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The measurements of reactionSp— 7~ 7 n and7*n—a* 7~ p on polarized targets at CERN found a
strong dependence of pion production amplitudes on nucleon spin. Analyses of recent measurements of the
m~ p— w’7°n reaction on unpolarized targets by the GAMS Collaboration at 38 Ge¥itl the BNL E852
Collaboration at 18 Ge\¢/use the assumption that pion production amplitudes do not depend on nucleon spin,
in conflict with the CERN results on polarized targets. We show that measurementspef: 7°7°n and
7~ p— m7n on unpolarized targets can be analyzed in a model-independent way in terms of four partial-wave
intensities and three independent interference phases in the mass regiorSveinet® waves dominate. We
also describe model-independent amplitude analysis ofrthe— w°#°n reaction measured on a polarized
target, both in the absence and in the presencé-ofave amplitudes. We suggest that high statistics mea-
surements of reactions” p— 7’#°n and 7~ p— nzn be made on polarized targets at Protvino IHEP and at
BNL, and that model-independent amplitude analyses of this polarized data be performed to advance hadron
spectroscopy on the level of spin-dependent production ampliti88556-282(197)01207-1]

PACS numbegs): 13.88+¢€, 13.75.Gx

[. INTRODUCTION special interest because they permit one to study the spin
dependence of pion creation directly on the level of produc-
The dependence of hadronic reactions on nucleon spifion amplitudes. Several such measurements were actually
was discovered by Chamberlain and his group at Berkeley idone at the CERN Proton Synchrotr@S.
1957 in measurements of polarizationpp and np elastic The high statistics measurement ef p—=7 7 'n at
scattering at 320 MeV1]. The prevalent belief in the 1950s 17.2 GeVE on unpolarized targetgl1] was later repeated
and 1960s was that in hadronic reactions spin is irrelevanwith a transversely polarized proton target at the same en-
and the spin effects observed by Chamberlain were expecteafgy [12—17. Model-independent amplitude analyses were
to vanish at very high energies, such as 6 GeVstead, performed for various intervals of dimeson mass at small
measurements of polarization in two-body reactions foundnomentum transfers t=0.005- 0.2 (GeV/c)? [12-15 and
significant dependence on spin up to 300 Ges/CERN[2]  over a large interval of momentum transfert=0.2—1.0
and Fermilab[3]. Measurements at BNL found large spin (GeVk)? [16,17.
effects at very large momentum transféas5]. Inclusively Additional information was provided by the first measure-
produced hyperons show large polarizations up to thenent of 7" n—x* 7 p and K'n—K* 7 p reactions on
equivalent of 2000 Ge¢/[6]. Large spin effects in inclusive polarized deuteron targets at 5.98 and 11.85 G4¥8,19.
reactions were observed at the Fermilab Spin Facility withThe data allowed us to study ttheevolution of the mass
polarized proton and antiproton beams at 200 @e\7/,8]. dependence of moduli of amplitud¢20]. Detailed ampli-
Today, work is in progress to study the dependence of hadude analyse$21,22 determined the mass dependence of
ronic reactions on spin and nucleon spin structure with poamplitudes at larger momentum transfers-ef=0.2—0.4
larized colliding proton beams at the Relativistic Heavy lon(GeV/c) 2.
Collider (RHIC) collider at BNL[9]. The crucial finding of all these measurements was the
The most remarkable feature of hadronic reactions is thetrong dependence of production amplitudes on nucleon
conversion of kinetic energy of colliding hadrons into the spin. The process of pion production is very closely related
matter of produced particles. This conversion process i nucleon transversity or the nucleon spin component in a
characterized by conservation of total four-momentum andlirection perpendicular to the production plane. For instance,
quantum numbers such as electric charge, baryon numbdn 7=~ p— 7~ " n at smallt and dipion masses below 1000
and strangeness. The conversion process depends also on kheV, all amplitudes with recoil nucleon transversity down
flavor content and spin of colliding hadrons. are smaller than the transversity up amplitudes, irrespective
The simplest production processes are single-pion produ@f dimeson spin and helicity. All recoil nucleon transversity
tion reactions such agsN—7*7~ N and KN—K=zN. In  down amplitudes also show suppression of resonance pro-
1978, Lutz and Rybicki showefl0] that measurements of duction in thep meson region.
these reactions on polarized targets yield enough observables The measurements afN— 7" 7~ N reactions on polar-
that model-independent amplitude analysis is possible, deteized targets also enabled a model-independent separation of
mining the spin-dependent production amplitudes. The meas- and P-wave amplitudes. Th&wave amplitude with re-
surements of these reactions on polarized targets are thus odil nucleon transversity up is found to resonate at 750 MeV
in both solutiond23—-29 irrespective of the method of am-
plitude analysi§25]. The resonance is narrow and the most
*Electronic address: svec@hep.physics.mcgill.ca recent fits[25] determined its width to be 1G853 MeV.
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Recently high statistics measurements of the 17.2 GeVie t channel  -1=0.005-0.2
7 p—m°7mn reaction were made at 38 GeVhby the ASTT T T
GAMS Collaboration at IHEP Protvinf26—29 and at 18 o2 TFPTEE ]
GeVic by the E852 Collaboration at BN[29]. In principle ++
one expects these experiments to confirm the existence of the 04r ; +++ i
o(750) state and to search for new states in higher partial 06 * +++ # t i
waves. However, the situation is not so simple. The reason is *
that both groups analyze their well-acquired data using a 081 +
strong simplifying assumption that the production ampli- wol
tudes are independent of nucleon sg80—-34. The purpose 400 500 600 700 800 900 1000
of this assumption is to reduce the number of unknown am- m (@7 ) (MeV)
plitudes by one-half and to enable one to proceed with am- 5.98 GeVic t channel 1=202-04
plitude analysis using such spin-independent “amplitudes.” AT T T T T

At this point it is important to realize that one does not 0zl TRt Ee §
really make an assumption that production amplitudes are
independent of nucleon spin. It is a well-known fact that LA I
nucleon helicity nonflip and flip amplitudes have an entirely 02k ‘
differentt dependence due to conservation of angular mo- ' ‘ \ * \

mentum. The helicity flip amplitudes vanish &s-0 while -0.4 -
helicity nonflip amplitudes do not. The model-independent
amplitude analyses of two-body reactions also found that the
zero structures of flip and nonflip amplitudes are dramati- osl .
cally different. Moreover, pion production at smallpro-
c_eeds mc_JstIy via pion exchange Whl_ch contnl_)utes to hel|(_:|ty e o0
flip amplitudes. Thus the assumption that is really being Mm@t o) (MeV)

made is that all nonflip amplitudes vanish.

