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We investigate the indications of flavor oscillations that come from the anomalous flavor composition of the
atmospheric neutrino flux observed in some underground experiments. We study the information coming from
the neutrino-inducedm-like ande-like events both in the sub-GeV energy range~Kamiokande, IMB, Fre´jus,
and NUSEX experiments! and in the multi-GeV energy range~Kamiokande experiment!. First we analyze all
the data in the limits of purenm↔nt andnm↔ne oscillations. We obtain thatnm↔ne oscillations provide a
better fit, in particular, to the multi-GeV data. Then we perform a three-flavor analysis in the hypothesis of
dominance of one neutrino square mass differencem2 implying that the neutrino mixing is parametrized by
two angles (c,f)P@0,p/2#. We explore the space (m2,c,f) exhaustively, and find the regions favored by the
oscillation hypothesis. The results are displayed in a form suited to the comparison with other flavor oscillation
searches at accelerator, reactor, and solarn experiments. In the analysis, we pay particular attention to the
Earth matter effects, to the correlation of the uncertainties, and to the symmetry properties of the oscillation
probability. @S0556-2821~97!00407-4#

PACS number~s!: 14.60.Pq, 13.15.1g, 95.85.Ry

I. INTRODUCTION

The indication for an anomalous muon and electron flavor
composition of the observed atmospheric neutrino flux rep-
resents a still unsolved puzzle~for recent reviews, see@1#!. A
possible explanation could be provided by neutrino flavor
oscillations. In this paper we adopt such a viewpoint and
explore systematically its consequences in a three-flavor
framework with one dominant neutrino square mass differ-
ence.

We perform a comprehensive and accurate analysis of the
experimental information coming from the Kamiokande
@2–4#, IMB @5,6#, Fréjus @7,8#, and NUSEX@9# atmospheric
neutrino experiments. We do not characterize the atmo-
spheric neutrino anomaly with the popular double flavor ra-
tio Rm/e5(m/e)data/(m/e) theory which, as discussed in@10#,
is affected by non-Gaussian uncertainties. Instead we sepa-
rate them-like ande-like event rates, whose errors are nor-
mally distributed@10#. We compare the data with the theo-
retical expectations in the presence of two-flavor and three-
flavor oscillations, including the earth matter effects@11,12#.
We place significant bounds in the oscillation parameter
space, which can provide useful guidelines for model build-
ing, for the expectations at the running SuperKamiokande
experiment@13#, and for the discovery potential at future
long-baseline neutrino oscillation experiments@14#. We also
highlight the interplay between the results of this work and
those obtained—within the same theoretical framework—
from the analysis of flavor oscillation searches in accelerator
and reactor@15# or solar@16# neutrino experiments. We in-
clude a larger data set and use a more refined statistical ap-
proach than previous three-flavor analyses of the atmo-
spheric neutrino anomaly performed by other authors@17–
27# and by ourselves@15,28,29#.

The paper has the following structure. In Sec. II we intro-
duce the experimental ingredients of the analysis and de-
scribe their treatment. In Sec. III we briefly recall the prop-

erties of three-flavor oscillations in the hypothesis of one
dominant square mass difference. In Sec. IV we perform the
data analysis in the subcases of two-flavornm↔nt and
nm↔ne oscillations. In Sec. V we present the main results of
our analysis of three-flavor atmospheric neutrino oscillations
and discuss their relation with the indications coming from
other~laboratory and solar! neutrino oscillation experiments.
In Sec. VI we summarize our work and draw our conclu-
sions. In Appendices A, B, and C, we discuss respectively
our treatment of the Kamiokande multi-GeV neutrino data,
the correlation of the theoretical uncertainties, and the sym-
metry properties of the neutrino oscillation probability.

II. EXPERIMENTAL INGREDIENTS
AND THEIR ANALYSIS

In this section we introduce the experimental data and
discuss briefly some technical aspects of their analysis.

A. Experimental data

We analyze the largest set of data on the electron and
muon composition of the atmospheric neutrino flux, which
can be considered both homogeneous and statistically con-
sistent. In particular, we include the neutrino-inducede-like
and m-like event rates measured by the four experiments
Kamiokande@2,3#, IMB @5,6#, Fréjus @7,8#, and NUSEX@9#
at low energies~so-called sub-GeV data!, and by the Kamio-
kande experiment at higher energies in five zenith-angle sec-
tors @4# ~so-called multi-GeV data!.1 Concerning the multi-
GeV data, we will consider either the information coming
from the binned angular distribution of events~‘‘binned

1We always include both fully and partially contained events in
the multi-GeV Kamiokande data sample.
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multi-GeV’’ !, or the reduced information coming from the
angle-integrated number of events~‘‘unbinned multi-GeV’’!.

As it is well known, the Fre´jus and NUSEX measure-
ments do not confirm the Kamiokande and IMB observation
of an anomalous muon-electron flavor composition of the
atmospheric events@30#. However, all the data are statisti-
cally compatible within;2s or better~see Fig. 3 in@10#!
and their combination in a global analysis is reasonable.

We do not include the higher-energy data pertaining only
to the muon flavor content, the so-called upward-going
muons~see, e.g.,@31#!. This data set has specific experimen-
tal characteristics and deserves a separate theoretical analysis
~in progress!. However, we will briefly comment on upward-
going muons in due course.2 We also do not include the data
from the Soudan 2 experiment@33#, because a detailed, offi-
cial analysis has not been published yet by the experimental
collaboration.

We emphasize that, according to the discussion in@10#,
we prefer to separate the electron and muon flavor informa-
tion, instead of using the popular ratio
Rm/e5(m/e)data/(m/e) theory. The ratioRm/e allows a large
cancellation of the theoretical errors@30#, but its probability
distribution is highly non-Gaussian.3 We have shown@10#
that one can use only normally distributed variables provided
that, when them ande experimental and theoretical rates are
separated, the correlations of their uncertainties are included.

In the comparison of the data with theoretical predictions,
we use ax2 statistic including both experimental and theo-
retical uncertainties, with the proper error correlation matrix
@10#.

B. Neutrino fluxes and interactions

In order to get significant constraints on the neutrino os-
cillation hypothesis, the measured numbers ofm-like and
e-like events produced by neutrinos and antineutrinos in
each detector must be compared with detailed theoretical
predictions.

The theoretical calculations involve the numerical esti-
mate of integrals of the kind,

I ab5E duE dEn

d2Fa

dEndu
PabE dEl

dsb

dEl
«b , ~1!

whereu is the zenith angle,a andb are flavor indices,En

andEl are the~anti!neutrino and lepton energies,F is the
atmospheric~anti!neutrino flux,P is the oscillation probabil-
ity, s is the~anti!neutrino interaction cross section, and« is
the lepton detection efficiency. Our estimate of theI ab’s in
the multi-GeV energy range is discussed in Appendix A.

Concerning the sub-GeV experiments, the ingredients
F, s, and « that we use to compute theI ab’s have been
reported in our previous works@28,29#. In particular, we use
the Bartol group calculations ofF @34,35# for the electron
and muon neutrino and antineutrino fluxes at each detector
location.

The Bartol fluxes@34# have been used by all the four
sub-GeV experiments in at least one simulation, and thus
provide us with the advantages of a uniform data analysis
and of a homogeneous comparison of our calculations with
the published detector simulations. This comparison has
been done in@28,29#. In particular, we refer the reader to Fig.
1 in @29#, where our absolute predictions for the lepton en-
ergy spectra are superposed to the corresponding published
Monte Carlo simulations of the Kamiokande, IMB, Fre´jus,
and NUSEX experiments~in absence of oscillations!. The
agreement of our calculations with the published spectra is
good.

