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We show that once a black hole surpasses some critical temperatureTcrit , the emitted Hawking radiation
interacts with itself and forms a nearly thermal photosphere. Using QED, we show that the dominant interac-
tions are bremsstrahlung and electron-photon pair production, and we estimateTcrit;me /a

5/2, which when
calculated more precisely is found to beTcrit'45 GeV. The formation of the photosphere is purely a particle
physics effect, and not a general relativistic effect, since the photosphere forms roughlya24 Schwarzschild
radii away from the black hole. The temperatureT of the photosphere decreases with distance from the black
hole, and the outer surface is determined by the constraintT;me ~for the QED case!, since this is the point at
which electrons and positrons annihilate, and the remaining photons free stream to infinity. Observational
consequences are discussed, and it is found that, although the QED photosphere will not affect the Page-
Hawking limits on primordial black holes, which is most important for 100 MeV black holes, the inclusion of
QCD interactions may significantly effect this limit, since for QCD we estimateTcrit;LQCD. The photosphere
greatly reduces the possibility of observing individual black holes with temperatures greater thanTcrit , since
the high energy particles emitted from the black hole are processed through the photosphere to a lower energy,
where theg-ray background is much higher. The temperature of the plasma in the photosphere can be
extremely high, and this offers interesting possibilities for processes such as symmetry restoration.
@S0556-2821~97!03102-0#

PACS number~s!: 95.30.Cq, 98.70.Rz

I. INTRODUCTION

As first shown by Hawking in 1975@1#, quantum theory
predicts that a black hole emits thermal radiation. The pos-
sibility of observing this thermal or ‘‘Hawking’’ radiation
from, say, a solar mass black hole is impractically small: the
entire black hole would emit only a few hundred quanta per
second, and this is much too small of a flux to possibly be
observed at astronomical distances.

However, since the temperatureTBH of the black hole and
hence, the flux of radiation, is inversely proportional to the
black hole mass, the possibility of detecting Hawking radia-
tion from much smaller mass black holes becomes observa-
tionally feasible. Page and Hawking, and several other au-
thors @2–4# have placed upper limits on the density of very
small mass~therefore, very hot! black holes by constraining
the total radiation produced to be less than the observed
g-ray background radiation. This method constrains the den-
sity of black holes with temperatures of order 100 MeV. This
particular number arises from the fact that a 100 MeV black
hole has a lifetime on the order of the age of the Universe,
and although it is true that higher temperature black holes
have higher fluxes, they also have much shorter lifetimes,
and the important quantity~for background measurements! is
the time-integrated flux. Therefore, 100 MeV black holes
contribute the most to theg-ray background. We should note
here that since there are no known astrophysical processes
that can produce these small mass black holes, these con-
straints all assume they were produced in the early Universe;
hence, they are called ‘‘primordial black holes.’’

An important issue in finding the constraints on the den-
sity of black holes is to determine the emission spectrum of
the black hole. At first glance one might expect the observed
spectrum of radiation from a black hole to be thermal, since

the black hole emits thermal radiation from its surface~tak-
ing into account, of course, finite size effects!. MacGibbon
and Webber@5# have shown that the observed spectrum is
not thermal simply because emitted particles such as quarks
fragment into hadrons, photons, neutrinos, etc., and this frag-
mentation plays a major role in determining the spectrum.

There is another possibility, however, for affecting the
observed spectrum. If the particles emitted from the surface
interact with one anotheras they propagate away, then the
spectrum observed far away from the black hole will not be
the same as the emitted spectrum. In fact, if the particles
interact strongly enough, then a photosphere will develop
around the black hole, and the average energy of the particles
at the outer surface of the photosphere will be much less than
the average energy of particles emitted directly from the
black hole. A similar effect also occurs in the Sun, where the
surface is much cooler than the central core, which produces
the energy.

Previous authors have considered the possibility that the
emitted particles do interact@3,6#, and they use~perhaps too!
simplistic arguments that the radiation emitted from the
black hole interacts too weakly to form a photosphere. In
paticular, they consider 2→2 body interactions, such as
compton scattering, and correctly show that these are negli-
gible. However, using standard QED, we will show that
bremsstrahlung~and photon-electron pair production! pro-
cesses are important (2→3 body interactions!, and, for high
enough black hole temperatures, the particles scatter and dra-
matically lose energy as they propagate away from the black
hole. The principal idea is that at relativistic energies, the
bremsstrahlung cross section is roughly constant~indepen-
dent of energy!. Since the density of emitted particles around
the black hole increases with the black hole temperature,
there will be a temperature at which bremsstrahlung~and
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pair-production! scattering will become dominant. Although
this scattering is not enough to completely thermalize the
emitted particles, a sort of near-thermal photosphere forms,
and the average energy of the particles decreases dramati-
cally.

The different sections in this paper are roughly self-
contained. In Secs. II and III, we discuss the subtleties of the
bremsstrahlung cross section in some detail. In Sec. IV, we
apply this cross section and obtain a formula for the number
of scatteringN an average particle undergoes as it propa-
gates to infinity, and find that for some critical black hole
temperature,N51. Section V investigates the details of the
photosphere, namely, the radius of the inner and outer sur-
face and the temperature and velocity of the fluid as a func-
tion of radius. At the end of this section and in Sec. VI, the
general characteristics of the photosphere are described. In
Sec. VII we discuss the the effect of including QCD interac-
tions, and in Sec. VIII we discuss the observational conse-
quences of the photosphere.

