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We present the exact solution of two-body motion in~111!-dimensional dilaton gravity by solving the
constraint equations in the canonical formalism. The determining equation of the Hamiltonian is derived in a
transcendental form and the Hamiltonian is expressed for the system of two identical particles in terms of the
LambertW function. TheW function has two real branches which join smoothly onto each other and the
Hamiltonian on the principal branch reduces to the Newtonian limit for a small coupling constant. On the other
branch the Hamiltonian yields a new set of motions which cannot be understood as relativistically correcting
the Newtonian motion. The explicit trajectory in the phase space (r ,p) is illustrated for various values of the
energy. The analysis is extended to the case of unequal masses. The full expression of metric tensor is given
and the consistency between the solution of the metric and the equations of motion is rigorously proved.
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I. INTRODUCTION

One of the oldest and most notoriously vexing problems
in gravitational theory is that of determining the~self-
consistent! motion ofN bodies and the resultant metric they
collectively produce under their mutual gravitational influ-
ence@1#. In general there is no exact solution to this problem
~although approximation techniques exist@2#! except in the
caseN52 for Newtonian gravity, since energy dissipation in
the form of gravitational radiation obstructs attempts to ob-
tain an exactN52 solution. Only the static sector of the
Hamiltonian has thus far been determined exactly@3#.

Lower dimensional theories of gravity do not contain
gravitational radiation and so offer the possibility of making
useful progress on this problem. For example in 211 dimen-
sions, the absence of a static gravitational potential allows
one to generalize the static two-body metric to that of two
bodies moving with any speed@4#. In 111 dimensions one
must necessarily consider a dilatonic theory of gravity@5#
since the Einstein tensor is topologically trivial in two di-
mensions. One such theory in this class has been of particu-
lar interest insofar as it has a consistent Newtonian limit@6#
~a problematic issue for a generic dilaton gravity theory@7#!,
allowing for the formulation of a general framework for de-
riving a Hamiltonian for a system of particles@8#. In the slow
motion, weak field limit this Hamiltonian coincides with that
of Newtonian gravity in 111 dimensions.

Motivated by the above, we consider here the problem of
the relativistic motion of two point masses under gravity in
111 dimensions. We work in the context of the dilatonic
theory of gravity mentioned above@6#. Both the classical and
quantum properties of this theory~referred to asR5T
theory! have been extensively investigated@6,9–11#, and it

contains the Jackiw-Teitelboim lineal gravity theory@12# as
a special case@6#. The specific form of the coupling of the
dilaton fieldC to gravity is chosen so that it decouples from
the classical field equations in such a way as to ensure that
the evolution of the gravitational field is determined only by
the matter stress energy~and reciprocally! @6,9#. It thereby
captures the essence of classical general relativity~as op-
posed to classical scalar-tensor theories! in two spacetime
dimensions, and has (111)-dimensional analogs of many of
its properties@9,10#. Furthermore, this theory can be under-
stood as theD→2 limit of general relativity@as opposed to
some particular solution~s!# @13#.

We consequently find that the motion of the bodies is
governed entirely by their mutual gravitational influence, and
that the spacetime metric is likewise fully determined by
their stress energy@6,9#. Unlike the (211)-dimensional
case, a Newtonian limit exists, and there is a static gravita-
tional potential. The solution we obtain gives the exact
Hamiltonian to infinite order in the gravitational coupling
constant. Hence the full structure of the theory from the
weak field to the strong field limits can be studied. While
some of the phase-space trajectories we obtain can be viewed
as relativistic extensions of Newtonian motion, we find that
for sufficiently large values of the total energy a qualitatively
new set of trajectories arises that cannot be viewed in this
way.

The outline of our paper is as follows. In Sec. II we reca-
pitulate the derivation of the canonically reducedN-body
Hamiltonian in 111 dimensions. In Secs. III and IV we
solve the constraint equation and then derive an expression
for the exact Hamiltonian in the two-body case. In Sec. V we
analyze the motion in the case of equal masses, and in Sec.
VI we consider the unequal mass case. In Sec. VII we solve
for the spacetime metric and in Sec. VIII we investigate the
test-particle limit of our solution. In Sec. IX we consider the
the dependence of the Newtonian limit on dimensionality.
We close our manuscript with some concluding remarks and
directions for further work.
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II. THE CANONICALLY REDUCED
N-BODY HAMILTONIAN

First we shall review the outline of the canonical reduc-
tion of (111)-dimensional dilaton gravity@8#. The action
integral for the gravitational field coupled withN point par-
ticles is

I5E dx2F 12k
A2gH CR1

1

2
gmn¹mC¹nCJ

2 (
a51

N

maE dtaH 2gmn~x!
dza

m

dta

dza
n

dta
J 1/2d2„x2za~ta!…G ,

~1!

whereC is the dilaton field,gmn is the metric~with deter-
minantg), R is the Ricci scalar, andta is the proper time of
ath particle, withk58pG/c4. The symbol¹m denotes the
covariant derivative associated withgmn .

The field equations derived from the action~1! are

R2gmn¹m¹nC50, ~2!
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where the stress energy due to the point masses is

Tmn5 (
a51
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maE dta
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A2g
gmsgnr
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s

dta

dza
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dta
d2„x2za~ta!….

~5!

Inserting the trace of Eq.~3! into Eq. ~2! yields

R5kT m
m . ~6!

Particle dynamics inR5T theory may therefore be described
in terms of the equations~4! and ~6!, which forms a closed
system of equations for the gravity or matter system.

At first sight it may seem that the dynamics is indepen-
dent of the dilaton field, since both Eqs.~4! and Eq.~6! do
not includeC. Note, however, that all three components of
the metric tensor cannot be determined from Eq.~6!, since it
is only one equation. The two extra degrees of freedom are
related to the choice of coordinates. If the coordinate condi-
tions are chosen to be independent ofC, Eq. ~6! determines
the metric tensor completely. However, this need not be the
case, and so more generally we need to know the dilaton
field C, through which the metric tensor is~indirectly!
determined—it is this field that guarantees conservation of
the stress-energy tensor via Eq.~3!.

In the canonical formalism the action~1! is written in the
form

I5E dx2H(
a

pażad„x2za~x
0!…1pġ

1PĊ1N0R
01N1R

1J , ~7!

where g5g11, N05(2g00)21/2, N15g10, p and P are
conjugate momenta tog andC, respectively, and

R052kAggp212kAgpP1
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1
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a
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d„x2za~x
0!…, ~9!

with the overdot and prime denoting]0 and]1, respectively.
The transformation from Eq.~1! to Eq. ~7! is carried out

by using the decomposition of the scalar curvature in terms
of the extrinsic curvatureK via

A2gR522]0~AgK !12]1@Ag~N1K2g21]1N0!#,

whereK5(2N0g)
21(2]1N12g21N1]1g2]0g) and chang-

ing the particle Lagrangian into first order form.
The action~7! leads to the system of field equations:
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ġ2N0~2kAggp22kAgP!1N1
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22N1850, ~11!
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In the equations~16! and ~17!, all metric components (N0,
N1, g) are evaluated at the pointx5za and

] f

]za
[

] f ~x!

]x U
x5za

.

This system of equations is equivalent to the set of equations
~2!, ~3!, and~4!.

