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We extend our recent work, in which the Dirac equation with a ‘‘~asymptotically free! Coulomb1 ~Lorentz
scalarg0sr ) linear’’ potential is used to obtain the light quark wave function forqQ̄ mesons in the limit
mQ→`, to estimate the decay constantf P and the mixing parameterB of the pseudoscalar mesons. We
compare our results for the evolution off P andB with the meson massMP to the nonrelativistic formulas for
these quantities and show that there is a significant correction in the subasymptotic region. For
s50.14 GeV22 and LMS50.240 GeV we obtainf D50.371, f Ds

50.442, f B50.301, f Bs50.368 GeV,
andBD50.88, BDs

50.89, BB50.95, BBs
50.96, andBK50.60. @S0556-2821~97!00101-X#

PACS number~s!: 12.39.Hg, 12.39.Ki, 12.39.Pn

Recently, we presented our results for the form factor
~Isgur-Wise function! which parametrizes the transition ma-
trix elements of mesons containing a heavy quark@1#. In our
relativistic treatment of a heavy-light system, we assumed
that, with the heavy quark fixed at the origin, the light quark
wave function obeys a Dirac equation with a spherically
symmetric potential. This potential, an asymptotically free
Coulomb term plus a linear confining term, reflects the QCD
interactions both at short and long distances. In this way, we
obtained the shape and the slope at zero recoil of the form
factor in the leading 1/mQ order by fitting our model param-
eters to the experimental results on the semileptonicB de-
cays.

In this paper, we extend our results by calculating the
decay constantsf P and mixing parametersB of the pseudo-
scalarqQ̄ mesons in our model.f P parametrizes the matrix
element for the decay of a pseudoscalar meson through the
axial-vector currentAm

5 :

^0uAm
5 ~x!uP~k!&5 ikm f Pe

2 ik•x, ~1!

wherek is the four-momentum of the meson. On the other
hand,B is related to the matrix element for neutral-meson
mixing which is conventionally written as

^P̄u~Vm2Am
5 !2uP&5

4

3
f P
2MPB, ~2!

whereVm is the vector current andMP is the meson mass.
From a phenomenological point of view, knowledge of these
matrix elements is necessary for extracting important quan-
tities such as the quark mixing matrix andCP violation
within the standard model. Experimentallyf p5132 MeV
and f K5167 MeV are well known. However, for heavy me-
sons only a few data with large uncertainties are available.
Mark III sets an upper boundf D,290 MeV @2# while

WA75 @3#, CLEO II @4# and BES @5# find 225645
620641, 344637652, and 4302130

1150640 MeV for f Ds
, re-

spectively.
There are various quark-model, QCD sum rules and lat-

tice calculations of these parameters@6–9#. A frequently
used point of comparison is a scaling law forf P that is de-
rived from a nonrelativistic~NR! quark model:

f P
NR~mQ→`!}A 1

MP
, ~3!

wheremQ is the mass of the heavy quark. The mixing pa-
rameter is identically 1 in any NR quark model:

BNR~mQ!51 . ~4!

In Refs.@8,9#, it is shown that the combination of a rela-
tivistic dynamics and an asymptotically free Coulomb inter-
action forqQ̄ system results in a significant deviation from
the NR scaling law. Our approach here is complementary to
Refs.@8,9# in the sense that we use a potential which is not
only asymptotically free but also includes a linear confining
term which determines the global behavior of the Dirac wave
function. At the same time, we use a saturation value for the
strong couplingas

`5as(r→`) therefore avoiding unphysi-
cal pair creation effects.

We start with the time-independent Dirac equation

@aW •~2 i,W !1Vc~r !1c01g0~sr1mq!#C~rW !5eqC~rW !,
~5!

wheremq is the light quark mass.Vc(r ) is the asymptotically
free Coulomb potential~tranforming as the zeroth compo-
nent of a Lorentz four-vector!:

Vc~r !52
4

3

as~r !

r
, ~6!

whereas(r ) is obtained in the leading log approximation
and is parametrized as

as~r !5
2p

~1122NF/3!ln@d1b/r #
. ~7!

