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Using general arguments we determine the allowed region for the end point frequency and the peak energy
density of the stochastic background of gravity waves expected in string cosmology. We provide an accurate
estimate of the minimal experimental sensitivity required to detect a signal in the Hz to GHz range.
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In a recent paper@1# we computed, in collaboration with
Giovannini, the spectrum of relic gravity waves produced in
the context of the so-called ‘‘pre-Big Bang’’ scenario of
string cosmology@2,3#. We showed that the spectral energy
density of the produced gravitons grows with frequency fol-
lowing a Rayleigh-Jeans-type behavior at low frequencies, is
followed by a flatter intermediate region, and then reaches a
peak value VG(v1);1025 ~in critical units! at
v1;102GHz. The stochastic background of relic gravity
waves is thus expected to be much stronger, at high fre-
quency, than in the context of the standard inflationary sce-
nario, which predicts, in the most favorable case, a flat spec-
trum at a level@4# of VG;10214 in its higher frequency
range. Such an enhanced production of high-frequency
gravitons represents a typical signature of the pre-Big Bang
scenario, as previously stressed in a number of papers
@3,5,6#.

The explicit computation of the spectrum performed in@1#
made use of a two-parameter model of the metric-dilaton
background and of the equation for tensor perturbations ob-
tained from the low-energy string effective action. Such an
equation may be questioned when applied to the truly
‘‘stringy’’ high-curvature regime in which all higher orders
in the string tension have to be taken into account. In view of
this, the present paper aims at confirming the main findings
of @1# by determining, within some inherent uncertainty, the
position and height of the peak signal from the expected
graviton background, without using either the perturbation
equation or an explicit parametrization of the shape of the
spectrum. We also discuss to what extent the position and
height of the peak are affected by late entropy production,
associated with some additional reheating process occurring
well below the string scale.

We shall work in the context of a scenario@1–3#, in which
the Universe evolves from the string perturbative vacuum,
through a dilaton-driven phase and a high-curvature stringy
phase, towards the final radiation-dominated epoch. For a
detailed discussion of the initial, pre-Big Bang epoch we
refer the reader to more specific papers on the general picture
@3,7#, on the underlying symmetries@2,8#, on the perturba-
tion spectra@5,9#, and on the difficulties of a classical match-
ing to the standard radiation era@10#. The main aspect of the
scenario that we shall use here is the fact that the time evo-
lution of the classical background amplifies, with similar ef-
ficiency, both metric perturbations~gravity waves! and the
vacuum fluctuations of the electromagnetic@11# and of other
gauge fields, as a consequence of their coupling to a dynami-
cal dilaton.

Thus, unlike ordinary inflation, string cosmology natu-
rally leads to a democratic production of all sorts of ultrarela-
tivistic particles@12#, most of which subsequently thermalize
and start dominating the energy density. Only gravitationally
coupled particles, such as gravitons and dilatons, drop out of
thermal equilibrium soon after the string phase. Of course,
such a thermal background may possibly represent only a
small fraction of the cosmic microwave background~CMB!
that we now observe, if later, efficient sources of thermal
entropy existed. Nevertheless, because of their common ori-
gin at the same~string! scale, the energy density of the pro-
duced gravitons remains linked to the energy density of this
primordial thermal radiation@13#, and this link allows us to
relate the peak of the graviton spectrum to the present CMB
temperature,T052.7 K, and to the amount of late entropy
production. The common, promordial production of all rela-
tivistic species, typical of our scenario, is an important ingre-
dient for obtaining such a relation.
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We start by recalling that, in our scenario, metric fluctua-
tions are amplified with a spectrum that grows with fre-
quency. However, without knowing explicitly the time evo-
lution of the model during the string phase, we cannot
compute exactly the maximal amplified proper frequency
v1. We thusdefinev1 as the frequency corresponding to the
production of one graviton per polarization and per unit
phase-space volume. It is known that, for larger frequencies,
the production has to be exponentially suppressed@14#. With
this definition, the ‘‘end point’’ of the spectrum in the plane
„v,rG(v)…, whererG(v)5drG /dlnv is the spectral energy
density, has coordinatesv1 andrG(v1)5v1

4/p2.
We shall now relate these coordinates to the present tem-

peratureT0, and to the temperature scaleTr marking the
beginning of the phase dominated by thermal radiation, soon
after the string era. Such a scale is defined by the Einstein
equations as

Hr
25~8p/3Mp

2! ~p2Nr /30! Tr
4 , ~1!

where Mp is the Planck mass,Hr the Hubble factor at
t5t r , andNr is the total effective number of massless de-
grees of freedom in thermal equilibrium@15# at t5t r ~as
Nr@1, the graviton contribution to this equation is negli-
gible!. Let us also define the fractionds of the present ther-
mal entropy density, generated at some intermediate scale
between t r and the present timet0, as ds5(s02sr)/s0,
where@15#

s0[
2p2

45
n0~a0T0!

35
2p2

45
nr~arTr !

31s0ds[sr1s0ds.

~2!