In this paper we will neglect all general relativistic effects
~except for Hawking radiation itself!, because most of the
interactions take place at a radiusr@rBH , whererBH is the
radius of the black hole.

II. BREMSSTRAHLUNG CROSS SECTION

For simplicity, let us first consider QED only. In a later
section we will consider the effects of QCD.

In the relativistic limit, the differential cross section for
bremsstrahlung in the center-of-momentum frame is found to
be @7,8#

ds~v!

dv
'
8ar 0

2

Ev S 43 ~E2v!1
v2

E D S lnF4E2~E2v!

me
2v G2

1

2D ,
~1!

where \5c51, r 05a/me is the classical electron radius,
E is the initial energy of an electron, andv is the energy of
the photon. The divergence of this differential cross section
asv→0 is remedied by higher order corrections, which es-
sentially impose an infrared cutoff.

In our application, we will not be concerned with this
infrared divergence because low energy bremsstrahlung pho-
tons,v!E, will not significantly contribute to the energy
loss of the electrons. If we take an energy-averaged cross
sections5*v(ds/dv)dv/E, we can obtain an approxi-
mate expression for the cross section that is insensitive to the
infrared divergence@7#:

sbrem'8ar 0
2ln

2E

me
. ~2!

This is in the center-of-mass frame. Examination of the func-
tion v(ds/dv) reveals that the average energy lost in each
collision is&E @8#.

The interesting and well-known behavior of the relativis-
tic bremsstrahlung~and pair-production! cross section is that
it does not decrease with energy. However, one must keep in
mind that the cross section is large compared to the energy
scale of the particles, and there is a minimum interaction
volume required in order for the process to take place. There

are two ways to understand this physically. One way is to
consider that the bremsstrahlung process can be regarded as
the following: two electrons collide and exchange a photon,
and one of the electrons is scattered into an off-shell state,
and subsequently, decays into an on-shell electron and a pho-
ton. The off-shell electron will travel a finite distance before
it decays; therefore, the process occurs in a finite volume.
The other way to understand the finite interaction volume is
discussed in the next section.

The amount of volume needed is simple to approximate:
since the cross section is proportional tome

22 and is deter-
mined by the minimum momentum of the off-shell electron.
The off-shell momentum of the electron is, by conservation
of energy and momentum,p•k, wherep andk are the four-
momentum of the final electron and photon. Sinceupu;E,
uku;E, and the average angle of photon emission is
;me /(2E) @8#, one obtainsp•k;me

2 . Therefore, the mini-
mum scale size needed for this interaction to occur is
;me

21 . We will see in the next section that the finite inter-
action volume is important for two reasons: bremsstrahlung
needs a finite amount of volume to occur, and any particles
within a separation;me

21 can interact via the bremsstrah-
lung process.

Note that along with the bremsstrahlung process
(e1e→eeg), there is the similar process of photon-electron
pair production (e1g→ee1e2). When we speak of brems-
strahlung, we will also tacitly include pair production be-
cause they have cross sections with the same functional de-
pendence at relativistic energies@7# shown in Eq.~2!.

III. BREMSSTRAHLUNG SCATTERING:
PLASMA EFFECTS

In a pure QED theory, electrons, positrons, and photons
are emitted from a black hole that has a temperature
TBH.m0e , wherem0e is the vacuum electron mass.1 We
will assume that the energy spectrum of the particles emitted
directly from the black hole is perfectly thermal, though in
reality there are spin and finite source size effects@5#. We
will make another simplifying approximation by noting that
since the density of particles near the surface of the black
hole is the thermal density at temperatureTBH , then from
conservation of particle number we obtain a formula for the
density of particles at radiusr :

n0~r !'2E d3p

~2p!3
f ~p!

rBH
2

r 2
'

1

p2

TBH
~4p!2r 2

, ~3!

where the radius of the black holerBH51/(4pTBH),
f (p)5(eE(p)/TBH61)21 ~for fermions and bosons!, and re-
call that theu angle should only be integrated top/2, since
the particles are being emitted from a surface, the subscript
0 is to remind us that we have not taken particle production
from scattering into account. We will use this approximation
for density for both photons and fermions.

In calculating the density we must also take into account
that bremsstrahlung and electron-photon pair creation are

1The plasma mass, as defined below in this section, is always less
than the vacuum mass at a radiusr.rBH , whenTBH5m0e .
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particle-creating processes. Therefore, with each scattering,
more particles are being produced, and the particle density
increases. Since the combinationse61e6→e6e6g and
e61g→ee1e2 are all possible, let us simplify the picture
and treat the electrons, positrons, and photons all as ‘‘par-
ticles’’ that undergo 2→3 body interactions: every two par-
ticles that interact create a third particle. Then, forN particle
scatterings@see Eq.~6! below#, we can account for the effect
of particle creation by replacing the density termn0 by

n~r !5S 32D
N~r !

n0~r !, ~4!

which indicates that the density grows exponentially with
each scattering.

The relativistic bremsstrahlung mean free path of elec-
trons and positrons at radiusr is

l~r !5
1

n~r !sbremuvu

'
me
2

8n~r !a3ln~2TBH /me!
, ~5!

where we have approximated the vector velocity difference
between colliding particles to beuvu'1, and the average
energy of the electronsE'TBH .