The action~7! also shows thatN0 andN1 are Lagrange
multipliers, and the equations~12! and ~13! are constraints.
We may investigate the canonical structure of the theory via
the generator which arises from the variation of the action at
the boundaries:

G5E dxH(
a

pad~x2za!dza1pdh2CdPJ , ~18!

whereh[11g. This form was obtained by adding a total
time derivative2]0(PC) to the original action~7! and tak-
ing the constraints into account. Since the only linear terms
in the constraints are (C8/Ag)8 andp8, we may solve for
these quantities in terms of the dynamical and gauge~i.e.,
coordinate! degrees of freedom. Bearing this fact in mind,
we transform the generator~18! to

G5E dxH (
a

pad~x2za!dza2F2
1

k S C8

Ah21
D 8G

3dF2
k

n
SAh21
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P8D 8G2F2p82S C8

h21D 8

3
1

n
P82

1

h21
PC8GdS 1

2n
h8D J , ~19!

where 1/n is the inverse of the operatorn5]2/]x2 with
appropriate boundary condition, and we have discarded sur-
face terms.

Adopting the coordinate conditions

x5
1

2n
h8, t52

k

n
SAh21

1

n
P8D 8

~20!

allows the generator~19! to be expressed in the canonical
form

G5E dxH(
a

pad~x2za!dza2T0mdxmJ , ~21!

where

T005H52
1

k
nC, ~22!

T0152p8 . ~23!

In deriving this expression forTm, we made use of the dif-
ferential forms of the coordinate conditions

g51, P50 . ~24!

As discussed in@8#, consistency between the integral form
~20! of the coordinate conditions and the differential form
~24! is assured when one retains the appropriate boundary
conditions for the integral operator 1/n and takes a limiting
procedure by introducing a regulator. Thus,H is the Hamil-
tonian density of the system andT is the momentum den-
sity.

The action~7! is similarly tranformed and reduces to

I5E dx2H(
a

pażad~x2za!2HJ . ~25!

Thus the reduced Hamiltonian for the system of particles is

H5E dxH52
1

kE dxnC, ~26!

whereC is a function ofza and pa and is determined by
solving the constraints which are, under the coordinate con-
ditions ~24!,

nC2
1

4
~C8!21k2p21k(

a
Apa21ma

2d~x2za!50,

~27!

2p81(
a

pad~x2za!50. ~28!

The expression of the Hamiltonian~26! is analogous to the
reduced Hamiltonian in (311)-dimensional general relativ-
ity. The proof of the consistency of this canonical reduction
was given in@8#: namely, the canonical equations of motion
derived from the reduced Hamiltonian~26! are identical with
the equations~16! and ~17!.

III. MATCHING CONDITIONS AND THE SOLUTION
TO THE CONSTRAINT EQUATIONS

The standard approach for investigating the dynamics of a
system of particles is to derive an explicit expression for the
Hamiltonian, in which all information on the motion of the
particles is included. In this section we solve the constraints
~27! and ~28! for the system of two particles and determine
the Hamiltonian~28!.

Definingf andx by

C524 lnufu, p5x8 ~29!

the constraints~27! and ~28! for a two-particle system be-
come

nf2
k2

4
~x8!2f5

k

4
$Ap121m1

2f~z1!d~x2z1!

1Ap221m2
2f~z2!d~x2z2!%, ~30!
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nx52
1

2
$p1d~x2z1!1p2d~x2z2!% . ~31!

The general solution to Eq.~31! is

x52
1

4
$p1ux2z1u1p2ux2z2u%2eXx1eCx. ~32!

The factore (e251) has been introduced in the constants
X andCx so that theT-inversion~time reversal! properties of
x are explicitly manifest. By definition,e changes sign under
time reversal and so, therefore, doesx.

Consider first the casez2,z1, for which we may divide
spacetime into three regions:

z1,x ~1! region,

z2,x,z1 ~0! region,

x,z2 ~2! region.

In each regionx8 is constant:
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2eX2

1

4
~p11p2! ~1! region,
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1

4
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1

4
~p11p2! ~2! region.

~33!

General solutions to the homogeneous equation
nf2(k2/4)(x8)2f50 in each region are
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e
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e
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e
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k
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e

4
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For these solutions to be the actual solutions to Eq.~30! with
delta function source terms, they must satisfy the following
matching conditions atx5z1 ,z2:

f1~z1!5f0~z1!5f~z1!, ~35a!

f2~z2!5f0~z2!5f~z2!, ~35b!

f18 ~z1!2f08~z1!5
k

4
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f08~z2!2f28 ~z2!5
k

4
Ap221m2
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e

4
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k
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e

4
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5
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4
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and then

A15
Ap121m1
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Similarly the conditions~35b! and ~35d! lead to
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Since the magnitudes of bothf andx increase with increasinguxu, it is necessary to impose a boundary condition which
guarantees that the surface terms which arise in transforming the action vanish and simultaneously preserves the finiteness of
the Hamiltonian.

In the iterative analysis in@8# this condition has been shown to be

C224k2x250 in the regionz1,x andx,z2 . ~42!

Since

x5H 2$eX1 1
4 ~p11p2!%x1eCx1 1

4 ~p1z11p2z2! ~1 ! region

2$eX2 1
4 ~p11p2!%x1eCx2 1

4 ~p1z11p2z2! ~2 ! region,
~43!

the boundary condition implies

A25B150, ~44!
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2 lnA12
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The condition~44! leads to
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52
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e

4
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and

A0
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From Eqs.~46! and ~47! we have
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On the other hand the condition~45! leads to
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Using the notation
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2,
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2, ~50!

L1[4X1e~p11p2!,

L0[4X2ep11ep2 ,

L2[4X2e~p11p2!,

we obtain

A05
~M2L2!

1/2

L0
expS 2

k

8
L0z2D
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D 1/2L2L0expS 2

k

8
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1/2

L0
expS k

8
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from Eqs. ~46!, ~47!, and ~49!. Substituting Eqs.~51! and
~52! into Eqs.~38a! and ~41b! we get

A15S L1M1
D 1/2expS 2

k

8
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D 1/2expS k
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and then
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k
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k

8
L0~x2z2! D J . ~57!

In the case ofz1,z2 we have to interchange the suffices 1
and 2. The equation~48! which determinesX then general-
izes to

4728 55R. B. MANN AND T. OHTA



~Ap121m1
22e p̃224X!~Ap221m2

21e p̃124X!

5~Ap121m1
22e p̃1!~Ap221m2
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3expFkSX2
e

4
~ p̃12 p̃2! D ur uG , ~58!

wherer[z12z2 and p̃a[pasgn(z12z2).

IV. DETERMINING EQUATION FOR THE HAMILTONIAN
AND THE CANONICAL EQUATIONS OF MOTION

Since the solutions off give

f18 ~x!

f1~x!
5

k

2 SX1
e

4
~p11p2! D

and ~59!

f28 ~x!

f2~x!
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2 SX2
e

4
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the HamiltonianH is

H52
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k
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`

5
4

k
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2
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and so Eq.~58! becomes

~Ap121m1
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21e p̃2!

3expS k

4
@H2e~ p̃12 p̃2!# ur u D . ~61!

Equation ~61! is the determining equation for the Hamil-
tonian, whose solution yieldsH as a function of (p1 ,p2 ,r ).

Expanding Eq.~61! in powers ofk yields the perturbative
solution

H5Ap121m1
21Ap221m2

21
k

4
~Ap121m1
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4
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2%r 2

1
k2e
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2p22p1m2
2%ur u~z12z2!••• ~62!

up toO(k2). This is identical with the Hamiltonian derived
in the iterative method in@8#.

