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A calculation of the semileptonic decays of the kaon (Kl3) is presented. The results are direct predictions of
a covariant model of the pion and kaon introduced earlier by Ito, Buck, and Gross. The weak form factors for
Kl3 are predicted with absolutely no parameter adjustments of the model. We obtained, for the form factor
parameters,f2(q

25ml
2)/ f1(q

25ml
2)520.28 andl15 0.028, both within experimental error bars. The con-

nections of this approach to heavy quark symmetry are discussed.@S0556-2821~97!03007-5#

PACS number~s!: 14.40.Aq, 11.10.St, 12.39.Ki, 13.10.1q

I. INTRODUCTION

The success of the Ito-Buck-Gross~IBG! @1# model in the
description of many properties of both thep andK mesons
motivated the calculation of theKl3 decays reported here. It
is theKl3 decays that combine both the pion and kaon wave
functions generated previously@1–3#. A successfulKl3 cal-
culation that is coupled to other observables constrains fur-
ther the physics described by the model.

The work reported here is predictive and employs no new
parameters and no parameter adjustment. We believe that our
model, a covariant quark model, fills a gap between the low
energy domain consistently described by chiral perturbation
theory ~CPT! and high energies where the operator product
expansion~OPE! in QCD is applicable. It is a description of
soft nonperturbative effects that we focus on in this work.
The results, found below, are in good agreement with the
data and are as good as the CPT approach@4,5# and the
effective chiral Lagrangian~CL! approach@6#, even though a
low energy expansion is involved, and better, at least in the
light-quark sector, than the quark potential model@Isgur-
Scora-Grinstein-Wise~ISGW2!#, with a hyperfine interac-
tion, predictions@7#. It is noted that an older version of the
quark potential model without a hyperfine interaction
~ISGW! gives results similar to ours@8#. These comparisons
and the details of our calculation are presented below. None-
theless, with the success of CPT and this work, the question
still remains for nuclear physics as to how to single out quark
from hadronic structure. That is, where do hadrons leave off
and quarks begin? The quark model has been very successful
at reproducing hadronic static properties such as the mass
spectrum and moments. But it is the dynamic properties, we
feel, that will delineate the differences between hadronic

physics and quark physics. For this reason, we take the po-
sition that not only is theq250 or nearq250 physics im-
portant but theq2Þ0 domain will delineate theoretical ap-
proaches. Thus, our predictions for the nonperturbative weak
transition form factors as a function ofq2 are also presented
here in an attempt to attract both theoretical and empirical
interest.

A detailed review of the theoretical and experimental sta-
tus of semileptonic kaon decays is given in Refs.@5# and@9#.

II. MODEL

The theoretical model employed is an extension of the
Nambu–Jona-Lasinio~NJL! model but with a definite mo-
mentum distribution generated by a Lorentz-invariant sepa-
rable interaction

V~p,k!5g f~p2! f ~k2!@ I ^ I2~g5l! ^ ~g5l!#, ~1!

wheref (p2)5(L22p2)21, with L being the interaction cut-
off parameter for a given meson state,l are the Gell-Mann
flavor matrices, andp2 and k2 the relative four-momenta
squared. With this choice ofqq̄ interaction, one can integrate
all momentum integrals to infinity; there is no need for an
integral cutoff as employed in the original NJL model. In our
model, Eq.~1! enters in the interaction kernel of the Bethe-
Salpeter equation. Since the interaction employed is nonlo-
cal, gauge invariance is preserved by not only coupling the
external vector field to the quarks but also directly to the
vertices, resulting in an ‘‘interaction current.’’ The formal-
ism that includes these ‘‘interaction currents’’ is found in
Refs.@1,2#

The IBG model requires that the Bethe-Salpeter equation
be solved for the vertex functionG for each meson consid-
ered, wherep is the four-momentum of the meson, as shown
in Fig. 1.

The self-energy of each flavor quark is treated by solving
the Schwinger-Dyson equation
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wherenf is the number of quark flavors~equal to 3 in our
qq̄ system! in a coupled sense~coupled via quark masses and
interaction strength! to the Bethe-Salpeter equation, though
in the case of the strange quark mass the self-energy is as-
sumed to be the~constituent! quark mass and is treated as a
parameter to be fixed@3#.

