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Reduction of weak interaction rates in neutron stars by nucleon spin fluctuations:
Degenerate case
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Nucleon spin fluctuations in a dense medium reduce the “naive” values of weak interactiofineué$no
opacities, neutrino emissivitipsWe extend previous studies of this effect to the degenerate case which is
appropriate for neutron stars a few ten seconds after formation. If neutron-neutron interactions by a one-pion
exchange potential are the dominant cause of neutron spin fluctuations, a perturbative calculation of weak
interaction rates is justified foF< 3m/(47raf,)~1 MeV, wherem is the neutron mass ane,~ 15 the pion
fine-structure constant. At higher temperatures, the application of Landau’s theory of Fermi liquids is no longer
justified; i.e., the neutrons cannot be viewed as simple quasiparticles in any obvious sense.
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PACS numbes): 97.60.Jd, 13.15:g, 14.60.Lm, 95.30.Cq

[. INTRODUCTION step function which, at nonzero temperature, is smeared out
over an energy range of approximate widthCollisions, on

In a dense nuclear medium the effective neutrino interacthe other hand, introduce an energy uncertainty of order
tion rates are modified by the presence of nucleon-nucleon ! which clearly should be much smaller thanin order
interactions. While the importance of spatial spin-spin correfor the Fermi-Dirac distribution to make any sense. When
lations has been recognized for a long time, it had been ovet-andau’s condition is violated it is not possible to speak of
looked that the interaction-induced temporal fluctuations ofjuasiparticles which obey Fermi statistics. Degeneracy ef-
the spin of a single nucleon can be a more important effectiects ensure that the time between collisions becomes large
It reduces the naive neutrino opacities and neutrino emissiviat low temperatures, so there is no significant restriction in
ties of nuclear matter below their naive valyés-4]. These the T—0 limit. For hot neutron-star matter, however, it is
studies focused on a classical nucleon plasma, i.e., on nomot a priori obvious that Landau’s condition is satisfied. We
relativistic and nondegenerate conditions which are thoughivere unable to locate any discussion of this problem in the
to obtain in the core of a supernova for the first few secondgntire literature pertaining to weak interaction rates in neu-
after collapse. It was found that the spin-fluctuation rate intron stard5]. Therefore, it is not frivolous to raise the ques-
this environment is so large that it is not possible to calculateion of how cold the medium in a neutron star has to become
weak interaction rates by a perturbative expansion in termbefore a Fermi-liquid treatment becomes possible.
of the nucleon-nucleon interaction potential. As previously argued1-3], the cross-section reduction

We presently study the same effect for a degenerate mdsy nucleon spin fluctuations becomes large when a typical
dium in order to derive a perturbative expression for thenucleon spin-fluctuation rate is of order the ambient tempera-
cross-section reduction by nucleon spin fluctuations, and iture T or larger. Since nucleons interact by a spin-dependent
order to understand the physical conditions of temperaturéorce, the spin-fluctuation rate is roughly identical with the
and density where a “naive” calculation of weak interaction nucleon collision rate. Therefore, the condition that the spin-
rates may be justified. Many attempts have been made tiuctuation rate be much less thdhensures both that the
calculate neutrino opacities and emissivities for the physicalveak interaction rates are not much affected by nucleon spin
conditions pertaining to neutron stars because of the obviouuctuations and that Landau’s condition is satisfied.
importance of these quantities for a theoretical understanding The main problem in the degenerate case is to identify the
of neutron-star cooling5]. While many of these works are quantity which is to be interpreted as the relevant effective
dedicated to calculating the impact of spatial correlation efspin-fluctuation rate. Because only the spins of nucleons near
fects on neutrino interaction rates, none of them appears tithe Fermi surface have a chance of evolving in a nontrivial
have addressed the important issue of nucleon spin autocaray, and because Landau’s condition pertains to the quasi-
relations. particles near the Fermi surface, it is clear that we need to

