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Neutrino-nucleus elastic scattering is reduced in dense matter because of correlations. The static structure
factor for a plasma of electrons and ions is calculated from Monte Carlo simulations and parametrized with a
least squares fit. Our results imply a large increase in the neutrino mean-free path. This impacts the trapping of
neutrinos in a supernova by coherent neutral current interactions.@S0556-2821~97!03508-X#

PACS number~s!: 97.60.Bw, 25.30.Pt, 66.10.2x, 95.30.Cq

A ~core collapse! supernova radiates large numbers of
neutrinos. Indeed, the energy in neutrinos is 100 times
greater than that in all other forms of matter@1#. Therefore,
supernova models may depend on the details of neutrino
interactions in dense matter. In this paper, we calculate how
correlations in the medium modify the important neutrino-
nucleus elastic scattering cross section. This cross section is
large because of coherent scattering from all of the nucleons
in a nucleus@2#. However, when the neutrino wavelength is
comparable to the interparticle spacing there are also coher-
ent contributions from different nuclei. These can screen the
interaction and lead to a large reduction in the cross section.
This reduction is so large that we reexamine the important
question of how neutrinos are trapped in a supernova.

In the present supernova model, the core of a massive star
runs out of nuclear fuel and collapses@3#. This core is com-
posed of a dense plasma of electrons and nuclei. As the
density reaches 1011 to 1012 g/cm3 the medium starts to be-
come opaque to neutrinos. The neutrino opacity is thought to
be dominated by neutrino-nucleus elastic scattering~as long
as a significant fraction of the matter is in nuclei!. This opac-
ity ensures that neutrino transport involves diffusion~rather
than free streaming!. The diffusion time can become long
compared to the dynamical time scale, thus trapping neutri-
nos and their lepton number.

The neutrino-nucleus elastic cross section in free space is
@4#

ds0 /dV5
G2C2En

2~11cosu!

4p2 , ~1!

with G the Fermi constant,En the neutrino energy,u the
scattering angle, and the total weak chargeC of a nucleus of
chargeZ and neutron numberN is

C522Zsin2QW1~Z2N!/2. ~2!

~We use a Weinberg angle of sin2QW50.223.! In a dense
plasma this cross section is modified by electron@5,6# and
ion @7,6# screening. Imagine a single impurity ion in a dense
plasma. Extra electrons will be attracted to the impurity.
Since these electrons have weak interactions they screen both
the electromagnetic and weak charge of the ion. However,

the very dense relativistic electron gas is quite rigid because
of the large Fermi momentum. This somewhat limits the ef-
fect of electron screening~see below!.

Other ions can also screen the impurity by creating a
small hole in the ion distribution. At temperatures of order 1
MeV, the ions are essentially classical and their screening is
not impeded by a large Fermi energy. Itoh@7# has calculated
ion screening in a long wavelength approximation. This is
only valid for low neutrino energies. Bowers and Wilson@8#
give a better approximation. Ichimaru@11# has calculated
screening for a pure one-component plasma. This can be
applied to ion screening if the electrons are neglected. Here,
we calculate both electron and ion screening with an essen-
tially exact Monte Carlo simulation.

We calculate the total screening for a broad range of den-
sities and determine its impact on the neutrino mean-free
path. We provide a parametrization of our results. This al-
lows the incorporation of screening into neutrino transport
codes.

Ion screening is included by multiplying Eq.~1! by the
static structure factorSq of the ions@9# and electron screen-
ing by a factorRe

0 :

ds/dV5ds0 /dVSqRe
0 . ~3!

Here,q is the momentum transfer andds/dV the effective
cross section in the medium. We discussSq below.

The transport cross section is the angle integral of Eq.~3!
with a factor of (12cosu):

s t5E ds/dV~12cos!dV5s0
t ^S&Re . ~4!