The assumption that production amplitudes in  FG, 1. Polarized target asymmetry in reactions
7~ p—7°7°n do not depend on nucleon spin is in conflict 7-p— 7~ #*n andm*n— =" p. The assumption that the pion
with the general consensus that hadronic reactions depend @foduction amplitudes do not depend on nucleon spin predicts that
nucleon spin up to the highest energies and contradicts afiolarized target asymmetry will be zero.
that we have learned from measurementsrdf— 7~ 7N
on polarized targets at CERN. Applied to the reactionsresults of the analyses af p— 7°7°n by GAMS and E852
7 p—a'm nandw n— "7 p, the assumption has ob- Collaborations are not reliable.
servable consequences that can be tested directly in measure-The question of the reliability of amplitude analyses based
ments with polarized targets. on the assumption of the independence of production ampli-

The first consequence is that all polarized momepjﬁs tudes on nucleon spin is of special importance to confirma-
vanish identically. All experiments on polarized targets,tion and further study of the narrow(750) state in the
however, found large nonzero polarized moments. An exar~ p— m°m’n reaction. The evidence for narrow(750) is
ample is given in Fig. 1 which shows the polarized targetclosely connected to the spin dependence of production am-
asymmetryA related to the momeri. The polarized target plitudes. In Fig. 3 we show the tw8-wave production am-
asymmetry has large nonzefiegative values in both reac- plitudes form~p— 7" n. We see that while the transver-
tions. Measurements &t *n—K "7~ p show similarly large  sity up amplitude|S|?S, resonates in both solutions around
values ofA [19]. 750 MeV, the transversity down amplitud8|2s is large

The experiments on polarized targets are best analyzeahd nonresonating. This results in a partial wave intensity
using nucleon transversity amplitudes rather than nucleong= (|s|2+|s|2)2 that does not necessarily show a narrow
helicity amplitudes. The second consequence of the assumpesonant behavior. As seen in Fig. 4, such is the case of
tion of the independence of production amplitudes onsolutionlg(2,2).
nucleon spin is that all transversity amplitudég with re- It is therefore necessary to establish what quantities can
coil nucleon transversity “up” are equal in magnitude to be determined from the measurementsmofp— 7°#°n on
transversity amplitudefA| with recoil nucleon transversity unpolarized targets without the assumption of the indepen-
“down” relative to the scattering plane- N— (7~ 7= *)N. dence of production amplitudes on nucleon spin. Further-
In Fig. 2 we show the ratios of transversity amplitudes formore, it is necessary to find out if a model-independent am-
S, P, D, andF waves for dimeson helicitx =0. The ratios  plitude analysis of 7~ p—#’#%n in measurements on
are far from unity, indicating that production amplitudes de-polarized targets is possible. The purpose of this work is to
pend strongly on nucleon spin. provide answers to these questions. We shall show that in

If the assumption that the production amplitudes are indemeasurements ofr p— #°#°n on unpolarized targets in
pendent of nucleon spin does not work in the reactionghe region wheré& andD waves dominate, one can measure
7 p—am wn, mw n—7 7 p, andKk* n—K* 77 p, then four spin-averaged partial wave intensities and three unre-
there is no reason to assume that it will work in thelated phases connected with the spin-averaged interference
m~ p— 7%7n reaction. We must conclude that some of theterms. We will also show that model-independent amplitude

-0.6F 1
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FIG. 2. The ratio of amplitudes with recoil nucleon transversity

“down” and “up” with dimeson helicity A=0 in
7 p—m w natl7.2 GeW and—t=0.005-0.2 (GeVk)?2. The

assumption that the pion production amplitudes do not depend on
nucleon spin predicts that all ratios will be equal to 1. The deviation
from unity shows the strength of the dependence of productio

amplitudes on nucleon spin. Based on Fig. 6 of R4
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FIG. 3. Mass dependence of unnormalized amplitu@&S,
and [S|°S measured inm p;—7 7 n at 17.2 GeW at
—t=0.005-0.20(GeV/c)? using the Monte Carlo method for am-
plitude analysig24]. Both solutions for the transversity “up” am-
plitude |S|?S resonate while the transversity “down” amplitude
|S|2S is nonresonating in both solutions.
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FIG. 4. Four solutions for th&wave intensityl g measured in
the reactionmp;— 7~ 7" n at 17.2 GeV¢ and —t=0.005-0.20
({5eVvic using the Monte Carlo method for amplitude analygi4].
Although both solutions for the amplitud&|?3, resonate, the in-
tensityl¢(2,2) appears nonresonating.

analysis is possible when measurementsrofp— 7°7°n

are made on polarized targets, both in the region wBered

D waves dominate as well as in the region whé&ravaves

also contribute. We shall propose that such measurements
are a natural extension of measurements on unpolarized tar-
gets and should be performed at both IHEP in Protvino and

at BNL using Brookhaven Multi Particle Spectrometer.

The paper is organized in seven sections. The kinematics,
observables, and pion production amplitude are introduced in
Sec. Il. The method of the model-independent analysis of
data on unpolarized targets is described in Sec. lll. In Sec. IV
we compare this method with model-dependent analyses of
the GAMS and E852 Collaborations. In Sec. V we describe a
model-independent amplitude analysisofp— 7°7°n on
polarized targets in the absence@fwaves. In Sec. VI we
extend the model-independent amplitude analysis to include
the G-wave amplitudes. The paper closes with a summary
and proposals for measurements of p— #%#°n and
7~ p— nmn on polarized targets in Sec. VII.

Il. KINEMATICS, OBSERVABLES, AND AMPLITUDES
A. Kinematics

Various aspects of phase space, kinematics, and ampli-
tudes in pion production intfN— 7N reactions are de-
scribed in several booH85—37. The kinematical variables
used to describe the dimeson production on a polarized target
at rest are §,t,m,0,¢,¥,5) wheres is the center-of-mass
system (c.m.s) energy squaredt is the four-momentum
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The expansion coefficientsp, r, andq are called multipole
o moments. The moments, are unpolarized. The moments
v/ ; P, Tt andqy, are polarized moments. Experiments with
*p transversely polarized targets measure only transverse mo-
. — mentspy andry but not the longitudinal momenty, .
P % The multipole moments are obtained from the experimen-
tally observed distributions in eachm(t) bin by means of
Laboratory system the optimization of the maximum likelihood function which
takes into account the acceptance of the appafaiw89. In
X these fits it is usually assumed that moments with>2
vanish. However, it was pointed out by Sakrejd#®] that
FIG. 5. Definition of the coordinate systems used to describe th¢noments up tdVl =4 may have to be taken into account at
target poIarlzatlorP and the decay of the dimesarf7® system. larger momentum transfers extending to (GeV/c) “. 2