One may take a somewhat different perspective on théefine an appropriate effective spin-fluctuation rate for the
same problem if one notes that these calculations are basedasiparticles near the Fermi surface.
on Landau’'s theory of interacting Fermi liquids where a The impact of nucleon-nucleon collisions on weak inter-
“nucleon” is a quasiparticle excitation of the mediuf]. action rates is best understood in the language of linear-
This picture is justified only if the quasiparticles near theresponse theory where the medium is described by the dy-
Fermi surface do not interact too strongly, i.e,1<T, namical density andiso)spin-density structure functions.
where 7 is a typical time between collisions and is the  This method allows for a straightforward calculation of the
temperature of the medium. Landau’s condition is based oneduction of weak interaction rates in the perturbative limit
the observation that dt=0 the Fermi-Dirac distribution is a where the Landau condition is satisfied, and thus allows for a
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delineation of the physical parameters where this treatment iS,= —1 andC,~ —1.15 are the neutral-current weak cou-
justified. pling constants for the neutrd2]. In bulk nuclear matter,
We will limit ourselves to the simple situation of a non- C, may be suppressed somewhat.
relativistic, single-species medium, i.e., we will study non- In a noninteracting medium, the density and spin-density
relativistic degenerate neutron matter. This excludes the imeperators remain constant so that the dynamical structure
portant Urca processes from consideration which are morfunctions are proportional t&(w). In the nondegenerate
difficult to address because they involve two degeneratease, they areS, ,(w)=2m&(w). To include neutron-
Fermi seas(protons and neutrohswith vastly different neutron anticorrelations induced by the Pauli exclusion prin-
Fermi momenta. We believe that for the present exploratorgiple one evaluates the expectation values in(&Egby nor-
purposes a simple toy model is best suited to illuminate thenal ordering of the neutron field operators, taking proper
issues at hand. Therefore, we shall limit our attention to theaccount of the anticommutation relations. Then, one arrives
neutral-current scattering process n—n+ v in nonrelativ-  at the intuitive result
istic degenerate neutron matter in the presence of interactions
which cause the neutron spins to fluctuate. 1 [ 2d%
In Sec. Il we introduce the relevant spin-density structure Spya(w)=2775(w)—J' —3fp(1-1p), ©)]
function and derive a simple sum rule which is used in Sec. neJ (2m)
[l to calculate thevn scattering cross-section reduction by
neutron spin fluctuations. In Sec. IV we summarize and diswheref,, is the occupation number of the neutron field mode

cuss our result. p. In the nondegenerate limit one may neglect the Pauli
blocking factor (1-f,) so that one arrives at the previous
II. DYNAMICAL STRUCTURE EUNCTIONS result if one notes thEItB=ffp2d3p/(27T)3. Here, the factor
o 2 counts the two neutron spin degrees of freedom.
A. Definition Even after “turning on” interactions between the neu-

In nonrelativistic neutron matter all weak interaction ratestrons, or between the neutrons and some external potential,
are determined by the dynamical density and spin-densitjhe density operator remains constant. The vector current
structure functions. In an isotropic medium they are given byguantity that does fluctuate in the presence of interactions is
[2] the neutron velocity which in the nonrelativistic limit is

small. ThereforeS,(w) remains proportional té(w).
O However, if the interaction involves a spin-dependent
Sp(w,k)= ”B_V _w dte“(p(t,k)p(0,~K)), force as expected for neutron-neutron interactions, the spin-
density structure function will be broadened because the spin
4 [+ of a given neutron near the Fermi surface will “forget” its
Sa’(ka):mj dte“o(t,k)- o(0,—k)), (1) initial orientation roughly after the collision time. The
BY = width of S,(w) roughly represents— ! so that the Landau
condition corresponds to the requirement that the width of
S,(w) must be much less than. If this is satisfied, the
neutrino-scattering rates and thus the neutrino opacities are
well approximated by the noninteracting result 8 »). Of
course, it may be modified by neutron-neutron correlations
or collective modes, effects that were the main focus of
many of the previous papef5].