Since this work was initiated, new refined atmospheric
neutrino flux calculations have appeared@36,37#. These new
fluxes, as far as we know from the published literature, have
not been used yet by the experimental collaborations to re-
process their simulations or to reanalyze their data, and are
not used in this work either. However, in the statistical
analysis we conservatively associate a630% uncertainty
(1s) with the absolute theoretical neutrino fluxes. This error
accounts conservatively for the spread in the atmospheric
neutrino calculations published so far@10#. The uncertainties
of them ande neutrino fluxes are highly correlated~see@10#
and Appendix B for more details!. Such correlation is even
more important than the absolute magnitude of the errors
themselves in driving the fits to atmosphericn data. In fact,
it will be shown that a reduction of the flux error from our
default value,sflux530%, tosflux520% or even 15% does
not change significantly the results of the oscillation fits. In
the absence of oscillations, it has already been shown in Ref.
@10# ~Table III! that the statistical significance of the

2We note in passing that the recent reanalysis of the data from the
Fréjus experiment@32# is relevant for the high-energy muon fluxes,
but it does not change significantly the previous Fre´jus results@7,8#
on low-energye-like andm-like events.
3The ratio of two normally distributed variables obeys a Cauchy

distribution.

FIG. 1. The neutrino mass spectrum adopted in this work. One
neutrino mass eigenstate (n3) is assumed to be largely separated
from the quasidegenerate doublet (n1 ,n2) by a square mass differ-
enceum3

22m1,2
2 u.m2. The two possible scenarios~a! and ~b! are

physically different when the earth matter effects are included in the
atmosphericn propagation. The two square mass spectra in~a! and
~b! are related by (a)→(b)⇔m2→2m2.
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FIG. 2. Analysis of separate and combined atmospheric neutrino data assuming purenm↔nt oscillations (f50 in our framework! in the
mass-mixing plane (tan2c,m2). Contours at 90 and 99 % C.L. forNDF52 are shown. The allowed regions are marked by stars. The last
panel shows the constraints coming from the combination of established accelerator data. Notice the symmetry of all the allowed regions
with respect to the axisc5p/4.
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anomaly does not change much by reducing the flux error
from 30% to 20%.

The last ingredient of Eq.~1! to be discussed is the oscil-
lation probabilityPab . This is the subject of the next sec-
tion.

III. THEORETICAL FRAMEWORK

The calculation of the atmospheric neutrino oscillation
probabilities requires a well-defined theoretical framework.
The three-flavor framework used in this paper is completely
specified by the neutrino spectrum shown in Fig. 1.

In Fig. 1 we show the adopted spectrum of neutrino mass
eigenstates (n1 ,n2 ,n3). Two states (n1 ,n2) are assumed to
be almost degenerate in mass. The third staten3 is largely
separated in mass from the almost degenerate doublet, with
um3

22m1,2
2 u.m2 being the dominant square mass difference

driving the atmospheric neutrino oscillations. This situation
can be realized either in scenario~a! or in scenario~b! of Fig.
1, that is, withn3 either lighter or heavier thann1 andn2.

In both scenarios of Fig. 1, the subdominant square mass
difference betweenn2 andn1, dm25m2

22m1
2, is assumed to

be too small to produce detectable effects in the energy range
explored by current atmospheric neutrino experiments. This
assumption holds, for instance, if the parameterdm2 is used
to fit solar neutrino data@16# (dm2.531026 eV2 at the
best-fit point for matter-enhanced oscillations!. At the scale
of the atmospheric neutrino experiments, we simply set
dm250. The limits of this approximation are commented in
Sec. V C. The same approximation has been used in@15#
where we studied accelerator and reactor neutrino oscilla-
tions, and to which we refer the reader for further details and
references. We collectively consider the accelerator, reactor,
and atmospheric neutrino experiments as ‘‘terrestrial’’ oscil-
lation experiments.

At zeroth order indm2/m2 the two scenarios of Fig. 1 are
physically different for atmospheric neutrinos propagating in
the earth matter~see Appendix C!, while they are not distin-
guishable either by means of accelerator and reactor neutrino
oscillation searches~in vacuum! @15# or by solar neutrino
oscillations~in vacuum or in matter! @16#. In this sense, at-
mospheric neutrinos potentially provide a unique informa-
tion on the neutrino spectrum.

Notice that the spectra~a! and ~b! in Fig. 1 are simply
related by

~a!→~b!⇔1m2→2m2. ~2!

In the following, we will explicitly distinguish cases~a! and
~b! whenever necessary.

In the framework characterized by the spectrum of Fig. 1
one has two important simplifications with respect to the
most general three-flavor oscillation scenario~see@15# and
Appendix C!: ~1! neutrino mixing in terrestrial oscillation
experiments can be described by just two mixing anglesc
and f; and ~2! effects related to a possibleCP-violating
phase are unobservable. It follows that the parameter space
for terrestrial ~including atmospheric! three-flavor neutrino
oscillations can be described in terms of three parameters:
(m2,c,f).

The anglesc andf are defined as in@38#. In the standard
parametrization of the mixing matrix@39# the following
identifications hold:

c5u23, f5u13. ~3!

The three-flavor framework with one dominant square
mass difference is the simplest extension of the two-
generation formalism in which all the two-flavor oscillation
channels are open. The subcases of pure two-flavor oscilla-
tions ne↔nt , nm↔ne , and nm↔nt , are recovered in the
limits c50, c5p/2, and f50, respectively. A clear
graphical representation of the general three-flavor case and
of its two-flavor limits is provided by Fig. 2 in@15#. Here we
do not pay attention to thene↔nt subcase, since it does not
solve—but rather aggravates—the atmospheric neutrino
anomaly. We will briefly comment on a theoretically inter-
esting, genuine three-flavor subcase of this framework, the
so-called threefold maximal mixing scenario@40,41#, in Sec.

FIG. 3. Effects of the reduction of the neutrino flux uncertainty
from the default value of630% ~solid lines! to 615% ~dotted
lines!. The variations in the regions allowed at 90% C.L. by sub-
GeV data~upper panel! or sub-GeV1multi-GeV data~lower panel!
are very small.
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V. In our notation, threefold maximal mixing corresponds to
(tan2c,tan2f)5(1,1/2) at anym2.

With a neutrino mass spectrum as in Fig. 1, the calcula-
tion of the vacuum oscillation probability for neutrinos arriv-
ing from above the horizon is straightforward~see Appendix
C!. However, the vacuum approximation is not adequate for
neutrinos which travel in the earth matter for a large fraction
of their path length. For these neutrinos one expects substan-
tial deviations from the vacuum oscillation probability@42–
46,23# when m2;2A2GFN̄eEn , where N̄e is the typical
electron density along the neutrino trajectory. This implies
significant matter effects in the rangem2;1024–1023 eV2

for sub-GeV observables and in the rangem2;1023–1022

eV2 for multi-GeV observables.4 Moreover, a genuine three-
flavor effect takes place@23#: the effective mass eigenstates
n1,28 in matter are not exactly degenerate, and the phase varia-
tion associated to their splitting is relevant for path lengths
comparable to the earth radius. This additional phase disap-
pears in the two-flavor subcases, since one of the ‘‘degener-
ate’’ neutrinos decouples.

We take into account the earth matter effects by solving
numerically the neutrino propagation equations with an as-
signed earth density profile@47#. In order to save computer
time, the density profile is modeled as a five-step function
@29# with steps corresponding to the five relevant radial
shells. This approximation is sufficiently accurate for our
purposes.

We have a final remark on the graphical representations
of the results. In@15# we have shown that the three-flavor
parameter space for terrestrial neutrino oscillations can be
usefully charted using the~logarithmic! coordinates
(m2,tan2c,tan2f). In the following, the results of our analy-
sis will be displayed in several plane sections of the space
(m2,tan2c,tan2f) at fixed values of eitherm2, f, or c.

IV. TWO-FLAVOR ANALYSIS

In this section we show the results of our analysis in the
subcases of purenm↔nt andnm↔ne two-flavor oscillations.
The discussion of these cases is interesting in itself, and
helps in understanding the more complicated situation of
three-flavor oscillations.