For the case ofz2,z1, Eq. ~61! is

L1L25M1M2expS k

4
L0~z12z2! D . ~63!

Differentiating Eq.~63! with respect toz1 leads to

]H

]z1
~L11L2!5

k

4
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]z1
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and similarly

ṗ25

k
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kr

4
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Differentiating Eq.~63! with respect top1 leads to

S ]H

]p1
2

p1
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2D L11S ]H

]p1
2e DL2

5L1L2H 2
e

Ap121m1
2

1
kr

4 S ]H

]p1
2e D J .

We have also the canonical equation

ż15
]H

]p1
5e2

eL0L1

L11L22
kr

4
L1L2

1

Ap121m1
2

~66!

and similarly
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ż252e1
eL0L2

L11L22
kr

4
L1L2

1

Ap221m2
2
. ~67!

It is evident that the Hamiltonian and the total momentum
P5p11p2 are constants of motion:

Ḣ50, Ṗ5 ṗ11 ṗ250 . ~68!

V. HAMILTONIAN OF TWO IDENTICAL PARTICLES

In this section we shall try to solve Eq.~61! for a system
of two identical particles. We may choose the center of in-
ertia frame withp152p25p. Then Eq.~61! becomes

~H2Ap21m22e p̃!25~Ap21m22e p̃!2

3expS k

4
~H22e p̃!ur u D . ~69!

After setting

H5Ap21m21e p̃2
8

kur u
Y~p,r !, ~70!

Eq. ~69! becomes

Y2e2Y5Z2e2Z, ~71!

whereZ[(kur u/8)(Ap21m22e p̃).
Equation~71! has three solutions shown in Fig. 1. The

trivial solution,Y5Z, yieldsH52e p̃, which is unphysical
because it has no interaction term. The second solution
~curve A-B-O-C-D! is represented by

Y5W~2ZeZ!, Z<z05W21~e21! ~72!

and the third solution~curve E-F-G! is represented by

Y5W~ZeZ!, Z,0, ~73!

whereW(x) is the LambertW function defined via

y•ey5x⇒y5W~x!. ~74!

FIG. 1. Solutions to Eq.~71!. The points B
and C represent the extremalZ andY values of
W21(1/e)50.278 on the principal branch.

FIG. 2. The LambertW function.
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In generalW is complex and multivalued. Whenx is real,
the function has two real branches shown in Fig. 2@14#. The
branch satisfying21<W(x) ~a solid line! is denoted by
W0(x) and is referred to as the principal branch. The branch
satisfying W(x)<21 ~a broken line! is denoted by
W21(x), and is real valued only for21/e<x,0. Then for
21/e<x,0 the function is double valued. The principal
branch is analytic atx50 and has a derivative singularity at
x521/e beyond whichW(x) becomes complex. The series
expansion of the principal branch is given by

W0~x!5 (
n51

`
~2n!n21

n!
xn. ~75!

The correspondence between the curves in Fig. 1 and
those in Fig. 2 is

curve A-B-O-C-D⇔curve P-Q-O-R-O,

curve E-F-G⇔curve O-Q-P.

Since the physical domain ofZ is Z>0, the only physical
solution is Eq.~72!, which yields the Hamiltonian

H5Ap21m21ep sgn~r !28

WF2
k

8
~ ur uAp21m22epr !expS k

8
~ ur uAp21m22epr ! D G

kur u
. ~76!

This Hamiltonian is exact to infinite order in the gravitational coupling constant. We can thus view the whole structure of the
theory from the weak field to the strong field limits.

The weak field expansion has already been given in the general case in Eq.~62!. The smallp expansion is

FIG. 3. Hamiltonian as a function of momen-
tum p.0 andkr in units ofm.

FIG. 4. H in the nonrelativistic limit com-
pared with the Newtonian Hamiltonian.
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H5
mkur u28w

kur u
1
mkur u12mkur uw18w

mkur u~11w!
e p̃2

1

16

28mkur u28mkur uw2164w1m2k2ur u2w
m2kur u~11w!3

p21•••, ~77!

where

w[WF2
mkur u
8

expSmkur u
8 D G .

The leading term is simply the mass plus a static gravita-
tional correction, which ism2kur u to lowest order ink. The
term linear inp is due to purely to gravity, since it vanishes
in the limit k→0. The argument of the functionw must be
larger than 21/e. This translates into the limit
mkr,W(1/e) which means that ifmkr is sufficiently large,
there is no smallp expansion—i.e., there is some minimum
value of p below which the Hamiltonian is no longer real.
This situation is shown in Fig. 3.

The smallm expansion~which is the same as the large
p expansion! is also easily obtained. For example in the re-
gion p.0, r.0 with e51 we find

H52p1
1

p
m21

1

16

241krp

p3
m4

1
1

128

1624krp1k2r 2p2

p5
m61••• . ~78!

Thek-independent terms are equivalent to those obtained for
two free relativistic particles of equal mass in the small mass
limit. We see that the effects of gravity modify the Hamil-
tonian to include interaction terms whose strength grows
with increasing separation, as one might expect from the
basic structure of two-dimensional gravity.

The Hamiltonian~76! describes the surface in (r ,p,H)
space of all allowed phase-space trajectories. SinceH is a
constant of the motion, a trajectory in the (r ,p) plane is
uniquely determined by settingH5H0 in Eq. ~76!. However,
there are two distinct sets of trajectories which correspond to
the two real branches ofW function which join smoothly
onto each other.

FIG. 5. Both branches of the Hamiltonian.

FIG. 6. A slice ofH at constantp.
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ForH0 sufficiently small, the Hamiltonian is given by the
principal branchW0 and reduces to the Newtonian limit for
small k. Figure 4 shows the Hamiltonian for smallH0. The
darker surface denotesH(r ,p)5H0 and the lighter surface is
the Newtonian Hamiltonian.

OnceH0 becomes sufficiently large, there appears a quali-
tatively new set of trajectories which are not connected with
the Newtonian Hamiltonian in smallk. Figure 5 demon-
strates two branches of the Hamiltonian in the region
22,r,21, 22,p,21. The whole surface ofH con-
tinues smoothly from one branch to the other. This structure
is seen in Fig. 6 where the slice ofH at constant
p (p50) is drawn.

ForH0 in the intermediate range the constant energy sur-
face intersects both branches shown in Fig. 7. The trajectory
in (r ,p) plane moves over both branches. It analytically con-
tinues from one branch to the other. Figure 8 shows also this
structure from another point of view.

For a given initial condition the energyH0 of the system
is fixed and the trajectory in (r ,p) plane is given as the slice
of H5H0 through the two-dimensional surfaceH(r ,p) in
(r ,p,H) phase space. Two characteristic plots are shown in
Figs. 9 and 10 where the corresponding trajectories in the

Newtonian theory are included for comparison. Under time
reversal, the trajectory for a given value ofH0 is obtained by
reflection in thep50 axis.

One of the characteristics of the trajectories is that as
H0 increases the trajectory becomes moreS shaped. Suppose
the particles start out at the same place (r50) with positive
p. r will increase andp will slowly decrease. This continues
until maximum separation with some positive value ofp,
where the velocityṙ50. After thatr undergoes a rapid de-
crease, whilep is still positive. At some value ofr , p be-
comes zero and then it goes negative. The particles continue
to be pulled together andr reaches 0, wherep has its maxi-
mum negative value. The particles then overshoot the mark
and start the reverse motion with interchanged positions.