whereng is the baryornthere neutropdensity,V the volume

of the systemk the momentum transfer, and the energy
transfer from the weak probe to the neutron medium. Fur
ther, p(t,k) is the spatial Fourier transform at timeof the
neutron density operatop(x)= " (x) #(x), where(x) is
the neutron field operator, a Pauli two-spinor. Similarly,
o(t,k) is the Fourier transform of the spin-density operator,
o(x)=3y"(x) 7p(x), with 7 a vector of Pauli matrices. The
expectation valué---) is taken over a thermal ensemble so B. Normalization

H _ _ _ olT ; _
that detailed balancg, ,(w k) =S, ,(—w,—k)e*" is sat An important general property of the dynamical structure

isfied. Note that a positive> is energy given to the medium g, ions is their normalization. If one integrates both sides

by the weak _probe. . S . of Eq. (1) overdw, the terme'“! yields &(t) so that the time
. The energies of the neutrinos which interact with the me"lntegral can be trivially done. Then, the normalization for the

dium are much smaller than the neutron mass or momenta Din-density case is

that the long-wavelength limik—0 is an adequate first ap-

proximation. In practice, its validity is questionable if +odwm

neutron-neutron correlations or collective modes are impor- f on

tant which for the moment we shall assume is not the case. w

Then, the neutrino differential scattering cross section is

4
So'(w) = m< O-(O!O) : 0-(010)> (4)

given by If one ignores spin-spin correlations, the right-hand side
(RHS) is independent of the neutron spins’ evolution. For the

do G%e%/ ,Sy(€1—€2) > Ss(€1—€2) sake of argument one may imagine that this evolution is
d_ezz 4 \V 2w +3CAT » @ caused by the interaction with some external potential rather

than by neutron-neutron collisions so that there is no reason
where €, , is the energy of the incoming and outgoing to expect spin-spin correlations.
neutrino,  respectively, and S, (w) stands for In this case one may evaluate the RHS of &g .as above
limy_,S, -(w,K). Further, Gg is the Fermi constant, and and find
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+odw 1 ( 2d% interpretation of an average spin rate of change, or con-
J wzsp,a'(w):n_Bf Wfp(l_fp)- (5)  versely,I';! is the approximate time for a given nucleon
spin to relax, i.e., to forget its initial orientation.
The occupation numbers are given by a Fermi-Dirac distri- EXPplicit calculations ofl’, and s(x) exist for a single-
bution so that the RHS is species nuclear medium where the nucleon interaction is
modeled by a one-pion exchan@@PE potential[2]. For a

1 ( 2d% 1 degenerate medium the relevant expressions can be extracted
n_B (2m)% P11 1- e E- WMy (6) from Ref.[9]:
whereE = p?/2m is the kinetic energym the neutron quasi- T 0pe=4masTIpE, 11
particle effective mass, ang the nonrelativistic neutron . ) .
chemical potential. Then, EG6) is where the neutron Fermi momenFum s given by
ng=p/3m2%, a,=(f2m/m_)%/47~15 with f~1.0 is the
1 (- e’ pion fine-structure constant) is the neutron mass, and the
nB_WZfO dppzm, () pion mass has been neglected in the OPE potential. One also