A. Pure nµ↔nt oscillations

In our framework we recall that the subcase of pure
nm↔nt oscillations is reached in the limitf→0, which
leaves (m2,c) as relevant variables. This subcase is particu-
larly simple from a theoretical viewpoint, sincene is decou-
pled and thus the earth matter does not affect the oscillations.
As a consequence~see Appendix C!, the scenarios~a! and
~b! in Fig. 1 become physically equivalent, and the formal-
ism is invariant under the substitutionc→(p/2)2c. One
usually takes advantage of this symmetry to restrict the range
of the mixing anglec to @0,p/4#. Here we show the full
rangecP@0,p/2# in order to mark the difference with the

nm↔ne case ~Sec. IV B!, where the symmetry
c→(p/2)2c is broken by matter effects.

In Fig. 2 we show the results of our analysis as bounds in
the (tan2c,m2) plane at 90% C.L.~solid lines! and 99%
C.L. ~dotted lines!, which corresponds toDx254.61 and
9.21 respectively (NDF52). Notice the mirror symmetry of
all the curves with respect to the axisc5p/4.

To avoid ambiguities, the allowed regions are marked by
stars. We refrain from showing the best fit points in each
panel of Fig. 2, since thex2 is often relatively flat around the
minimum ~except for the combination of several data!, and
the best fit point is not particularly informative. We give the
best-fit coordinates only for the combination of all data.

In the first four panels of Fig. 2~left to right, top to bot-
tom! we display the parameter regions individually allowed
by the four sub-GeV experiments, Fre´jus, NUSEX, IMB, and
Kamiokande. The Fre´jus and NUSEX experiments are con-
sistent with no oscillations, and thus strongly disfavor the
situation of maximal mixing (c.p/4), at least for not too
small m2 where they are not sensitive to oscillations. The
IMB and Kamiokande experiments are instead compatible
with large mixing in a wide range ofm2 (m2*1024 eV2),
although the best fit is not reached exactly for maximal mix-
ing.

It should be noted that the sub-GeV experiments have still
some sensitivity to values ofm2 as small as 1024 eV2 ~see,
e.g., @17,25,29#!. For instance, the neutrino phase variation
due to oscillations can be ofO(1) for En51 GeV,
m251024 eV2, and a path length equal to the earth diam-
eter. This fact, combined with our conservative error esti-
mates, explains the extension of the IMB and Kamiokande
allowed regions down to values as small asm2.1024 eV2

in Fig. 2. Our Kamiokande allowed regions are larger than
those derived by the Kamiokande collaboration analysis@4#.
However, one has to consider that we use only the published
experimental information, while the Kamiokande collabora-
tion uses energy-angle lepton distributions that are not pub-
lished, and also adopts a rather different approach in the
statistical analysis of the data@4#.

The fifth and sixth panels in Fig. 2 show the constraints
from the multi-GeV Kamiokande data, taken both unbinned
and binned respectively. The sensitivity to smallm2 is lower
than in the sub-GeV cases, since the average neutrino energy
is higher. In the binned case~full information from the an-
gular distribution!, m2 is bounded from above at 90% C.L.
In fact, the measured angular distribution is inconsistent with
the flat oscillation probability corresponding to averaged fast
oscillations (m2→`) @4#.

In the seventh and eighth panels of Fig. 2, we combine the
sub-GeV and multi-GeV~unbinned and binned! Kamiokande
data. In the ninth panel all sub-GeV data are combined to-
gether. Notice that maximal mixing (c.p/4) is strongly
disfavored form2*1022 eV2, due to the inclusion of the
Fréjus and NUSEX data in the fit. In the tenth panel we
combine the sub-GeV data with the multi-GeV unbinned
data. The multi-GeV unbinned data disfavor the lowest val-
ues ofm2 that would be allowed by the sub-GeV data alone.

In the eleventh panel we combine sub-GeV and binned
multi-GeV data. Therefore, this panel contains the maximum
information from the atmospheric neutrino experiments~8
sub-GeV 1 10 multi-GeV observables!. The best fit is

4It should be noted, however, that matter effects do not totally
disappear even in the limitm2→`, see Appendix C.
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reached at (m2,tan2c).(531023 eV2, 0.63) and at the
symmetric point (m2,tan2c).(531023 eV2, 1/0.63). The
best-fit value ofm2 is somewhat lower than the popular
value 1022 eV2, since we include the Fre´jus and NUSEX
data. These data are compatible withm250 ~no oscillation!
and thus tend to drag them2 fit to lower values than those
favored by IMB and Kamiokande alone. The value of the
absolutex2 at the minimum is 19.7, which represents a good
fit to the 18 atmospheric observables@with the freedom to
vary only (m2,c)#. One should compare this value with the
corresponding~worse! fit in the no-oscillation hypothesis,
xno osc
2 544.6.
The last panel in Fig. 2 shows the region allowed by the

combination of all the established accelerator oscillation
searches. The region allowed at 90% by all atmospheric neu-
trino data is also allowed by present accelerator data~reactor
data place no bounds in thenm↔ne oscillation limit!. The
atmospheric bounds are in conflict with the accelerator
bounds only at;99% C.L. and highm2.

In Fig. 2, the magnitude of the theoretical neutrino flux
error, sflux , has been taken equal to 30%~default value!.
This choice is not decisive in the fit, as shown in Fig. 3.

In Fig. 3 we compare two representative fits~all sub-GeV
data, and all sub-GeV1 multi-GeV data! using both
sflux530% ~solid contours! and sflux515% ~dotted con-
tours!. The differences between the two cases are very small.
In fact, since we include the proper correlations between the
neutrino fluxes, thene andnm flux errors nearly ‘‘cancel’’ in
the analysis, with a residual65% difference allowed in the
relativenm /ne flux normalization. Of course, a similar can-
cellation is reached by using the ratio
Rm/e5(m/e)data/(m/e) theory, but with the serious disadvan-
tage of obtaining a highly non-Gaussian distribution for
Rm/e @10#. Previous analyses of the atmospheric neutrino
anomaly that applied Gaussian statistics toRm/e , including
our works @28# and @29#, may thus have overestimated the
statistical significance of the anomaly, and underestimated
the mass-mixing regions allowed by the oscillation hypoth-
esis.

In this work we have not analyzed the so-called upward-
going muon data. These data are essentially consistent with
no oscillations@31#, although with large, noncancelable flux
errors—there are no ‘‘upward-going electrons’’ to be used
for comparison. Thus we expect that, in a combined analysis:
~1! the upward-going muon data should have a smaller sta-
tistical weight than the atmospheric data considered here,
which should drive the fit; and~2! the inclusion of upward
muon data should anyway disfavor a too strong suppression
of the muon rates. This implies that the fit discussed in this
section should be generally worsened for nearly maximal
mixing (c;p/4). The three-flavor analysis of upward-going
muon data is in progress and will be presented in a separate
paper.

B. Pure nµ↔ne oscillations

We recall that, in our framework, the subcase of pure
nm↔ne oscillations is reached in the limitc→p/2, which
leaves (m2,f) as relevant variables. This limit is more com-
plicated than thenm↔nt limit, since matter effects are not

decoupled. It follows that the intervalsfP@0,p/4# and f
P@p/4,p/2# are not physically equivalent, and the scenarios
~a! and~b! shown in Fig. 1 are also not equivalent. However,
in thenm↔ne oscillation case there is an interesting symme-
try: the physics in~b! is equivalent to the physics in~a!,
provided thatf is replaced by its complementary angle
„f→(p/2)2f…. This symmetry~discussed in Appendix C!
allows us to consider only one scenario,~a! for definiteness.

In Fig. 4, we show the results of ournm↔ne oscillation
analysis in scenario~a!. The corresponding results in sce-
nario ~b! are obtained by looking at the same figure in a
mirror. Since the panels in Fig. 4 (nm↔ne case! are analo-
gous to the panels in Fig. 2 (nm↔nt case! we just highlight
the differences between the results in Figs. 4 and 2.

At largem2, the maximal mixing valuef.p/4 is in gen-
eral disfavored, since ‘‘too many’’nm’s oscillate intone’s,
the muon~electron! rate become too suppressed~enhanced!,
and thus the flavor anomaly is overbalanced by the oscilla-
tions. In Fig. 2 this situation was also disfavored, but not as
strongly, since in thenm↔nt case the electron rates are un-
affected by oscillations.