Before proceeding, let us digress for a moment and dis-
cuss why one can approximateuvu'1. For the sake of clar-
ity, let us consider localized particles escaping from the
black hole with an energyE and a size roughly 1/E. The
bremsstrahlung interaction involves an exchange of a virtual
photon between the particles and is an ‘‘action at a dis-
tance.’’ The question is, what is the typical range of the
interaction, or rather, how far apart can the particles be and
still interact? The answer isnot1/E, rather the answer is that
the range of the interaction is 1/k, wherek is the the momen-
tum exchanged between the particles, i.e., the momentum of
the virtual photon. As shown by several authors such as in
Ref. @9#, the dominant contribution to the cross section does
not come from largek, but rather from smallk such that the
average momentum exchanged is;me ~this is indeed why
the cross section goes as 1/me

2). Therefore, particles as far
apart as 1/me will interact via bremsstrahlung.

Now, if a particle is emitted from the black hole of radius
1/(4pTBH) and it can interact with particles within a dis-
tance 1/me , then it is easy to see that forTBH@me , the
particle can interact with other particlesall around the black
hole. Therefore, if one averages the vector velocity differ-
ence between the ‘‘colliding’’ particles, one can see that this
is similar to averaging over an isotropic distribution, and for
relativistic particles we can then approximateuvu51. To
summarize, localized particles a distanced apart do not have
to be ‘‘moving towards’’ each other to collide, the important
quantity to consider is the possible momentum exchanged
k if they interact: ifd,k21 then the particles will interact, if
d@k21 then the interaction will be negligible.

Let us defineN to be the number of scatterings that an
average particle has undergone as it travels fromrmin to
rmax from the black hole:

N[E
rmin

rmax dr

l~r !
. ~6!

Certainly, if N.1, the particles will begin to significantly
interact, and possibly form a photosphere.

In order to understand the important physics involved in
this problem, let us first consider a naive calculation ofN,
and assume that the electron mass is equal to the vacuum
electron mass, i.e.,me5m0e , and that, since the minimum
interaction volume isme

23 , we assumermin5me
21 and

rmax5`. Using Eqs.~6! and~5!, and neglecting for the mo-
ment the density enhancement of Eq.~4!, we obtain

Nbrem'
a3

2p4

TBH
m0e

ln
2TBH
m0e

. ~7!

In this naive picture, particle interaction becomes important
~i.e.,N*1) when

TBH*
p2

a3m0e;20 TeV, ~8!

and most of the particles scatter at a distancem0e
21 from the

black hole.
However, there are some problems with this naive picture.

For example, at a distancem0e
21 from the black hole, the

average interparticle spacing at this temperature~8! is
n21/3'am0e

21 which is much smaller than the bremsstrah-
lung interaction length~it is even smaller than the electron
Compton wavelength!, and one would expect this high den-
sity ‘‘plasma’’ to affect the cross section. A second and re-
lated problem is: what occurs in the regionr,me

21? Al-
though the interaction distance of bremsstrahlung isme

21 , it
does not mean that the interaction is turned off at shorter
distances. It does mean, however that the cross section is
suppressed~or ‘‘screened’’!. This is very similar to the
Landau-Pomeranchuk-Migdal~LPM! effect, where the
bremsstrahlung cross section of a beam of electrons on a
target is suppressed because the interaction distance is so
large that the electrons can scatter via Coulomb collisions
during the bremsstrahlung interaction, and, therefore, sup-
press the bremsstrahlung cross section@10#.

Another, perhaps more lucid, way of regarding the effect
of bremsstrahlung suppression is to realize that the brems-
strahlung processes are not occurring in a vacuum, but rather
in a bath of radiation, or ‘‘plasma.’’ In our application we are
calculating interaction rates which involve cross sections of
particles in a background plasma which is in a~almost! ra-
dially propagating collection of particles. When calculating
quantities that include the masses of particles in a plasma, we
must be careful to include the plasma mass of the particles.
To a very good approximation, the plasma effects are easily
included in cross sections by simply replacing the vacuum
mass squaredm0

2→m0
21mpm

2 , where m0 is the vacuum
mass, andmpm is the plasma mass. This can be easily under-
stood by realizing that the finite temperature cross section is
found by calculating Feynman diagrams which are identical
to the vacuum diagrams, but replacing every propagator by
its finite temperature counterpart. The problem is then re-
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duced to finding the finite temperature self-energy, or in ef-
fect, finding the plasma mass. Let us define the total electron
mass in a plasma to be

me
25m0e

2 1mpm
2 ~n,T,p!, ~9!

where we have explicitly noted that the plasma mass is a
function of density, temperature, and momentum. The actual
functional form of the electron plasma mass does not take
this form, but it is accurate in the limit of very small or very
large plasma mass~compared to the vacuum mass!, and these
are the limits that we will be interested in.

So the question is, what is the plasma mass of an electron
propagating away from a black hole? The electron is propa-
gating in a kind of plasma, but it isnot a thermal plasma,
since the density is not homogeneous, and the particles are
not moving in random directions, but rather they are propa-
gating nearly radially away from the black hole~recall the
black hole is a small, but finite size source!. The calculation
of the plasma mass of a particle in an inhomogeneous,
nonisotropic medium is nontrivial, and is beyond the scope
of this paper. We will instead use a simple estimate for the
plasma mass by noting that, for a thermal plasma with den-
sity n and temperatureT, mthermal

2 '4pkan/Ē ~see, for ex-
ample,@11#!, wherek is a constant of order unity,Ē is the
average energy of the particles in the plasma, and we have
made the rough approximation that 1/Ē'1/E. We will,
therefore, use the estimate that the plasma mass of a particle
near a black hole is

mpm
2 '

4pan~r !