finds, from Ref[9],

wherez=(E— u)/T. For very degenerate conditions the in- ) )
tegrand is strongly peaked near 0 (the Fermi surfaceso Sopd(X) = (X°+47°)|x] (12)
that after a transformation of the integration variable tme oP 4m(1—e M)’
may replace with pg and one may extend the lower limit of
integration to—o. The integral can then be evaluated ana-which is 1 atx=0 while for [x|>1 it is |x|%/47>.
lytically so that altogether Sigl [8] has derived an f-sum rule which implies that the
integral [ S,(w) odw must exist and thus tha{x) must be a
+edw 3 decreasing function for large This conclusion also pertains
wa ESM(“’):Z]' ® to the degenerate case: if the energy transfdo the me-
dium far exceeds the Fermi enerBy, a nucleon is lifted far
Here, above the Fermi surface so that degeneracy effects cannot
cause a modification of the nondegenerate result. Thus, the
Er pﬁ degenerate and nondegenerafe) must be identical for
7= " omT (9 |x|>Ep/T apart from a multiplicative factor which arises
because of our normalizatiog(0)=1.
is the degeneracy parameter in the nonrelativistic and very EXxplicit calculations ofs(x) for various assumptions con-
degenerate limit withEg= p§/2m the nonrelativistic Fermi cerning the neutron interaction potential and for various de-

energy. grees of neutron degeneracy are left for a future sfudy.
Therefore, in a noninteracting degenerate medium the
structure functions ar§, ,(w)=(3/27) 2w 5(w). The total D. Physical estimate ofl",,

scattering cross section of a neutrino with eneegyis then

It will turn hat thevn ring cross- ionr -
a=(3/2n)(C\2,+3Ci)G§e§/4rr. t turn out that thevn scattering cross-section reduc

tion is primarily sensitive to the neutron spin-fluctuation rate
_ . I',. Therefore, it is useful to understand on physical grounds
C. Perturbative representation of S,(w) its overall magnitude and its scaling with temperature and
If neutrons interact by a spin-dependent force it causes gensity. To this end we assume that neutrons scatter with a
nontrivial evolution of their spins and thus a nonzero widthVvelocity-independent cross sectiony which is caused by a
of S,(w). Except in the neighborhood oH=0, where Spin-dependent force such that the neutron spin is flipped in
multiple-scattering effects become importa8f(w) can be @ typical CO"ISIOI‘]. If_the interaction is approximated by an
calculated on the basis of a bremsstrahlung or mediumOPE potential, on dimensional grounds the cross section is

excitation amplitudg3,4]. Because for small> the result estimated to ber,~a2/m?. We will assume that the scat-
generically varies as 2, it is useful to represent it in the tering is either due to a random collection of external scat-

form tering centers with a density,, or due to collisions with the
other neutrons with a density; .
brem r, e’’T  for <0, If the neutrons are nondegenerate they move with a typi-
Ss S(“’):?S(“’/T) 1 for w>0. (10 cal thermal velocity ~ (3T/m)2 By assumption, the spin-
fluctuation rate is roughly equivalent to the collision rate so

The explicit distinction between positive and negative energyihatl’ ,~n¢(oww)~neo,(3T/m)Y2 With the above estimate
transfers represents the detailed-balance condition. Furthd@r o, and with the other neutrons being the scattering cen-
s(x) is an even function which is normalized such thatters (i;=ng), one finds thal", scales a2 T*2m~%2 This
s(0)=1. In the classical limit of hard collisions one has agrees with an explicit calculation which yields/# for the
s(x)=1 for all x as discussed in more detail in R€f3,7]. In  numerical factof2].
general,s(x) embodies information about the detailed form  Next, we consider degenerate neutrons for which a typical
of the interaction potential and about quantum corrections ta@elocity is pg/m. If they interact with external scattering
the classical result. In the nondegenerate chsehas the centers, the collision rate for neutrons near the Fermi surface
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is aboutn,o,pe/m. However, only the scattering of neutrons For smallw the integrand varies effectively as’S,(w) be-

with an energyE within about a distanc& from the Fermi  cause the term linear i@ switches sign at the origin. There-

surface is not blocked by degeneracy effects. This is an agore, to lowest order we may substitu§g(w)— SI*™{w),

proximate fraction,T/Er=1/%, of all neutrons. Therefore, provided we interpret the remaining integral by its principal

the spin-fluctuation rate averaged over all neutrons igart.