The free transport cross section is,s0
t 5 2

3 G
2C2En

2/p, ^S& is
the angle average ofSq , and the angle-averaged electron
screening factorRe is discussed below, see Eq.~19!:

^S~En ,r,T!&5
3

4E21

1

dcosu~11cosu!~12cosu!Sq~u! . ~5!

Here, (11cosu) is from the angular dependence of the free
cross section andq(u)252En

2(12cosu). Thus, ion screening
can be incorporated into neutrino transport codes be multi-*Electronic address: Charlie@iucf.indiana.edu
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plying the existing interactions by the factor^S&.1 This de-
pends on the density, temperature and neutrino energy. The
transport mean-free pathl then follows,l51/(ns t), with
n the number density of ions.

The static structure factorSq is determined from a Monte
Carlo simulation @10# of the radial distribution function
g(r ) @11#. This gives the probability to find another ion a
distancer from a given ion and is calculated by histogram-
ming the relative distances in the simulation@10#:

Sq511nE d3re2 iq•r@g~r !21#. ~6!

Equations~5! and ~6! yield a simple integral for̂S&:

^S&511
4pn

En
2 E

0

`

dr f ~2Enr !@g~r !21#, ~7!

with

f ~x!572~cosx1xsinx21!/x426~5cosx1xsinx11!/x2.
~8!

The classical canonical partition function is simulated us-
ing Ni'1000 ions in a box of volumeV5Ni /n with peri-
odic boundary conditions. The ions interact via screened
Coulomb potentials:

v~r !5
Z2e2

4pr
e2r /le. ~9!

Here, le5p/(ekF) describes the electron screening of the
ion-ion interaction@12#. Note, this Yukawa approximation
can be replaced by a more accurate description at high mo-
mentum transfers. However, we are primarily interested in
momentum transfersq much less than the Fermi momentum
q!kF . Therefore, Eq.~9! should be adequate for our pur-
poses.

The system is warmed up for about 200 Metropolis
sweeps starting from either a simple cubic lattice or a uni-
form distribution. Statistics are then accumulated using 400
configurations each of which is separated by five sweeps.
This yieldsSq with a typical statistical accuracy of~2–3!
31023. These results are close toSq for a pure one-
component plasma@13#.

We parametrize our Monte Carlo results for^S& as a func-
tion of two dimensionless variables. It is a strong function of

Ē5Ena/\c, ~10!

~hereafter,\c51). Here, the ion sphere radiusa measures
the average distance between ions@11#:

a5@3/~4pn!#1/3. ~11!

Next, ^S& is a weak function ofG which characterizes the
strength of the interaction. This is the ratio of a typical Cou-
lomb potential to the thermal energykT @11#:

G5
Z2e2

4pakT
, ~12!

~with e254pa'0.0917). In general,̂S& is a function of the
density and temperature separately. However, if one ignores
the relatively small effect of the screening lengthle in Eq.
~9! then^S& only depends onG ~andĒ). We have performed
simulations for a pure56Fe plasma atkT51 MeV. We scale
our results to other compositions and temperatures by calcu-
lating the appropriateG.

A least squares fit of our Monte Carlo results valid for all
En and 1,G,150 is carried out. This fit is based on simu-
lations for 12 values ofG between 0.87 and 151.8. For a
temperature of 1 MeV this corresponds to56Fe densities
from 23107 to 931013 g/cm3. We approximatê S& as a
power series in bothĒ andG:

^S~Ē,G!&51Y F11expS 2(
i50

6

b i~G!Ēi D G ~13!

for

Ē,E* ~G!5314/G1/2. ~14!

While for Ē.E* , we assume

^S~Ē,G!&51. ~15!

The coefficient functionsb i(G), for i53, 4, 5, and 6 are
expanded in a power series inG1/2:

b i~G!5b i11b i2G
1/21b i3G1b i4G

3/2. ~16!