The expansion coefficients p, r, andq are simply con-
transfer to the nucleon squared, ands the dimeson invari- nected to moments of angular distributidi]:

ant mass. The angle® () describe the direction of° in

the 7070 rest frame. The angle is the angle between the

direction of the target transverse polarization and the normal  tu=eu(Rely) = f 1(Q, ¢, 8)ReYy(Q)dQ,
to the scattering planéFig. 5. The angleé is the angle

between the direction of the target polarization vector and its

ol

7O ;e

(R° 1) rest system

transverse componefiprojection of the polarization vector pM=26M<COS’[’Ré':">
into thex,y plane. The analysis is usually carried out in the
t-channel helicity frame for ther®z° dimeson system. The =—f 1(Q, ¢, 8)ReY,(Q)cospcossdQ’,

helicities of the initial and final nucleons are always defined
in the s-channel helicity frame.

y ry=4(sinyimY},)
B. Observables

In our discussion of observables measured in
m~ p— 7°xn with polarized targets we follow the notation
of Lutz and Rybicki 10]. When the polarization of the recoil .
nucleon is not measured, the unnormalized angular distribu- Oy =4(ImYy)= —f 1(Q,¢,8)ImYysinsdQ)’,
tion 1(8,¢,4,8) of w°=° (or %) production on polarized

. , (2.3
nucleons at rest of fixed, m, andt can be written as

4
- EJ 1(Q,,8)ImY},singcossdQ’,

B . where dQ)'=dQd¢ d(—sind). In Egs. (2.3, ey=1 for
|(8,4,0)=14(2) +Preoslc() + Prsingl (1) M=0 andey, =2 for M #0. Integrated over the solid angles
+PLIL(Q), (2.1 (0,¢), the distribution(2.1) becomes

— — Pai } 2
whereP+=Pcoss andP, = Psiné are the transverse and lon (4, 6) = (1+ APCOS)) ——

gitudinal components of target poIarizatiérwith respect to dm dt’
the incident momentuniFig. 5. The simple cog and siny

dependence is due to a sgjrof the target nucleofil0,38.  where A=A(s,t,m)=4mp{ is the polarized target asym-
Parity conservation requirds, andl - to be symmetric and metry analogous to the polarization parameter measured in
Isandl, to be antisymmetric irb. In the data analysis of the two-body reactions. In Eq(2.4), d?s/dm dt is the inte-
angular distribution of the dimeson system, it is conveniengrated reaction cross section:

to use expansions of the angular distributions into spherical

harmonics. In the notation of Lutz and Rybicki we have d?a(s,t,m
y d(m—dt) fl(Q ,8)dQ)". 2.5

(2.9

Q tyReYy(Q
()= E M w(€), Finally we note the relation of momentg, to moments

H(LM) introduced by Chun¢31,32:

()= 2 puReYy(Q), ] ) 2L+ 1
LM ty=ew({ReYy)=e€n WH(LM). (2.6
— L
Q)_L ™ ralmyy(Q), C. Amplitudes
The reactiont~ p— 7°#°n is described by the produc-
()= o ImYL 2.2 tion amplllltudestnvoxp(s,t,m,a,qﬁ) where \, and )f“ are
™ the helicities of the proton and neutron, respectively. The
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production amplitudes can be expressed in terms of produc- G =k(Gj +iG7), G = K(Gy —iG]),

tion amplitudes corresponding to definite dimeson shirs-

ing an angular expansion G+=k(Ga’—in) E’=k(Gg+in)
© o+

Hy o => > (23+1D)YHI, o0 (s,t,m)diy(6)e?, yvherekzllﬁ. The formal proof that the amplitudes defined
NP =0 A== nee in Egs. (2.9 are actually transversity amplitudes is given
(2.7 from the definition in the Appendix in Ref19].

. . . . The nucleon helicity and nucleon transversity amplitudes
0,0

whereJ is the spin and. the helicity of the ¢ ') dimeson o i the quantization axis for the nucleon spin. The trans-
system. Because of the identity of the two final-state mesong,. it amplitudesS, D°, D~, D', G% G-, and G*

the “partial waves” with odd J are absent so that (S.D% D-, D, G% G-, andG") describe the production

J=0.24, ... . f the di tate with th il I i ti llel
In the following we will consider onlyS-wave (J=0), orthe dimeson state wi € recoil nucleon spin antiparafle

D-wave (J=2), and G-wave (J=4) amplitudes. Further- ©F “dow_n” (parallel or “up”) r_elative to the r_10rma_11 to the
more, we will restrict the dimeson helicity to values prod_uctlon plane. The dlrect|.on of normalis defined ac-
A=0 or =1 only in accordance with the assumption thatcording to the Basel convention I, X p., wherep, and
moments withM >2 vanish. This assumption is supported .. are the incident pion and dimeson momenta in the target
by experiments. proton rest frame. N

The “partial wave” amplitudesd;, o Can be expressed Using the symbolg and | for the nucleon transversities
in terms of nucleon helicity am?:;lit’l)Jdes with definite up and down, respectively, the following table shows the

. . spin states of target protons and recoil neutrons and the
t-channel exchange naturality. The nuclesohannel helic- b ge p

ity amplitudes describing the production of the%°) [or ?dggsic;ng)hehcmes corresponding to the transversity ampli-

(n7n)] system in thes-, D-, andG-wave states are D n (7070
— 1+ + " 0 0 SaDoieO 0
0 2 —0 2 ‘Ho+ 0+=S0, Hoso-=S1, S,Do,a) I # 0
1+ N DG~ T 1 +1 or -1
05 —2'5 iH3,6=D, HE, DI, DG l T lor-1
2 2 ’ ' D*,G* ! | +1 or —1
+ o+ —
, _Dg*Dg , DD ° .S e I o =
Hi140 +—T, H%, HF_T’ P.arlty conservation requires Fhat in the transversity frame
dimeson production with helicities 1 depends only on the
1+ 1+ transversities of the initial and final nucleons. The ampli-
0 = —47= Hj, 0, =G5, Hg, . =G?, tudesD~, D7, ...,G", G do not distinguish between
2 2 ’ ’ dimeson helicity states with=+1 or —1. Also, dimeson
. - N B production with helicity =0 is forbidden by parity conser-
HA Gy =Gy 4 G *Gy vation when the initial and final nucleons have the same
Hrot o SN transversities.

(2.9

. 0 B 0 B D. Observables in terms of amplitudes
At large s, the amplitudesS,,, D,, D,, G,, and G, , ) ) L
n=0,1, are dominated by unnatural exchanges while the am-_ It i possible to express the mometysandpy, in terms
plitudesD andG;, n=0,1, are dominated by natural ex- of quantities that do not depend explicitly on whether we use
changes. r']l'he indgw=|)\ —\,| is nucleon helicity flip. nucleon helicity or nucleon transversity amplitudes. How-
E ver, eventually we are going to work with transversity am-

The observables obtained in experiments on transversely I .
polarized targets in which recoil nucleon polarization is notPlitudes. The quantities we shall need are the spin-averaged

observed are most simply related to the nucleon transversify@tial wave intensity
amplitudes of definite naturalitf10,19,4Q. For S, D, and NE
G vf/)aves they are defined as u ’ L= AP+ [AP= Aol Ay (2.10

S=K(Sy+iS,), §=k(so—isl), 2.9 and partial wave polarization

— —IAlI2_|Al2— *

Dozk(Dg'f‘ng), DO:k(Dg_IDg), PA |A| |A| 2€A|m(A0A1), (211)
where ea=+1 for A=S,D°D~,G° G~ and e,=—1 for
A=D" ,G". We also introduce the spin-averaged interfer-
ence terms

D =k(Dy +iD;), D =k(Dy—iDj),

D*=k(D{ —iD;), D*=k(D{+iD;),

— R(AB)=ReAB* + AB* ) =Re(AoBy+ epegA1BY),
GO=k(G5+iGY), G°=k(GS-iGY), (2.12
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Q(AB)=Re&AB* —AB*)=Ré €gAB* — eaABY).