Ē
'
4pa~3/2!2N

ab~4p2r !2
, ~10!

where we have used Eq.~4! and assumed that since the av-
erage energy of a particle emitted from a black hole is
;abTBH , whereab'5 @5#, and since the average energy of
a particle decreases with each scattering, we estimate
through conservation of energy thatĒ'abTBH /(3/2)

N.

IV. ONSET OF PHOTOSPHERE

Let us consider a more accurate calculation bremsstrah-
lung scattering, which includes plasma effects discussed in
the previous section. Combining Eqs.~4!–~6!, we obtain a
formula for the number of bremsstrahlung scatterings a par-
ticle undergoes traveling to a distanceR from the black hole:

N~R!'8a3E
rBH

R

drS ~3/2!N~r !n0~r !

me
2~r !

lnF 2TBHme~r !G D , ~11!

where we have explicitly shown the electron mass as a func-
tion of distance away from the black hole, since the plasma
mass varies with density.

Equation~11! can be solved numerically~see Fig. 1!, but
we can also determine solutions analytically by approximat-
ing (3/2)N'1, and approximating the argument of the loga-
rithm to beTBH /m0e ~because most of the integrand comes
from the region wherempm;m0e). Integrating fromrBH to
infinity, we obtain

Nbrem'S aba5

4p3 D 1/2S lnTBHm0e
D TBHm0e

, ~12!

keeping in mind that this expression is valid only for
N&1. Using the definitionN(Tcrit)51, and approximating
ab'5, we obtain a critical temperatureTcrit for the black
hole

Tcrit;S ~4p3/ab!
1/2

ln~a25/2! D m0e

a5/2;45 GeV. ~13!

Numerically solving Eq.~11!, we find thatNbrem51 when

Tcrit.45.2 GeV. ~14!

At this temperature, outgoing particles will scatter on aver-
age at least once via bremsstrahlung and photon-electron
pair-production processes. When the temperature increases
aboveTcrit , the particles scatter yet more, and at some point
it is necessary to think of the plasma as no longer free
streaming, but as an interacting fluid.

We can also analytically estimate the behavior ofN when
it is much larger than unity by noticing that when one as-
sumesN@1, one can use Eqs.~10! and ~11! to self-
consistently findmpm(r )@m0e and

N~r !'
ln@8a2TBHr ~ ln3/2!~ lnp2/a5/2!#

~ ln3/2!
, ~15!

where we heldN in the logarithm to be constant, then itera-
tively kept the highest term. Comparing to numerical results,
this was found to be better than 1% accurate forN@1.

FIG. 1. The average number of bremsstrahlung or photon-
electron pair-production scatteringsN that ane6 or photon under-
goes as it propagates a distancer away from the black hole, for
various black hole temperaturesTBH . Note thatN approaches unity
for TBH5Tcrit.45.2 GeV.
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V. THE THERMAL PHOTOSPHERE

We have shown that when a black hole rises above a
critical temperatureTcrit , the Hawking-radiation particles
bremsstrahlung scatter many times as they propagate away
from the black hole. AsN gets large, the radiation will have
to be described in a qualitatively different way. If the mean
free path is short enough (l,r ), then a kind of photosphere
will form, and a fluid description is more appropriate.

The unique environment of microscopic black hole photo-
sphere, however, complicates the issue: the average energy
and density of the particles are changing so fast as they
propagate away from the black hole, that the particles never
have enough time to fully thermalize. That is to say, the fluid
in the photosphere is an imperfect fluid.

In order to show this, consider the following arguments
which reveal an inconsistency with the perfect fluid descrip-
tion. Let us assume for the moment that the particles scatter
enough that at some point they become a thermal, perfect
fluid. In the rest frame of a fluid element, the time scale for
particle scatteringtmfp must be smaller than the time scale
for any change in macroscopic parameters~such as tempera-
ture! of the fluid elementtfl . For a relativistic plasma at
temperatureT, tmfp;(a2T)21. In the rest frame of the black
hole, the time scale for change in macroscopic parameters is
;r /v;r @this is also borne out by Eq.~17! below#. Conse-
quently, boosting to the frame of the fluid, we find
tfl'r /g). Therefore, the perfect fluid conditiontmfp,tfl ,
becomes

a2Tr

g
.1. ~16!

Since we have assumed that the fluid is a perfect gas, we can
determine other relations betweenT, g, and r by simply
employing conservation of energy-momentum (]mT

mn50)
and entropy@]m(su

m)50# using spherical symmetry, and
assuming that the fluid obeys the relativistic equation of state
(p5r/3):

T1
T2

5
g2

g1
5
r 2
r 1

u2
1/2

u1
1/2, ~17!

whereg5(12u2)21/2 is the Lorentzg factor of the fluid,
andT1 is the temperature of the fluid at radiusr 1, etc.