The main reason why the trajectories areS shaped is the
appearance of thep-linear term in the Hamiltonian. The ca-
nonical equations~66! and ~67! @or directly the Hamiltonian
~77!# leads to

ṙ5e
mkur u12mkur uw18w

mkur u~11w!
1~p terms!. ~79!

The first term on right-hand side~RHS! comes from the

FIG. 7. A comparison of the Hamiltonian
with a surface of constant energy. The flat black
surface corresponds to a value ofH055. Note
that it intersects both branches of the Hamil-
tonian.

FIG. 8. A slice of both branches ofH at
r51. The horizontal line corresponds to
H0515.
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p-linear term inH and ṙ50 does not correspond top50.
This relation betweenṙ andp resembles the relation in the
theory with charged particles

p5
ṙ

A12 ṙ2
1eA.

In this sense the first term on RHS of Eq.~79! can be said to
be purely gravitational.

VI. THE UNEQUAL MASS HAMILTONIAN

For unequal masses we set

H5
Ap121m1

21Ap221m2
2

2
1

e

2
~ p̃12 p̃2!2

8

kur u
Y ~80!

so that Eq.~61! becomes

~Y22D2!e2Y5~S22D2!e2S, ~81!

where S5(kur u/16)(M̃11M̃2) and D5(kur u/16)(M̃1

2M̃2) with M̃1[Ap121m1
22e p̃1 and M̃2[Ap221m2

2

1e p̃2. For equal masses,S5Z, D50 and Eq.~81! reduces
to Eq.~71!. Solving Eq.~81! for Y in terms ofSandD yields
the Hamiltonian in the unequal mass case.

To obtain the solution, consider the equation

~y22a2!e2y5~x22a2!e2x, a.0. ~82!

This equation also has three solutions shown in Fig. 11: the
trivial solution y5x, the curve H-I-J-K-L denoted by
W(x;a), and the curve S-T-U denoted byW̄(x;a). To our
knowledge, discussion of the functionsW(x;a) and
W̄(x;a) have never appeared in the literature. We shall refer
to W as the generalized Lambert function since
lima→0W(x;a)5W(2xex). In generalW is also complex
and multivalued, and whenx is real, the function has two
real branches shown in Fig. 11. The principal branch is ana-
lytic at x50 and has a derivative singularity at

x5W21(2 1
2 (11A114a2)) beyond which it becomes com-

plex. The other branch satisfiesW,2 1
2 (11A114a2) and

FIG. 9. Nonrelativistic~Newtonian! and rela-
tivistic trajectories forH052.2. The undistorted
oval is the nonrelativistic trajectory.

FIG. 10. Nonrelativistic ~Newtonian! and
relativistic trajectories forH053. The undis-
torted oval is the nonrelativistic trajectory.
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joins smoothly onto the first branch. The full function is

double valued for a,x,W21(2 1
2 (11A114a2)). The

third solutionW̄(x;a) is a generalization ofW(xex) in the
regionx,0.

As in the equal mass case, the trivial solutionY5S again
yields the unphysical HamiltonianH5e( p̃12 p̃2). Since the
physical domain ofS is S>0, the only physical solution is

Y5W~S;D !, ~83!

which leads to the Hamiltonian

H5
Ap121m1

21Ap221m2
2

2
1

e

2
~ p̃12 p̃2!

28
k

ur u
WFkur u

16
~M̃11M̃2!;

kur u
16

~M̃12M̃2!G . ~84!

The expansion ink for this Hamiltonian is given by Eq.~62!.
Choosing also the center of inertia frame with

p152p25p and settingm5m2 /m1, we shall look at the
trajectories. First, take a value forH0 just above the minimal

~rest-mass! value of 11m and compare this to Newtonian
theory in Fig. 12. The trajectory is almost exactly the same
as Newtonian theory, since it is the equal mass case. For
largerm the separation between particles cannot get to be
very large and the trajectory becomes more compact as
shown in Fig. 13. The trajectories for smaller values ofm are
shown in Fig. 14, where the innermost line is them50.9
case and the outermost is them50.1 case.

Finally in Fig. 15 the trajectories of different values of
m both large and small are compared.

VII. SOLUTION OF THE METRIC TENSOR

To determine the Hamiltonian and derive the canonical
equations of motion, we had only to solve the constraints
~12! and~13! of the system of the field equations~10!–~17!.
In this section we shall solve the remaining equations to
determine the metric and to confirm directly the consistency
of Euler-Lagrange equations~16! and~17! with the canonical
equations derived from the Hamiltonian, though formal
proof of the consistency was already given in@8#.

Under the coordinate conditions~24! the field equations

FIG. 11. A plot of solutions to Eq.~82!. The
curve HIJKL is the generalized Lambert function.

FIG. 12. Nonrelativistic ~Newtonian! and
relativistic trajectories forH052.01 in the un-
equal mass case withm51. The undistorted oval
is the nonrelativistic trajectory.
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~10!, ~11!, ~14!, and~15! become

ṗ1N0H 3k

2
p21

1

8k
~C8!22(

a

pa
2

2Apa21ma
2
d„x2za~x

0!…J
1N1H p81(

a
pad„x2za~x

0!…J 1
1

2k
N08C81N18p

50, ~85!

kpN01N1850, ~86!

]1S 12N0C81N08D50, ~87!

Ċ522kpN01N1C8. ~88!

In the following we shall carry out our calculations as-
sumingz2,z1—the casez1,z2 is completely analogous and
will not be presented. The solution to Eq.~87! is

N05Ae2~1/2! C5Af25H Af1
2 ~1 ! region

Af0
2 ~0! region

Af2
2 ~2 ! region,

~89!

whereA is an integration constant andf6 andf0 are given
in Eqs.~55!, ~56!, and~57!. Equation~86! becomes

N1852kAx8f2. ~90!

The solution in each region is

~1! region:

N1~1 !5eHA L1
M1

expS k

4
L1~x2z1! D21J 5e~Af1

2 21!,

~91!

(2) region:

N1~2 !52eHA L2
M2

expS 2
k

4
L2~x2z2! D21J

52e~Af2
2 21!, ~92!

~0! region:

N1~0!5eA
L1L2
L0
2 H L2M1

expS k

4
L0~x2z1! D

2
L1
M2

expS 2
k

4
L0~x2z2! D J 1

ke

2
A
L1L2
L0

x1eC0 ,

~93!

where we chose the integration constants inN1(1) and
N1(2) to be (2e) ande, respectively. In general we obtain
arbitrary constantsC1 andC2 in the expressions for Eqs.
~91! and ~92!. However, a lengthy calculation reveals that
C657e and so for simplicity we shall setC152e and
C25e from the outset. In derivingN1(0) we used Eq.~63!.

The continuity condition atx5z1,

N1~1 !~z1!5N1~0!~z1!, ~94!

leads to

C05211AH L1
M1

2
L1~L22M1!

L0M1
2

k

2

L1L2
L0

z1J , ~95!

where Eq.~63! and the relationL21M15L0 are used. The
continuity condition atx5z2,

N1~2 !~z2!5N1~0!~z2!, ~96!

similarly leads to

C0512AH L2
M2

2
L2~L12M2!

L0M2
1

k

2

L1L2
L0

z2J . ~97!