Electomagnetic gauge invariance is imposed on the elec-
tromagnetic current of a pseudoscalar meson:

Jm5F~q2!~p1p8!m, ~3!

whereF(q2) is the meson charge form factor andp(p8) is
the four-momentum of initial~final! meson. The work of
Buck, Williams, and Ito~BWI! @3# has shown that both the
pion and kaon~charged and neutral! charge form factors can
be predicted and it is the pion and kaon vertices from this
work that are employed in the calculation of the weak form
factors.

III. WEAK FORM FACTORS

In the standard model, the weak current forKl3 decays
has the structure

Jm5
GF

A2
Vus@ f1~q2!~PK1Pp!m1 f2~q2!~PK2Pp!m#,

~4!

where PK and Pp are the kaon and pion four-momenta,
q5PK2Pp , and f6 are dimensionless form factors,GF is a
Fermi constant, andVus is a CKM matrix element.

The semileptonic decays studied are

~Ke3!K
65p0e6ne ,

KL
05p6e7ne ,

~Km3!K
65p0m6nm , ~5!

KL
05p6m7nm .

In the limit of exact isospin symmetry,mu5md , form
factors of charged and neutral kaon decays are related,

f6
6/ f6

0 51/A2,

and in the limit of exact SU~3! symmetry, the form factor
f2 is zero. For the decay channel, the transferred four-
momentumq is timelike, and the physical region is limited

toml
2<q2<(mK2mp)

2. The vertices appearing in this weak
current and the ones employed in this work are the kaon and
pion vertices~wave functions! previously obtained by BWI:
namely,

GK,p~k!5
NK,pg5

LK,p
2 2k2

, ~6!

with NK,p being the normalization.
From Eq.~4!, one can uncouplef6 :

f65
~PK7Pp!2Jm~PK6Pp!m2~mK

22mp
2 !Jm~PK7Pp!m

~PK2Pp!2~PK1Pp!22~mK
22mp

2 !2
.

~7!

To compare to available experimental data, the following
low-q2 expansion is used for the form factors:

f6~q2!5 f6~q25ml
2!S 11l6

q2

mp1
2 D , ~8!

where l6 is the slope of f6 evaluated atq25ml
2 and

f6(q
25ml

2) corresponds to the normalization. Note that it is
the charged, not the neutral, pion mass that enters the above
expansion.

Another set of the form factor parameters commonly used
in the literature isl1 , l0, arising as coefficients of linear
expansions of the form factorsf1 and f 0, with f 0 defined as

f 05 f11
q2

mK
22mp

2 f2 . ~9!

The form factorsf1 and f 0 describe, respectively,P-wave
andS-wave projections of weak current matrix elements in
the crossed channel.

To obtain the values ofl6 , a calculation ofJm must be
performed. In this work,Jm is the direct result of a triangle
diagram~Fig. 2! with a flavor-changing operator havingV-
A spin structuregm(12g5). In the standard model, theKl3
decay form factors are determined only by the vector part of
the charged weak current operator.

Integrals with respect to loop momentum were evaluated
in the following way. In the expression for the weak current
given by a Feynman diagram, Fig. 2, the spin trace was
calculated and the terms dependent on loop momentum in
the numerator were divided out by corresponding terms in
the denominator. This procedure reduces the expression for
‘‘impulse’’ current, Fig. 2, to the sum of scalar integrals of
products of three to five denominator factors~three of them

FIG. 1. Bethe-Salpeter equation.

FIG. 2. Triangle diagram for the charged weak current ofKl3

decay.
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coming from quark propagators and two from meson-qq̄ ver-
tex form factors!. Each denominator factor is a polynomial
quadratic in the loop momentum. The terms involving three
denominators are, in fact, scalar three-point functions which
may be expressed analytically in terms of Spence functions
@10#. In this work, to calculate the three-point functions, we
parametrized them in terms of two Feynman parameters. In-
tegration with respect to one Feynman parameter was done
analytically, and the other was a numerical Gauss integra-
tion. We did not use a low-q2 expansion to evaluate loop
integrals but we do extract from our results the low-q2 be-

havior and find it is consistent with the low-q2 expansion of
Eq. ~8! above, employed by all researchers.