The inconsistency comes from the following observation:
if the particles interact just enough to meet the perfect fluid
constraint@Eq. ~16!# at some radiusr 0, then according to Eq.
~17!, the constraint is subsequently violated at anyr.r 0, and
the fluid is no longer considered to be perfect. However, if
one as to look at the microscopic interactions, occurring at
r , one would find copious scattering~increasing withr ),
which leads one back to assuming a perfect fluid. The solu-
tion to this inconsistency lies in realizing that the fluid is not
perfect and Eq.~17! is incorrect. Another way of stating this
is that the temperature and velocity of the fluid change sig-
nificantly over a mean free path, so there is a large amount of
entropy production@]m(su

m).0#. The production of entropy
can be seen as a consequence of the viscosity of the imper-
fect fluid; a certain amount of the bulk kinetic energy of the

fluid is thermalized via viscosity and so the temperatureT
should decrease more slowly than 1/r .

In order to find a solution to this problem, which ideally
would be solved via the Boltzmann equation, we will make a
simplification based on the inconsistency stated above. That
is, since the perfect fluid equation~17! will not allow for
a2rT/g@1, and the microscopic equations~15! will not al-
low for a2rT/g!1, we will then assume

a2Tr

g
51. ~18!

We will employ this constraint along with conservation of
energy in order to findT(r ) andg(r ), but first let us discuss
the general form of the photosphere. One should keep in
mind that even though we can identifyT as approximately
the average energy of the particles in the rest frame of the
fluid, we use the term ‘‘temperature’’ loosely since the fluid
is not a perfect fluid.

The general form of the photosphere will be a thick shell
of plasma~see Fig. 2!. The fluid at the inner surface of the
photosphere shell will have some ‘‘temperature’’T0, and as
a fluid element of the photosphere propagates outward, it
will cool until it eventually reaches a temperature below the
electron mass. This is the outer surface of the photosphere: at
this point the electrons and positrons will annihilate, and the
photons will free stream away to infinity. This picture is
similar to the fireball model of Goodman@12#.

The radiusr 0, temperatureT0, and velocityu0 of the fluid
of the inner surface of the photosphere are found from Eq.
~18! and the conservation of energy-momentum at the
boundary of the inner surface of the photosphere. We will
make the approximation that on the inside of the boundary,
there is a free-streaming radiation, and on the outside of the
boundary there is a near-thermal plasma at temperatureT0,

FIG. 2. The total photon flux and average photon energy that a
faraway observer will see as a function of the black hole tempera-
tureTBH . The dashed line is an extrapolation of what occurs at the
critical temperatureTcrit

QED'45 GeV. The~local! maximum in the
observed energy is at aboutTcrit , and the minimum at aboutm0e .
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and we will assume the boundary is a thin layer. Thus, we
will apply the conservation of energy-momentum
]mT

mn50 for a planar surface. The energy-momentum ten-
sor for radiation-free streaming~in one direction! is

Tfs
mn5r fs

kmkn

k0
2 , ~19!

wherer fs is the energy density of the free-streaming radia-
tion at radiusr 0 from the black hole, andkm is the~averaged!
momentum four-vector of a particle of radiation. The fluid in
the photosphere is an imperfect gas, but let us assume that
the boundary conditions will not be much affected if we
assume for the moment that the fluid is perfect. For a perfect
gas, Tper

mn5(r01p0)u0
mu0

n2p0g
mn. By assuming a steady

state, one obtains two equations

r fs5~r01p0!g0
2u0 , r fs5~r01p0!g0

2u0
21p0 , ~20!

for which one can solve for the velocity of the perfect gas at
the inner boundary of the photosphere:

u051/3, ~21!

and the formula for the energy density of the fluid, in the rest
frame of the fluid,

r052r fs5
2aTBH

2

~4p2!2r 2
, ~22!

where, as stated earlier,a is defined asa5r/(nT)'5, and
we have once again assumed a relativistic equation of state.
Using the fact thatr05aT0n'(2a/p2)T0

4, and using Eqs.
~21! and~16!, we obtain an estimate of the parameters of the
inner surface of the photosphere

r 05
4p

g0
2a4TBH

, T05
g0a

2

4p
TBH , and g05

9

8
. ~23!

Notice that the size and temperature of the photosphere are
functions of the black hole temperatureTBH .

We can then determineT andg at larger radii by simply
using Eq. ~18! and the conservation of energy. Assuming
u'1, the conservation of energy requirement in the photo-
sphere becomes roughly

r 2g2T4'r 0
2g0

2T0
4 , ~24!

and with Eq.~23! we find

T~r !5S g0TBH
4pa2r 2D

1/3

, g~r !5S g0a
4TBHr

4p D 1/3. ~25!

The temperature of the photosphere decreases as the ra-
dius increases, and eventually the temperature will decrease
to m0e . This is the outer boundary of the photosphere since
most of the electrons and positrons will annihilate at this
point, and the mean free path will become so large that the
particles will simply free stream to infinity. Using Eqs.~17!
and ~23! we find the parameters of the outer surface of the
photosphere to be

r p5S g0TBH
4pm0e

D 1/2 1

am0e
, Tp5m0e ,

and

gp5aS g0TBH
4pm0e

D 1/2. ~26!

In terms of critical temperatureTcrit ,

r p;
1

a2m0e
S TBHTcrit

D 1/2, gp;S TBHTcrit
D 1/2. ~27!

The average energy observed far away from the black hole
~beyond the photosphere! is roughly

Ēobs'athgpTp;m0eS TBHTcrit
D 1/2, ~28!

where ath'3 is obtained from a pure thermal plasma, as
opposed toab'5, which is obtained from the black hole
spectrum. Figure 2 shows the average energy an observer
beyond the photosphere will see for a given temperature of
the black hole inside.