*Deceased.
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The parameterd defines the ‘‘long distance’’ saturation
value for as . We use d52.0 which corresponds to
as(r5`)'1.0. The parameterb is related to the QCD scale
LMS by b5(2.23LMS)

21 for NF53 ~we use NF53
throughout this paper!, whereMS denotes the modified mini-
mal subtraction scheme. We takeLMS'0.240 GeV, which
corresponds tob51.87 GeV21 in most of the calculations.

To describe the long distance behavior, a linear term
(g0sr ) is introduced in the potential which transforms as a
Lorentz scalar. This form is favored based on many theoreti-
cal and phenomenological arguments@10–12#. For the pa-
rameters, we mainly use a values50.14 which is favored
by a recent lattice estimate@13# and can also be extracted
from the Regge slope using a two-body generalization of the
Klein-Gordon equation@11,12#. However, we also present
results fors50.25 and 0.18 GeV2, as the former value is
compatible with the experimentally available 0.45 GeV
2P-1S splitting for D andDs system and the latter is ex-
tracted from Regge slope data using a string model@14#. As
mentioned in the discussion of our results in Ref.@1#, the
best fit of our model to the recent CLEO 1994 data analysis
favors a smaller value for the parameters.

The potential in the Dirac equation includes an additive
constantc0, which is clearly subleading both in the short and
long distance regimes. The only role of this constant is to
define the absolute scale of the light quark energyeq which
is identified with the ‘‘inertia’’ parameter often introduced in
heavy quark effective theory:

eq[L̄q5 lim
mQ→`

~MP2mQ!. ~8!

Therefore, only the differenceL̄q2c0'eq2c0 can be ex-
tracted from Eq.~5!. As we indicate later, in the heavy limit
mQ→`, f P andB are not very sensitive toL̄q ~and in turn to
c0).

The ground-state solution to Eq.~5! has the form

c~rW !5NS x~r !

2 is• r̂f~r !
D , ~9!

whereN is a normalization constant. Figure 1 illustrates the
functional behavior of the normalized large component
xn@5Nx(r )# and small componentfn@5Nf(r )# of the
wave functionc(rW) for the cases wheremq50 ~appropriate

for q[u,d) and mq50.175 GeV ~for q[s). We observe
that x(r ) is finite andf(r )→0 as r→0. This, as noted in
Refs.@8,9#, is due to using a runningas(r ) in the Coulomb
potential@Eq. ~6!# rather than a fixeda which would result in
a singular wave function at the origin. On the other hand,
since our model incorporates the long distance behavior of
QCD interactions~through linear confining potential! and at
the same time avoids a singularity in the Coulomb potential
@by introducing a saturation value foras(r )#, the resulting
wave function is physically meaningful for the whole range
of r . This is our main improvement over previous works
where a Dirac equation along with the leading-log Coulomb
potential has been applied to heavy-light mesons@8,9#. The
functionsx(r ), f(r ) and the normalization constantN are
independent ofmQ in our leading order~in 1/mQ) approach
where we assume that the heavy quark is fixed at the origin.
However, as it is illustrated in Fig. 1, the SU~3! F sym-
metry breaking strange quark massms50.175 GeV results
in about 20% larger value forN @x(r ) is independent
of mq as r→0#. The normalization constantN depends on
the global behavior of the potential, i.e.,b ands @see Eqs.
~5!, ~6!, and~7!#. We mainly useb51.87 ~corresponding to
LMS50.240 GeV) ands50.14 GeV21 @see the discussion
following Eq. ~7!#, however, we do vary these parameters to
investigate the sensitivity of our results.

We now proceed to compute the decay constantf P and
mixing parameterB. Within our model, the zero component
of Eq. ~1! for a meson localized around the origin becomes

A6E d3rWeik
W
•rWCQ~rW !* x~rW !5MPf PF~kW !. ~10!

It is assumed that the heavy antiquark wave function is non-
relativistic and therefore has a nonzero axial-vector matrix
element only with the large componentx of the light quark
wave function. The factorA6 is ‘‘geometric,’’ arising from
the spin and color matrix elements. If the meson is localized
at the origin, the form factorF(k) is constant. The weak
decay constant is determined by assuming that the meson is
localized in a region of dimensionMP

21 and that the form

factorF(kW ) is normalized

E d3kW uF~k!u25~2p!3~2MP!21. ~11!