At smallm2, the contours are affected by the earth matter
effects that are also responsible for the asymmetry with re-
spect to the axisf5p/4. Notice that, in general, values of
m2 close to 1024 eV2 are more disfavored than in Fig. 2.

The combination of all data is shown in the eleventh panel
of Fig. 4 ~all sub-GeV and multi-GeV binned!. The allowed
region should be compared with the constraints coming from
accelerator and reactor searches. These constraints essen-
tially exclude the upper part of the region preferred by atmo-
sphericn data, but are compatible with the~larger! lower
part.

The best fit for the combination of all data is obtained for
(m2,tan2f)5(6.631023 eV2, 0.36). For scenario~b!, the
best fit would be obtained at the symmetric point
(m2,tan2f)5(6.631023 eV2, 1/0.36). The value ofx2 at
the minimum isxmin

2 515.6, about four units lower than in
the case ofnm↔nt oscillations (xmin

2 519.7). Therefore
nm↔ne oscillations appear to be preferred tonm↔nt oscil-
lations in our global analysis.

The preference for thenm↔ne case is essentially driven
by the multi-GeV data. In Fig. 5, we show the measured and
expectedm-like and e-like event rates in the five zenith-
angle bins used by the Kamiokande collaboration for the
multi-GeV data. Them ande rates have been conventionally
divided by their theoretical~central! value in absence of os-
cillations,m0 ande0 ~see also Ref.@10# where we introduced
this graph!. The ellipses represent 1s contours (Dx251).

The first of the horizontal panels in Fig. 5 refers to the
no-oscillation case, which is clearly a bad fit to the data. The
second panel refers to the best fit to multi-GeV data with
pure nm↔nt oscillations. In this case, only the theoretical
muon rates can vary, and the fit is not particularly good,
although certainly better than in the no-oscillation case. The
third panel refers to purenm↔ne oscillations. In this case,
both m and e rates vary with oscillations, and one can get
higher theoretical electron rates that match better the experi-
mental data~notice, in particular, the good fit in the first bin!.
The fourth panel refers to the general case of three-flavor
oscillations, with (m2,c,f) unconstrained. The 3n best fit is
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FIG. 4. Separate and combined analysis of atmospheric neutrino data assuming purenm↔ne oscillations (c5p/2 in our framework!, in
the mass-mixing plane (tan2f,m2). Contours at 90~solid! and 99 % C.L.~dotted! for NDF52 are shown. The allowed regions are marked
by stars. The last panel shows the constraints coming from the combination of established accelerator and reactor data. The contours of the
atmosphericn allowed regions are not symmetric with respect to the axisf5p/4, due to matter oscillation effects.
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only slightly better than in thenm↔ne case. The differences
between the overall fits in the third and fourth panels are
only appreciable numerically and not by eye. In conclusion,
nm↔ne oscillations seem to provide a close-to-optimal fit to
multi-GeV data.

In Fig. 6 we illustrate the importance of including the
earth electron density innm↔ne oscillations. Figure 6 is
analogous to Fig. 4 butwithoutmatter effects. The allowed
regions in Fig. 6 and Fig. 4 differ considerably for lowm2;
when matter effects are included~Fig. 4! the lowest values of
m2 do not provide a good fit@48#. The reason is that for not
too smallnm↔ne mixing ~i.e., for tan2f;0.1–10!, the mix-

ing angle in matter is rapidly suppressed form2→0 @see Eq.
~C4!#, and so are the oscillations that should solve the flavor
anomaly.

V. THREE-FLAVOR ANALYSIS IN THE „m2,tan2c,tan2f…

PARAMETER SPACE

In this section we show the results of our analysis of
atmospheric neutrino data within the three-flavor framework
discussed in Sec. III. The free parameters of the fit are
(m2,c,f). The analysis includes all the sub-GeV data and

FIG. 5. Bin-by-bin analysis of multi-GeV Kamiokande data in the plane of them ande lepton rates, normalized to their theoretical values
without oscillationsm0 ande0. Solid ellipses: theoretical predictions at 1s level (Dx251). Dotted ellipses: experimental data at 1s level.
Notice how the theoretical ellipses change from the upper panel~no oscillation! to the three lower panels~best fit cases for two-flavor and
three-flavor oscillations!. The fit is better in thenm↔ne case than in thenm↔nt case. The overall fit improves slightly in the 3n oscillation
case.
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FIG. 6. As in Fig. 4, but excluding the earth matter effect~pure vacuum oscillations!. All the contours are now symmetric with respect
to the axisf5p/4. The regions allowed by the atmospheric neutrino data in the lower half of each panel are substantially different from
those reported in Fig. 4.
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the binned multi-GeV data. We represent the results in the
mixing-mixing plane (tan2c,tan2f) at representative values
of m2, in both scenarios~a! and ~b! of Fig. 1.

A. Scenario „a…

In Fig. 7 we show the results of the fit to all the atmo-
spheric data in scenario~a!. The solid~dotted! lines represent
sections, at given values ofm2, of the three-dimensional
(m2,tan2c,tan2f) manifold allowed by the fit at 90% C.L.
(99% C.L.! for NDF53 (Dx256.25 and 11.34, respec-
tively!.

The representative values ofm2 range from 0.18 eV2

down to 3.231024 eV2. Form2*1022 eV2 ~first six pan-
els!, reactor and accelerator neutrino oscillation experiments
also place bounds on the mixing angles. These bounds are
discussed separately in Sec. V C.

We recall that in each panel of Fig. 7 the right-hand side
corresponds~asymptotically! to the limit of purenm↔ne os-
cillations, and the lower side to purenm↔nt oscillations.
The left-hand side, corresponding to purene↔nt oscilla-
tions, never represents an acceptable fit to the data. The
asymptotic regime is already reached at the ends of the
tan2c and tan2f ranges adopted in Fig. 7.

The best three-flavor fit is reached at
(m2,tan2c,tan2f)5(4.631023 eV2, 7.07, 0.28). The corre-
sponding value of thex2 is xmin

2 514.8, which represents a
good fit to the 18 atmospheric observables, given the free-
dom of varying the three parameters (m2,c,f).

At 90% C.L. there are both an upper and a lower bound
onm2: 0.631023&m2&1.531021 eV2. The upper bound,
provided by the inclusion of multi-GeV data, however, dis-
appears at;95% C.L.~see below!. The inclusion of labora-
tory oscillation data would make the upper bound tighter
(m2&631022 eV2 at 90% C.L., see Sec. V C!.

For relatively largem2 (m2*231022 eV2) the situations
of maximal nm↔ne mixing @(tan2c,tan2f)5(`, 1)#, of
maximal nm↔nt mixing @(tan2c,tan2f)5(1, 0)#, and of
threefold maximal mixing@(tan2c,tan2f)5(1, 1/2)#, are
not allowed. All these twofold and threefold maximal mixing
situations are allowed, however, in the range
1.531023&m2&731023 eV2 ~at least!. In this range, the
vacuum oscillation probabilities for threefold maximal mix-
ing @40,41# get significant corrections when matter effects
are included~see Appendix C!.

In many panels of Fig. 7, the allowed region interpolates
smoothly between the two-flavor oscillation limitsnm↔nt
and nm↔ne @20–23,15#. However, form2*231022 eV2,
pure nm↔nt oscillations are disfavored since the global fit
improves towards thenm↔ne oscillation limit.

The limits onm2 for unconstrainedf andc are particu-
larly interesting as guidelines for future long-baseline neu-
trino oscillation searches. In Fig. 8 we thus show the value of
Dx2 as a function ofm2 only (c andf are projected away!.
The solid line refers to the default flux error (sflux530%).
The dashed line, which refers tosflux520%, is not signifi-
cantly different from the solid line.

From Fig. 8 one can trace the upper and lower bounds on
m2 placed by all the atmospheric neutrino data at any given
C.L. However, form2→` theDx2 tends to the asymptotic
limit ;7 ~not shown!. It follows that, in the adopted three-
flavor framework, atmospheric neutrinos place no upper

bound onm2 at 95% C.L. (NDF53). Atmospheric neutrino
data would also not place any upper bound onm2 if the
zenith-angle dependence of the multi-GeV data were dis-
carded, i.e., ifunbinnedmulti-GeV data were used in the fit.