Since the density of photons atr p in the rest frame of the
black hole is;gpm0e

3 we can estimate the total number of
photons emitted by the black hole per second,

Ṅphotons;
TBH
a2 S TBHTcrit

D 1/2, ~29!

which is roughly (TBH /Tcrit)
1/2/a2 times greater than the par-

ticle emission rate directly from the black hole. See Fig. 2.
One can also estimate the number of electrons and posi-

trons left over after interactions between them have ‘‘frozen
out’’ from the rapid decrease in the photosphere temperature.
The freeze out density is determined by comparing the mean
free path to the radius, as before. If we approximate thee6

density in the rest frame of the fluid asne68 ;T3e2m0e /T, then
the mean free path in the rest frame of the black hole is
l;em0e /T/(ga2T). If we imposel>r at the outer surface
of the photosphere, we findne68 ;m0e

3 (Tcrit /TBH)
1/2/gp .

Therefore, in the rest frame of the black hole we find at the
outer surface of the photosphere that the freezing-out density
of e6 is ne6;m0e

3 (Tcrit /TBH)
1/2, and the total number of

e6 emitted per second by the photosphere is

Ṅe6'
~4p!m0e

a4 S TBHTcrit
D 1/2, ~30!

which is roughly a factor of aboutTBH /Tcrit less than the
photon emission rate.

VI. THE BIG PICTURE

Now, we can describe the whole picture of the photo-
sphere which forms around a hot black hole~see Fig. 3!. At
black hole temperaturesTBH,Tcrit; 30 GeV, there is no
scattering and no photosphere, the particles free stream away
from the black hole, and the far away observer sees the ther-
mal spectrum directly emitted by the black hole~we are ne-
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glecting the fragmentation of quarks, etc.@5#!.
As the black hole temperature rises toTBH*Tcrit , brems-

strahlung and photon-electron pair production begins to oc-
cur. The particles will begin to scatter (N;1) via brems-
strahlung and pair production at a radius of
r5(8a2TBH)

21, and as they continue to scatter, they will
eventually form a thermalized photosphere at a radius
r 0;4p/(a4TBH). The characteristics of the photosphere are
described in the previous section, and represented in Figs. 2
and 3.

As the black hole continues to increase in temperature, the

photosphere grows. For low enough black hole temperatures,
we can treat the photosphere as steady state, that is the effect
of the changing black hole temperature is negligible. Once
the black hole temperature increases to the point where its
lifetime tBH is equal to the light crossing time of the photo-
sphere, that is when

r ph5ctBH , ~31!

then the photosphere is no longer in a steady state. Beyond
this point, the black hole will evaporate quicker than the
photosphere dissociates, and there will be a period when
there is a remnant photosphere, with no black hole in the
center.

The lifetime of the black hole is found from its rate of
mass loss:

ṀBH'24prBH
2 TBH

4 . ~32!

Strictly speaking, one must also include a factor of the rel-
evant degrees of freedom such as quarks, gluons, etc.@5#, but
since we are only including the presence of photons, elec-
trons, and positrons, we will neglect this factor. The lifetime
tBH of the black hole is then

tBH'
MPl

2

6TBH
3 , ~33!

whereMPl is the Planck mass.
The important features of the black hole and its photo-

sphere are summarized in Table I for various times during its
evolution. For the final moments of the black hole, we are
assuming a naive picture that the black hole simply evapo-
rates into radiation, with a maximum temperature ofMPl .

VII. INCLUDING QCD

The bremsstrahlung process also occurs in QCD. In this
case, two quarks collide and emit a gluon, and the coupling

FIG. 3. A schematic black hole and QED photosphere. For
black holes with temperatureTBH.Tcrit'45 GeV, the electrons,
positrons, and photons emitted from the black hole travel a distance
;(a2TBH)

21 before they begin to bremsstrahlung scatter. Eventu-
ally, the particles scatter enough that a near-perfect fluid photo-
sphere forms atr 0 with some temperatureT0. The temperature of
the fluid decreases as it flows outward, and atr p , T5m0e and most
of thee6 annihilates. The photons then free stream to infinity, now
with an average energy ofĒobs;m0e(TBH /Tcrit)

1/2.

TABLE I. Characteristics of black hole and QED photosphere at various times. Note that the average
particle energyĒobs observed far from the black hole~beyond the photosphere! is much smaller than the
black hole temperature. Note also that when the black hole becomes so hot thatr ph5ctBH , it quickly
evaporates and leaves behind a remnant photosphere, which eventually dissipates. All values are approxi-
mate.

Photosphere TBH Ēobs r ph tBH MBH

initially forms 45 GeV m0e (a2m0e)
21 108 sec 1011 g

TBH510 TeV 10 TeV 10 MeV 1025 cm 10 sec 109 g

r ph5ctBH 109 GeV 1 GeV 1023 cm 10213 sec 104 g

Photosphere — 105 GeV 102 cm — —
finally dissipates
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aS is much larger than the QED coupling. Adding quarks,
gluons, and QCD interactions to the picture will, therefore,
change the critical temperature, size, and structure of the
photosphere.

In order to show this, let us use a simple model of QCD.
First of all, because of the asymptotic freedom of QCD in-
teractions, the average interparticle spacing must be less than
LQCD,

n21/3~r !,LQCD, ~34!

in order for the coupling constant to be small enough that
perturbation theory is valid. When the interparticle spacing is
larger than this, the quarks and gluons simply form hadrons,
etc., which is described by MacGibbon and Webber@5#.