FIG. 13. Nonrelativistic ~Newtonian! and
relativistic trajectories forH056.01 in the un-
equal mass case withm55. The narrow oval in
the middle is the relativistic trajectory.
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From the consistency of Eqs.~95! and~97! the constantA is
determined as

A5
L0

L11L22
kr

4
L1L2

~98!

and

C05

M12M22
k

4
~z11z2!L1L2

L11L22
kr

4
L1L2

. ~99!

Now we are ready to check Eq.~85!. First we treat three
regions~1!, ~0!, and (2) separately, and next consider the
matching conditions atx5z1 ,z2.

For ~1! and (2) regions it is straightforward to show that
the LHS of Eq.~85! vanishes, by substituting the explicit
solutions ofp5x8,C8524f8/f,N0, andN1. For the~0!
region the solutions of the metric and the dilaton field are

p52
e

4
L0 , p850,

ṗ52
e

4
L̇052

e

4
~4Ẋ2e ṗ11e ṗ2!5

1

2
ṗ1 ,

C8524
f08

f0
, N05Af0

2 ,

N0852Af0f08 , N185
ke

4
L0Af0

2.

The LHS of Eq.~85! becomes

FIG. 14. Relativistic trajectories for several
values ofm, whereH052.

FIG. 15. Relativistic trajectories for several
values ofm, whereH054.
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LHS of Eq.~85!5
1

2
ṗ11

kA

32
~L0f0!

22
2A

k
~f08!2

5
1

2
ṗ11

k

8

L0L1L2

L11L22
kr

8
L1L2

,

which vanishes due to Eq.~64!.
Consider next thed-function part atx5z1. Since

p5x852
1

4
$p1ux2z1u81p2ux2z2u8%2eX,

p852
1

2
$p1d~x2z1!1p2d~x2z2!%,

ṗ5
1

2
$p1ż1d~x2z1!1p2ż2d~x2z2!%

2
1

4
$ ṗ1ux2z1u81 ṗ2ux2z2u8%,

we have

@d-function part of Eq.~11! at x5z1#5
1

2
p1ż1d~x2z1!2

1

2
N0~z1!

p1
2

Ap121m1
2
d~x2z1!1

1

2
N1~z1!p1d~x2z1!

5
1

2
p1d~x2z1!H ż11 eL0L1

L11L22
kr

4
L1L2

1

Ap121m1
2

2eJ ,

which also vanishes due to the canonical equation~66!. Similarly, thed-function part of Eq.~11! at x5z2 is zero. We thus
conclude that Eq.~85! is satisfied exactly.

As we investigated in the iterative method@8#, for the consistency of Eq.~88! we need to introduce anx-independent
function f (t) into C:

C524 lnufu1 f ~ t ! . ~100!

Since in the system of the original equations~10!–~17! all other equations except Eq.~14! contain only spatial derivatives of
C, f (t) does not contribute to either the Hamiltonian or to the equations of motion. Equation~88! becomes

24
ḟ

f
1 ḟ ~ t !12kpN014

f8

f
N150. ~101!

We must check this equation in the three regions separately, withf (t) common to all regions.
For the~1! region, after substituting the solutions off1 ,p,N0(1) , andN1(1) , Eq. ~101! yields

ḟ1~ t !52
L̇1M12L1Ṁ1

L1M1
2

k

2
L1~ ż12e!. ~102!

This ensures thatf1 is x independent. Using the canonical equations~64!, ~65!, ~66!, and~67! we get

ḟ1~ t !5

k

2
L0

L11L22
kr

4
L1L2

H L1S e1
p1

Ap121m1
2D 1L2S e2

p2

Ap221m2
2D J . ~103!

For the (2) region the calculation is quite analogous to the above and leads toḟ2(t)5 ḟ1(t). For the~0! region the calculation
is rather lengthy and complicated, especially forḟ0, which is expressed as

ḟ05S 2
L̇0
L0

1
L̇1
2L1

1
L̇2
2L2

1
ke

8

kr

4
L0L1L2

L11L22
kr

4
L1L2

D f01
L̇0
L0

xf081
e~M12M2!

L11L22
kr

4
L1L2

f08

2
k

8

L̇0
L0

~L1L2!
1/2H S L2M1

D 1/2z1expS k

8
L0~x2z1! D2S L1M2

D 1/2z2expS 2
k

8
L0~x2z2! D J .

Substitution of the expressions off0 ,f08 ,ḟ0 ,p,N0, andN1(0) into Eq. ~101! in the ~0! region leads to
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ḟ 0~ t !54S 2
L̇0
L0

1
L̇1
2L1

1
L̇2
2L2

D 12keA
L1L2
L0

5

k

2
L0

L11L22
kr

4
L1L2

H L1S e1
p1

Ap121m1
2D 1L2S e2

p2

Ap221m2
2D J , ~104!

which is equivalent to Eq.~103!. Hencef (t) is common in
all regions

ḟ1~ t !5 ḟ2~ t !5 ḟ 0~ t ! ~105!

and the solution is self-consistent.
Finally we shall directly check the Euler-Lagrange equa-

tions ~16! and ~17! which under the coordinate conditions
~24! become

ża2N0~za!
pa

Apa21ma
2

1N1~za!50, ~106!

ṗa1
]N0

]za
Apa21ma

22
]N1

]za
pa50 . ~107!

SinceN0 andN1 are continuous atx5z1 ,z2, we have

N0~z1!5Af1
2 ~z1!5

L0

L11L22
kr

4
L1L2

L1
M1

,

N1~z1!5eS L0

L11L22
kr

4
L1L2

•

L1
M1

21D .

Then for particle 1, say, Eq.~106! is

ż15e2
eL0L1

L11L22
kr

4
L1L2

1

Ap121m1
2
. ~108!

This is identical with the canonical equation~66!.
On the other hand,]N0 /]x and]N1 /]x are discontinuous

at x5z1 ,z2. The natural definition of]N0 /]z1 is

]N0

]z1
[
1

2 H ]N0

]x U
x5z110

1
]N0

]x U
x5z120

J ~109!

5
k

8
A
L1
M1

$L11L22M1% ~110!

and similarly

]N1

]z1
[
1

2 H ]N1

]x U
x5z110

1
]N1

]x U
x5z120

J ~111!

5
ke

8
A
L1
M1

~L11L0!. ~112!

For particle 1, Eq.~107! is

ṗ15

2
k

4
L0L1L2

L11L22
kr

4
L1L2

, ~113!

which is identical to Eq.~64!. For particle 2, Eqs.~106! and
~107! also reproduce the canonical equations~65! and ~67!.

Thus the consistency of the solution has been completely
proved.

VIII. TEST-PARTICLE APPROXIMATION

As an interesting limiting case of Eq.~61! let us try to get
the Hamiltonian in the test-particle approximation.

Setting particle 1 to be a test particlem and particle 2 to
be a static sourcem at the origin, namely,

z15z, m15m, p15p, p̃15 p̃5p
z

uzu
,

z250, m25m, p250, p̃250,

the defining equation~61! for the Hamiltonian becomes

~Ap21m22H !~m1e p̃2H !5~Ap21m22e p̃!m

3expS k

4
~H2e p̃!uzu D . ~114!