Our task of computing four-dimensional loop integrals of
products of more than three denominators is greatly simpli-
fied when taking advantage of the fact that only two external
momenta in the integrand are linearly independent. As a re-
sult, products of four and five denominators are reduced to
the sum of products of three denominators with redefined
massesMi . In one representation, this procedure is de-
scribed by the following identity, assuming a four-
momentum integration is performed:

1

~k22m0
2!@~k1q1!

22m1
2#@~k1q2!

22m2
2#@~k1q3!

22m3
2#@~k1q4!

22m4
2#

5 (
i , j ,n

ai
~k22Mi

2!@~k1qj !
22M j

2#@~k1qn!
22Mn

2#
, ~10!

if

S q3q4D 5AS q1q2D , detAÞ0,

where the sum is taken over different combinations of the
external four-momentaqi involved in the reaction,mi are
quark masses and mass parameters in meson-qq̄ vertex form
factors,ai are coefficients independent of loop momentum
k, andA is a 232 matrix setting relations between external
momenta in the integrand. After this reduction, scalar three-
point integrals are computed within the technique described
above.

IV. RESULTS

In the physical region ofKe3 decays,q
2 may be as low as

the square of the electron mass, 2531028 GeV2/c2, and as
high as the square of the mass difference between the kaon
and the pion, 0.123 GeV2/c2. The form factorsf6 in this
region with a good precision appear to be linear functions of
q2, thereby justifying a linear parametrization of Eq.~8! usu-
ally employed in analyses of experimental data@11#. To
compare our results with experiment, we extracted the slopes
and ratios of the form factorsf6 at q25ml

2 via numerical
differentiation. Numerical values for the parameters in this
calculation were taken to be the same as in Ref.@3#, viz.

mu,d5 250 MeV, ms5 430 MeV, Lp5 600 MeV, and
LK5 690 MeV.

The direct predictions of our approach forl1 and
f2 / f1uq25m

l
2 are 0.028 and20.28, respectively. Our result

for the form factor f1 at zero momentum transfer,
f1(0)50.952, is consistent with the Ademollo-Gatto theo-
rem @13#. These results are to be compared to the experimen-
tal values of

l150.028660.0022, jA5 f2 / f1520.3560.15.

We obtainl25 0.029; i.e., in our model bothf2 and f1

have approximately the same slopes, in agreement with early
quark model results@14#. Our calculation forKe3 andKm3
yields equal results, within the quoted precision, since the
l6 are almost constant in the rangeme

2<q2<mm
2 . Naturally,

the decay rates should be different due to phase space fac-
tors; they can be calculated by known formulas in terms for
form factor slopes~see, e.g. Ref.@5#!; however, we have yet
to perform the calculation of these rates.

Table I illustrates the comparison between our work, that
of CPT, vector meson dominance~VMD !, and the ISGW2
model. One sees that the work reported on here compares
very favorably to experiment and to CPT, except for the
prediction forl0.

TABLE I. Model predictions for the parameters ofKl3 decay form factors.

CPT @5#, CL @6# VMD @9# ISGW2 @7# This work Experiment@11#

l1 0.031, 0.0328 0.0245 0.019 0.028 0.028660.0022 (Ke3)
jA(0) –0.16460.047,a 20.235 20.28 20.28 20.28 20.3560.15 (Km3)
l0 0.01760.004, 0.0128 0.0 20.005b 0.0026 0.00460.007 (Km3

1 )
0.02560.006 (Km3

0 )

aFrom the corresponding values ofl1 andl0 @5#.
bFrom the corresponding values ofl1 andjA(0).
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A prediction for the slope parameterl0 obtained within
our model is 0.0026, which is consistent with experiments on
charged kaon decays (l0

150.00460.007) and inconsistent
with neutral kaon decay measurements (l0

050.025
60.006). Since the experimental results for this slope pa-
rameter are not firm, it is hard to draw any positive conclu-
sions about the agreement or disagreement of our result for
l0 with experiment. However, we can compare it with pre-
dictions from other models. It can be seen from the Table I
that the quark model in general gives much smaller numbers
for l0 than CPT.

To test the sensitivity of our results, an arbitrary change in
theLp cutoff from 600 MeV to 450 MeV~a 25% change!
results inl150.028–0.031~an almost 10% change!, jA(0)
from20.28 to20.27 ('5% change!, andl0 from 0.0026 to
0.0058 ('100% change!, respectively. One is reminded that
changingLp changes the pion charge radius as well as the
pion decay constant. In fact, the valueLp5 450 MeV was
used in Refs.@1,2# as the best fit to the pion decay constant
and charge radius alone, and this parameter was adjusted to
600 MeV in Ref.@3# to be able to treatboth the pionand
kaon in a coupled approach.

