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Manifestly gauge covariant treatment of lattice chiral fermions
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We propose a lattice formulation of the chiral fermion which maximally respects the gauge symmetry and
simultaneously is free of the unwanted species doublers. The formulation is based on the lattice fermion
propagator and composite operators, rather than on the lattice fermion action. The fermionic determinant is
defined as a functional integral of an expectation value of the gauge current operator with respect to the
background gauge field: The gauge anomaly is characterized as the nonintegrability. We perform some per-
turbative tests to confirm the gauge covariance and an absence of the doublers. The formulation can be applied
rather straightforwardly to numerical simulations in the quenched approximg86656-282197)03405-X

PACS numbedps): 11.15.Ha, 11.30.Rd

The chiral fermion on the lattice has refused its manifestlyindirect route. Nevertheless, we attempt to respect the gauge
gauge-invariant treatmeiffil]. There even exists the no-go symmetry as much as possible within a range consistent with
theorem[ 2] for such an endeavor. In the continuum counter-the gauge anomaly.
part, the chiral fermion develops a curious phenomenon, Instead of directly defining the fermion action and the
called the quantum anomal@] or more definitely the gauge partition function, we start with the propagator and the gauge
anomaly[4]. It can be argued that the difficulty in the lattice current operator on the lattice. This formulation may be re-
chiral gauge theory is a natural consequence of the gauggarded as a first quantization approach, compared to the con-
anomaly. ventional ones. The important fact for us is that although the

Suppose that we start with a well-regularized fermionicpartition function cannot be regularized gauge invariantly in
partition function defined by a manifestly gauge-invariantgeneral, the gauge current can always be regularized gauge
lattice fermion action. In the continuum limit, the gauge covariantly even if the gauge representation is anomalous.

anomaly is a gauge variation of the partition function. There-T NiS type of regularization scheme in the continuum theory

fore, if the fermion content is not free of the gauge anomaly!S Known as the covariant regularizatipr. ,
In the covariant regularization, fermion loop diagrams are

the partition function should not be gauge invariant—thisd fined i | £th R
contradicts the very gauge invariance of the formulation. efined as an expectation value of the gauge cut€t(),

There are two possible resolutions: One is an appearance i the presence of the background gauge field. The ultravio-
. . ' Pet divergence of the diagram is then regularized by inserting
the species doublers which cancel the gauge anofigly

) . . S a gauge-invariant dumping factor into the fermion propaga-
Another is a pathology in the continuum limit such as the gaug ping bropag

L X The “trouble” with the latti tor. In this way, the gauge invariance associated with all the
non-Lorentz covariancg]. The “trouble” with the lattice o, 1o verticegxceptthat of J#%(x), is preserved. The basic

regularization is that it always regularizes ultraviolet diver-;qo-"is that a possible breaking of the gauge symmetry due to
gences, even when a gauge-invariant regularization shoulge anomaly is forced on th#3(x) vertex as much as pos-
be impossible due to the gauge anomaly. sible. The gauge anomaly ,(J**(x)) thus defined has the
The above reasoning suggests that the appearance of thgyariant form[8,9] because of the gauge invariance at ex-
unwanted doublers is quite natural. However, the problem ifernal vertices. On the other hand, a gauge singlet-operator
the conventional approach is, of course, that the doublersuch as the fermion number current is always regularized
appear even in the anomaly-free cases. Presumably, the idegluge invariantly. The scheme thus spoils the Bose symme-
lattice formulation of the chiral fermion will be the one try in general but it is restored when the theory is free of the
which distinguishes the anomaly-free gauge representatiorgauge anomaly. The scheme is very powerful and applicable
from the anomalous ones. That unknown gauge-invariant lato any chiral gauge theories including the Yukawa couplings.
tice action should have a structure that can be written down, Once the expectation value of the gauge current is ob-
for example, for the spinor representation of4dut not for  tained in the covariant regularization, the fermionic determi-
the fundamental representation of 3y because the latter is nant may be defined as a functional integra{ &f*(x)) with
anomalous. Such an ideal formulation seems to require eespect to the background gauge field. However, it is obvious
further deeper understanding on the origin of the quantunthat the integration is possible only when there exists a Bose
anomaly. symmetry among all the gauge vertices. In other words, the
In this work, we simply abandon a direct gauge-invariantgauge anomaly should satisfy the Wess-Zumino condition
definition of the fermionic partition function. We take an [10] which is a consequence of the integrability. Since the
covariant anomaly breaks the Bose symmetry and the Wess-
Zumino condition[8,9], we cannot define the fermionic de-
*Electronic address: hsuzuki@mito.ipc.ibaraki.ac.jp terminant from the integration dfJ*?(x)), provided that it
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has the covariant gauge anomal¥herefore, following the to the continuum onél) in the naive continuum limit. The
covariant regularization, the gauge anomaly is characterizechoice (2) is by no means unique and another definition
as the nonintegrability of this integration process. This is avould work as well.
consistent picture because the fermionic determinant cannot Using the lattice propagatd®), we define a fermion bi-
be gauge invariant when the gauge anomaly is present. Olinear operator
proposal in this work in spirit can be regarded as a lattice
version of the covariant regularization. We notice that the
covariant regularization itself does not require the action
level realization 11].

