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We perform a phenomenological analysis of neutrino oscillations introducing an additional sterile neutrino.
In such a scenario, more than one spectrum is possible that can accommodate three hierarchically different
mass-squared differences as required by the present experiments. We considered two different spectra. Choos-
ing theDm2s in the ranges suitable for the LSND, atmospheric, and solar neutrino oscillations, limits on the
mixing angles are derived, consistent with the most restrictive accelerator and reactor data as well as the
atmospheric and solar neutrino results. We show that the present data disfavor one of these mass spectra
leaving us with a very stringent choice of mass and mixing angle. The potential of the future heavy water solar
neutrino experiment SNO to distinguish between the four-neutrino mixing and two-neutrino mixing cases is
explored.@S0556-2821~97!01603-2#

PACS number~s!: 14.60.Pq, 14.60.Lm, 26.65.1t, 96.40.Tv

I. INTRODUCTION

The question of whether or not neutrinos have a nonzero
mass has remained one of the most tantalizing issues in
present day physics. In the standard model of electroweak
theory neutrinos are considered to be massless. But there is
no compelling theoretical reason behind this assumption.
Most extensions of the standard model allow a small but
nonzero neutrino mass. A way for probing small neutrino
masses and the mixing between different neutrino flavors is
provided by neutrino oscillations. Considering only two gen-
erations for simplicity, the probability that an initialna of
energyE gets converted to anb after traveling a distance
L in vacuum is

Pnanb
5sin22u sin2~1.27Dm2L/E!, ~1!

whereu is the mixing angle in vacuum.Dm2 denotes the
mass difference squared in eV2. L/E is in meter/MeV. The
oscillatory character is embedded in the second factor in Eq.
~1!. The detection of this phenomenon in an experiment re-
quiresE/L.Dm2.

Recently the Liquid Scintillator Neutrino Detector
~LSND! Collaboration has declared its results for a positive
evidence ofn̄m- n̄e oscillations@1# ~see, however,@2#!. Prior
to this, indications of neutrino oscillations came from the
well-known solar neutrino problem and the atmospheric neu-
trino anomaly.

If indeed neutrino flavor oscillations take place, the most
sensitive value ofDm2 for detecting such a phenomenon in
LSND is in the eV2 range, which is in the right area for the
cold plus hot dark matter scenario for structure formation in
the early universe@3#. It remains to be seen whether the
LSND results stand the test of time@4# but already this has
added a new impetus to the issue of neutrino mass and mix-
ing and a number of investigations have been carried out
recently, discussing the possible impact of this on particle
physics, astrophysics, and cosmology@5#.

The observed suppression of solar neutrino fluxes as com-
pared to the theoretical predictions constitutes the long-
standing solar neutrino problem. A purely astrophysical so-

lution to this, attributing the deficit to an inaccurate
prediction of the fluxes by the standard solar models@6,7#, is
disfavored by the present data@8#. If neutrinos are massive, a
plausible explanation to the solar neutrino problem is neu-
trino oscillations in vacuum@9# or the Mikheyev-Smirnov-
Wolfenstein~MSW! @10# effect of matter enhanced resonant
flavor conversions. The basic idea is the transition ofne to
another species—active or sterile—to which the detector is
not sensitive. The two-generation oscillation explanation for
the solar neutrino problem requiresDm2;5.431026 eV2

and sin22u;7.931023 ~nonadiabatic solution! and
Dm2;1.731025 eV2 and sin22u;0.69~large-mixing-angle
solution! @11# for the MSW transition to an active neutrino.
If instead one considers oscillations to sterile neutrinos as a
possible solution, the large-angle region is excluded at 98–
99 % C.L.@12#. Oscillations in vacuum to an active neutrino
require Dm2;0.615310210 eV2 and sin22u;0.864 @13#.
The sterile neutrino alternative for this case is ruled out by
the present data at 95–98 % C.L@13,14#.

The primary components of the cosmic-ray flux interact
with the Earth’s atmosphere, producing pions and kaons
which can decay as

p6~K6!→m61nm~ n̄m!, m6→e61ne~ n̄e!1 n̄m~nm!.