For simplicity, let us assume that the QCD bremsstrah-
lung cross section has the exact same form as the QED cross
section, only one must now use the strong couplingaS , and
the mass of the quark involvedmq :

sbrem
QCD;

8aS
3

mq
2 ln

2E

mq
. ~35!

Once again, we must take into account the plasma mass of
the quark, and we do so by following the same prescription
as for the plasma mass of the electron~10!. We also will
simplify the problem by estimating that the smallest mass of
the quark isLQCD. Therefore, we estimate

mq
25LQCD

2 1
aS~NQCD11!2

~4p2r !2
. ~36!

This estimate will always ensure that the important scale is
the interparticle spacing, and that the smallest energy scale is
LQCD. Following the same procedure as in the QED case,
we estimate that the critical temperature at which quarks be-
gin to QCD bremsstrahlung scatter~i.e.,NQCD51):

Tcrit
QCD;

LQCD

aS
5/2 *LQCD. ~37!

The true value ofTcrit
QCD is difficult to estimate, sinceaS is

such a sensitive function of energy at these scales. Clearly,
the scaleLQCD will be important, but a detailed model of
QCD is needed to obtain a more accurate number. Since
Tcrit
QED.Tcrit

QCD;100 MeV, it is also clear that QCD will play
an important role in the formation of a photosphere around a
microscopic black hole.

VIII. CONSEQUENCES FOR OBSERVATION

As stated in the introduction, the Page-Hawking limit,
which constrains the total flux of Hawking radiation from all
of the evaporating black holes to be less than the observed
g-ray background@2–4#, most stringently constrains black
holes emitting 100 MeV photons. SinceTcrit

QED;45 GeV, the
QED photosphere will not have a large effect on this con-
straint. Even as the temperature of the black hole increases to
the point where the photosphere begins to emit 100 MeV
photons again@whenTBH;(104)Tcrit , see Fig. 2#, the black
hole will have such a small mass compared to its mass when
it was a 100 MeV black hole, that its contribution to the

background~when it is converted to photons! at this point
will be negligible. Therefore, the QED photosphere will have
a negligible effect on Page-Hawking limit.

However, sinceTcrit
QCD;LQCD;100 MeV, the QCD photo-

sphere may play a dominant role in determining the number
of 100 MeV photons emitted by a black hole. Clearly, a full
calculation including QCD interactions is needed in order to
determine the energy spectrum of particles coming from the
photosphere. In general, one would expect an added flux of
particles starting at energies;LQCD. Furthermore, com-
pared to the previous calculations of the spectrum@5#, there
will be much smaller fluxes at energiesE.Tcrit because in
the standard calculation, one expects a black hole with
TBH;E to produce particle of energyE, whereas, due to the
photosphere, these fluxes are actually produced by black
holes with TBH;E2/(m0ea

5/2), which have masses
;E/(m0ea

5/2) smaller than expected from the standard cal-
culation, and so the total energy that these smaller mass
black holes can contribute to theg-ray background at energy
E is E/(m0ea

5/2) times less than the standard calculation.
Another way of constraining the density black holes is

based on the fact that we have not, as far as we know, ob-
served an individual black hole evaporating in its final stages
@3,4,13#. For example, Halzenet al. @4# show, using the ther-
mal radiation plus quark fragmentation model, that if a a
black hole withTBH5100 GeV, which has a lifetime of
about 107 sec and radiates 100 GeV photons is closer than
about 1 p, then its emission will be above the 100 GeV
background, and can be observed.

If we apply the effect of the photosphere to the standard
constraints on the distance to individual black holes, we find
that, since the QED photosphere decreases the energy of the
particles emitted from the black hole, observation becomes
much more difficult because the background is much higher
at lower energies. To illustrate this, let us use the example of
the TBH5100 GeV black hole. The observer at infinity will
only see photons that have been processed through the
photosphere, and as a result, will only see photons with an
average energy ofĒobs;m0e(TBH /Tcrit)

1/2;1 MeV. In order
to conserve energy, the photon flux will consequently in-
crease by a factor ofTBH /Ēobs over the standard no-
photosphere assumption. But the the observedg-ray back-
ground flux is proportional toE22.5 @3#. In order to see the
100 GeV black hole, one must look in the 1 MeV energy
range, where the background is much higher. Even though
the black hole flux is increased by a factor ofTBH /Ēobs by
the photosphere, this is not nearly enough to compensate for
the increase in background. Therefore, from this point of
view, the photosphere makes the observation of individual
black holes much more difficult, and the present limits must
be reconsidered. That is to say, individual primordial black
holes may be a lot closer than the present constraints pre-
scribe.

The presence of the photosphere will change the con-
straints on individual black holes in several other important
ways. If we consider observing the sky at some energy
Eobs, then for some range of energiesm0e&Eobs&Tcrit ,
there will be black holes attwo differenttemperatures which
will both produce photons of average energyEobs and con-
tribute to a signal. For example, ifEobs510 MeV, then a
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black hole withTBH;10 MeV, which has no photosphere,
and a black hole withTBH;10 TeV, which has a~QED!
photosphere, will both radiate photonsĒobs;10 MeV ~see
Fig. 2!. The 10 TeV black hole, however, will emit photons
at amuchhigher rate than that by the 10 MeV black hole. In
particular, in the no-photosphere case,Eobs;TBH and the
total photon flux is of orderEobs; however, with the photo-
sphere, we find from Eqs.~28! and~29! that the photon flux
is roughly

Ṅ;SEobs

Tcrit
D 3 Tcrita19/2, ~38!

which is much greater than the flux from the lower tempera-
ture black hole.