We proceed as follows: In the continuum theory, thewhere the minus sign is due to the Fermi statistics. The

propagator of a massle&rac fermion is expressed as gauge current of a right-handethiral fermion is simply
definedby taking M=T%y*Pg, wherePg=(1+15)/2 is the

— -1 chirality projection operator. This is possible because noth-
(T (y))=— 8(x—y) ing flips the chirality along the fermion line. When the
iD Yukawa coupling is involved, this simple recipe using the
1 Dirac propagator does not work and we will comment on
=iD _ S(X—Y) later the generalization.
g“'D D, +i[y*,y"]F .14 An important property of definition(5) is the manifest
1) gauge covariance. Namely, under the gauge transformation
on the link variableUM(x)—>V(x)UM(x)VT(x+a"), the
where D= y*(d,+iA,) is the vector type, i.e., nonchiral, propagator (2) is transformed asG(x,y)—V(x)G(X,y)
covariant derivative, ande , is the field strength In the X V'(y). Consequently, the bilinear operai@) transforms
second line, the denominator has been rewritten secand
derivatiye, that may allow a lattice propagator free of the (%x)/\/lw(x))e(ﬁx)VT(x)MV(x)w(x)>, (6)
doubler’s massless pole. As the propagator on the lattice,
therefore, we take

(OO MP(X)) = —tr MG(X,Y)| oy, (5)

which means that the composite operator has a definite trans-

(sz(x y))=G(x,y) formation property under the gauge transformation on the
external gauge field. Note that the covariance holds for a
~iD(x) 1 finite lattice spacing as well as the continuum limit-0. In

O(x)+[y*,¥"1[U ,,(x)— 1]/ (4a?) particular, a gaugsingletoperator, for whichM commutes
with the gauge generator, is regularizgalige invariantly In

X 8(X,Y), (2 the continuum limit, the gauge anomaly should have the
iant f [ hat the limit i hologi-
where 5(X’y)55)(1y/a4 andD(x) is the standard lattice co- g:luge covariant form provided that the limit is not pathologi

variant derivative Since we are not assuming the underlying fermion action

1 in the present formulation, various symmetric properties are
X)=, y* — [UM(x)ea%—e‘a%U;(x)] (3)  unfortunately not manifest. Nevertheless the gauge covari-
2a ance(6) is powerful enough to derive the Ward identity as-

. . . . . . sociated with external gauge vertices. The vertex function,
[U ,(x) is the link variable[12] anda is the lattice spacing being a gauge current 'g/pegoperamr T2\ inserted, is
To avoid the unwanted massless pole, we define the COVaffafined by

iant lattice d’Alembertian by

1"
ol e

=1

. - .
D00==2 Z[Uu0e¥nte U (0-2]. (4)  (OT v Ah(x)= 3, 2 AT(x)