B. Scenario„b…

In Fig. 9 we show the results of the fit to all the atmo-
spheric data in scenario~b! of Fig. 1. Figure 9 is analogous
to Fig. 7, but all the calculations have been done with
2m2 instead of1m2. The solid~dotted! lines represent sec-
tions, at given values of2m2, of the three-dimensional
(m2,tan2c,tan2f) manifold allowed by the data at 90% C.L.
(99% C.L.! for NDF53.

In scenario ~b!, the best-fit point is
(m2,tan2c,tan2f)5(6.831023 eV2, 11.2, 2.82). The corre-
sponding value ofxmin

2 is 15.1, which is almost as good as in
scenario~a!.

As expected from symmetry arguments~see Appendix C!,
Fig. 9 and Fig. 7 coincide in the limit of purenm↔nt oscil-
lations ~lower side of each panel!. In the limit of pure
nm↔ne oscillations~right side of each panel! these figures
coincide5 modulo the replacementf→(p/2)2f. In the in-
termediate, genuine three-flavor mixing cases, the bounds
shown in Figs. 9 and 7 are slightly different at anym2.

The differences between the three-flavor fits in Figs. 7 and
9 are not unexpected, since they correspond to two physi-
cally different scenarios. Unfortunately, the differences are
quite small, implying that the available information on atmo-
spheric neutrinos is not sufficiently accurate to discriminate
the two cases~a! and~b!. A significant discrimination would
have important implications. For instance a hypothetical,
pronounced preference of atmospheric data for scenario~a!
would support the theoretical prejudice that the spectrum of
neutrino masses is similar to the spectrum of charged fermi-
ons~two light states and a third, much heavier state!. It will
be interesting to see if the atmospheric neutrino data that are
being collected with high statistics by the running SuperKa-
miokande experiment will show a preference for one of the
two scenarios~if they confirm the flavor anomaly!. We recall
that this information cannot be provided either by
accelerator,6 reactor, or solar neutrino oscillation searches,
i.e., these experimentsa priori do not distinguish the sce-
narios~a! and ~b! at zeroth order indm2/m2.

Finally, we complete our survey of the fit in scenario~b!
by showing in Fig. 10 the dependence ofDx2 on2m2. Fig.
10 is the analogous to Fig. 8 in scenario~b!.

C. Comparison with other oscillation searches

The three-flavor bounds shown in Figs. 7 and 9 and dis-
cussed in Secs. V A and V B were obtained by fitting only

5The coincidence of the C.L. contours in these two-flavor limits is
not perfectly realized because the best-fit point and the value of the
x2 at the minimum are not exactly equal~and are not expected to be
equal! in scenarios~a! and ~b!.
6However, futuristic accelerator oscillation searches with ex-

tremely long baselines~greater than 103 km! could in principle
probe the difference between scenarios~a! and ~b! through earth
matter effects.
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FIG. 7. Three-flavor analysis of all the atmospheric neutrino data~sub-GeV and binned multi-GeV combined! in the plane
(tan2c,tan2f), for 12 different values ofm2 ranging from 1.831021 to 3.231024 eV2. Scenario~a! of Fig. 1 is assumed. The solid~dotted!
curves represent sections of the region allowed at 90% (99%) C.L. forNDF53 at givenm2. The right side of each panel corresponds
asymptotically to purenm↔ne oscillations; the lower side to purenm↔nt oscillations. Three-flavor oscillations interpolate smoothly
between these two limits.
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the atmospheric neutrino data. In this section, we show their
interplay with the independent constraints obtained by accel-
erator and reactor neutrino oscillation searches@15# and by
solar neutrino experiments@16#.

The analyses@15# and @16# were performed under the
same assumption on the neutrino spectrum shown in Fig. 1,
namely that the two independent neutrino mass squared dif-
ferences,dm25um2

22m1
2u and m25um3

22m2
2u, are largely

separated:dm2!m2. Accelerator and reactor neutrinos were
assumed to probe, as the atmospheric neutrinos, the domi-
nant square mass differencem2, as the slow oscillations
driven by dm2 were effectively frozen. Conversely, solar
neutrinos were assumed to probe the subdominant square
mass differencedm2, as the fast oscillations driven bym2

were effectively averaged out. The parameter spaces probed
by terrestrial~accelerator, reactor, and atmospheric! neutri-
nos and by solar neutrinos have been discussed thoroughly in
@15# and @16#.

In Fig. 11, we show the bounds coming from the estab-
lished accelerator and reactor oscillation searches@15# @the
recent data from the liquid scintillator neutrino detector
~LSND! experiment@49# are not included#. These negative
searches exclude horizontal bands in the (tan2c,tan2f)

plane form2*1022 eV2 (90% C.L. limits are shown!. Su-
perposed are the 90% C.L. regions from the atmospheric
neutrino analysis@only in scenario~a! for definiteness#. The
nm↔ne oscillation limit ~right side of the panels! is generally
disfavored in the range probed by laboratory oscillation ex-
periments, mainly because it is not consistent with the un-
successful ne disappearance searches at reactors. For
m2*631022 eV2 the atmospheric data are not compatible
with existing laboratory limits at anyc or f. For
m2&1022 eV2, however, there are no laboratory constraints
on neutrino mixing, and the fits to atmospheric data~six
lowest panels of Figs. 7 and 9! are unaffected.

In conclusion, the limits placed by the combination of
accelerator, reactor, and atmospheric neutrino data onm2 in
our three-flavor framework are 631024 eV2&m2

&631022 eV2 (90% C.L.,NDF53). Future long-baseline
experiments will be able to explore a large fraction of this
m2 range.

Concerning solar neutrinos, we have emphasized in@16#
that they probe the same mixing anglef probed by terres-
trial ~atmospheric, accelerator, and reactor! neutrino experi-
ments. If one accepts the explanation of solar neutrino deficit
provided by matter-enhanced oscillations, then the data con-
strain f in the range tan2f&1.4 at 90% C.L. (NDF53),
with a preference for the value tan2f50 @16#. These bounds
coming from solarn data exclude significant parts of the
large-f regions allowed by atmospheric neutrino data in
Figs. 4, 7, 9, and 11. This should be taken into account when
building models of neutrino masses and mixings which try to
accommodate both the solar neutrino deficit and the atmo-
spheric neutrino anomaly.

In our framework, oncedm2 is fixed by solar neutrinos, it
is not possible to explain both the atmospheric neutrino
anomaly and the recent LSND evidence@49# for oscillations
with the remaining mass parameterm2. We have shown pre-
viously that atmospheric neutrino data alone place an upper
limit to m2 of about 1.531021 eV2, which is strengthened to
m2&631022 eV2 when accelerator and reactor data are in-
cluded. The rangem2&631022 eV2 is too low for signifi-
cant neutrino oscillation effects at LSND. It follows that, in
our framework, one can either fit the atmospheric neutrino
anomaly or the LSND event excess, but not both. We intend
to examine the second option~fit to LSND data! in a separate
publication; some interesting results were already obtained
with older LSND data in@15# ~see their Figs. 11 and 12 and
the related discussion!. However, it should be noted that the
atmospheric data fit at largem2 is essentially driven by the
angular distribution of multi-GeV events observed in Kamio-
kande. If this information were discarded, i.e., if one used
only unbinned multi-GeV data, then atmospheric neutrino
data alone would not place an upper bound onm2, and one
could find @50# a very small region of the parameter space
which is marginally allowed by both LSND and sub-GeV
atmospheric data, as well as by present accelerator and reac-
tor constraints. This solution is admittedly fragile@50#.

