider the production of the radiad anticipated in
A possible explanation of the observations, if boththis mass regiod.The staten(1295) '=53=6 MeV, with
f(1500) andf(**1710") are produced at the 1C° levelin  dominant decay intoy7 ) is a candidate on the grounds of
J/ ¢ radiative decay, is that both of them contain bothand
gg component$2,45—47. Better data, especially on the de-
cay branching fractions and production in radiatd/e/ de- 3Note that the model cannot safely be applied to #ie whose
cay, are crucial for resolving this question. We will considertotal width is “accidentally” strongly suppressed becaus@art
complementary tests for this, througty production, in Sec. from narar, which is suppressed by three-body phase spenly
V. We examine mixing phenomenology in Sec. VI. electromagnetic decays are non-negligible.
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mass and widtii32]. The DM2 Collaboratioi49] may have these experiments affects the apparent width of the resonance
evidence for thep(1295) in theird/ y— ynpma data, which  due to differing interference effects.
contains a peak inymm with the parameterg”¢=0""*, We now compute the production rate for these states in
m=1265,I'=44+20 MeV, andb=(0.26+-0.06)x10 3. If ~ J/¢ radiative decay. For they_, Mark Ill [51] sees the de-
this is then(1295), the scaled formul@.4) then implies that  cay modea,7— KK 7 with
b(#7(1295)-9g)~0.25 if pmw is the dominant decay _
mode. This is consistent with a0 (qq) becausepmm  b(J/y— yn (1410 — yKKm)=(0.66"539x 1073, (4.19
dominance is expectd®2].

At slightly higher mass, they(1440)[5] is more promi-  While a clear signal is found also in tlegm— »m channel
nently produced. Historically this was seen in by Ref.[54]:
Jp— yKKm with b=(4.3+1.7)x10 2 [50]. The promi- B 4
nence of this state caused it to be identified as a potential b/ =y (1410 — yymm)=(0.34+0.08 X 10 (4' 16
glueball[7]. Subsequently it was realized that there are two '
states contained within this StrUCtU[’E] whose individual These two channels are expected to dominate the decays_

production rates were smaller than the earlier, apparentifdding them together and inserting into Hg.10 implies
large value. This development, together with improved lat-

tice QCD estimates of the 0" glueball mass which place it I'(7(1410—gg)=(54*=13) MeV. (4.1
above 2 GeV rather than in the 1.4 GeV region, caused the . . . . )
glueball interpretation to fall from favor. As noted in Ref. Combining the various width measurements, adding errors in
[18], such a large production rate as originally repoftgd] ~ duadrature, give$',=54.2+ 3.4 MeV and, hence,

would seriously oversaturate(#(1440)—gg), but subse- .
quent separation of the signal into two resonances results in b(7(1410—g9)=0.9+0.2. (4.18

physically acceptable values for the individga widths. For comparison, using just the larger width from Crystal

 The first analyse$51,49 indicating the existence of ad- g el [14] would give b(7(1410)-gg)=0.65-0.2. The
ditional structure in they(1440) region were, however, not a4 clearly indicate a strong coupling to gluons which ar-

in agreement. Recent datapp— 7(1440)+ - -- help ust0 g a5 againsy, (1410) being pureq. Rather, it couples like
identify the problematic measurement and to propose a cor‘% glueball, perhaps mixed with the nearipy nonet.

sistent picture that experiments should now pursue. We shall ° w;e consider thep, (1480). This state decays into
suggest that there are two statgsand y, (for “low” and K*K and is not seéhin zrar. Combining errors in quadra-
“high” mass, respectively, where »_ has significant cou- ture, as above, Mark Il findg51]

pling to glue whilen, is dominantly thess member of the ' ’

nonet, mixed with glue. A similar separation has been sugh(J/4— yn(1490 — yK*K)=1.03"233103), 4.1
gested by Chung52] based on the data from R¢b3]. Be- (= y7(1490 =y ) o4 ) 419
fore giving the theoretical analysis, we survey the evidencevhereby withI" = 100=20 MeV [13], Eq. (4.10 implies
from various experiments fo (1410)— pmm and KK,

I'o~50 MeV and forz,(1480)—K* K, T';s~100 MeV. b(7(1490—gg)=(0.5+0.2)/b(K*K).  (4.20

The Obelix Collaboration[13] sees two states in o ) o
— . Reference[32] anticipates that the radially exciteg®*