Xj M8

For the free theory, this is§:§$(1—cosaku)/a2 in the mo- fv/a d4pj oiPj (- x)) giap, ,2}
!

mentum space and does not have the doublers zero at i (27)*

k,=m/a. Equation (4) is nothing but the Wilson term

[13] apart from one extra &/ In EQ. (2), U, (x) is xrj\‘/ﬂl"'“naal"'an(pl,pz,___,pn),
the standard plaquette variabjé2] U ,,(x)=U (x)U J(X

+a")u, (x+aV)U*(x) With the parametnzatlonU (x) @)

—exp[laA (x)], the lattice propagatd) obviously reduces
where the term independent of the gauge fielé-0) identi-
cally vanishes. For example, when the constant malifim

When the gauge group is Abelian, the Wess-Zumino condition is Eq. (7) commutes with the gauge generator, we find

trivial and gives no constraint. The existence of the covariant

anomaly implies the nonintegrability also in this case because,

0+ 697, (I*(X))/ (8A,(y)) # 37, 6(3"(y) )/ (6A (X)) =0, where the 2t is equally easy to define, say, the two-point function of baryon-
left- hand side is the (1) gauge anomaly and the right-hand side type composite operators. Note that the present formulation is also
means the current is covariantly regularized. applicable to the vector gauge theory such as QCD.
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p,lim'4*%(p)=0, For the three-point function, we computed the divergence
a—0 of the vector and the axial gauge currents:
—ip, limT#2P85(p, q) — f22dlim T4¢9%(p) =0,  (8) i(p,+0,) limL52*%(p,q)=0,
a—0 a—0 a—0
and higher point identities, by examining a variation of both i(p,tdy) lim F’;s””abc(p,q)
a—0

sides of Eq(7) under an infinitesimal gauge transformation.

The second relation is nothing but the covariant convergence i

of Fhe gauge current at one of external vertices in t_he three- =—5tr Ta{Tb,TC}svpaBpan. (12)
point function. Note, however, that the gauge covariaige Am

itself doesnot imply Both relations are consistent with the Ward identity and ac-

i(p,+q,)lim Fj(f”abc(p,q)— fabdjim FKch(p)ZO- tually the first of Eq(12) may be derived solely from Eg8)
B a—0 and a general argument. The second relation should be inter-
9 preted as the covariant anomaly because of the underlying

) ] o ] gauge covariance: It has the unique covariantized form
If this relation would hold, it implies the covariant conver-

gence of arbitrary current operators and contradicts with pos- D, lim (p(X) T2y* (X)) =0,

sible anomalies. The crucial point in this formulation is that a—0

vertices associated with the external gauge field and the ver-

tex of the composite current operator are treated differently. L _

Thus, in general, lim.o['4*?3"® is not symmetric under an DM;'TOW(X)T YHys(X)) = 1672

exchangeu—v and a<b. It is this breaking of the Bose (13)

symmetry which allows the manifest gauge covariance of the

formulation. However, as was already noted, the Bose sym¥herefore, the gauge anomaly of a chiral ferm{onte that

metry will be restored in the continuum limit when the Py is inserted in the gauge curréritas the covariant form

theory is free of the gauge anomaly. with the correct coefficient. We also find the correct fermion
To verify the above properties and that the unwanted dounumber anomaly15] of a single chiral fermion by substitut-

blers are really absent in the present formulation, we explicing T?—1 in Eq. (13).

itly evaluated some of the vertex functions in the continuum We have observed that, besides the manifest gauge cova-

limit. After a somewhat lengthly calculation using the tech-riance (6), the present formulation possesses many desired

nique in[14], we find that the two-point function is given by features at least in the perturbative treatment. At this point

the reader might be wondering if the present formulation is

equivalent to a nonlocal fermion action

7P TOF , F g

lim 4728 p) = — tr TETPy“N(pp"~ v"p?)