I',~ncon(pe/m)(T/ER). This result becomes more transparent if we consider the
Finally, if the scattering is among degenerate neutrons weeduction of an average cross section rather than one for a

haven.=ng and a typical relative velocitpe/m. The aver- fixed initial-state neutrino energy. To this end we use a

age collision rate among neutrons is reduced by several fadMaxwell-Boltzmann distribution of neutrino energies at the

tors of » '=T/Eg. Two such factors arise because eachsame temperaturé which characterizes the ambient neutron

initial-state neutron must have an energy within abbusf ~ medium. The thermally averaged free cross section is found

the Fermi surface. One further factor arises because orte be<O’A’fre&=(3/27])(9/77)(:%6,2:1_2. Because Eq(15) is

final-state neutron must also lie near the Fermi surfacefully analogous to the corresponding result of & apart

energy-momentum conservation then ensures that the othéom an overall factor 2/3, we may conclude without fur-

one satisfies this condition as well. Altogether, we thus findther calculations that

T ,~anng(pe/m)(T/EQS. With ng=p¥3x#? and o~ a?/

m? we thus recover Eq11) apart from the numerical coef-

ficient. ThisI', is the spin-fluctuation rate averaged over all &op) 27 wdx.é G 16

neutrons. The spin-fluctuation rate of those neutrons which (OAfed 3 )0 27 o(X)G(X), (16)

lie near the Fermi surface is larger by a factpr

wherex=w/T,
IIl. CROSS-SECTION REDUCTION

=1— Ly ya—x— 1,2 3
A. General result G(x)=1—-(1+x+zx%)e 3X°+O0(x%), (17

We may now proceed to calculate the scattering cross and"s'a(x)ETs(r(xT)_
section in the presence of spin fluctuations of the degenerate aAg in Ref.[3] the x2 behavior ofG(x) at smallx allows
neutrons. To this end we begin with the total axial current-,q 14 replaceS, (x) to lowest order with the perturbative
scattering cross sectiam, of a neutrino with energy;. In Soemgy). Therefore, with the representation equatidn)

the structure-function language it is tle, integral of the ; _ : . .
axial part of Eq.(2) or, equivalently, and withy,=TI"_/T, we find for the cross-section reduction

3C2G2 [+=(g &op) 279 %ff‘” ,
A= Ff 5 Sy(0) (61~ 0)20 (1~ w). (13 (Oameg 3 2m ), PXX TGOS (18

— oo

The integral expression is 5/6 for the classical approximation
The problem with this expression is that it diverges if ones(x)=1. In general, the integral will be a numerical expres-
uses the perturbative express@iﬁem“(w) instead of the full  sion of order unity. Its precise value for a variety of assump-
but unknownS, (). Following the treatment of the nonde- tions concerning the cause for the neutron spin fluctuations
generate cade8] we note, however, that E¢L3) can still be  will be studied elsewhergl0].

evaluated on the basis 8f™{w) without knowledge of the Equation(18) shows that the expansion parameter which
detailed lowe behavior if one includes the sum rule equa- defines the perturbative regime is;2,,/3, as opposed to the
tion (8). nondegenerate case where it was found toype In both

To this end we note that for degenerate free neutrons theases,y,, is defined to be the spin-fluctuation rate averaged
vn  scattering cross section isoa fee=(3/277)(3/  over all neutrons of the medium. However, in the degenerate
477)(:/?\(3%8% as stressed after Eq(9). Therefore, the case only the neutrons near the Fermi surface participate in
interaction-induced modificatiofoa=oa— o free IS given collisions; it istheir spin-fluctuation rate which reduces the
by vh scattering cross section. The quantity2,/3 corrects for
this effect. It is to be interpreted as an effective spin-
. 2 fluctuation rate for the neutrons near the Fermi surface, in
% _ 4. f+ do 27S,(0) (217 0)"O(e170) agreement with our estimates of Sec. Il D.