This normalization of the current, which is conventional, in-
terprets the current as that associated with a meson of mass
MP @15,16#. Substituting Eq.~10! into Eq. ~11! gives

f P
25

12

MP
N2E d3rWuCQ~rW !u2x2~r !. ~12!

Considering thatCQ(rW) is ‘‘spread’’ over a distance
r Q5O(1/mQ), one can reduce Eq.~12! to the expression@9#

f P~mQ!5A 12

MP
Nx~r Q!. ~13!

At this point, we need to make a definite connection between
r Q and the heavy quark massmQ . It is assumed that
r Q5k/mQ , wherek>1 is expected on physical grounds.
We obtain a value fork by extrapolating the decay constant

FIG. 1. The normalized largexn5Nx(r ) and small
fn5Nf(r ) component of the wave function forq[u,d (mq50)
andq[s (mq50.175 GeV).
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formula ~15! to theK-meson system wheref K5167 MeV is
known experimentally. This extrapolation, even though of
uncertain reliability due to finitemQ effects, has been fre-
quently made in purely NR models. For
ms
constituent'MK50.495 GeV, we obtaink51.67 for LMS

50.240 andk51.73 forLMS50.200. In comparing our re-
sults for the decay constant with the NR scaling law, Eq.~3!,
we also include a finite renormalization factor suggested by
Voloshin and Shifman@17# and Politzer and Wise@18#. In
Fig. 2, comparison is made between the ‘‘improved’’ NR
scaling law

f P
NR~MP!}A 1

MP
S 1

ãs~MP!
D g

, ~14!

and our relativistic results

f P~MP!}A 1

MP
xS k

MP
D S 1

ãs~MP!
D g

, ~15!

where in the latter we have made the approximation
MP'mQ in the expression forr Q . One can justify this ap-
proximation in view of the uncertainty in the determination
of r Q from the extrapolation to theK-meson system. Be-
cause of this assumption,r Q does not depend on the inertia
parameterL̄q and therefore is also independent of the con-
stant c0. Also in Eq. ~14!, g52/9 for NF53 and
ãs(MP)52p/9 ln(MP /LMS) in the renormalization correc-
tion factor. In the figure, the above functions are normalized
to their value at a large mass scale (;60LMS! where the
physics~of mQ→`) is well understood. Our results are pre-
sented formq50 andmq50.175 GeV. The main feature that
distinguishes the relativistic graph from the NR scaling law
is the maximum at around theD meson mass, as noted in
Refs. @8,9#. We would like to emphasize again that our im-
proved model is free of unphysical behavior for the whole
range ofr . Therefore, here we rigorously confirm that the
maximum in the scaling law isphysicaland is due entirely to
the relativistic dynamics of the light quark at the short dis-
tances. The position of this maximum is around 7.0LMS for
mq50 ~for LMS50.240 GeV,MP

peak'1.68 GeV which is
somewhat belowMD'1.87 GeV) and around 8.1LMS for
mq50.175 GeV ~resulting MPs

peak'1.94 GeV which is

roughly the same asMDs
'1.96 GeV). From Fig. 2, we also

notice that, roughly speaking, from theB meson mass scale
onward, SU~3! F is a good symmetry as far as the scaling of
the decay constant is concerned.

The mixing parameterB arises in the theory of meson-
antimeson mixing and mass difference@19# and describes the
product

(
n

^P̄uV2Aun&^nuV2AuP&. ~16!

Within our model, if the vector part of the interaction is
ignored, the staten has the quantum numbers of the vacuum
and this is proportional tof P

2 and by definition the mixing
parameterB is 1. However, the sum can also include inter-
mediate states of opposite parity and the vector part of the
interaction can contribute. When this is includedB can be
written as the integral@20#

B~mQ!5
12

f P
2MP

N2E d3rWuCQ~rW !u2@x2~r !2f2~r !#, ~17!

which will be approximated by

B~mQ!512Ff~r Q!

x~r Q! G
2

, ~18!

by the same argument that followed Eq.~12!. The nonrela-
tivistic scaling law for mixing parameter@Eq. ~4!# is recov-
ered formQ→` ~i.e., r Q→0) asf(r→0)50 ~see Fig. 1!.