The coefficientsb i j are collected in Table I. Finite-size ef-
fects contaminate the Monte Carlo results for smallĒ.
Therefore, we use the random phase approximation~RPA!
results forb0:

b05 ln@0.300/~0.30013G!#, ~17!

b150, andb2520/3.

1Note, Eqs.~1! and ~4! have ignored axial-vector current contri-
butions to the cross section. These may be significant when^S& is
very small.

TABLE I. Parametersb i j from a least squares fit of the angle-averaged static structure factor^S&, see text.

Coeff. j51 2 3 4

b3 j 27.362056 0.5371365 20.1078845 4.18961231023

b4 j 3.4489581 20.40251656 9.087787831022 23.435358131023

b5 j 20.74128645 0.11019855 22.535936131022 9.048774431024

b6 j 5.957328531022 21.018655231022 2.279136931023 27.461459731025
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The error in the fit is typically less than 0.01. Although,
for very largeG, ^S& oscillates around 1 at largeĒ. This
oscillation is not reproduced by our fit and can lead to an
error as large as 0.05. However, this only occurs at very high
densities and is expected to have negligible impact on the
dynamics. Again, the fit is valid for all neutrino energies and
1,G,150. For smallerG a good estimate is provided by
simply settingG51. ~Note, here^S& is only important at
very small neutrino energies.! Likewise, for G.150 a rea-
sonable estimate is provided by settingG5150 ~as long as
the system is in the liquid phase!. A solid is expected to form
for G'180 @14#. This may be relevant for models of type Ia
supernovas@15#. The very interesting problem of ‘‘Bragg
diffraction’’ of neutrinos in a radioactive crystal remains to
be investigated. Neutrino wavelengths can be comparable to
the lattice spacing.

We use this fit for̂ S& to calculate the mean-free path of a
neutrino in a plasma of ions, neutrons, and electrons. For
example, Cooperstein and Wambach@16# modeled matter at
1012 g/cm3 as consisting ofXn56% free neutrons and 94%
nuclei of average chargeZ'37 and average massA'97 at
a temperature of 1.5 MeV. This is appropriate for the col-
lapse phase of a supernova. We use this composition in cal-
culating the mean-free path. For simplicity, the composition
and temperature are assumed not to change with density and
we ignore the strong interactions between ions and/or neu-
trons.

The transport mean-free pathl is assumed dominated by
elastic scattering off of nuclei and neutrons@17#:

l5
15 km

r12
S 10 MeV

En
D 2

3F ~12Xn!
C2

A
^S&Re1Xn~cv

n215ca
n2!G21

. ~18!

Here, r12 is the density in units of 1012 g/cm3, the weak
couplings of a neutron arecv

n521/2, ca
n52gA/2 @18#, and

Re is the additional correction factor that describes electron
screening. This is calculated in Ref.@6#. Here, we approxi-
mate it as@19# @see below Eq.~9!#,

Re'F11S cveZC D 1

112.0En
2le

2G2. ~19!

The factor 2En
2'^q2& represents the average momentum

transfer squared. In the absence of ion screening, this would
be 4

3En
2 , given the 11cosQ angular distribution of Eq.~1!.

However, ion screening increases the average momentum
transfer and thus somewhat decreases the effect of electron
screening.

Each ion has an electron cloud around it. Electron neutri-
nos or antineutrinos couple to this with strength,
cv
e52sin2QW1 1

2, while muon neutrinos do not see the elec-
tron cloudcv

e'0. Thus, electron screening is unimportant for
m or t neutrinos,Re'1.

The mean-free pathl is shown in Fig. 1. Without screen-
ing, the mean-free path is very short. This traps neutrinos for
densities of aboutr1250.5 and above. However, including
^S& leads to a dramatic increase inl and to a large change in

its density dependence. The rapid decrease of^S& with den-
sity can lead to al which actuallyincreaseswith density.
Over a range of densities,l for En510 MeV is greater than
10 km. This is much larger than the unscreenedl ~'0.4 km
at r1255).