ExpandingH in a power series inAp21m2 and e p̃ and
taking only the linear terms we obtain

H5m1Ap21m2 expS km

4
uzu D2ep

z

uzu FexpS km

4
uzu D21G

~115!

for the Hamiltonian in the test-particle approximation. This
Hamiltonian is expressed in terms of the metric tensor of the
static source as

H5m1Ap21m2 N0~z!2pN1~z!, ~116!

where

N05expS km

4
uzu D , N15e

z

uzu FexpS km

4
uzu D21G .

~117!

The canonical equations are

ż5
p

Ap21m2
N02N1 ~118!

and
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ṗ52Ap21m2
]N0

]z
2p

]N1

]z
50. ~119!

Equation~118! is inversely solved as

p5
m~N11 ż!

@N0
22~N11 ż!2#1/2

. ~120!

We set the initial condition

z50, ż5v0 at t50. ~121!

Then the initial momentump(0) and the total energyH0 are

p~0!5
mv0

A12v0
2
, H05m1Ap~0!21m2. ~122!

From Eqs.~116! and ~122! p is given by

p5
1

N0
22N1

2 $Ap~0!21m2N1

6N0Ap~0!21m22~N0
22N1

2!m2%. ~123!

We can draw a trajectory in phase space, an example of
which is shown in Fig. 16. The trajectory is againS shaped
due to relativistic gravitational effects.

From Eqs.~120! and ~123! we get

ż5
N0@N11N0A12~N0

22N1
2!~12v0

2!#

A~N0
22N1

2!2~12v0
2!1@N11N0A12~N0

22N1
2!~12v0

2!#2
2N1. ~124!

Denoting the RHS asG(z), the solution is given by

t5E
0

z dz

G~z!
. ~125!

To lowest order ink we obtain

G~z!5Av0
22

km

2
uzu ~126!

and

z52
km

8
t21v0t ~127!

FIG. 16. Relativistic trajectory for a test par-
ticle compared to the Newtonian case.
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which is the Newtonian motion of a test body in 111 dimen-
sions.

We shall add one comment on the form of the line ele-
ment. In our canonical reduction we chose the coordinate
conditions~24!, under which the line element of space-time
is

ds252~N0
22N1

2!dt212N1dtdx1dx2. ~128!

For the case of a single static source withN0 andN1 given
by Eq. ~117!, we find the coordinate transformations

t̃5t2euxu1
2e

km
lnU2 expS km

4
uxu D21U, ~129!

x̃5
4

km

x

uxu FexpS km

4
uxu D21G , ~130!

which leads to the line element@15#

ds252a~ x̃ !dt̃ 21
1

a~ x̃ !
dx̃ 2, ~131!

with

a~ x̃ !511
km

2
ux̃ u. ~132!

In this coordinate frame the Hamiltonian for the test particle
is

H~ z̃,p̃ !5Aa~ z̃ !m21a~ z̃ !2p21m . ~133!

IX. CORRESPONDENCE WITH NEWTONIAN GRAVITY
IN „d11… DIMENSIONS

In this section we illustrate how a Newtonian limit generi-
cally arises in the (111)-dimensional theory we consider.
We compare this with the emergence of a Newtonian limit in
(d11) dimensions. We shall compute the Newtonian lim-
it~s! by considering the one graviton exchange potential
~keeping in mind that there are no propagating gravitons in
two spacetime dimensions!.

We begin by extending the theory in Eq.~1! to d115n
dimensions and couplingN scalar fields, which yields

L5
2

k2A2gH CR1
1

2
gmn¹mC¹nCJ

2
1

2(a A2g~gmnfa,mfa,n1ma
2fa

2!, ~134!

wherek2532pG. Defining the graviton fieldhmn and the
dilaton fieldc via

gmn5hmn1khmn , C511kc ~135!

gives

L052
1

2
$]lh

mn]lhmn2]lh m
m ]lh n

n 22]mh
mn]lhln

12]mh
mn]nh l

l %22~]nhmn2]mh n
n !]mc1]mc]mc

2
1

2(a ~fa
,mfa,m1ma

2fa
2! ~136!

for the free Lagrangian density following from Eq.~134!.
Redefining the dilaton field

c̃[c1h m
m 2

]m]n

h
hmn ~137!

allows us to express Eq.~136! as

L052
1

2
$]lh

mn]lhmn2]lh m
m ]lh n

n 22]mh
mn]lhln

12]mh
mn]nh l

l %2~]nhmn2]mh n
n !~]lh l

m 2]mh l
l !

1]mc̃]mc̃2
1

2(a ~fa
,mfa,m1ma

2fa
2!. ~138!

The fieldc̃ decouples from the Lagrangian and we shall not
consider it further.

The free Lagrangian density of the graviton is obtained by
simplifying the first two terms above

L0g52
1

2
$]lh

mn]lhmn1]lh m
m ]lh n

n 22]mh
mn]nh l

l %

1]nhmnB
m1

1

4
BmB

m, ~139!

where we added gauge fixing terms in the form of a
Lagrange multiplier fieldBm .

EliminatingBm from its field equation leaves us with the
Lagrangian

L̃0g52
1

2
$]lh

mn]lhmn1]lh m
m ]lh n

n 22]mh
mn]nh l

l %

2]nhmn]lh
ml, ~140!

whose canonical quantization we shall now undertake.
Temporarily setting the scalar fields to zero, we obtain

hhmn1hmnhh l
l 2hmn]l]rh

lr2]m]nh l
l 1]m]lhnl

1]n]lhml50 ~141!

for the graviton field equation. Its trace is

hh l
l 5

n22

n
]l]rh

lr ~142!

implying that Eq.~141! becomes

hhmn2
2

n
hmn]l]rh

lr2]m]nh l
l

1]m]lhnl1]n]lhml50 . ~143!
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Taking the]n derivative of Eq.~143! leads to

h]nhmn50 . ~144!

This, along with the D’Alembertians of Eqs.~142! and~143!,
respectively, lead to

h2hmn2]m]nhh l
l 50 and h2h l

l 50 ~145!

which finally implies

h3hmn50 ~146!

a relation characteristic ofn>3 Lagrangians.
The conjugate momentum is

pmn5]0h
mn1hmn~]0h l

l 1]lh 0
l !

1hm0S 12 ]nh l
l 2]lh

nlD1hn0S 12 ]mh l
l 2]lh

mlD ,
~147!

which implies

]0h005
1

2
p001

1

2
] ih0i ,

]0h0i52
1

2
p0i1

1

4
] ih002

1

4
] ihj j1

1

2
] jhi j , ~148!

]0hi j5p i j2
d i j
n

pkk1
d i j
n

]kh0k .

The equal-time commutation relations are

@hmn~x!,plr~y!#eq5
i

2
~dm

l dn
r1dm

r dn
l!d~n21!~x2y!,

@hmn~x!,hlr~y!#eq5@pmn~x!,plr~y!#eq50, ~149!

implying that the commutators betweenhmn and ]0hlr be-
come

@hmn ,]0hks#eq5
i

2 H 12 ~hmkhns1hmshnk!

1
1

2
~ h̄mkh̄ns1h̄msh̄nk!2

2

n
h̄mnh̄ksJ

3d~n21!~x2y!, ~150!

where

h̄mn[hmn1hm0hn0. ~151!

The proof of this relation is given in the Appendix.
The solution to Eq.~146! is

hmn~x!52E dn21zD~n!~x2z!]̄0
zhmn~z!

2E dn21zD̃~n!~x2z!]̄0
zhhmn~z!