A final remark is in order. The basic assumption underly-
ing this work and Refs.@15,16# is that dm2!m2 ~Fig. 1!.
Then all the calculations are done at zeroth order in
dm2/m2, i.e., one takesdm250 andm2 finite for terrestrial
neutrino oscillations, anddm2 finite andm25` for solar
neutrino oscillations. Ifdm2 is close to the best fit to solar

FIG. 8. Value ofDx2 for all atmospheric neutrino data~sub-
GeV and multi-GeV combined! as a function ofm2 only. This
figure embeds the information of Fig. 7projectedonto them2 vari-
able. At 68% C.L. (NDF53) the value ofm2 is constrained between
;1023 and;1021 eV2. For very largem2, the value ofDx2 tends
to;7 ~not shown! and there are no upper limits onm2 at 95% C.L.
The reduction of then flux error from 30 to 20 % does not produce
significant variations, as indicated by the thin, dotted curve.
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neutrino data (dm2;531026 eV2) and if m2 is close to the
best fit to atmospheric neutrino data (m2;0.631022 eV2)
then dm2/m2;1023 and the zeroth order approximation is
certainly adequate. In Ref.@29# we have numerically shown

that for dm2/m2 as high as 1/10 the leading first-order cor-
rections to the zeroth approximation do not alter substan-
tially the results of both the solar and the atmospheric neu-
trino data fit. However, if one takes thehighestvalues of

FIG. 9. As in Fig. 7, but in the scenario~b! of Fig. 1.
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dm2 allowed by solar neutrinos (dm2;1.531024 eV2) @16#
and thelowestvalues ofm2 allowed by atmospheric neutri-
nos (m2;631024 eV2) at 90% C.L., then the ratio
dm2/m2 is about 1/4, so that the two squared mass differ-
ences are not well-separated, and our approximations be-
come very rough. Such a contrived situation seems improb-
able, but if it were realized in nature, then one should
necessarily resort to the most general three-flavor formalism
to analyze it.

VI. SUMMARY AND CONCLUSIONS

In this work we have analyzed the available experimental
data on the anomalous flavor composition of the atmospheric
neutrino flux with three-flavor neutrino oscillations. Data on
upward-going muons are not included and will be examined
in a separate work.

The adopted theoretical framework is characterized by
one dominant neutrino square mass differencem2. The neu-
trino mass spectrum can assume either form~a! or ~b! of Fig.
1. Scenarios~a! and ~b! are physically different when neu-
trino oscillations in the earth matter background are consid-
ered. In both cases the variables relevant to atmospheric neu-
trino oscillations arem2 and two mixing anglesc andf.

We have performed a global analysis of all data, and
found the regions of the (m2,c,f) parameter space in which
three-flavor neutrino oscillations are consistent with the
available data. In particular, we have included in the analysis
the neutrino-inducede-like andm-like event rates measured
in four sub-GeV experiments, Fre´jus, NUSEX, Kamiokande,

and IMB, as well as the lepton rates measured in the five
zenith-angle sectors of the multi-GeV Kamiokande experi-
ment, for a total of 18 observables in the fit. We have made
accurate calculations of the expected muon and electron rates
in the various detectors, taking into account the differential
energy-angle distribution of the~anti!neutrino fluxes, the dif-
ferential~anti!neutrino interaction cross sections, and the de-
tector efficiencies. We have paid particular attention to the
statistical analysis, which includes the proper correlations
among the experimental and theoretical errors. The oscilla-
tion probabilities have been calculated in the three-flavor
framework defined by Fig. 1, including the earth matter ef-
fect in the evolution of the neutrino flavor states. The main
results of our analysis are shown in Fig. 7 for scenario~a!
and in Fig. 9 for scenario~b!. Three-flavor neutrino oscilla-
tions provide a good fit to the 18 data~with three free pa-
rameter!, as the minimumx2 is ;15 in both cases.

We have also analyzed in detail the subcases of two-
flavor nm↔nt oscillations~Fig. 2! and nm↔ne oscillations
~Fig. 4!. The analysis of these subcases provided us with
valuable information on the relative weight and influence of
the different pieces of data in the global fit, as well as on the
importance of the earth matter effect~as derived by compar-
ing Fig. 4 and Fig. 6!. The Kamiokande multi-GeV data are
fitted better in thenm↔ne case than in thenm↔nt case, as
shown in Fig. 5, although more data are needed to confirm
this indication. In particular, the upcoming data from the
running SuperKamiokande experiment@13# will certainly
help in clarifying the atmospheric neutrino anomaly and its
implications in terms of neutrino properties.

We have compared the region preferred by atmospheric
neutrino data with the bounds coming from negative oscilla-
tion searches at accelerator and reactors@15# in Fig. 11.
These bounds exclude a large part of the region allowed by
atmospheric data~especially in the limit of purenm↔ne os-
cillations! for m2*1022 eV2. Form2&1022 eV2 there are
no significant bounds from reactor data and the atmospheric
data fit is unaffected. In particular, form2&1022 eV2 the
threefold maximal mixing scenario@40,41# is allowed by the
data. It must be added, however, that threefold maximal mix-
ing is not supported by the independent analysis of all solar
neutrino data@16#.

In Sec. V C we have also discussed the interplay between
atmospheric and solar neutrino results. Solar neutrino data
place an upper bound onf @16# that further constrains the
atmospheric results at anym2. The value ofm2 needed to fit
atmospheric neutrino data is not compatible, within this
framework, with the possible recent indication for neutrino
oscillations coming from the LSND experiment@49#. A mar-
ginal compatibility between the LSND data and the atmo-
spheric anomaly might be reached@50# if the information
coming from the zenith-angle distribution of multi-GeV
event is discarded.

This work is part of a wider research program in which
we intend to analyze, in the same three-flavor framework, the
world data related to neutrino oscillations. We have analyzed
so far the results coming from 14 experiments: 3 accelerator
experiments~CERN CDHSW, Fermilab E531, and BNL
E776! @15#, 3 reactor experiments~Bugey, Gösgen, and
Krasnoyarsk reactors! @15#, 4 solar neutrino experiments
~Homestake, GALLEX, SAGE, and Kamiokande! @16#, and

FIG. 10. As in Fig. 8, but in the scenario~b! of Fig. 1.
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4 atmospheric neutrino experiments~Fréjus, NUSEX, IMB,
and Kamiokande, this work!. ~See also@28,29#.! We have
discussed in@15# some implications of older LSND results
@51#, and in @14# the tests of three-flavor mixing in future
long-baseline neutrino oscillation experiments. We hope that
the three-flavor framework adopted in these works can be-
come a popular way of analyzing or even presenting the
experimental results or expectations, instead of the usual
two-generation approach which is unable to accommodate
more than one oscillation channel at a time.
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FIG. 12. Kamiokande distribution of multi-GeV electrons and
muons as a function of the zenith angleu, in absence of neutrino
oscillations. The agreement between the published Kamiokande
simulation~solid histogram! and our calculation~dashed histogram!
is very good. See Appendix A for details.
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APPENDIX A: TREATMENT OF KAMIOKANDE
MULTI-GeV DATA

In this appendix we describe in detail our treatment of the
Kamiokande multi-GeV data. The analysis of the Kamio-
kande multi-GeV data@4# depends crucially upon the distri-
bution of lepton events (Nb) of given flavorb as a function
of the zenith angleu. In the presence of neutrino oscillations,
b-flavor lepton events may be initiated by neutrinos of origi-
nal flavora, and the angular distribution can be expressed as

dNb

du
5(

a
E
En
min

`

dEn

d2Fa

dEndu
PabE

El
min

En
dEl

dsb

dEl
«b ,

~A1!

where

dNb~u!

du
5 lepton angular distribution,

En5neutrino energy,

El 5 lepton energy,

d2Fa~En ,u!

dEndu
5distribution of unoscillatedna , ~A2!

Pab~En ,u!5flavor oscillation probability,

dsb~El !

dEl
5differential nb cross section,

«b~El !5 lepton detection efficiency.

For the sake of simplicity~and of computing time! in Eq.
~A1! we have assumed that the lepton directionu is the same
as the incident neutrino directionun , u.un . Actually, in the
Kamiokande multi-GeV data sample, the typical difference
is A^(u2un)

2&.15°–20° @4#. We simulate the effect of the
u-un difference by smearing the distributiondNb /du in Eq.
~A1! with a Gaussian distribution having a one-s width of
;17°.