It should be noted that our model gives a stable, with
respect to the variation of the model parameter, prediction
for jA(0), andappears to give a highly parameter-dependent
result forl0. This model dependence is due to the cancella-
tion between two large terms on the right-hand side~RHS! of
Eq. ~9!. The situation is different in CPT, where uncertainties
due to higher-order loop corrections give rise to an about
30% uncertainty forjA(0), 20.16460.047, and about a
25% uncertainty forl0 @5#.

Such a difference for the slope of the scalar form factor
l0 predicted by constituent quark models~present work and
@7#! and CPT is mainly due to chiral loop corrections in CPT.
While these corrections are important features of CPT, the
present work is not that of CPT and does not include chiral
logarithms or loop corrections. It is very important, there-
fore, to pursue future work to clarify any qualitative and
quantitative theoretical differences between the two ap-
proaches.

Finally, the CL approach suggests that once the ratio of
the weak form factors is known, then an estimate of the mass
of the stranges (msK

), a meson withJP501, can be made.
The relationship referred to is@6#

jA~0!5~MK
22Mp

2 !~M r
222MsK

22!. ~11!

Taking our result forjA(0) and assuming duality between
our model predictions and the model with effective ex-
changes of vector and scalar mesons at lowq2, we have
msK

5 1.5 GeV, which compares favorably to the mass of

K0* (1430). A test of this value could be made through the
hypernuclear spectroscopy measurements~CEBAF E89-009,
CEBAF PR–95–002! @15#, inferring the interaction that con-
tains this stranges.

Another feature of our approach is revealed in the limit as
LK , mK , andms become infinitely large. The ratiojA(0) is
calculated in this limit and its asymptotic value is21; Fig. 3
illustrates the mass dependence. In the limit of heavy quark
symmetry~HQS!, theq2 dependence of the semileptonic de-

cay form factors is factorized out in the form of an Isgur-
Wise function@12#, and jA is given by the combination of
the initial (M ) and final (M 8) meson masses,

jA52
M2M 8

M1M 8
. ~12!

As a result,jAuHQS521 if the initial meson is much heavier
than the final. Note that for HQS to be applied, both initial
and final mesons should be heavy, whereas assumingms to
be large in our model, we keep the final meson light. This
implies that this particular result of HQS appears to be more
generally applicable. Of course, the ratio is zero for mesons
of equal mass.

Though it is tempting to make exuberant statements with
regard to identical results, one is cautioned by the manner in
which the limits are taken and the nature of the physics ex-
amined, respectively.

Furthermore, Fig. 4 illuminates our predictions for
f1(q

2) at space like momentum transfers describing the neu-
trinoproduction processesnp→ lK andnp0→ lp1 and cor-
responding weak lepton capture. We stress that no low-q2

expansion was assumed in our calculations, so that present
results have the same validity range in terms ofq2 as results
of Refs.@1–3# for electromagnetic form factors of pions and
kaons. The form factorf1 at largeq2 behaves as 1/q4 ~up to
a logarithmic correction!, indicating that our model effec-
tively describes a soft, nonperturbative reaction mechanism,
and does not include perturbative QCD contributions.

FIG. 3. RatiojA(0) as a function of the initial meson mass.

FIG. 4. Form factors of weak transitionsK1→p0 and
p1→p0 at space like transferred momenta.
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The weakK→p transition form factors in the spacelike
region could be possibly accessed experimentally in the pro-
duction of kaons on a hadronic target induced by neutrinos
or lepton weak capture. The latter possibility is being studied
for a CEBAF experiment@16#.

It would be instructive to see if the earlier success of the
IBG model, which includes pion and kaon observables as
well as the results of this present work, can be reproduced
with other interactions and/or with other wave equations; by
this is meant the predictive characteristics associated with the
low-energy axial anomaly, such as the pion transition and
elastic charge form factors, kaon charge form factors, and
Kl3 decays.

In brief, weak form factors and slope parameters have
been calculated forKl3 decays. The results compare very
favorably to available experimental data. The model em-
ployed was that of IBG@1-3# and there were no parameter
adjustments, thus rendering this calculation predictive.
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