KK ith the properties : .
pp—mmo = mm(KKm) wi propert should have a total width of up to 100 MeV, dominated by
_ M . .
7 (1416£2) - KK, TI'=50=4 MeV, (4.11) th.e channeK* K. The above result, EcjfLZO), is compatible
with such a state. Referen¢82] also finds thaty"" has a
M . suppressed width, decaying intpr7r throughagr; this is
7r(1460210)—K*K,  I'iq=105-15 MeV. (4.12 compatible with the results op(1295) above. Thus a tenta-

. N ive interpretation of th lar i
These values agree with the central values for the sighting bg/ e interpretation of the pseudoscalar states is

the Mark Il Collaboratior{51] in J/ ¢ radiative decay. Com- . _ 2y
bining errors in quadrature Mark Ill finds 7(1299~= 7, bgg=0(ag)~0.25,
7L(1416+10)—agm—KKm, To=54"% Mev, (4.13 7.(1410~G(+qq),  bgg~1, 423
_ 74(1480~ 7°(+G), byg~0.5.

74(1490F 18) »K*K, [I',,=91+68 MeV. (4.14

These conclusions can be sharpened if the widths and decays
Further evidence for the low mass state, in the decay chann&iom Crystal Barrel and Obelix converge and if
nw, comes from Mark 1lI[54] who find 7(1400+6),
o=47+13 MeV; from DM2[49] who find 7(1398+6),
I'=53+11 MeV; and the Crystal Barrel Collaboration “For this reason the DM2 analysis[49] indicating
[14]. The latter se@ p— 7 7(1410+= 3)— 7(npm ) with sig- 7(1460)— a,m— KK 7 is suspect, since a genuine resonance de-
nificant contribution in the glue-favored partial waye [2].  caying toag# should also show up ingm— marar. Instead, in the
Their value I',,;=86+10 MeV is, however, substantially 7= channel only thep(1410) is seen. Eliminating this DM2 state
larger than thel';,=50 MeV found by other experiments produces a harmonious picture given the remaining observations.
[13,49,54. Possibly the differing production mechanisms of We thank A. Kirk for discussions of this point.
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J/y— 0~ " is pursued further. We note also a new mea-suggested a qualitative measure for glueballs via “sticki-
surement from BEPQ36] which sees only a single state ness”

with a mass of 14673 MeV, I'=89+6 MeV, and

b(y— yn(1467)— yKK7)=1.86+0.10+0.4(10°3). Since S.= I'(J = yR) X ps(R— ) 6.0
b(5(1467)>KKm)<1, this gives b(y(1467)—gg)=1.1 T(R=y7)Xups(I = ¥R)

+0.2. We urge that BEPC continue to investigate this Stat?where X_ps denotes Lorentz-invariant phase spader
with a view to separating two signalsy,—K*K—KK=m  \hich he argued19] that for G andM with the sameJ”C,
and . —aym— KK

The experimental data on"0 production in radiative S 1
J/y decays in this mass region need clarification before $~a_g>1_ (5.2
strong conclusions can be drawn, but if the existence of two
states in the 1400-1500 MeV range and their relative ProThe essence of stickiness was tl@at vy proceeds via a
duction [one or both much more strongly produced thangq loop, whereby
7(1295)] is confirmed, we have a serious challenge to theo-

retical expectations. The experiments would appear to be I'G—yy) ag)?

telling us that the lightest pseudoscalar glueball is much I“(M——wy)w(?) ' (5.3
lighter than predicted in quenched lattice QCD (2:1627

GeV [45]). In view of the apparent possible succésithin  while, in perturbation theory,

uncertainties noted aboyef the lattice QCD predictions for

the 0" " and 2" glueball masses, such a discrepancy be- FJ/yp—yG) [ 1)2

tween lattice QCD and nature would be of great interest. We Tl M) (a—s (5.9

note that the mass and properties of #(€410) are consis-

tent with predictions for a gluino-gluino bound stf&,18,  Thjs provides a qualitative distinction betwe&h and qq_
possibly mixed with nearby pseudoscatay states. If nature ith some empirical succesge.g., that S(7(1440)
were supersymmetric and SUSY breaking did not vioRte —105(5(550)). However, the absolute normalization of
invariance, the gluino mass would bel00 MeV[55,56. In  stickiness was not given any significance in Ha8].