(2.13

Then momentsty, can be expressed in terms of spin-
averaged intensitiels, and spin-averaged interference terms
R(AB). The momentsp,b, are then expressed in terms of

polarizationsP and interference term@(AB). The formu-
las for p, are obtained from those fdf,
ment | ,—eaP, and R(AB)—Q(AB) for ea=eg=1 and

R(AB)— —Q(AB) for ex=€g=—1. There is no mixing of
natural and unnatural exchange amplitudes in the moments

to andph,.

Using the results of Lutz and RybickiO] and of Chung
[32], we obtain the following expressions for moments in

terms of quantitie$2.10—(2.13 and a constant= /4
Unpolarized moments:
ctd=lgtipotip-+lp++lgotlg-+lg+, (2.14

2 2 1
ctd= J§| ER(SDO)—F = lpot 7(|D7+|D+)

+ 12 R(D°G°)+2\/7€ [R(D"G)+R(D*G")]

1
7\5
20 17
+ 7_7IGO+ 7_7(|G7+|G+) y
V2 2y3
7

ctizzﬁ[ iR(SD—)+ 7R(D°D‘)+

V10
4 2 2\15 B
_g\[gR(D G%)+———R(G%G),

R(D°G™)

1 /3 1
Ctgzz\/g[ 7\[§(|D—|D+)— 7[R(D*G*)—R(D+G+)]
5.6 ]

+7(IG’_IG+) \

2
Cté: \/5[ =1 DO

4 2
5 —2—1(|D-+ID+)+§R(SG°)

40[ 162 \[
0~0
231 "B G F 5p1le0t 77 V3 [RIB7GH)

... 8l
+RDG) ]+ ggg7(le-+1e4) |,

using a replace-
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cti= 2\/—{ \[R(DOD )+\/—§R(SG)

17,10
+

0
231 PG

812

0
——=R(D"G")+ =~ 1001

——R(GG™ )}

77[
J10 6415

cth= 2({—(|D ~lp+)+—g; [R(D7G")

2710

1001 ('G‘_'G”]’

30,5 20\6

020
143 123 RD°GH- 143

~R(D*GH)]+

a2 [R(D"G™)

cté= \/_3|

20 1
+R(D Gt )]+143 m(|G—+|G+) ,

2
ctf{=2\/1—3{%13—1R(D°G‘)+$ R(D~G?)
24105
-‘rWR(DOG ),
470
cts= 2J—3[ 23 [R(D7G7)—R(D*G™)]
\J105
+m(|e —lg+)(,
490 392
cto= ﬁ[ 2431'°” Tsl('G'HG”]'
ct?= 2J—7[ 24?{1— R(G°G"~ )]
r
ct= 2J_7[ 5231 |G+)}.

Polarized momentg}, :

cpg=Pgs+Ppo+Pp-—Pp++Pgo+ Pg-— P+,
(2.19

0 2 1
Q(SD )+ 7PDO+ 7(PD7_

2.6
TW[Q(D‘G‘)—Q(WG*)]

Pp+)

cpy= ﬁ[ %

A Q(D°GY) +

75

0 17
+ 7_7PGO+ 7_7(PG—_ PG+) y



55 RELEVANCE OF NUCLEON SPIN IN AN AMPLITUDE ... 4361

cpi= 2f[ rQ(SD )+£Q(D D)

V3 ) 4\F .
+27Q(DOG )—g gQ(D G%)

215
T

ZQG%G )|,

1 /3 1
cp§=2£( 7\[5 (Po-+Pp+)~=[Q(D™G7)

516
+Q<D+G+>]+7—[(PG+PG+>},
2 4 2
cpéz\/—[7PDo 21( PD+)+§Q(SG°)

40,5 50G0 162P 10\F .
T 231 PG 1551P et 77V 3 [Q )

81
~Q(D*G")]+1551(Po PG+>},
2 /5 2
cp‘l‘=2@{7\[§Q<D°D—>+%—Q(SG—>
17410
+—

0 —
231 QPG

\/—Q(D G+ 100[1Q(G°G )]

V10 6115

cp‘2‘=2@{ﬁ(PD+PD+)+ﬁ[Q<DG>

2710

+Q(DTGH)]+ m(F’e*+ Pm)] ,

305 20\/6

cpg= ﬁ{ <43 QDG ~—,=[Q(D"G")

D G|+ o Peo— (P —P
Q( )] 123" ¢° m( G G+ (>

35
cpi= ZJ_S‘ 1gQ(D° )+ 145 Q(D"G°)

24105

i Q(GOG)],

cp;= 2@[ ﬁgm G)+Q(D*G")]

JE

13 (Po- +PG+)}

490 392
cPo= ﬁ[ 24317 2431 Pe PG+)]'
94/5
0
cpi= Zﬁ{ a3 QGG )|,
J—
cp2 2\/—7[ 2431 +Pg+) (-
Polarized moments, :
— 2y10
cr§=—2J§Re(SD+*—SD+*)—T\/_ Re(DD**
DD **)
24/30 —
cr§=——\é—Re(D‘D+*—D‘D+*),
415 —
cr‘llz——\é_Re(DoD”—DoD**),
410 —
cr‘2‘=—T\/—Re(D‘D+*—D‘D+*). (2.16

We do not includeG-wave contributions in the polarized
momentsr . In general, these moments are not well deter-
mined in measurements on transversely polarized targets
and, as can be seen in the Appendix, the calculation of rela-
tive phases between the natural exchange ampliuti@nd
the unnatural exchange amplitud8sD®, andD~ already
involves a high degree of ambiguity. The inclusion @f
waves would make the situation even less tractable.

Ill. MODEL-INDEPENDENT ANALYSIS
OF MEASUREMENTS ON UNPOLARIZED TARGETS

We will now show that in the mass region where ofly
and D waves dominate, i.e., up to about 1500 MeV, it is
possible to perform an analysis of the measurements of
7w~ p—m’7°n andw p— n7n on unpolarized targets with-
out the simplifying assumption that production amplitudes
do not depend on nucleon spin. However, we will find that
data on unpolarized targets measure in a model-independent
way only the partial wave intensities and three unrelated in-
terference phases, and not the production amplitudes which
remain undetermined.