The evaluation of the inner integral in Eq.~A1! requires
detailed experimental information that is not available. In
particular, the lepton detection efficiency function«b(El ),
which includes the intrinsic detector acceptance and the
analysis cuts, is not published for multi-GeV data@4#. A
worse problem is due to the impossibility of defining, event
by event, the lepton energyEl for tracks that are not fully
contained. For these~partially contained! higher-energy
events, the intrinsic ‘‘total’’ energy can be associated with
the released ‘‘visible’’ lepton energy on a statistical basis
only, by means of a detailed simulation of the Kamiokande
detector ~which is beyond our possibilities and interests!.
However, the ignorance of such experimental ingredients can
be overcome by rewriting Eq.~A1! in terms of the simulated

energy spectrum of the parent neutrinos~which embeds all
these effects! as published in@4#.

The method is the following. The (En ,u) distribution of
unoscillated neutrinos can be factorized as

d2Fa~En ,u!

dEndu
5
dFa8 ~En!

dEn

dFa9 ~En ,u!

du
, ~A3!

with the normalization

E du
dFa9 ~En ,u!

du
51~at any En!. ~A4!

Applying the factorization of Eq.~A3! in Eq. ~A1! one
has that

dNb

du
5E dEn

dFa9

du
Pab

dFa8

dEn
E dEl

dsb

dEl
«b

5E dEn

dFa9

du
PabQab

dnb

dEn
, ~A5!

where

Qab~En!5
dFa8

dEn
S dFb8

dEn
D 21

~A6!

is known from atmospheric flux calculations, and

dnb~En!

dEn
5
dFb8

dEn
E dEl

dsb

dEl
«b ~A7!

represents the energy distribution of the parent neutrinos that
induce b-lepton events in the Kamiokande detector, inte-
grated over the lepton spectrum.

As reference energy-angle neutrino flux distributions, we
use the calculations of the Bartol group@34# smoothly con-
nected to the Volkova calculations@52# at higher energies.
This reference choice corresponds to the option ‘‘flux B’’ in
@4#.

The functiondnb(En)/dEn , that embeds all those experi-
mental aspects of the lepton detection efficiency and energy
reconstruction that we ignore, is published in Fig. 2~b! of
Ref. @4#. Since bothdF9a /du and Qab are known, and
Pab is calculable in a given oscillation scenario, one finally
has all the ingredients to calculate the angular distribution of
lepton events from Eq.~A5!.7

In particular, we have computed the angular distribution
of e-like andm-like multi-GeV events in absence of oscilla-
tions (Pab5dab). The results are shown in Fig. 12 as
dashed lines. The solid lines represent the published Kamio-
kande simulation@4#. The agreement is very good, as the
differences are smaller than the statistical uncertainties. The
author of Ref.@27# used independently a somewhat similar
approach to the analysis of multi-GeV data but did not ob-

7It should be added, however, that in this way our analysis of the
multi-GeV data depends implicitly upon the neutrino cross sections
as implemented in the Kamiokande Monte Carlo simulation.
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tain, however, a good agreement with the published Kamio-
kande simulation ofe-like events.

A final remark is in order. The functionsdnb(En)/dEn

(b5e,m) reported in@4# include the contributions of both
neutrinos and antineutrinos. However, it is important to sepa-
rate the n and n̄ contributions, since P(na→nb)
ÞP( n̄a→ n̄b) when matter oscillations are considered. We
make the reasonable assumption that«b.«b̄ . Then, since
the ratios ofn and n̄ fluxes and cross sections are known at
any energy, one can separate the distributiondnb /dEn of
parentneutrinos from the distributiondnb̄ /dEn of parent
antineutrinos.

APPENDIX B: CORRELATION OF ERRORS

In @10# we examined the various sources of uncertainties
affecting the measured and expectede-like andm-like event
ratesRe and Rm in the atmospheric neutrino experiments,
together with their correlations. We were thus able, for any
single experiment, to construct the covariance matrix of the
residuals (Ra

theor2Ra
expt) and to perform a correct~Gaussian!

statistical analysis of the atmosphericn anomaly. As far as a
single experiment is concerned, here we use the same ap-
proach.

However, when the information of two or more experi-
ments is combined—as in the present work—one has also to
take into account that the theoretical errors of the neutrino
fluxes are highly correlated from experiment to experiment.
For instance, a hypothetical systematic shift of120% in the
calculated~unoscillated! flux of sub-GeVne’s propagates co-
herently to the expected rates ofe-like events inall the sub-
GeV experiments at the same time. Moreover, one also ex-
pects them-like event rates to increase by;20% because of
the tight correlation of calculatedne andnm fluxes, with an
allowance for a residual uncertainty~of about 5%) in the
m/e ratio.

Therefore, in constructing the covariance matrix for the
observables analyzed in this work, we include the additional
off-diagonal elements corresponding to the correlations of
the neutrino flux uncertainties between any two experiments,
and between any two bins of the Kamiokande multi-GeV
data sample.8

More precisely, let us call (A,B) a generic couple of ex-
periments~or couple of multi-GeV data bins!. Then the cor-
relations between thene andnm theoretical flux errors inA
andB are given by

ree~A,B!51,

rmm~A,B!51, ~B1!

rme~A,B!512
1

2

sflux
2

s ratio
2 ,

wheresflux is the assumed fractional uncertainty in the over-
all flux normalization ~e.g., 630%), ands ratio is the as-
sumed residual uncertainty in them/e ratio ~typically
65%, which we choose as default value!. For instance, for
(sflux ,s ratio)5(30%, 5%) them-e flux error correlation is
rme50.986@10#.

We have decided, however, to ignore the correlations
when A labels a sub-GeV observableandB labels a multi-
GeV observable~or vice versa!. In fact, the flux of low-
energy and high-energy neutrinos are not necessarily corre-
lated. A systematic shift of, e.g.,120% in the low-energy
neutrino flux normalization does not necessarily imply the
same shift at higher energy. This would happen, for instance,
if the slope of the theoretical neutrino energy distribution
were systematically biased. At present, we do not know how
to relate the uncertainties affecting the low-energy and the
high-energy fluxes of atmospheric neutrinos, and thus ignore
their possible correlations in thex2 statistics.

The inclusion of the~known! correlation effects in any
single experiment, as well as in the combination of all the
experimental data, is a distinguishing feature of our analysis.

APPENDIX C: SYMMETRIES
OF THE OSCILLATION PROBABILITY

In this appendix we discuss several symmetry properties
of the neutrino and antineutrino oscillation probabilities un-
der given transformations of the neutrino masses and mixing,
in the two scenarios~a! and ~b! of Fig. 1. These properties
are useful to understand the results of the analysis of the
atmospheric neutrino data. In particular, we show that the
scenarios~a! and~b! are not equivalent when the earth matter
effects are included in the~anti!neutrino propagation.

We recall that we always assumem2 positive
(m25um2u), and that the two scenarios~a! and ~b! are dis-
tinguished by the overall sign of m2:
(a)→(b)⇔1m2→2m2. It is useful to set conventionally
the zero of the neutrino squared mass scale halfway between
the doublet (n1 ,n2) and the ‘‘lone’’ staten3 shown in Fig. 1.
With this position, the neutrino squared mass spectrum takes
the form

~m1
2 ,m2

2 ,m3
2!

5H „2~m2/2!,2~m2/2!,1~m2/2!… scenario ~a!,

„1~m2/2!,1~m2/2!,2~m2/2!… scenario ~b!.

~C1!

Let us consider the following eight transformationsTi :

T1 : m2→2m2 at any c,f,

T2 : ~m2,f!→~m2,p/22f! at c50,

T3 : ~m2,f!→~m2,p/22f! at c5p/2,

T4 : ~m2,c!→~m2,p/22c! at f50, ~C2!

T5 : ~m2,f!→~2m2,p/22f! at c50,

T6 : ~m2,f!→~2m2,p/22f! at c5p/2,

8In principle there could also be correlations among theexperi-
mentalsystematic uncertainties affecting any two bins of the Ka-
miokande multi-GeV data. However, for lack of published informa-
tion @4# we ignore such additional correlations.
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T7 : ~m2,c!→~2m2,p/22c! at f50,

T8 : ~n,m2!→~ n̄,2m2! at any c,f.