2E dn21zD5 ~n!~x2z!]̄0
zh2hmn~z!, ~152!

whereD (n), D̃ (n), andD5 (n) are defined via

D ~n!~x!52
i

~2p!n21E dnke~k0!d~k2!eikx,

D̃ ~n!~x!52
i

~2p!n21E dnke~k0!d8~k2!eikx,

D5 ~n!~x!52
i

~2p!n21E dnke~k0!d9~k2!eikx,

and the symbol]̄0
z denotes

f ]̄0
zg5 f

]g

]z0
2

] f

]z0
g .

We next need to express all ofhmn , ]0hmn , h]0hmn ,
h2hmn , andh2]0hmn in terms of the canonical variables
and calculate commutators at equal time. This rather lengthy
and complicated calculation is given in the Appendix.

From Eq.~152! and the equal-time commutators, the com-
mutator among the components ofhmn at two arbitrary
space-time points can be calculated:

@hmn~x!,hlr~y!#5
i

2 S hmlhnr1hmrhnl2
2

n
hmnhlrDD ~n!~x2y!1

i

4 H 2hml]n]r2hmr]n]l2hnl]m]r2hnr]m]l

1
4

n
~hmn]l]r1hlr]m]n!J D̃ ~n!~x2y!1

i

2 S 12
2

nD ]m]n]l]rD5
~n!~x2y! . ~153!

This expression is valid even whenn52. The graviton propagator is
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^0uT@hmn~x!hlr~y!#u0&52
i

2~2p!n
E dnkeik~x2y!

Xmn,lr

k22 i e
, ~154!

where

Xmn,lr5hmlhnr1hmrhnl2
2

n
hmnhlr1

1

2k2 H 2hmlknkr2hmrknkl2hnlkmkr2hnrkmkl1
4

n
~hmnklkr1hlrkmkn!J

1S 12
2

nD kmknklkr

~k2!2
. ~155!

We turn now to the scalar fields, whose Lagrangian density to lowest order in the graviton coupling is

L int52
1

2 H 12hmn~f ,af ,a1m2f2!2f ,mf ,nJ hmn . ~156!

The one graviton exchange diagram yields theS-matrix element

S5
4p iGn

~2p!n22 ~p1
0p2

0q1
0q2

0!21/2Fp1mq1n2
1

2
hmn~p1•q11m1

2!GFp2lq2r2
1

2
hlr~p2•q21m2

2!GXmn,lr

k2
d~n!~p11p22q12q2!,

wherepa
m , qa

m , and km are the four-momenta of the initial
particles, the final particles, and the transferred graviton, re-
spectively. This result is valid forn52 also. In the lowest
order and the static approximationT-matrix element is

Tn524S 12
1

nD Gn

~2p!n22

m1m2

k2
, ~157!

whose associated potential isV5*dnke2 ikxT(k) in n dimen-
sions.

TheT-matrix elements forn52, 3, and 4 are

T252
2G2m1m2

k2
, ~158!

T352
8

3

G3

~2p!

m1m2

k2
, ~159!

T452
3G4

~2p!2
m1m2

k2
~160!

and the corresponding potentials are

V252pG2m1m2r , ~161!

V352S 43G3Dm1m2lnr , ~162!

V452
3

2

G4m1m2

r
. ~163!

By identifying the gravitational constants as

GN,2[G2 , GN,3[
4

3
G3 , GN,4[

3

2
G4 , ~164!

we get the correct Newtonian potentials in each dimension.
The above results are in strong contrast with

(d11)-dimensional general relativity, whose free Lagrang-
ian density is

L0g52
1

2
$]lh

mn]lhmn2]lh m
m ]lh n

n 22]mh
mn]lhln

12]mh
mn]nh l

l %1S ]nhnm2
1

2
]mh l

l DBm1
1

4
BmB

m,

where gauge fixing terms have been added. A computation
analogous to the one above gives

^0uThmn~x!hlr~y!u0&52
i

2~2p!n
E dnk eik~x2y!

Xmn,lr

k22 i e
,

where

Xmn,lr5hmlhnr1hmrhnl2
2

n22
hmnhlr .

TheS-matrix element of one graviton exchange diagram is

S5
4p iGn

~2p!n22 ~p1
0p2

0q1
0q2

0!21/2Fp1mq1n2
1

2
hmn~p1•q11m1

2!GFp2aq2b2
1

2
hab~p2•q21m2

2!GXmn,ab

k2
d~n!~p11p22q12q2!,
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which in turn yields theT-matrix element

T52
4Gn

~2p!n22

n23

n22

m1m2

k2
~165!

in the static appoximation inn dimensions.
The potential forn54 is

V~4!52
G4m1m2

r
~166!

in agreement with Eq.~163!. However the potential for
n53 vanishes, and the potential forn52 diverges. This lat-
ter situation can be dealt with by settingGn5(12n/2)G2
and taking then→2 limit @13#, which yields the two-
dimensionalT-matix element

T52
2G2m1m2

k2
~167!

and potential

V~2!52pG2m1m2r . ~168!

Unlike general relativity, three-dimensional dilaton grav-
ity includes the Newtonian potential in any dimension, once
the gravitational constant is appropriately rescaled. In this
sense the theory of gravity~1! we consider is a relativistic
extension of Newtonian gravity ind11 dimensions. General
relativity, on the other hand, does not include Newtonian
gravity in 211 dimensions and is empty in 111 dimen-
sions. In the latter case an appropriate rescaling of Newton’s
constant yields the theory~1! in then→2 limit @13#.

X. CONCLUSIONS

We have obtained an exact self-consistent solution to the
two-body problem in a (111)-dimensional theory of gravity
with a Newtonian limit. To our knowledge, this is the only
exact relativistic two-body solution of this type. We are able
to explore all possible limits of this solution, including large
and small gravitational coupling and/or mass and/or mo-
menta.

A natural extension of what we have done would be to
attempt to solve theN body problem. It would also be of
interest to couple other matter fields~e.g., electromagne-
tism!, and to investigate the extent to which our methods are
applicable to other dilaton theories of gravity.

Finally, and what is perhaps most interesting, is to quan-
tize the degrees of freedom of the two-body system we con-
sider based on the Hamiltonian given in Eq.~61!. The quan-
tum theory based on Eq.~61! is a quantum theory of gravity
coupled to matter whose slow-motion weak field limits
should be straightforwardly comparable to that of the nonrel-
ativistic mechanics of two particles in a linear confining po-
tential. As such it should offer interesting insights into the
behavior of quantum gravity.
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APPENDIX: COMMUTATION RELATIONS

We use the notation

h̄mn5hmn1hm0hn0 , ]̄m5]m1hm0]0 .

The general form of the equal time commutation relations is

@hmn~x!,plr~y!#eq5Fhmn~x!,]0h
mn1hmn~]0h l

l 1]lh
l0!

1hm0S 12 ]nh l
l 2]lh

nlD
1hn0S 12 ]mh l

l 2]lh
mlD G

eq

5
i

2
~dm

l dn
r1dm

r dn
l!d~n21!~x2y! ~A1!

from which we shall now deduce various commutators of
interest.

Taking the trace of Eq.~A1! implies the relations

@hmn ,n]0h a
a 2~n22!]ah0

a#eq5 ihmnd~n21!~x2y!,

@hmn ,]0h a
a 2]ah0

a#eq5
2

n
@hmn ,]0h00#eq

1
i

n
hmnd~n21!~x2y!, ~A2!