When onlyS andD waves contribute there are six inde-
pendent observables to determine seven unknowns: four par-
tial wave intensities and three spin-averaged interference
terms. Since there are more unknowns than observables, it is
necessary to express the maximum likelihood functiom
terms of the partial wave intensities and the interference
terms and fitC to the observed data to find a solution.

For this purpose we will now show that the interference
termsR(AB) in Egs.(2.14 have a general form

R(AB)= \I215C0% Sag). 3.1
From the definition2.12 we have
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1 1 production amplitudes are independent of nucleon spin.
R(AB)= > ReA,B¥)= >, |A,l|Bycog ¢2— ¢B). However, the data on unpolarized targets cannot determine
n=0 n=0 the eight moduli and six cosines of dependent relative phases

of production amplitudes. As we show below, for that deter-

We can write T .
mination measurements on polarized targets are necessary.

R(AB)= VI s\13Za5. (3.20  The measurements on unpolarized targets determine only
four partial wave intensities and three interference phases in
With definitions forn=0,1, a model-independent way.
In a mass region wher& waves contribute, measure-
AB:|An| |Bn| AB_ ¢A_ ¢B (33 ments on unpolarized targets measure 12 independent unpo-
SN RN n norne ' larized momentgy,. There are 7 intensities and 11 spin-

averaged interference terms in E@®.14) for a total of 18
we have unknowns. In this case a model-independent amplitude
AB AB . .AB AB analysis is not possible. However, we shall see below that a

Zpg=&p COSpg +&71 COSpy . (34 model-independent analysis includii® waves is possible

We now recall a theorem from wave thed#d], for measurements on polarized targets.

Assin(wt+ @)+ A,sin(wt+ @,) = Asin(wt+ ¢), IV. COMPARISON
(3.5 WITH MODEL-DEPENDENT ANALYSES
OF =~ p —»a%a% n ON UNPOLARIZED TARGETS

Both the GAMS Collaboration and BNL E852 Collabora-
A= AT+ AS+2A1AC08 0~ @1), tion use the assumption of the independence of production
amplitudes on nucleon spifB1,32 but employ different
strategies in actual fits to the observed angular distributions
[33,34). We will confine our discussion to the mass region
whereS andD waves dominate.
For ot=m/2 we get The assumption of the independence of production ampli-
tudes on nucleon spin means that formally there is one

where

A;Sing; + A,sing,
~ A;C0Sp; +A,COSp,

tane (3.6

A1€0Sp; + AzCOSp,=ACOSp, 37 swave amplitudes and threeD-wave amplitude®®, D™,
b : S
ith A and iven above. We can applv EB.7) to Eq.  @ndD ™. The amplitudes have no nucleon spin index. How-
84) and ge(f gw v pply EG.7 d ever, as we have argued above, these amplitudes are essen-
' tially the single flip helicity amplitudesn=1) while all he-
Zag= £ARCOSPAR licity nonflip amplitudes (=0) are assumed to vanish.

In the GAMS approach33] the unpolarized moments are

whereéag and pap are given by Eqs(3.6) with the appro-  then written agwith c= 4 )
priate substitutions from Ed3.4). After some algebra it is

possible to show that ctg=9/2+|D%?+|D|?+|D*|?,
O0=épp=+1, (3.9 2.5 5
_ ct§=2Re(SD°*)+—\/—|D°|2+£(|D‘|2+|D+|2),
so that —1<Z,g<+1. Thus we can actually write 7 7

Zp g=C05,z Which proves the statemei(8.1). The phase
Sag IS not simply related to the two relative phases
do— dg and ¢7— ¢° of the helicity amplitudesA,,B,,,
n=0,1. Moreover, co8g iS @ measurable parameter along
with the intensitied , and | g. , V30 o

We will refer to gm0, S5p-, and dpop- in Eq. (3.1 as CtzzT(|D [*=ID™[%),
interference phases. Notice again that interference phases are

2410
ct?=2\2RgSD *)+ —\/7_Re(D0D*),

not relative phases between amplitudes and are thus indepen- 6 4
dent. Whereas relative phases satisfyrier0,1, cté=7|DO|2— 7(|D*|2+|D+|2),
0 - 0 -
(én—dn )+ (6] —gn+(¢n —¢n )=0, (3.9 p

ct}==\15R&D°D *),
there is no such relation for the interference phases. ! 7\/— ¢ )

We can use E(q3.1) to express the maximum likelihood

function £ in terms of the four intensitieks, Ipo, |-, and 4 2 2 12

Ip+ and three interference phasésm, dsp-, and Spop- Ct2_7\/l—0(|D *=1D71). 4.

and fit £ to the observed angular distributions to find a so-

lution for these quantities in eacm(t) bin. We can con- There are six independent equations for seven unknowns:

clude that an analysis of the data en p— w°#°n unpolar-  four moduli and three cosines of relative phases. The GAMS
ized targets is possible without the assumption thatCollaboration determines these quantities by expressing the
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maximum likelihood functionl in terms of the amplitudes
(moduli and cosingsand fitting £ to the observed angular
distribution to find solutions for the moduli and relative
phaseq27,28,33. Formally this approach is equivalent to
our approachidescribed in the previous sectjonith an ad-
ditional assumption that the interference phases are not inde-
pendent but satisfy a constraint

5SDO+ 5D7$+ 5DOD7=0. (42)

What the GAMS Collaboration is actually doing is determin-
ing partial wave intensitie$,, A=S, D°, D~, D*, and
interference phases subject to the constr@itit). When the
constraint(4.2) is removed, their approach becomes a fully
model-independent determination, not of amplitudes, but of
partial wave intensities.

The BNL E852 employs a different approak3¥]. They
express the moduli squared and interference terms in Egs.
(4.1) in terms of real and imaginary parts for amplitudgs
D°, :;md D". Since there is no interference with*, only
D7
phase such that one of the amplitudegy.,S) is purely real.
Thus there are six unknown quantities. The maximum like-
lihood function is then expressed in terms of these unknown
real and imaginary parts &, D°, D™, and|D *|? and fitted
to the observed angular distributions to find the solution for
the amplitude$34]. Formally this approach is different from
our model-independent method and relies more explicitly on
the assumption that the nonflip helicity amplitudes all vanish.

V. MODEL-INDEPENDENT AMPLITUDE ANALYSIS
OF =~ pT—nrOaTO n MEASURED ON POLARIZED
TARGETS WITH G WAVES ABSENT

In the following we will assume that unpolarized and po-
larized moments}, andpy, (andry,) have been determined
using the maximum likelihood method in data analysis of
measurements af ~p— 7°7°n and 7p— n#n on polarized
targets in a manner previously used in the reactions
wNT—w-r*w*N [11-19. In this section we show that an
analytical solution exists fo§ and D waves in the mass
region where these waves dominate. In the next section we
extend the solution to include th&-wave amplitudes. In
both cases we will find it useful to work with nucleon trans-
versity amplitudeg2.9).