that case the 0" glueball would be in an approximate su-  we are now able to develop a more quantitative measure
permultiplet with the pseudoscalar gluino-gluingg) and  which subsumes stickiness. The essential new feature is our
spin-1/2 gluon-gluino bound states. This would lead to areq. (1) which relatesl"(J/¢— yR) to I'(R—gg), and then
“extra” isosinglet pseudoscalar in the spectrum, with massexploiting the relation of the latter tB(R— yy). This is the
around 1 1/2 GeV. Decay of suchgg system would nec- point of departure for the analyses that follow.

essarily go through gluons, since its direct couplings to g, heavaaresonances such as tlye states, the am-
quarks would _b_e supp_ressed b_y heavy squark masses a frudes (gg|R), which enter the computation of
hadrons containing a single gluino would be too massive t rad(Qav* y+R), and(R|yy), which in principle can be

be pair prpduced by theg. Thusb(gg—gg)~1. L measured as a function of photon virtualities, are identical
Improving the data on these states would provide impor-

2 ; . except for the value of the overall coefficiehirc. The rela-
tant constraints. It is now a clear challenge for experiment t(five rates[see Eq(2.34 and Sec. Il O would be(in leadin
separate and quantify these signals. orde) qie. ' g

a

9ed 2
V. CONSTRAINTS ON GLUEBALLS FROM vy WIDTHS I'(R— ’y‘y) = TQ —) F(R—>gg),
as

A. R—»yvyand J/¢y— yR
whereeg, is the relevant quark charge. Bearing in mind the
Aimitations to use of this relation for lightjg mesons dis-
cussed in Sec. Il Osee also Ref.19]), we shall tentatively
dopt this relation and test it against the known
»(1270,1525). Finding it to be qualitatively reasonable, we
eapply itin Sec. VI tof;(1370,1500,1710), allowing for mix-
ing betweemn, ss, andgg.

If a stateR; is a gluebalkor light gluinobal), it will occur
in y—vyR; as a singleton and be strongly suppressed i
R,— vy. By contrast, ifR; is an1=0 member of aqq
nonet, there will be two orthogonal states in the singlet-octe
flavor basis available for production both dhyy— yR; and
R;— vv. Flavor 1-8 mixing angles may suppress one or th
other of the pair in eitheR;— yy or in J/ y/— yR, but there
are strong correlations between the two processes so that a

comparison of the two processes can help to distinguish B. Orthogonal qq mesons coupling toyy and gg
glueball fromqq. In particular, if aqq state is flavor “fa- Define

vored” in J/¢— yqQq, so that it is prominent and superfi-

cially somewhat “glueball-like,” it will also be flavor fa- R,=cos|1)+sing|8), (5.5
vored in yy—R(qq) (see belowin dramatic contrast to a

glueball. R, =cos|8) —sing|1), (5.6

Such discrimination between a gluebaB, and aqq, o
M, can be rather powerful and surprisingly appears to havevhere |1,8) denote the S(B) flavor qq states.(This is a
received sparse attention in the literature. Chano\ig9] more natural basis for what follows than the ideal flavor
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basis used in Sec. lll BThen in terms of the intrinsic rates

5761

Considering the ratio of the/y and gg widths of the

for a singleqq flavor (uu, dd, or ssassumed to be of equal entire orthogonal system allowed us to extra@ff, with

strength,
I'(R—gg)=T(qgq—gg) X 3cogs (5.7
and

I'(R;—g9)=T(qq—gg) X 3 sirfé, (5.9

while the yy widths are in a different proportion. Defining

I'(qgq— y7y) to be theyy width for quarks of unit electric
charge,

2
I'R— y'y)=l—‘(qq_a y’y)(COS?%-FSinQ%) (5.9

and

2
_ 2 1
I'R,— =T — —sinf——+cos)——| .

(5.10
In a form that shows the relation to tiggy widths,
I'(R—vyy)=T(qq—yy)xzco$(6—7) (51D
and
I'(Ry—yy)=T(qq—yy)X5sir(6—7), (5.12

where r=tan™1(1/2,/2)~19.5°.