Finally, electron screening causesl for a ne to be about
15% larger than that for anm . This is because the extra
charged current interactions of thene interfere destructively
with the dominant neutral currents. Therefore, the total cross
section for ane is smaller and the mean-free path longer
than that for anm .

Screening effects are even more important for lowerEn .
For example, at 5 MeV,l is greater than 45 km even at
r12510. This is larger than the size of the dense system
~'30 km! so a neutrino sphere may not form at all~for this
energy!.

Figure 1 shows thatl is larger than the size of the system
for En less than or equal to about 7.5MeV. ForEn between
7.5 and about 10 MeV, the relatively largel will allow
neutrinos to diffuse out of the system~in about a msec or
less!. These are the main results of this paper.

However, atEn520 MeV ~or above!, screening is re-
duced and the overall 1/E2 scale ofl is smaller so that the
mean-free path is significantly shorter. The mean-free path is
not very sensitive to temperature~as long as there are no
large changes in composition!. ChangingT leads to a change
in G, see Eq.~12!. However,^S& is not a strong function of
G.2 Likewise, ^S& is not very sensitive to the averageZ of
the material. Changes in the averageA changea in Eq. ~10!
and the overall factorC2/A in Eq. ~18!. Thus,l decreases
with increasingA.

Screening effects will be all but absent after the super-
nova shock wave dissociates nuclei. Then,l will be rela-

2Except for very low neutrino energies where^S& is small and
goes like 1/G. However, here the mean-free path is dominated by
the neutrons.

FIG. 1. Neutrino transport mean-free path vs density. The solid
lines include both ion̂S&Þ1 and electronReÞ1 screening and are
appropriate forne , n̄e while the dashed lines fornm neglect electron
screeningRe51. Finally, the dotted lines neglect all screening
^S&5Re51. Top to bottom, the curves are for neutrino energies of
En55, 7.5, 10, 15, and 20 MeV. The logarithm is to base 10.
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tively short because of scattering from large numbers of
nearly free neutrons and protons. Thus, the neutrino opacity
is small ~because of screening! before the shock wave and
large afterwards. Perhaps, the situation is not unlike the pho-
ton opacity of the universe being large before and small after
recombination.

Neutrino electron scattering~NES! is unimportant for the
transport mean-free path~we find this to be true even when
^S& is small!. However, NES is important for the energy loss.
Therefore, we note the effects of screening on NES. This was
calculated in Ref.@6# and can be included by multiplying the
NES cross section of a relativistic free Fermi gas by a factor
Ree in analogy to Eq.~4!. Note, ion screening is assumed to
be unimportant, since the response of the slow ions is small
at high excitation energies.

We approximateRee, as deduced from the full calcula-
tions in Ref.@6#, by

Ree5
1

cv
e21ca

e2 F cv
e2

11 3
4En

22le
22

1ca
e2G . ~20!

Here, vector currents are screened and axial-vector currents
~largely! unscreened. For electron neutrinos (ca

e521/2),

Ree'0.782@1118.5~Yer12!
2/3En

22#2110.218, ~21!

with En in MeV and Ye is the number of electrons per
baryon, whileRee'1 for nm andnt . In practice, screening
of NES is important only for low energies and thus may not
impact the dynamics significantly.

For completeness, we give a simple approximation to the
~unscreened! NES cross section of a relativistic Fermi gas
which is valid in the limitEn!kF :

s5
G2~cv

e21ca
e2!En

3

5pkF
. ~22!

The factor ofEn /kF is from Pauli blocking since only elec-
trons withinEn of the Fermi surface can be ejected by the
neutrino. In this limit (En!kF), the average energy lost by
the neutrino per collision isEn/3. We emphasize this simple
formula is to be used only in the qualitative discussion be-
low. It is not quantitative becauseEn is often less thankF but
not much less. For example, Eq.~22! is off by about 10% at
En510, kF550 MeV.