Heren0 ,nr are the number of species contributing~each with
its own weight! to the thermal entropy att0 and t r , respec-
tively, anda0 ,ar are the corresponding scale factors. By ex-
pressingv1(t0) asv1(t r)ar /a0, and using Eqs.~1! and ~2!,
the present coordinates of the end point of the spectrum can
be written in the form

v1~ t0!5T0FMs~ t r !

Mp
G1/2S 8p3Nr

90 D 1/4Fn0nr ~12ds!G1/3 v1~ t r !

AHrMs~ t r !
, ~3!

rG~v1 ,t0!5
v1
4~ t0!

p2 5rg~ t0!FMs~ t r !

Mp
G 28pNr

3N0
Fn0nr ~12ds!G 4/3F v1~ t r !

AHrMs~ t r !
G 4. ~4!

We have multiplied and divided by the value of the string
massMs at the timet5t r ~defined by@1,12# Ms5ef/2Mp ,
wheref is the dilaton!, and we have introduced the present
photon CMB energy density,rg(t0)5(p2N0/30)T0

4, where
N052 is the number of photon degrees of freedom. Note
that Eqs.~3! and~4! are exact, and that the time dependence
of Ms /Mp accounts for possible residual variations of the
dilaton field for t.t r ~this time dependence is attributed to
Ms or toMp , depending on the frame in which one is work-
ing @7#!. Note also thatn0 ,N0 are known numbers of order
unity, while nr ,Nr are numbers of order 102–103, whose
precise value depends on the superstring model unifying
gravity and gauge interactions.

We shall now discuss the uncertainty with which we can
fix the position of the peak of the spectrum in the plane
„v,rG(v)…, by using the two previous equations at fixed
ds. We shall treatds as a parameter that accounts for all
subsequent nonadiabatic processes, which are not expected
to be significant in our context, but which can in principle
dilute, to a certain extent, the primordial graviton production
~we assumedds!1 in @1#!. We distinguish two possibilities,
which we shall discuss separately.

The first possibility, which seems to be favored in our
context, is the one in whichHr.Ms(t r).v1(t r). In this
case, the total energy densityrq f produced by the amplifica-
tion of the vacuum fluctuations, which becomes critical at
t5t r , must satisfy

rq f~ t r !

Ms
4~ t r !

5
p2Nr

30

Tr
4

Ms
4~ t r !

5
3

8p

Mp
2

Ms
2~ t r !

. ~5!

According to the above equationrq f cannot be much larger
thanNrMs

4.Nrv1
4 otherwiseTr would exceedMs , which

does not make sense in a string theory context. This implies
that the integrated spectra are dominated by the end point
values at v1(t r).Ms(t r). On the other hand, if
rq f.NrMs

4 , the value ofMp /Ms at t5t r is predicted from
Eq. ~5! to be of orderNr

1/2, i.e., quite close to its present
value@16#. Therefore, forHr.Ms(t r).v1(t r), the end point
must coincide with the peak of the spectrum, and the present
position of the peak follows directly from Eqs.~3! and ~4!
with Ms(t r) fixed by a dilaton expectation value already in
its present range~this is the case for which we computed an
explicit spectrum@1#!.

By inserting known numbers, and noting thatNr.nr , we
obtain in this case that for fixedds the peak position is
controlled by the fundamental ratio (Ms /Mp), whose present
value is expected @16# to lie in the range
1022&(Ms /Mp)&1021. By using this range to define our
uncertainty on the peak position, we get

0.731011 Hz~12ds!1/3S 103nr D 1/12,v1~ t0!

,231011 Hz~12ds!1/3S 103nr D 1/12. ~6!

This translates into an uncertainty for the height of the peak,
which can be written in units of critical energy density as
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0.731028h100
22~12ds!4/3S 103nr D 1/3,VG~v1 ,t0!

,0.731026h100
22~12ds!4/3S 103nr D 1/3 ~7!

@for the present CMB energy density, in critical units, we
have used the value@15# Vg(t0)52.631025h100

22 , where
h1005H0(100 kmsec-1Mpc-1)21#. These two equations
generalize to the casedsÞ0 our previous numerical esti-
mates@1# for the end point and the peak of the spectrum. In
the caseh10050.5 andMs.0.3Mp we recover the maximal
values quoted at the beginning of this paper.

The corresponding allowed region for the peak of the
spectrum is represented in Fig. 1 by two boxes, which are
obtained from Eqs.~6! and ~7! with nr5103, for the two
casesds50 and ds50.99. Note that even if 99% of the
present entropy was produced during the latest stages of evo-
lution, the graviton signal stays well above the standard in-
flationary prediction, which, in Fig. 1, is represented by the
flat spectrumVG510210Vg . We also note that the theoret-
ical estimate for the maximal allowed energy density, ob-
tained from Eq.~7!, is consistent with the bound obtained
from nucleosynthesis, which implies, roughly, that the total
energy density in gravitons cannot exceed that of one mass-
less degree of freedom in thermal equilibrium. According to
standard nucleosynthesis analysis@15,17# we get, in fact, the
bound@18# *rG(v,tN)dlnv&0.1rR(tN), whererR is the to-
tal radiation energy density at the freeze-out of the neutron-
to-proton ratio,t5tN ~see, however,@19# for recent critical
discussions of the standard nucleosynthesis analysis!. When
referred to the present CMB energy density, the above bound
implies

h100
2 E VG~v,t0!dlnv,0.2Vg~ t0!h100

2 50.531025. ~8!