It is clearly possible for an individualjq to decouple
“accidentally” in gg or yy if #~0 or 19.5°. However, for
the orthogonabkystemwe have the sum rule

I'(R—yy)+I(Ry—yy)=:(ag—yy) (5.13

and

I'(R—g9)+I'(R;—gg)=3r(qg—gg). (5.19

Thus using Eq.2.34 and including the next order QCD

corrections,

F(R|—>77)+F(Ru—>77):a_2( +05)1
I'(R—g9)+T(Rj—gg) 4ai w)

(5.15

wherec~ — 0.4 for tensors and-8.6 for scalar§30,57.
In the case of tensors the input data are

[(fx(1270 +f5(1525— yy)=3.0+0.4 keV (5.16
and, from our analysis in Sec. Il B,
I'(f,(1270 +f,(15259—gg)=58=8 MeV. (5.17

With these widths, Eq(5.15 gives a"~0.48+0.05, not
unreasonable for this mass regi@8].

5The factor of 3 in this equation reflects the,8/ projection of
each of the thregq flavors in the flavor singlet state.

little sensitivity to 6. We can instead employ ratios of the
Ry andR; yy andgg widths to extractd with little sensi-
tivity to a‘;ﬁ. For an orthogonat|q pair, Egs.(5.9—(5.12
imply

I'(R—gg) 1
I'(Ry—gg) tarrg’

(5.18

while

I'(R—yy) 1
I'(Ry—yy) tarf(6—19.5°"

(5.19

Note that the two sets of equations will not give the same
value of ¢ if our procedure is not valid. As a consistency
check, we determing both ways for thef, states. The
J/y— yR data gave us

[(f)(1270 ~gg) 41=7 MeV
T(f,(1525 >gg) 172 MeV

—6=(33x2)°, (5.20

while yy data give

[(f,(1270—yy)
I'(f,(1529—vyy)

=(26.2+-2.8) = 26%— 6=(30.5+2)°.
(5.2)

The consistency of these results encourages us to apply
the ideas to scalar mesons. However, the presence of possi-
bly three scalar states in close proximify(1370,1500) and
f1-02(1710), and in the vicinity of the lattice scalar glueball,

suggests that mixing involving bottpq and gg will be es-
sential. We shall now consider this situation.

C. qq nonet and glueball coupling toyy and gg

If the qg nonetR, ; is in the vicinty of a glueballG, the
above analysis requires a generalization. Three isoscalars
arise. WithR, |, as above, the mixed states may be written

¥ 3=co|R) —sinB|G),
W,=cosy|R,) —siny(cosB|G) +sing|R,)), (5.22
¥, =siny|R,) + cosy(cosB|G) + sinB|R;)).

If we ignore mass and phase space effects, and any dif-
ferences between then and ss wave functions, then pro-
ceeding as in the previous section we obtain

F(V1+¥,)—yy)=T(qq— yy)[ cos(8— 1)
+ sirPBsirt(6—7)],
I'(V3—yy)=T(qq— y7y) X £sir’(§— 7)cosB. (5.23

Defining T, =% ;I'(¥;— yy) and laterT ;, analogously,
the generalization of Eq5.13 becomes

I'y,=sT@g—yy). (5.24
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The generalization of the relation for the gluon couplings,gests thaLthegg—>qq_ mixing amplitude manifested in

Eq. (5.14), becomes ¥— yR(qQ) is O(«y), so that qualitatively¢=O(«s)~0.5.
_ Such a magnitude implies a significant mixing in E§.1)
I'gq=3T(qq—9g9)+I'(G—gg). (529 and is better generalized to ax® mixing matrix. Mixing

based on lattice glueball masses lead to two classes of solu-

Consequently, tion of immediate interes{i) »<0, corresponding t& in
o? a1 the midst of the nonef2], and (i) w>1, corresponding to
F”:4—a§( 1+cf) [Tgq—T'(G—gg)]. (5.26 G, above thegq members of the nong47].

We shall denote the three mass eigenstateskjbwith
R1:f0(1370), R2=f0(1500), andR3:f0(1710), and the
three isosinglet statesp; with ¢,;=nn, ¢,=ss and
¢$3=gg, so thatRRj=f;;¢;. Recent data on the decay

(0.5/ag)? f(1500)— KK [40] may be interpreted within the scheme of
r,,[keV]= mrgg[MeV]- (5.27)  Ref.[2] as being consistent with the parameter — 2. This
s enables a simple analysis; if for illustration we adopt
A major uncertainty comes from the large higher order QCDé=0.5~as, the resulting mixing amplitudes ar@scheme
correction for the 0" sector which reduces the right-hand A)
side by a factor of approximately 2.2 To be conservative we
therefore work to leading order. If,(1370) is one of the fir  fi fia
trinity of glue-associated states, then we infer from fo(1370 0.86 0.13 —0.50