@hmn ,]0h a
a #eq5

22n

n
@hmn ,]0h00#eq1

i

n
hmnd~n21!~x2y!,

from which it follows that

Fhmn ,]0hks1S 2n h̄ks2hk0hs0D ]0h002hk0]0h0s

2hs0]0h0kG
eq

5
i

2 S hmkhns1hmshnk2
2

n
hmnh̄ksD d~n21!~x2y!.

~A3!

The (k,s)5(0,s) component gives

@hmn ,]0h0s#eq5
i

4
~hm0hns1hmshn0!d

~n21!~x2y!, ~A4!

which yields in turn the commutation relation

@hmn ,]0hks#eq5
i

2 H 12 ~hmkhns1hmshnk!

1
1

2
~ h̄mkh̄ns1h̄msh̄nk!

2
2

n
h̄mnh̄ksJ d~n21!~x2y!. ~A5!

We now consider the problem of expressinghhmn ,
h]0hmn , h2hmn , and h2]0hmn in terms of hmn and
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]0hmn ~or equivalently the canonical variables!. The compo-
nents of the first-order field equations~141! give

hh005
1

2
nhii2

1

2
] i] jhi j ,

hh0i5
1

2
] i]0hj j2

1

2
] j]0hi j2

1

2
] i] jh0 j1

1

2
nh0i ,

hhi j52
4

n
d i j ]k]0h0k1] i]0hj01] j]0hi0

1
1

n
d i j ~3]k] lhkl12nh002nhkk!

2] i] jh001] i] jhkk2] i]khjk2] j]khik , ~A6!

and

]0
2h005

1

2
] i] jhi j1nh002

1

2
nhii ,

]0
2h0i52

1

2
] i]0hj j1

1

2
] j]0hi j1] i] jh0 j1

1

2
nh0i ,

]0
2hi j5

4

n
d i j ]k]0h0k2] i]0hj02] j]0hi0

2
1

n
d i j ~3]k] lhkl12nh002nhkk!1] i] jh00

2] i] jhkk1] i]khjk1] j]khik1nhi j . ~A7!

From Eqs.~A6! and ~A7! we get

h]0h005
1

2
n]0hii2

1

2
] i] j]0hi j ,

h]0h0i5n]0h0i1S 12
4

nD ] i] j]0h0 j1S 2n21Dn] ih001S 12
1

nDn] ihj j2n] jhi j1S 3n21D ] i] j]khjk ,

h]0hi j5
1

n
d i j ~n]0hkk1]k] l]0hkl12n]0h0024n]kh0k!2] i] j]0h002

1

2
] i]k]0hjk2

1

2
] j]k]0hik

1] i] j]kh0k1
1

2
n] ih0 j1

1

2
n] jh0i , ~A8!

whereas Eq.~145! implies

h2h005S 12
2

nD H 22n] i]0h0i1n2h002
1

2
n2hii1

3

2
n] i] jhi j J ,

h2h0i5S 12
2

nD ] i H n]0h001
1

2
n]0hj j22n] jh0 j1

1

2
] j]k]0hjkJ ,

h2hi j5S 12
2

nD ] i] j H 22]k]0h0k1nh002
1

2
nhkk1

3

2
]k] lhklJ , ~A9!

and

h2]0h005S 12
2

nD H n2]0h001
1

2
n2]0hii1

1

2
] i] j]0hi j22n2] ih0i J ,

h2]0h0i5S 12
2

nD ] i H 22n] j]0h0 j1n2h002
1

2
n2hj j1

3

2
n] j]khjkJ ,

h2]0hi j5S 12
2

nD ] i] j H n]0h001
1

2
n]0hkk1

1

2
]k] l]0hkl22n]kh0kJ . ~A10!

To calculate the commutator@hmn(x),hlr(y)# at two arbitrary space-time points, we first expresshlr(y) as

hlr~y!52E dn21zD~n!~y2z!]̄0
zhlr~z!2E dn21zD̃~n!~y2z!]̄0

zhhlr~z!2E dn21zD5 ~n!~y2z!]̄0
zh2hlr~z!, ~A11!
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@hmn~x!,hlr~y!#52E dn21zD~n!~y2z!@hmn~x!,]0hlr~z!#eq2]0D
~n!~y2z!@hmn~x!,hlr~z!#eq1D̃ ~n!~y2z!

3@hmn~x!,]0hhlr~z!#eq2]0D̃
~n!~y2z!@hmn~x!,hhlr#eq1D5 ~n!~y2z!@hmn~x!,]0h

2hlr~z!#eq

2]0D5
~n!~y2z!@hmn ,h

2hlr~z!#eq. ~A12!

We shall refer to the six terms on the RHS as term 1, term 2, . . . , term 6, respectively. From the commutator~150!, terms 1
and 2 are

^term 1&5
i

4 H hmlhnr1hmrhnl1h̄mlh̄nr1h̄mrh̄nl2
4

n
h̄mnh̄lrJD ~n!~x2y!, ^ term 2&50. ~A13!

For terms 3 and 4 we shall calculate the equal-time commutators@hmn(x),]0hhlr#eq and @hmn(x),hhlr(z)#eq by using the
expressions~A6! and ~A8!. Putting terms 3 and 4 together gives

^term 31 term 4&5
i

4 H 2h̄ml]n]r2h̄mr]n]l2h̄nl]m]r2h̄nr]m]l1
4

n
~ h̄mn]l]r1h̄lr]m]n!22hm0hn0]̄l]̄r22hl0hr0]̄m]̄n

2S 12
4

nD ~hm0hl0]̄n]̄r1hm0hr0]̄n]̄l1hn0hl0]̄m]̄r1hn0hr0]̄m]̄l!J D̃ ~n!~x2y!

1
i

4 H 4n ~hm0hn0h̄lr1hl0hr0h̄mn!2~hm0hl0h̄nr1hm0hr0h̄nl1hn0hl0h̄mr1hn0hr0h̄ml!J
3D ~n!~x2y!, ~A14!

where we used the relation

nD̃ ~n!5]0
2D̃ ~n!1D ~n!.

Similarly by calculating the equal-time commutators@hmn ,]0h
2hlr#eq and @hmn(x),h

2hlr(z)#eq @making use of the
expressions~A9! and ~A10!#, we have

^term 51term 6&5
i

2 S 12
2

nD ]m]n]l]rD5
~n!~x2y!1

i

2 S 12
2

nD $hm0hl0]n]r1hm0hr0]n]l1hn0hl0]m]r1hn0hr0]m]l

1hm0hn0]l]r1hl0hr0]m]n12~hm0hn0hl0]0]r1hm0hn0hr0]0]l1hm0hl0hr0]0]n1hn0hl0hr0]0]m!

14hm0hn0hl0hr0]0
2%D̃ ~n!~x2y!1

i

2 S 12
2

nDhm0hn0hl0hr0D
~n!~x2y!, ~A15!

where we used

nD5 ~n!5]0
2D5 ~n!1D̃ ~n! .

Summing up all the terms we get

@hmn~x!,hlr~y!#5
i

2 S hmlhnr1hmrhnl2
2

n
hmnhlrDD ~n!~x2y!1

i

4 H 2hml]n]r2hmr]n]l2hnl]m]r2hnr]m]l

1
4

n
~hmn]l]r1hlr]m]n!J D̃ ~n!~x2y!1

i

2 S 12
2

nD ]m]n]l]rD5
~n!~x2y!. ~A16!
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