In the mass region wherg and D waves dominate and
the G wave is absent, there are seven unpolarized moments
ty,, seven polarized moments;,, and four polarized mo-
mentsr i, measured in eachn(,t) bin. Looking at Eqs(2.14)

and (2.15 and recalling definitiong2.10—(2.13, we see m
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c 2\5 NG
2= (t§+pf) =2ReSD™*)+ —— |DY*+ —(|D"?
+[D*]),
c 210

0
a;=5 (t1+p})=2/2ReSD *)+ —— Re(D’D ),
c V30 —
a4=5 (t3+p3)=——(D >~ D],
c 6 4
a5=35 (tg+po) = 5 |D%*= 5(|D 7[>+ [D*]?),

c 4
ag=> (t+p1)= 7\15R&DD ),

c 2 —
a;=5 (t3+p3)= V10D~ >~ [D*[?).

! _ 10 _ The second set of equations is obtained by defining observ-
is retained. Moreover, it is possible to set the overallgpesa; a,,

.. ,a; which are the difference of correspond-

ing moments. We obtain

C R PR _
a;=5 (tg—po) =|S>+[D%*+[D 7|2+ |D"?,

25

c
7

;=5 (15~ p})=2RaSD%) + —=—|DY?

5 — 2
+=(D7|?+[D*1"),

2410

_— cC — ——
ag=> (t{—p})=2V2ReSD *)+ —— Re(D°D*),

5

—_— C 30 —
a,=5 (t;—p))=—=—(D >~ [D*[?),

__ C 6 — 4 —
a5=§(tg—p3):7|D°|2—7(|D*|2+|D*|2),

__ ¢ 415  —
85=5(t{—p1)=—— Re&DD ™),

_c 2 e
a;=5(t;-p3)= V1D~ *=[D"?). (52

The first set of six independent equations involves four

oduli|S|, |D°|, |D~|, and|D | and three cosines of rela-

that it is advantageous to introduce new observables whictive phases cos&p), cossp-), and cosfpop-). The second
are the sum and difference of the corresponding momentset of six independent equations involves the amplitudes of

ty, and py,. We thus definewith c=\4) the first set
of equations

opposite transversity: four moduliS|, |D°|, |D|
ID*| and three cosines of their relative phases, ggs],

and

cosysp-), and cosfpop-). The two sets are entirely indepen-
dent and the relative phase between transversity amplitudes

C

5 (t5+pg)=|S?+|D%*+[D~[>+[D"[%  (5.1)

a]_:

up and down is unknown in measurements on transversely
polarized targets.
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To proceed with the analytical solution, we first find, from Similar relations also hold for the sines. Next we define com-

Eq. (5.2), binations of observables
4 7
ID%?=—=(a;~|S*) + —as, :i _r
10 10 D 1Oa1 10a5¥

3 7 7
|D7|2:E(a1_|s|2)_Ea5+m)a4v c 3 7 7
= Eal— %354‘ ﬁam (58)

— 3 7
+]12 _ 2y_ o
D7 " =152~ 181~ 752 2@"“4' 53 5o that
1 1 0]2_ 4 2
- 2 D*|*=D—- —|9%,
cosew 5| A+ 5 197 D=0 1/s
_ 1 B D™|?=E > Sk 5.9
COS)’SD*_|S||D—| ) | | - _E| | : (5.9
1 L .
_ Substituting into Eqs(5.7) first from Egs.(5.4) for the co-
co -= —C, 5.4 g
SYpop |DY|D | 64 sines and then from Eq$5.9) for |D°? and|D |2, we ob-
tain a cubic equation fox=|9|?,
where
3 2 —
. 1 1 N 1 J ax’+bx“+cx+d=0, (5.10
=5|& T a1t =as(,
2 V5 25 where
11 1 1
_ 27
B=-{ —=a;— ——=ag(, _
Z[ﬁ > 23 6] 2= 200°
1 7
C=-{ ——ag|. (5.5 1(1 9
2 4‘/]_5 b:l—o EA_SD_EE ,

Notice thata; is not independent and does not enter in the
above equations. Similar solutions can be derived from the 1
second set(5.2) for amplitudes of opposite transversity. C= —(3A%+4B%-10C%+25BC—2\/5AE+10DE)

However, we need one more equation in each set: one equa- 10
tion for |S|? in the first set and another one f(8|? in the ) )
The additional equations are provided by the relative
phases which are not independent: A similar cubic equation can be derived for the amplitude
|SI?.
Yso0~ Ysp-+ Ypop- = (¢s~ ¢po) ~ (s~ ¢dp-) Analytical expressions for the three roots of the cubic
+(dpo— bp-)=0 equation(5.10 are given in Table | of Refl21]. It is seen

from the table that three real solutions exist; one of them is
— = I T negative and it is rejected. There are in general two positive
— ysp-+ -=(¢s— —(ps— dp- ) X ) ; -0
YspiT Ysom T Yooo (d)s_d)D(i (¢s~ do-) solutions for|S|? which lead to two solutions in set 1. Simi-
+(ppo— ¢p-)=0. (5.6) larly there are two solutions in set 2 of opposite transversity.
Since the two sets are independent, there are four solutions
These conditions lead to nonlinear relations between the cder partial wave intensities:
sines:

COSZ()/SDO)‘l‘COSz(’}/SD—)‘l‘COSZ(’}/DOD—), lA(IIJ):|A(I)|2+|A(J)|21|1 j:112' (512

—2¢0% y5p0)C0 Ysp-)C0S Ypop-) =1, The error propagation in the cubic equation and the cal-
culation of errors on the moduli, cosines, and partial wave
co(ysmo) +CoF(ysp-) + COL(Ypop-), intensities as well as the treatment of unphysical complex

o o o solutions are best handled using the Monte Carlo method
—2c0% ysp0)€0g ysp-)€og ypop-) = 1. (5.70  described in detail in Ref24].
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The determination of relative phases between the naturat™ pT—MTOTr n on polarized targets will yield 13 unpolar-
exchange amplitud®* and unnatural exchange amplitudes ized moments&M, 13 polarized momentp},, and 8 polar-
is described in the Appendix. ized moments,. Central to our discussion are again the

S, DY andD~

VI. MODEL-INDEPENDENT AMPLITUDE ANALYSIS
OF =~ pT—>ﬂ'Oﬂ'O n MEASURED ON POLARIZED
TARGETS WITH G WAVES INCLUDED

In the mass region wher®, D, andG waves all contrib-

ute (expected above 1500 Me)Vthe measurement of With c= 4 we obtain, for the first sefsums,