N = =+
I(fo—yy)=5.422.3 keV[5] that fo(1500 0.43 —0.61 0.61
['4q>108+46 MeV (5.28 fo(1710 0.22 0.76  0.60

Thus, specializing to 0" mesons, the experimentally mea-
surable quantitie$’,,, andI' ;4 obey the relation

or from Eq.(3.2), neglecting mass dependence, By contrast, Weingartef47] has considered the case where

the bare glueball lies above tiss member of the nonet. His

3 i —3
b(I/p—y+2i-1fg)=(1.1£05X107"  (5.29 mixing matrix is (schemeB):

Since b(J/ — yf,(1710)— KK =0.97+0.1210 3 [5], this ¢ ‘o ‘o
bound is satisfied by present data if the 1710 ha®, even 'L 12 13
if b(fg(1710)—~KK)~1 and there is negligible production fo(1370 087 0.25 —0.43
of f4(1500) in radiative decay. However, the limit is only fo(1500 —0.36 0.91 —0.22
barely respected, and so unlesk (fy(1500)— yy)
LT (fo(1710)— yy) is very small, eitheb(J/ yryfo(1500) fo(1710 034 033 088
andfor b(J/yyfo(1370) must be non-negligible, or The solutions for the lowest state are similar, as are the
b(fo(1710)~KK)<1. If the 1710 state proves to have rg|ative phases and qualitative importance of G&ompo-
J=2, the bound(5.29 will be very stringent indeed. We pentin the high mass state. Both solutions exhibit destructive
now consider specific examples of mixing in the jnerference between then and ss flavors for the middle
f,(1370,1500,1710) system. state.
If we make the simplifying assumption that the photons
VI. THREE-STATE MIXINGS couple to thenn andssin direct proportion to the respective

An interesting possibility is that threly's in the 1.4-1.7 S (i.e., we ignore mfass gﬁectshand r? ny d|fference§ between
GeV region are admixtures of the three isosinglet stateghhenn an_c(jjshs waveb unction§, then the (;oLrespon_dl_ng two ‘
gg. S5 andnn [2]. Recently there have been two specific Photon widths can be written in terms of these mixing coef-

schemes proposed which are based on lattice QCD and ti{i§€Nts:
emergent phenomenology of scalar mesons. In this section

2
we present a simplified formalism for treating a three- N 2
component system of this type. T(Ri) f'19\/§+f'29 L 6.2
At leading order in the gluebatiq mixing, Ref.[2] ob-

tained whereT is the yy width for aqq system withe;=1. One

_ . can use Eq(6.2) to evaluate the relative strength of the two
NG| G)=|Go) + £(2nn)+ w|ss)), photon widths for the threé, states with the input of the
— mixing coefficients. These arf@noring mass-dependent ef-
NS|‘I’S>=|SS>—§(U|GO>, (6.1 fects
No W) =Inn)—£12|Gy), fo(1370:fo(1500:fo(1710~12:1:3 (6.3

where the N; are appropriate normalization factors, jn schemeA, to be compared with
w=[E(Gp) —E(dd)J/[E(Gp) —E(s9)], and the mixing pa-
rameteré=(dd|V|Gy)/[E(Gp) — E(dd)]. Our analysis sug- f5(1370:15(1500: (1710 ~13:0.2:3 (6.9
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in schemeB. At present the only measuredy width in this A(fo(1500 —gg)=(—0.2+ca0.4A,,

list is that of thefy(1370)=5.4+2.3 keV[5]. Using this to

normalize the above, we anticipatg(1500)— yy~0.5 keV A(fo(1710 —gg)=(0.9+ca0.8 A,.