a—0

4877

4 5 . 5 s=a'2 Y(){Dx)+[v*,7"]
X |nT2pz—’y+§+47T (J_QK)}, X
-1
(20 — PN
X[U,(x)—1]/(4a )} D00 Priv(X), (19

whereJ=0.046 ... andK=0.3® ... arenumerical con-

stants[14]. The Lorentz covariance is restored and there ishbecause it obviously corresponds to the propag&®y

no nonlocal divergence in Eq10). Also the quadratically hence, the nonlocality leads to some pathology. This inter-
divergent terms, which are proportional g4*/a?, are can-  pretation isnot correct. If our formulation is simply based
celed out, as the Ward identit®) and the hypercubic sym- on the action (14), the gauge current would be de-
metry indicate. By takingV=Pg, Eq.(10) gives the vacuum fined by (y(x)T2y*¥(X))gs=—4In nydw(y)dw(y)eS/

polarization tensor of a right-handed chiral fermion: [6A%(x)] and the definition obviously respects the Bose
symmetry among all the gauge vertices. As a consequence,
[T#vab ) = — tr TAT?(p*p” — g p2 we havg the cqnsistent form of gauge anomaly in the con-
(P) 24r? (PP"=0"p") tinuum limit which contradicts with the manifest gauge in-

dr 5 5 variance of Eq(14). As was already argued,.we then expect
x| In —p—p— y+ —+4772( J— — K) } the doublers or a pathology such as a breaking of the Lorentz
3 24 covariance. Our formulation based on the prescripiign
(12) with M=T2y*Pg, on the other hand, explicitly spoils the
Bose symmetry but instead respects the maximal background
It is transverse, as is constrained by the Ward ide@hand  gauge covariance. The possible gauge anomaly has the co-
the logarithmic divergence has the correct coefficient as aariant form. Therefore, two approaches are completely dif-
single chiral fermion. Thus we see that the formulation, in ferenteven in the continuum limit
fact, respects the gauge covariance and simultaneously is For simplicity of the presentation, we have neglected the
free of the species doublers at least in the perturbative treapossible Yukawa couplings up to now, which is important in
ment. realistic chiral gauge theories. The generalization of E2js.
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and(5) is however straightforward. In the continuum theory, terminant between two gauge field configurations. This is the
the covariant derivative is generalized @=DgPg lattice analogue of the gauge current expectation value.
+D P _—iG¢prPr—iG ¢ P, with obvious notations. Ex- However, the integration is not necessary at all if one is
pression(l) is therefore replaced by-1/iD)=iD(PD")  contented with theuenchedapproximation. The application
and the following steps are almost identical. The latticeto numerical simulations is straightforward once having the
d’Alembertian(4) may be used for the right-handed and the|attice fermion propagator such as Eg). We therefore be-
left-handed components, respectively. lieve that our proposal, even in the present form, has a range
From the above analyses, the present proposal seems dppractical application at least within the quenched approxi-
provide a gauge covariarfor invariant for a gauge singlet ation.
operatoJ definition of composite operators without the un- Note addedAfter this paper was accepted for publication,
wanted doublers. We then have to integrate the gauge currefe guthor was aware that a similar proposal had already
expectation value to construct the fermionic determinant. Ayeen madé16]. However, the point that we do not assume
cancellation of the gauge anomaly is the integrability condithe ynderlying nonlocal action is the crucial difference.
tion in the continuum limit, as was already noted. However,q; consideration also explains why the correct axial
this fact is not so useful practically because the analyticahnomaly evaluated from a composite current operator defini-
integration is a formidable task and, the continuum limit is;jqp, [16] and the correct vacuum polarization tensor are not

never reached in numerical simulations. Clearly we ought Qg oduced in the corresponding nonlocal action calculations
study the integrability with dinite lattice spacindand asso- [17].

ciated modifications of Eqs2) and (5), if necessary for

setting up a nonperturbative framework. This analysis is in The author would like to thank K. Fujikawa, S. Kanno,
progress and will be reported elsewhere. Here, we simpland Y. Kikukawa for discussions. This work was supported
note that what is needed in the Metropolis simulation is notn part by the Ministry of Education Grant in-Aid for Scien-

the fermionic determinant itself but tltéfferenceof the de-  tific Research Nos. 08240207, 08640347, and 07304029.
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