Figure 3 illustrates the evolution of the mixing parameter
B with the meson massMP ~as in the case of the decay
constant, r Q5k/mQ and we use the approximation
MP'mQ) for mq50 andmq50.175 GeV. We observe that
in the subasymptotic region, deviation from the NR scaling
law is 5% and 12% for theB and D meson mass scale,
respectively. On the other hand, the SU~3! F symmetry
breaking effects in the scaling, even forMD&MP&MB , is
negligible.

In Table I, we present our numerical predictions for the
decay constant and mixing parameter ofD,Ds ,B,Bs mesons
plus an estimate ofBK , the mixing parameter for theK
meson. To test the sensitivity of these predictions, we vary
the model parametersb and s. For example, changing
LMS from 0.240 GeV (b51.87 GeV21) to 0.200 GeV
(b52.24 GeV21), results in a very small change~ranging
from 1% to 4%) inf P andB. The ratiosf Bs / f B51.22 and

f Ds
/ f D51.18 ~for s50.14 GeV21) are independent of

FIG. 2. The evolution of the decay constant with the meson
mass (mq50 andmq50.175 GeV) compared with the NR scaling
law.

FIG. 3. The scaling of the mixing parameterB with the meson
mass.
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LMS. On the other hand, the sensitivity to the linear potential
coefficient is much more significant. In addition to
s50.14 GeV21, the decay constants and mixing parameters
are also estimated fors50.18,0.25 GeV21 @see the para-
graph on the linear potential following Eq.~7!#. An increase
of 30% to 40% in the decay constants is observed for in-
creasings from 0.14 to 0.25 GeV21. However, the mixing
parameters are far less sensitive to this model parameter.

The results obtained forf D all exceed the upper bound of
0.290 of Ref.@2#. However, the finite renormalization factor
is uncertain at the lower mass of theD meson; if this factor,
which is 1.27, is not included,f D is 0.292 fors50.14. The
results may therefore not be incompatible with Ref.@2# at the
smaller value ofs.

A comparison between our predictions~Table I! and other
theoretical results@6# also favor a smaller value fors. Even
though our results are larger than other theoretical predic-
tions, fors50.14 GeV21 and taking into account the uncer-
tainty factor 1.27~from the finite renormalization factor be-

low the D-meson mass scale! there are agreements with
some lattice and potential model estimates. However, QCD
sum rules predictions are generally smaller than ours. Our
estimatedBB andBBs

is on the low side of a recent lattice
prediction by UKQCD@7#.

In conclusion, we used a relativistic model with a phe-
nomenological potential that accounts for QCD interactions
at all length scales, to estimate the decay constantf P and
mixing parameterB of heavy-light mesons. The evolution of
f P andB with the meson mass significantly deviates from
the NR scaling law in the phenomenologically interesting
subasymptotic regionMD&MP&MB .
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TABLE I. The estimated decay constants~in GeV! and mixing parameters for various choices of the model parameters.

s50.25 s50.18 s50.14

f D50.519,f B50.427 f D50.429,f B50.350 f D50.371,f B50.301
f Ds

50.587,f Bs50.496 f Ds
50.497,f Bs50.417 f Ds

50.442,f Bs50.368
b51.87 BD50.87,BB50.95 BD50.87,BB50.95 BD50.88,BB50.95

BDs
50.89,BBs

50.95 BDs
50.89,BBs

50.95 BDs
50.89,BBs

50.96
BK50.58 BK50.59 BK50.60

f D50.514,f B50.418 f D50.424,f B50.341 f D50.367,f B50.292
f Ds

50.580,f Bs50.485 f Ds
50.491,f Bs50.406 f Ds

50.434,f Bs50.356
b52.24 BD50.88,BB50.95 BD50.88,BB50.95 BD50.88,BB50.95

BDs
50.89,BBs

50.96 BDs
50.90,BBs

50.96 BDs
50.90,BBs

50.96
BK50.59 BK50.60 BK50.61
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