These neutrinos can be detected by imaging water C˘ erenkov
detectors—Kamiokande@15,16# and IMB @17#—or using
iron calorimeters as is done in Fre´jus @18#, Nusex@19#, and
Soudan2@20#. To reduce the uncertainty in the absolute flux
values the usual practice is to present the ratio of ratiosR
@21#:

R5
~nm1 n̄m!/~ne1 n̄e!obsvd

~nm1 n̄m!/~ne1 n̄e!MC
, ~2!

where MC denotes the Monte Carlo–simulated ratio. Kamio-
kande and IMB findR to be less than the expected value of
unity. This deviation is known as the atmospheric neutrino
anomaly. Preliminary results from Soudan2 agree with this
but Fréjus and Nusex results are consistent with theoretical
predictions. The atmospheric anomaly, if it exists, can be
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explained by eithernm-ne or nm-nt oscillations in a two-
generation picture. The analysis of the new multi-GeV data
as well as the previous sub-GeV data of the Kamiokande
Collaboration predicts the best-fit parameters (Dm2,sin22u)
5(1.831022 eV2,1.0) for nm-ne oscillations and ~1.6
31022 eV2,1.0) for nm-nt oscillations@16#. Since the re-
quired mixing angle is large, oscillations to sterile neutrinos
for this case as well as for the large-angle MSW and vacuum
oscillation solutions were believed to be inconsistent with
the nucleosynthesis constraints@22#. However, this conclu-
sion depends on the bound on the number of neutrino species
from big bang nucleosynthesis@23,24#. If Nn is ,4, then
mixing with a sterile species is required to be suppressed
strongly. If, on the other hand,Nn.4 as suggested recently
in @25#, the possibility of large mixing with sterile neutrinos
cannot be excludeda priori ~see also@26#!.

The three neutrino oscillation phenomena mentioned
above—namely, the solar neutrino problem, the atmospheric
neutrino anomaly, and then̄m-n̄e oscillations observed by the
LSND group—require three hierarchically different mass
ranges which cannot be accommodated in a three-generation
picture and many of the studies after the declaration of the
LSND results attempted a simultaneous explanation of any
two of the above—the solar plus accelerator and reactor data
@27# or atmospheric plus accelerator and reactor data@28,29#.
A recent combined three-generation analysis of solar and at-
mospheric neutrino oscillation data can be found in@30–33#.
Another approach is to use one common mass scale to ex-
plain the accelerator and reactor as well as atmospheric neu-
trino oscillations. The other independent mass scale is em-
ployed to explain the solar neutrino oscillations@33–37#. As
discussed in@37# the common mass-squared difference
needed for a simultaneous explanation of the accelerator, re-
actor, and atmospheric neutrino data lies in the range
;0.2–0.4 eV2, which is one order of magnitude lower than
the value most commonly associated with LSND and one
order of magnitude larger than the mass scale of 1022 eV2

known to be the best-fit value from two-generation studies of
atmospheric neutrino oscillations@16#. A recent three-
generation analysis of the sub-GeV as well as multi-GeV
Kamiokande data including matter effects also indicates a
best-fitDm2 of 1022 eV2 @38#. It has been widely realized
that a remedy of this situation might be the introduction of a
fourth neutrino. LEP data reveal that there are three light
active neutrino species. So the fourth neutrino has to be ster-
ile.

Introducing this additional neutrino one can attempt to
separate two-generation treatments for each but a more com-
prehensive approach would be to determine the parameter
ranges consistent with all the experiments by a combined
analysis in a four-neutrino framework, which can reveal the
full implications of each experimental datum on the others.
In this paper we perform such an oscillation analysis. Phe-
nomenological analyses involving four massive neutrinos
have been carried out earlier in Ref.@39# and more recently
in Refs.@40,41#.

In a scenario with four neutrinos there are sixDm2’s,
three of which are independent, and six mixing angles, ne-
glectingCP-violating phases. We assume a minimal four-
neutrino mixing scheme, in which the sterile neutrino mixes
only with the electron neutrino, thus reducing the number of

mixing angles to 4. We do not make any assumptions regard-
ing these mixing angles, allowing them to cover the whole
range from 0 top/2. Guided by the present data on neutrino
oscillation we consider two different sets of hierarchical
mass squared differences.