The transformationT1 changes the overall sign ofm
2 and

thus maps scenario~a! into ~b! or vice versa. The transfor-
mationsT2,5, T3,6, andT4,7 are relevant respectively for the
subcases of pure two-flavorne↔nt oscillations (c50),
ne↔nm oscillations (c5p/2), and nm↔nt oscillations
(f50). The transformationT8 interchanges neutrinos with
antineutrinos and, at the same time, changes the sign of
m2. Notice that theTi ’s in Eq. ~C2! are not all independent:
T55T1T2, T65T1T3, andT75T1T4.

We prove the following statements:~1! in vacuum, the
oscillation probabilities are invariant underT1, T2, T3, T4,
T5, T6, T7, andT8; ~2! in matter, the oscillation probabilities
are invariant only underT4, T5, T6, T7, andT8; ~3! in matter,
the additional symmetriesT1, T2, andT3 are restored in the
limit m2→`.

The statement~1! is evident from inspection of the
vacuum oscillation probabilities~equal for neutrinos and an-
tineutrinos!:

Pee
vac5124sf

2cf
2S,

Pmm
vac5124cf

2sc
2~12cf

2sc
2 !S,

Ptt
vac5124cf

2cc
2~12cf

2cc
2 !S, ~C3!

Pem
vac54sf

2cf
2sc

2S,

Pet
vac54sf

2cf
2cc

2S,

Pmt
vac54cf

4sc
2cc

2S,

whereS5sin2(m2x/4En). Note that the anglesv andd never
appear in Eq.~C3!. Of course,Pab5Pba .

The probabilities in Eq.~C3! are invariant underT1, im-
plying that the cases~a! and ~b! are indistinguishable in
vacuum. The symmetriesT2 andT5 imply that the param-
eters of purene↔nt oscillations in vacuum can be restricted
to the case1m2 and fP@0,p/4#, as the cases2m2 f
P@p/4,p/2# become equivalent. Analogously, this is true for
purene↔nm or nm↔nt oscillations in vacuum.

When matter effects are included, the situation becomes
more complicated@23# and several symmetries are broken.
For the sake of simplicity, we discuss the symmetry proper-
ties of the oscillation probabilities in the case of constant
electron density,Ne5const. Our conclusions are also valid
for a genericNe5Ne(x), but the proof is considerably more
involved and less transparent, since the neutrino propagation
equations are not analytically integrable for a generic den-
sity. Instead, for constantNe the oscillation probabilities can
be expressed in compact form. Forneutrinosthey are given
by ~we omit the derivation!

Pee5124sF
2 cF

2 S31,

Pmm5124sF
2 cF

2 sc
4S3124sF

2 sc
2cc

2S2124cF
2 sc

2cc
2S32,

Ptt5124sF
2 cF

2 cc
4S3124sF

2 sc
2cc

2S2124cF
2 sc

2cc
2S32,

~C4!

Pem54sF
2 cF

2 sc
2S31,

Pet54sF
2 cF

2 cc
2S31,

Pmt524sF
2 cF

2 sc
2cc

2S3114sF
2 sc

2cc
2S2114cF

2 sc
2cc

2S32,

whereF is the effective mixing anglef in matter (c re-
mains unchanged!:

sin2F5
sin2f

A~cos2f7A/m2!21~sin2f!2
. ~C5!

In Eq. ~C4! the oscillating factorsSi j are defined as

Si j5sin2SMi
22M j

2

4En
xD , ~C6!

whereMi
2 are the neutrino square mass eigenvalues in mat-

ter,

M1
257

m2

2

s2f

s2F
1
A

2
,

M2
257

m2

2
, ~C7!

M3
256

m2

2

s2f

s2F
1
A

2
,

and A52A2GFNeEn is the matter-induced square mass
term. We recall that the neutrino square mass eigenvalues in
vacuum are given in Eq.~C1!.

In Eqs. ~C5!–~C7! the upper sign refers to scenario~a!
and the lower sign to scenario~b!. Notice that, as in the
vacuum case, the anglesv andd never appear in the oscil-
lation probabilities in Eq.~C4!.

From Eqs.~C4!–~C7! it follows that the earth matter ef-
fects do not vanish for threefold maximal mixing, corre-
sponding to (tan2c,tan2f)5(1, 1/2). In the interesting range
1023 eV2&m2&1022 eV2, the matter corrections to the
‘‘vacuum’’ lepton rates can be as large as 10% in the sub-
GeV case and as large as 30% in the multi-GeV case. The
fits to the threefold maximal mixing scenario in@40,41# were
performed neglecting matter effects.

The oscillation probabilities in Eq.~C4! are not invariant
under the transformationT1. Therefore, the scenarios~a! and
~b! are in general physically different for atmospheric neu-
trinos traversing the earth matter. The difference can be
traced to the matter-induced neutrino mass termA @Eq.
~C7!#, which is positive both in~a! and~b!, while the overall
sign of the vacuum massm2 changes in the two scenarios.

However, the probabilities in Eq.~C4! are invariant under
the transformationsT4, T5, T6, andT7. Notice in particular
that
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c50 ~ne↔nt! → Pet54sF
2 cF

2 S8,

c5p/2 ~ne↔nm! → Pem54sF
2 cF

2 S8, ~C8!

f50 ~nm↔nt! → Pmt54sc
2cc

2S5Pmt
vac,

where

S85sin2S m2

4En

s2f

s2F
xD . ~C9!

The symmetryT3 does not apply to the probabilities in
Eq. ~C4!. Therefore, the description of pure two-flavor oscil-
lation ne↔nm in matter cannot be exhausted by taking
1m2 and fP@0,p/4#. Either one takes1m2 and extends
the range off to @0,p/2# ~as in this work!, or one keepsf
P@0,p/4#, but considers both1m2 and2m2 ~as in @48#!.
Analogously, this is true forne↔nt oscillations in matter,
which are not invariant underT2.

Notice that the symmetry T4, corresponding to
c→(p/2)2c at given m2 for pure nm↔nt oscillations
(f50), holds both in vacuum and in matter. In fact, matter
effects are irrelevant for purenm↔nt oscillations.

Let us now consider theantineutrinooscillation probabili-
ties. Equation~C3! holds both for neutrinos and antineutrino
oscillations~in vacuum!. Equation~C4! refers only to neutri-
nos. For antineutrinos, the matter-induced termA changes
sign. However, if one also changes the sign ofm2, the an-
tineutrino propagation becomes equivalent to neutrino propa-
gation. In other words, the oscillation probabilities ofneutri-
nosin scenario~a! are equal to the oscillation probabilities of
antineutrinosin scenario~b!, and vice versa, as expressed by

the symmetryT8. Notice that the higher symmetryT1T8,
which corresponds ton→ n̄ at any given (m2,c,f), holds in
vacuum only. It is amusing to notice that, in the purely hy-
pothetical situation of equaln and n̄ fluxes at any energy
En , and of equaln andn̄ absorption cross sections, the sym-
metryT8 would imply the same physics in atmospheric neu-
trino experiments in both scenarios~a! and ~b!.

Finally, we consider the case ofm2→` or, more pre-
cisely,m2@A. In this limit, the oscillation probabilities in
Eq. ~C4! become

Pee5Pee
vac,

Pmm5Pmm
vac2dP,

Ptt5Ptt
vac2dP, ~C10!

Pem5Pme
vac,

Pet5Pet
vac,

Pmt5Ptm
vac1dP,

wheredP54sf
2sc

2cc
2sin2(Acf

2x/4En).
Notice that in the limitm2@A not all the probabilities in

Eq. ~C10! tend to their vacuum value. However, in this limit
all the symmetries (T1 ,T2 , . . . ,T8) of the vacuum oscilla-
tion case apply. In the subcases of pure two-flavor oscilla-
tions (c50 or c5p/2 or f50) one hasdP50 and Eq.
~C10! simply readsPab5Pab

vac ~averaged vacuum oscilla-
tions regime!.
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