We now discuss the implications of screening on super-
nova simulations. Screening will allow more neutrinos to
escape, thus lowering the lepton fractionYl ~number of elec-
trons and neutrinos per baryon! of the core. Simulations are
very sensitive toYl because there is a delicate balance be-
tween Fermi pressure which depends onYl , and gravity
which is independent ofYl . A lower Yl will weaken the
shock and cause it to stall at a smaller radius@21#.

Thus, it is important to determine when and how neutri-
nos are trapped in a supernova. Previously, it was thought
neutrinos are trapped at a density nearr12'0.5 when the
diffusion time scale to make it out of the dense core becomes
long compared to the dynamical time scale of the collapse.
However, when screening is included, theescape time scale

is comparableto the dynamical time scale. Thus, the concept
of a trapping density is not so straightforward.

Note, screening does not simply increase the trapping
density. In fact, increasing the density can make matters
worse~and allow more neutrinos to escape!. This is because
screening increases rapidly with density so that the mean-
free pathincreaseswith density.

During collapse, neutrinos are produced at relatively high
energies~of order 5/6 of the electron Fermi energy! from
electron capture. At these energies of 20 MeV and above,
neutrinos are trapped even with screening. However, neu-
trino electron scattering can rapidly reduce these high ener-
gies. Therefore, the escape time scale is the appropriate com-
bination of the time to down scatter in energy from NES and
the time to escape by diffusion. For example, a 20 MeV~or
higher! electron neutrino produced atr1255 can have its
energy reduced to about 10 MeV in a time of order 1/3 msec
by electron scattering. The neutrino can then diffuse out of
the core in about a msec. Alternatively, the neutrino’s energy
can be reduced to 7.5 MeV~in about a msec! and then di-
rectly escape. Note, the dynamical time scale for collapse is
also about a msec~nearr1251).

Since the escape and collapse time scales are comparable,
neutrino trapping during in-fall is a somewhat delicate issue.
If a supernova only produced a few neutrinos then a signifi-
cant fraction of these would escape. However, it produces so
many that they all cannot get out at once. Thus, Pauli block-
ing of the low energy neutrino phase space may be important
for trapping. High energy neutrinos are trapped even with
screening. The role of screening is to broaden the window of
low energy states from very low energies toEn'10 MeV
and below through which neutrinos can escape. This should
lead to a significant but not gigantic reduction in theYl of the
core.

Another implication of screening is an increase in the
neutrino luminosity because of the increased diffusion. In-
deed, Lattimer and Burrows find that ion screening increases
the luminosity in the cooling phase of proto-neutron star for-
mation @20#. To our knowledge, no previous simulations
have included both ion and electron screening. The modest
('15%) effect of electron screening, although smaller than
ion screening, could still lead to a significant increase in the
luminosity. This may enhance the neutrino transport of en-
ergy to the shock. Note, screening has almost no effect on
the opacity of low density matter or of the dissociated mate-
rial after shock passage. Thus, screening should not interfere
with the ability of material near the shock to absorb energy
from neutrinos.

Finally, screening may impact the neutrino spectrum. One
could guess that a reduction in opacity hardens the spectrum
by allowing one to ‘‘see’’ further into the hot core. However,
the strong energy dependence of screening probably more
than compensates for this leading to a net softening of the
spectrum. Electron screening, since it is important forne ,
n̄e only, could effect the difference between thene andnm
spectra.

We have calculated the effects of electron and ion screen-
ing on neutrino-nucleus elastic scattering. Our Monte Carlo
results for the angle average of the static structure factor
have been fitted to an analytic formula. This allows the in-
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clusion of screening in simulations. We find that the mean-
free path of a 10 MeV~or lower! neutrino is greatly in-
creased. This causes the collapse time scale and the neutrino
escape time scale to becomparable. This may complicate
neutrino trapping during the in-fall phase of a supernova.
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