Unlessv1 exactly coincides with the maximal allowed value
of Eq. ~6!, the spectrum may even be flat, from the end point
down to a minimal frequency much smaller than one Hz,
without violating such a bound. This situation is described
by the dashed lines@20# of Fig. 1, which define the allowed
region for the maximal value of the spectral energy density,
for the two casesds50 andds599%. As is clearly illus-
trated in the figure, the expected energy density can thus be
as high as the peak value (VG;1026) also in the typical
frequency band of present gravity wave detectors, around
and below the kHz range. This corresponds to an enhance-
ment of 9 orders of magnitude with respect to the most op-
timistic expectations of the standard inflationary models.

Let us now consider, for completeness, a scenario in
which the curvature starts decreasing from the maximal scale
H1.Ms(t1).v1(t1), while the string couplinge

f (f is the
dilaton! is still very small. In this scenario the transition to
the regime of decelerated expansion is induced by higher
derivative corrections rather than by the back reaction of the
produced quanta. The radiation-dominated epoch is now
reached at a scaleHr!H1, and is preceded by a decelerated,
dilaton-driven epoch@7#. Inserting the explicit background
solutions we findv1(t r)/AHrMs(t r)!1 implying, from Eq.
~3!, that the end point of the spectrum is shifted to much
lower values@unlessMs(t r)/Mp is very large; this seems to
be excluded, however, since it would correspond to the dila-
ton having gone very far into the nonperturbative region at
t5t r#. A shifted value of the end pointv1 implies a smaller
total energy densityVG , unless the spectrum has a peak at
some arbitrary frequencyvP lower thanv1, with such a
height that the integrated graviton energy is still of the same
order as that of a thermal degree of freedom, att5t r . In that
case the peak would again be localized, for any givends,
within the dashed lines of Fig. 1. The allowed region of Fig.
1 thus refers not only to a flat spectrum but also, in principle,
to a spectrum with a peak energy density higher than the end
point value. We note, however, that forvP!v1, and
VG(vP)@VG(v1), present calculations based on the low-
energy effective theory appear to preclude the possibility of
having enough quantum fluctuations to make them dominant
at t5t r ~at least for a monotonic time evolution of the dilaton
and of the metric scale factor!.

In order to compare our prediction with the sensitivities of
gravity waves detectors, it is convenient to express the spec-
tral energy density in terms of the spectral amplitude
Sh
1/2(n), n5v/2p, defined by

^h~n!h* ~2n8!&5 1
2d~n1n8!Sh~n!,

h~n!5E dth~ t !e22p int, ~9!

whereh(x,t) is either one of the two polarized, dimension-
less gravity wave amplitudes, and^•••& denotes time or en-
semble average. The average energy densityrG , summing

FIG. 1. The area within the dashed lines defines the allowed
region for the maximal value of the spectral energy density, for the
two casesds50 andds50.99 ~the plot is done usingnr5103).
The two boxes on the right border define the position of the end
point of the spectrum if the end of the string era occurs in the strong
coupling regime. For comparison, the flat graviton spectrum of the
de Sitter inflationary scenario is plotted for an inflation scale high
enough to account for the observed large scale anisotropy. Also
plotted are three lines of constant spectral amplitude
Sh
1/2510223, 10225, and 10227 Hz21/2, as well as the~dash-dotted!
‘‘one-graviton’’ line, along which the end point is shifted as a func-
tion of late entropy production.
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over polarizations, satisfies@15# 8prG5Mp
2^ḣ2&. The corre-

sponding spectral density, in critical units, is thus related to
Sh by

VG~n!5
8prG~n!

3Mp
2H0

2 5
4p2n3Sh~n!

3H0
2

51.2531036h100
22n3Sh~n!Hz22. ~10!

In Fig. 1 we have plotted three lines of constant sensitivity,
corresponding toSh

1/2510223, 10225, and 10227 Hz21/2. En-
tering the region where we expect a signal,VGh100

2 &1026,
would require a minimal sensitivity@from Eq. ~10!#

Sh
1/2~n!&3310226S kHzn D 3/2 Hz21/2. ~11!

Very recent, direct measurements with cryogenic resonant
detectors provide an upper limit@21# on the existence of
a relic graviton background,Sh

1/2,6310222 Hz21/2, at
n5907 Hz andn5923 Hz. This limit is still too high to be
significant for our background. However, much better sensi-

tivities can be reached through the cross correlation of exist-
ing resonant detectors@21# such as EXPLORER, NAUTI-
LUS, and AURIGA @22#, as well as from interferometric
detectors that will start operating in the near future, such as
GEO @23#, the Laser Interferometric Gravitational Wave Ob-
servatory~LIGO! @24#, and VIRGO@25#. Finally, spherical
detectors@26# also appear promising, because of their high
cross section at several frequencies for both tensor and scalar
metric fluctuations.
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