(schemeA) or ~0.1 keV (schemeB). Both schemes imply

I'(fo(1710)— yy)=1-2 keV. Here bothfy(1370) andfy(1500) production are suppressed

This relative ordering ofyy widths is a common feature due to the destructive interference of the glueball amp
of mixings for all initial configurations for which the bare components, thé,(1710) being enhanced as in the previous
glueball does not lie nearly degenerate to thestate. As example. For the examplaxs=0.4/1.5[chosen to decouple
such, it is a robust test of the general ideanof andss the f(1370) and enable comparison with scheme
mixing with a lattice-motivated glueball. If, say, they A as abovg¢ we find b(/¢y— yfe(1710):
width of the fo(1710) were to be smaller than the b(J/¢ — yfo(1500):b(J/¢— yf(1370)=1.2:0.01:0.
f,(1500) or comparable to or greater than the1370), then Thus, in conclusion, both these mixing schemes imply a
the general hypothesis of significant three-state mixing wittsimilar hierarchy of strengths iy production which may
a lattice glueball would be disproved. The corollary is thatbe used as a test of the general idea of three-state mixing
qualitative agreement may be used to begin isolating in detaltetween glueball and a nearby nonet. Prominent production

the mixing pattern. of J/y— vyfo(1710) is also a common feature. When the
Now we turn toJ/ radiative decay rates. Since in either experimental situation clarifies on thiéy— yf, branching
scheme fractions, we can use the relative strengths to distinguish
between the case where the glueball lies within a nfi2jedr
I',,=75t28 keV, (6.5  above thess member[47].
the discussion of the previous section implies VII. SUMMARY
b(J/ ¢p— y2f0)=(1.5+0.6) X 10"°. (6.6 We have clarified the relationship  between

However, each scheme makes a more specific prediction. BE/Z"C‘(QQV_> y+R) 'and b(R—g9) propo_sed t.’y Cakir and
. — . . arrar[18]. In particular, we have examined its dependence
our hypothesis thafjq coupling to gg is suppressed at

. . : on the(gg|R) form factors and discussed theoretical and
O(«y) relative to the corresponding glueball amplitude, we ; .
. . experimental constraints on these form factors. We conclude
may scale thed/¢— yf, production amplitudes for the

; T hat the relation can be used, possibly with generalized
mixed states as follows. For simplicity we shall assume tha (x) functions, for lightqq mesons and giueballs as well as
A(gg—nn)=+2A(gg—s9) =caA(gg—G), where ¢ is S ;

some constant whose maanitude and phase are in enepaqaquq mesons. Using this relation, we find the following.
w gnitu P In g The fo(1500) is at least half-glueball if the analysis of

model dependent. In this approximation, we have, forBugget al.[3] of the 44 channel is confirmed, but is less so

schemeA, according to the BES results. Analysis of Mark Il data on
—(_ J/y— ymar is urgently needed. At this moment the experi-

A(fo(1370—gg)=(—0.5+ca l.3)A,, L9 . !

(fo(1370—99)=( s1-3Ao mental determinations df (J/¢— yf¢(1500)) are inconsis-
A(f (150 =0.6A,, tent.

(fo(1500~g9) 0 The f,(1710) is also at least half-glueball, ¥=0; if
A(fo(1710—gg)=(0.6+ cal.)A,. J=2, it is aqq meson. Experimental determinations of the
S o2 Spectra in the 1.6—1.8 GeV region are presently incon-

In general we see the following for mixing schere sistent.

(|) The absence of a dominant Signa] in The §(2230) is unlikely to havel=0, if present experi-
J/y— yf(1370) suggests thatis not negative and that the mental data are correct. If it hals=2, it strongly resembles
G-qq interference there is destructive; a glueball.

(i) The qq admixture in thef,(1500) is nearly pure fla- The 7(1440) is separated into two states. The lower mass
vor octet and hence decouples frogy. This leaves the states (1410) has strong affinity for glue; the higher mass
strength ofb(J/y— yf,(1500)) at about 40% of the pure 7+(1480) is consistent with being tiss member of a nonet,
glueball strength, which is consistent with the mean of thePerhaps mixed with glue.
two analyses in Sec. IV A. It is of urgent importance t¢a) arrive at an experimental

(i) The destructive interference in thig(1370) case Cconsensus on th, andf, masses and widths in the 1600—
implies a constructive effect for thef,(1710) and 1800 region andb) resolve the discrepancies in the present
hence this picture predicts thab(d/y— yfo(1710)  determinations ob(y— yfo(1500)). Measurement of pro-
>b(J/ p— yfo(1500)>b(I/y— yf4(1370). If as a duction branching fractions of thk, and f, mesons inY
particular example for comparison between the two schemeg@diative decay should be quite easy and yield useful addi-
we takeca=0.5/1.3 to decouplé,(1370) entirely in radia- tional information. We also outlined a procedure to use data
tive J/y decay, we find b(J/¢g— yfo(1710): b(I/y  ON¥—yRandyy—Rtogether, to help unravel theq and

— yfo(1500)):b(3/ h— yfo(1370)=1.1:0.4:0. gg composition of mesons. To accomplish this, measure-
Mixing schemeB, corresponding to an ideal glueball ly- ment of I'(fo(1370,1500,171G)- yy) is an essential ingre-
ing above the nonet, leads to the amplitudes dient.