—w 2T 3 el We conclude that a “naive” perturbative calculation of
(14 neutrino interaction rates in a degenerate neutron medium is
possible if ' ,<T while a significant correction arises if
Then, we may proceed analogously to & and replace 7I'»=T. This latter case corresponds to a situation where
—1 with an integral over the structure function by virtue of the collision rate of neutrons near the Fermi surface is not
the sum rule equatiof8), small relative taT, in violation of Landau’s condition for the
applicability of a Fermi-liquid treatment.
) In the nondegenerate case it was reasonable to extrapolate
(61~ 0) O (&1~ 0) 1 the behavior of the cross secti¢ar,) into the nonperturba-
s ' tive regime by virtue of an explicit ansatz for the law-
(15 behavior ofS,(w) which incorporated the equivalent of the

OA free

Sop _f*“dw 27S,(w)
w27 3

O A free
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sum rule equatiori8). In the present case such an extrapola- IV. SUMMARY

tion is far more problematic because the derivation of the We have derived an expression for the scattering
sum rule itself was based on the assumption that neutrongqss_section reduction in degenerate neutron matter caused
can be treated as quasiparticles which follow a thermahy neytron spin fluctuations. We have used the linear-
Fermi-Dirac distribution. In the nonperturbative regime thisresponse theory approach of RE3], but undoubtedly one

assumption is not justified so that in the present case the suflould reach the same result by the direct perturbative
rule has a weaker standing than it did in the nondegenerai@ethod of Ref[4].

case where we did not need to invoke the anticommutation |n a neutron star, these spin fluctuations will be caused by

relations for the nucleon fields. a spin-dependentn interaction potential. Therefore, in gen-
eral, spin-spin correlations will also be important which may
B. Numerical result for OPE potential cause further modifications of the scattering cross section.

- . Many of the previous papers which deal with weak interac-
If neutron-neutron collisions are the primary cause fortjon rates in neutron staf§], were dedicated to an analysis
neutron spin fluctuations, and if one models the interactionyf these latter effects. We stress, however, that these calcu-
by an OPE potential, we may use Ef1) to estimatd’,. In  |ations were based on the assumption that Landau’s condi-

this case we find tion is satisfied which is roughly equivalent to the require-
ment that the autocorrelation function of a single nucleon
2_’7 FUVOPE: 4_7Taz I=1 0 T (19) spin near the Fermi surface is narrow on a scale set by the
3 T 3 ™m Mev’ ambient temperatur€.

If neutron-neutron interactions are modeled by a one-pion
where we have used the vacuum neutron mass for the nigxchange potential we estimate that the usual perturbative
merical estimate. This result does not depend on the densigalculations are justified fofF<1 MeV, a temperature which
(or Fermi momentum which fortuitously cancels as ex- is reached very quickly in a neutron star after formation.
plained by the physical arguments in Sec. Il D. If the neutrorTherefore, the long-term cooling history remains unaffected.
spin fluctuations were caused by the interaction with a disOf course, a calculation of the long-term cooling history
tribution of external scattering centeils, would depend on does not require knowledge of the neutrino opacity anyway
their density as well as on the neutron Fermi momentum. as at late times neutrinos are no longer trapped. Roughly

Of course, if neutron-neutron interactions are the primanyspeaking, then, the neutrino opacities matter only for a short
cause for neutron spin fluctuations one would also expedgeriod after formation of a neutron star. However, precisely
significant spin-spin correlations which we have ignored.for this period thevn scattering rate cannot be calculated by
However, in order to study spin-spin correlations in thestr_alghtforward perturbative techniques on the basis of first
framework of a Fermi liquid theory one would need to as-Principles.
sume that Landau’s condition is satisfied which is not the
case in any obvious sense wheh ,=T. Therefore, we be-
lieve that the usual calculations of neutrino opacities in hot We acknowledge partial support by the European Union
degenerate neutron-star matter are applicable only fo€ontract No. CHRX-CT93-0120 and by the Deutsche For-
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