V10
4.2 2\/—5
———RgD G Rg GG *
575 & )+ —- Re )}
C .2 2 13 -12_|{p+2 1 % Dtetx 5\/6 —12_|at|2
a,=5(5+p3)=2V5| 5\/5 (ID7[*~|D7|*)~ Z[ReD"G™*)~Re(D*G™*)]+ —=(IG|*~|G"[?) [,
2 (th+p =9 zD02 D |?+|D* 2+2R SG™ +40\/§R DG ) + ~or | GOJ2
10\/_
2 +2 —% +*
2 2
a6=§(t‘l‘+p‘l‘)=2@ 7\F Re(D°D~ *)+\/—Re(SG *)+1;fRe(D°G*)
10 812
O% 0~ —%*
+_77ﬁ Re(D™G™)+ 7557 REG'G ™),
6 27V1
(t4+p2) 2\/_[\/2—— ID7|2—|D*|?) + lg[Re(D G *)-RegD'G )]+ 150—1 |G- |G+|2)]

c
2,=5(t5+p§) =5

C —_— _
5 (tg+P) = |S?+ D%+ |D~ 2+ [D 7>+ [GPP+|G™[>+[G"[%

a1:2(

2 2 1 —
—ZRe(SD™)+ 5 [DO*+ —([D7[*+[D" %)

NG
12 2 S — 20 17 —
+ —— ReDG%)+ \/—[Re(D G~ )+Re(D+G+*)]+7—7|G°|2+7—7(|G—|2+|G+|2) ,

7\5

az= 2( 24 p2)= ZJ—[iRe(SD *)+\/§Re(D°D *)+2\/§Re(D°G *)

1 — —
a8=§<t8+p8>=g’{SOJﬁRaD"G(’*)—zomRaDG*>+Re<D*G**>]+2qe°|2—<|G|2+|G*|2>

10,35

c 213
a9=§(tf+p?)=%[10\/2_1R€{D°G_*)+ % Re(D~G%)+2.105R¢G°G *) ¢,

213 __ _
u= 5 (53 = o= (4TURED G *)~Re(D" G *) ]+ V105G [~ |G [2)

J17

ap= z(to po) = 2431{49qGO|2 392|G~ |2+|G+|2)}

momentsty, andpy, given by Egs(2.14 and(2.15. Using

the definitions(2.10—(2.13 we see again that it is useful to
define two new sets of observables, one with the sums
th+ph and another one with the differencel— pf;.

6.9
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c
a12=§(t§+ pd)=

c 217
T

The second set of observables i=1,2,...,13, is formed

similarly by the differencesy, — py, . It has the same form as
set 1 but involves the amplitudes of opposite transversity.

The first sety;, i=1, ...,13, involves seven moduli

[SLID®LID7LIDTLIGLIGT].IG], (6.2)

M. SVEC

217

2431

{294/5ReG°G*)},

o431 42V35(1G 71>~ [G 7).

€DOGO= ESpPESEYs

€pOG— = €EsSpPUESG

€D-GO~ €sp~€sQD;

€D-G~ T €sp~€sGs

ten cosines of relative phases between unnatural amplitudes,

cog ysp0),COS ¥sp-),COE ¥s),COE ysg-), (6.3
cog Ypop-),COK ¥pogo), COS Ypog-), (6.4
€oY ¥p-c9),COg ¥p-G-),CO% YGoG-), (6.5

(6.11

First we notice that reversal of all sigrsmp, €sp-, €sco,
andegc- yields the same sign ambiguitiés.10 and(6.11).
Next we notice that the sign ambiguitié6.11) of cosines
(6.5 are uniquely determined by the sign ambiguitiesLO
for cosines(6.4). Only sign ambiguitie$6.10 are indepen-

€G0G~ = €SPE€SG -

and one cosine of relative phase between the two naturdant and there are eight sign combinatidBsL0. The fol-

amplitudes,

C0$%+G+). (6.6)

The second sed;, i=1,...,13, involves the same ampli-
tudes but of opposite transversity. We will now show that the
cosines(6.4) and (6.5 can be expressed in terms of cosinesépop-

(6.3). For instance, we can write
Ypoo-= ¢po— ¢p-=(¢s— ¢p-) — (bs— ¢po)
= ¥sp-~ YsDo- (6.7
Hence

COSypop - = COSyspCOSysp- + SiNysposinysp-

Since the signs of the sines s$if}p and sinysp- are not
known, we write

Sinyspo= €spo|Sinyspo|,  Sinysp-= esp-|Sinysp-|.

Then

COSypop - = COSyspICOSYsD-

+ €pop- V(1- 00527500)(1_ C0§73D’)y
(6.9

whereepop-=*1 is the sign ambiguity. The remaining co-

sines in Eqs(6.4) and(6.5 can be written in the form simi-

lar to Eqg. (6.9 with their own sign ambiguities. The sign

ambiguities of all cosine$6.4) and (6.5 can be written in
terms of sign ambiguitieggo, €sp-, €s, andegg- corre-

sponding to the sines Sy, Sinysp-, Sinyse, and
sinysg-. We can write
€pOp— = EgpO€EgpD—, (61@

lowing table lists all eight allowed sets of sign ambiguities of
cosines(6.4) and(6.5):

1 2 3 4 5 5 7 8
+ - + + — - +
€pog0 + + - + — + —
€poG- + + + - + - - -
€p-go + - — + + - - +
€p-G- + - + — — + - +
€G0G- + + — — — — + +

Using expressions like Eq6.9 for cosines(6.4) and
(6.5, we have 12 unknowns in each nonlinear set of 13
equations;, i=1,2,...,13, with one choice of sign ambi-
guities for cosine$6.4) and (6.5 from the above table. The
nonlinear set can be solved numerically or by jfemethod
[25]. In each n,t) bin we thus have 8 solutions for moduli
(6.2 and cosine$6.3—(6.5), and 8 solutions for amplitudes
of opposite transversity from the set, i=1,2,...,13.
Since each solution is uniquely labeled by the choice of sign
ambiguities, there is no problem linking solutions in neigh-
boring (m,t) bins.

Since the 8 solutions from the first seg;,
i=1,2,...,13, are independent from the 8 solutions from
the second sed;, i=1,2,...,13, there will be a 64-fold
ambiguity in the partial wave intensities. Fé=S, D°,
D, D", G°% G, andG* we can write

La(i, D) =|AG) 2+ |AG) 2,

We now will discuss constraints on the moments that
should be taken into account at the time of fitting maximum
likelihood function£ to the observed angular distribution in
the process of constrained optimization.

ij=12,...,8 (6.12
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The observables;, anda;, i=1,2,...,13, are not all are necessary. We have shown in Secs. V and VI how to
linearly independent. In fact one finds two relatigB8g] perform model-independent amplitude analyses of
m p—7’7°n measured on polarized targets. A model-
91 119 /3 independent analysis is possible in the mass region where
8\/1—4‘34_4\/4—2517”L \/_1—3 310—7\/1:7 a13=0, only S- andD-wave amplitudes contribute, as well as in the

mass region where al€8-wave amplitudes contribute. Our

91 119 [3 only assumption was that amplitudes with dimeson helicity
8/1da,— 4428, + —a o~ _\/:7;13: 0. A=2 do not significantly contribute to the?a-ro production.
J13 2 1 This assumption is supported by the available data.
(6.13 On this basis we propose that high statistics measure-