An emerging mystery is they(1440) region. Its proper-
A(fo(1370 —gg)=(—0.4+casl.HA,, ties seem to differ i)/ radiative decay angp annihila-
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tion, and it has not been seen in central production. Possiblg~* sector, more detailed experimental investigation of the
these differences are due to the different interplay of gluorpseudoscalar sector is a high priority.

andqq annihilation in the various production processes. This
merits further investigation, both experimental and theoreti-
cal. The strong production of thg(1410) in radiativel/ ¢
decay indicates that it could be a glueball. However, its low We are indebted to D.V. Bugg, W. Dunwoodie, and A.
mass is difficult to reconcile with lattice gauge predictions.Kirk for discussions. This work supported by U.S. National
Its properties and mass are consistent with those expected f8cience Foundation Grants Nos. NSF-PHY-94-23002
a bound state of light gluinos. Given that th¢1410) may (G.R.F) and NSY-PHY-90-23586Z.P.L.). F.E.C. was par-
be evidence of a new degree of freedom in QCD or evidenc#ally supported by the European Community Human Mobil-
of dynamics beyond quenched lattice gauge theory in théy Program Eurodafne, Contract No. CHRX-CT92-0026.
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APPENDIX: ANALYTICAL EXPRESSIONS FOR H;(x)

The analytical expressions for the loop intedtglx) are given in Ref[20]. In the normalization of the present paper they
are

H - 20-L- X ata ™ L X 20 |+idr———In(1-x) (Al
0-+(X)=1L(1=2X)~L(1) = 5| 2L(A=X) = 7 +5INY(1=X) | = 37—~ In(2x) | +i T 2= n(1—-x) (A1)
for J=0"" and
H _\Fz—:sx 100 + 4= i) ina 8 2% i -3—" 21—
o+~ V3 2 + 3 + 2 n(2)|In(1—x)+ ?+ X(1=2%) n(2x)— (2= X)n( X)
8—6x+x2—6x° 26 4_5X+2X2L1 ) 42 2X—X 2L1 s 17X 1-x (1 A2
W’ﬂ _X— ( X) T ( X)+I7T (2 )n( X) ( )
for 0**, whereL(x) is a Spence function, defined as
xdx
L(x)=—f —In(1—Xx). (A3)
o X
There are three helicity amplitudes for the tensor state, and they are related to thé,totddy
[Ha+ (0] 2=H++ 0|2+ [Hg+ + 00|24 [H4 - (%) |2 (A4)
The helicity amplitudest-l'2++ in Eq. (A4) are
4o _2\/§ 55 +26—19x+18x2 LIl 10— 12x+5x2 +26—38x+71x2—37x3| )
A T L I TP R B B M e
g X A i) A 12— 26k 1362 A5
Pa %3 x| NI |- 5(12-26¢-13¢)gs (A5)
2J1-x| 1 2 X(1—Xx)
1 __ Y- = _ _ _ 2_ 3 _ _ _ _ 2_ 3
Hyoi=—a 3 (38— 95X~ - (4= 13+ 16¢*— 4x*)In(1—X) — 25— — g1~ 75 (2~ LIx+16x*~4x%)In(2x)
(1—x)(2—2x+x?) 16 3— 3x+x? (2 1 BB 1ot 32 A6
X2(2_X) gZ_E— n( )_Elﬂ- + ( - + X)gS! ( )
and
L2 J2(1-x)[16 L by B 25—6x+2x2 M1 602 42—4x+6x2—4x3+x4
20+ = T3 |3 X X+ — ( X+6x7)In(1—x)+ 5 g1+ 4(1-6x)In(2x) — XE(2=x) 0>
46—6x+11x2I ) 1 161 A7
T3 | IN@)= 5w~ 161-X)gs|, (A7)
where

g9:=L(1)—L(1—-2x), (A8)
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0,=L(1—-2x)—2L(1—x)+L(1)— %Inz(l—x)len(l—x), (A9)

and

03=L(1-x)—L(1—-2x)—In(2)In(1—Xx). (A10)
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