However, one should note that the 10 TeV black hole has
a lifetime of only about 10 s, which severely limits the inte-
gration time of the observation. This exemplifies an impor-
tant observational consequence of the photosphere. The
photosphere decreases the average energy of the particles to
such an extent that very high energy photons (Ēobs) can only
be produced by extremely high temperature black holes,
which have such extremely short lifetimes, that they are,
practically speaking, unobservable~see Table I!. This will
dramatically weaken the constraints made by high energy
observations such as in Ref.@13#.

Because the photosphere decreases the energy of the emit-
ted particles, the possibility that black holes are the source of
ultrahigh energy background photons~or other cosmic rays!
seems remote. Even by including QCD and electroweak
theory, it would be difficult to produce ultrahigh energye6

or photons that would not be processed in the photosphere.
Of course, the black hole could emit other high energy par-
ticles such as neutrinos, but even in this case a neutrino
photosphere will eventually form, for hot enough black hole
temperatures.

IX. CONCLUSIONS AND SPECULATIONS

The main purpose of this paper is to show that by using
simple QED theory, one can show that a photosphere does

indeed form around a black hole, and that this can have
important observational effects. In order to understand the
full consequences of the photosphere, however, one must
include QCD interactions, which will cause the photosphere
to form at lower black hole temperatures.

Nonetheless, even with the inclusion of QCD one might
expect from our analysis that the Page-Hawking limit on the
density of primordial black holes will at most be affected by
only an order of magnitude or two. The observation of indi-
vidual black holes, on the other hand, will be dramatically
affected by the photosphere. The photosphere makes observ-
ing individual black holes much more difficult, and this
opens up the possibility that an individual black hole can be
much closer than previous constraints prescribe.

Another interesting aspect of the black hole photosphere
comes from the fact that it is a unique astrophysical environ-
ment. The plasma in the photosphere can reach extremely
high temperatures~recallT0;a2TBH), and one would expect
interesting physical processes to occur in such an environ-
ment. For example, at very high energies, one would expect
symmetry restoration to occur, and this opens up a wide
range of possibilities. One simple example is baryogenesis.
Since the photosphere can reach temperatures well above the
electroweak scale, one would expect baryon-violating inter-
actions to occur via the electroweak anomaly. Furthermore,
since the photosphere is naturally out of thermal equilibrium,
all of the requirements for baryogenesis are present@14#, and
the black hole should produce a net baryon number in its
photosphere. One would also expect phase transitions, such
as the QCD phase transition, to occur in the photosphere.
Clearly, the inclusion of other theories will make the black
hole photosphere much more complicated than the simple
QED photosphere.

ACKNOWLEDGMENTS

I would like to thank Eric Braaten for discussions about
the plasma mass, and Craig Hogan, Scott Dodelson, Rocky
Kolb, and Chris Hill for many helpful discussions. This work
was supported in part by the U.S. DOE and by NASA
~NAG5-2788! at Fermilab, and NAG5-2793 at the Univer-
sity of Washington.

@1# S.W. Hawking, Commun. Math. Phys.43, 199 ~1975!.
@2# D.N. Page and S.W. Hawking, Astrophys. J.206, 1 ~1976!.
@3# J.H. MacGibbon and B.J. Carr, Astrophys. J.371, 447 ~1991!.
@4# F. Halzen, E. Zas, J.H. MacGibbon, and T.C. Weekes, Nature

~London! 353, 807 ~1991!.
@5# J.H. MacGibbon and B.R. Webber, Phys. Rev. D41, 3052

~1990!.
@6# J. Oliensis and C.T. Hill, Phys. Lett. B143, 92 ~1984!.
@7# J.M. Jauch and F. Rohrlich,The Theory of Electrons and Pho-

tons, ~Springer-Verlag, New York, 1975!.
@8# E. Haug, Z. Naturforsch. Teil A30A, 1099~1975!.
@9# J. Joseph and F. Rohrlich, Rev. Mod. Phys.30, 354~1958!; W.

Heitler, The Quantum Theory of Radiation~Oxford Univrsity
Press, London, 1936!, Appendix 5.

@10# L.D. Landau and I. Pomeranchuk, Sov. Phys. Dokl.92, 553
~1953!; A.B. Migdal, Phys. Rev.103, 1811~1956!; E.L. Fein-
berg and I. Pomeranchuk, Nuovo Cimento Suppl.3, 652
~1956!.

@11# W.A. Weldon, Phys. Rev. D26, 2789 ~1982!; J.F. Donoghue
and B.R. Holstein,ibid. 28, 340 ~1983!; J.I. Kapusta,Finite-
Temperature Field Theory~Cambridge University Press, Cam-
bridge, England, 1989!; see also the appendix of E. Braaten
and D. Segel, Phys. Rev. D48, 1478~1993!.

@12# J. Goodman, Astrophys. J.308, L47 ~1986!.
@13# D.E. Alexandreaset al., Phys. Rev. Lett.71, 2524~1993!.
@14# A.D. Sakharov, JETP Lett.5, 24 ~1967!; A.G. Cohen, D.B.

Kaplan, and A.E. Nelson, Annu. Rev. Nucl. Part. Sci.43, 27
~1994!.

488 55ANDREW F. HECKLER