_ _ _ ments of m~ p—7°7#°n and 7~ p— nyn be made at the
By adding and subtracting the last two equations we get thgn| Mmultiparticle Spectrometer and at IHEP in Protvino

same relationship for corresponding mometyfsand py : and that model-independent amplitude analyses of these re-
actions be performed. We note that this amplitude analysis
8\/@2_4\/4—24+£t6_1_19 i 8_ will require the unpolarized moment%;,, which should be
2 2132 2 N1tz ™ determined from the data on unpolarized targets in the same
(m,t) bins.
91 119 /3 We suggest that the extensions of the GAMS and BNL
814p2—4\/a2p4+ —p8 \/1:7p§=0. E852 programs to measurements on polarized targets will
V13 significantly contribute to new developments of hadron spec-

(6.14 troscopy on the level of spin-dependent production ampli-

Additional constraints can be obtained by solving fortUOIeS and to our understanding of hadron dynamics.

|G~|?+|G™"|? from a,, and substituting int@,. Proceeding

in the same way also fdG ~|?+|G*|? from a; and substi- ACKNOWLEDGMENTS
tuting intoa;, we get | wish to thank B.B. Brabson, J. Gunter, A.A. Kondashov,
Yu. D. Prokoshkin, and S.A. Sadovsky for stimulating cor-
2431 —, 2431 _ respondence concerning the E852 and GAMS experiments
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By adding the two inequalities we get (FCAR), Ministere de I'Education du Queec, Canada.
2431 .
t8+ tg>0. (6.16 APPENDIX: CALCULATIOI\LOF THE PHASES yp+g
39217 AND yp+s

. In this appendix we solve Eq42.16 for the helicity
The constraintg6.13 and (6.14), or (6.15 and (6.16), are frame _ invariant phases yp o= dp: — e and

self-consistency constraints which follow from the assump-— ’
tion that only S, D, and G waves contribute. These con- Yp+s=¢p+—¢s. Other phases in E¢2.16 are then ex-
straints should be imposed on the maximum likelihood funcPressed in terms of these phases and the pHasés

tion during the fit to the observed angular distribution. We

then deal with constrained optimizatiph2—44. A program Yp+p0= ¢+~ $po=(¢p+~ ¢ps) + (¢Ps— dpo)

MINOS 5.0 has been developed at Stanford University for
constrained optimization with equality and inequality con-
straints[45].

= Ypts™ YDOs:

Yo+p-=¢p+— Pp-=(¢p+— ¢s) +(Ps— ¢p-)
VIl. SUMMARY = Yp+s™ ¥YD-S» (A1)

The dependence of hadronic reactions on nucleon spin
now a well-established experimental fact. Measurements
the reactionst p—a @ n and7*n— =" 7" p on polar-

ith similar relations foryp+po andyp+p-. The system of
guationg2.16 can then be written as

ized targets at CERN found a strong dependence of pion 7\an

production amplitudes on nucleon spin. The assumption that b,=— —Wr2=|D+||D‘|co _ (A2)
. : ; : : 1 2 SYp+p

pion production amplitudes are independent of nucleon spin 2430

is in direct conflict with these experimental findings. The
analyses of ther p— #°#°n data based on this assumption
thus are not sufficient and may not be fully reliable.

We have shown in Sec. Il that unpolarized data provide

—|D*||D"|cosyp+p-,

model-independent information only on the spin-averaged AT,
: . o . . b,=——=r7=|D"||D°cosyp+po
partial wave intensities and cosines of three interference 415

phases. To obtain information about the production ampli- -
tudes, measurements af p— 7°7°n on polarized targets —|D*||D°|cosyp-po,
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— |D*|[|S|cosyp+s—bs

= = b,=|D* co = A3
b3 2\/—r1 7b2 |D™||S|cosyp+s SYp+s BRIE (A3)
~|D*||S|cosyp+s.
From b; we obtain Using Eqgs.(Al) we obtain, fromb,,
j— — — L — b,—|D*||D(cosyp +sc0Sypos+ Sinyp + sSiNypos)
SiNyp+g= — COSyp+5(COSypos/SiNypog) + ) (A4)

We now define

2
¢,=|D%|S|sinypos= €; \/|D0|2|S|2_ A+ |5|2) ,

1
245
c,=|D"||Slsinyp-s=€2V|D " ||§*~ B,

c3=|D || Dsinyp-po=€3V|D "|?|D°]*~C?,

(A5)

where e,=*+1 k=1,2,3 is the ambiguity sign of the sines.

The c; and the sigre; are not independent af, andc,:

1
|S|%cy= AJrﬁ|s|2 c,—Bg;. (AB)

Similarly we definec;, c,, andcs for amplitudes of oppo-
site transversity. Substituting for cgs:-s and sinyy+g from
Egs. (A3) and (A4) in the equation forb; and using the
above definitions foc,, ¢,, k=1,2,3, we obtain

(b1C1+b,yCo+b3C3)[S|?[S|

=sinyp+gD¥||S|*(c1Co+C1Cp)

+cosyD+s|D+|fc_1<B|§|2—B_IS|2>+c_2

1 — [— 1 —
A+—|s|2)|s|2+ A+—|s|2)|s|2

|

25 2.5
(A7)
Define
b ‘c,+b,c,+hsc S
1C17 D203 33/|4|r, (A8)
CiC+CiCy  \[D7|

|D*[[DOsinypos
1 —
At —= ISIZ)ISI2

tane=1{ ¢;(B|S/?—B|S|?)+ ¢
[ 1(B|S|*—B|S|*) 7{ N

\/— |S|2>|S|2 }/(Clc_2+c_102)|§|2-

With this notation Eq(A6) takes the form

Sinyp+g+ COSyp+gtane=d. (A9)
Its solution is
1 2
COSYD+s= Ty (dtane = V1+tarfa—d%,
. 1 _ .
SINyp+g= m{d+tam\/1+tar?a—d 1.
(A10)

Using Egs.(A10) we obtain cogp+s and siny+s from Egs.
(A3) and(A4).

There are four combinations of solutions for moduli
|A|2 and|A|%, A=S, D D~, and D+, entering the calcu-
lation of d and tame. In addition each such combination is
accompanied by the fourfold sign ambiguity from the unde-
termined signse, and €,, k=1,2. This 16-fold ambiguity
increases to 32-fold ambiguity due to sign ambiguity in Egs.
(A10).

The solvability of Eq(A9) imposes a nonlinear constraint
on the data and on the solution for moduli squared:

d?—1<tarfa. (A11)

Additional constraints follow from the requirement that co-
sines and sines ofp+g and yp+g have physical values. In
principle, these constraints could reduce the overall ambigu-
ity of solution (A10).
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