~i! Mass pattern.D13.D23.D345DL , the largest mass
scale, in the LSND range,D12.D245D I , the intermediate
mass scale as preferred by the atmospheric neutrino data, and
D145DS , the smallest mass scale, either in the MSW or in
the vacuum oscillation range.

~ii ! Mass pattern.D12.D13.D24.D345DL , D235D I ,
D145DS . D i j5umj

22mi
2u. The hierarchy in the absolute

values of neutrino masses as implied by the above spectra
can be classified in general as follows.

Case ~i!: ~a! m4
2.m1

2'm2
2!m3

2 or ~b! m4
2.m1

2

'm2
2@m3

2.
Case ~ii !: ~a! m4

2.m1
2!m2

2'm3
2 or ~b! m4

2.m1
2

@m2
2'm3

2.
These are shown schematically in Fig. 1. The. and'

signs imply that differences byDS and D I are neglected,
respectively, while the@ or ! sign means difference by
DL . In each case, the scenarios~a! and~b! differ only in that
the signs of allD i j ’s are opposite. Neutrino oscillation analy-
sis remains the same for~a! and~b! in both cases and one has
to invoke some other experimental constraints like that from
neutrinoless doubleb decay for a distinction between these
@28#.

Models for neutrino masses and mixings assuming the
existence of sterile states besides the three active flavors
have been discussed before@42#. After the declaration of the
LSND results models involving extra singlet neutrinos have
been constructed by many authors@43#. Our investigation is
not motivated by any particular model. Rather, we do a phe-
nomenological analysis in which we fix the twoDm2’s re-
lated to the atmospheric and LSND signals at appropriate
representative values and determine the other oscillation pa-
rameters from the experimental data. We would like to em-
phasize that the two mass differences related to atmospheric
and LSND signals have not been fitted but simply fixed to
representative values in the analysis~while all the other os-
cillation parameters have been fitted!.

The plan of the paper is as follows. In Sec. II we summa-
rize the experimental results relevant for our purpose. In the
following section we calculate the survival and transition
probabilities for the various experiments for the mass spectra
~i! and~ii !. The results of our analysis and some discussions
are presented in Sec. IV where we also examine whether the
future solar neutrino experiment SNO can differentiate be-
tween the two-neutrino and four-neutrino models. We end in
Sec. V with a short summary and conclusions.

II. EXPERIMENTAL RESULTS

A. Laboratory experiments

The laboratory experiments can serve as an important tool
for neutrino oscillation search. These are either accelerator or
reactor based and in general are of two types:~i! disappear-
ance experiments, in which one looks for a reduction in the
initial neutrino flux due to oscillations to some other flavor to
which the detector is not sensitive;~ii ! appearance experi-
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ments, in which one searches for a new neutrino flavor, ab-
sent in the initial beam, which can arise from oscillation.

Prior to the LSND results, all the laboratory experiments
were consistent with no neutrino oscillations@44# and pro-
vided exclusion regions in theDm2-sin22u plane. In the re-
gion of largeDm2, the sin2(1.27Dm2L/E) term→ 0.5 and
Pnanb

50.5sin22u. Thus the limits on sin22u from the exclu-

sion plots can be used to extract bounds onPnanb
. In Table I

we summarize the laboratory experiments which give the
most stringent bounds onPnanb

in the mass ranges of inter-

est. TheDm2, to which these experiments are sensitive, de-
pends on theL/E factor.

B. Atmospheric neutrinos

Among the experiments measuring the atmospheric neu-
trino flux, data of the most statistical significance have been
collected by the Kamiokande and the IMB Collaborations.
For neutrinos of energy less than;1 GeV, IMB finds
R50.5460.0560.12 @17# in agreement with the Kamio-
kande dataR50.6020.05

10.0660.05 in this energy range@15,16#.
Recently the Kamiokande group has published the results of
the measurement of the flux ratio in the multi-GeV energy
range@16#. They foundR50.5720.07

10.0860.07, in good agree-
ment with the sub-GeV value. Another aspect of this mea-
surement that can independently point towards neutrino os-
cillation is the dependence ofR on the zenith angle. The
multi-GeV Kamiokande data reveal a dependence on the ze-
nith angle unlike the sub-GeV data, though the statistical

significance of this result has been questioned@45#. For the
purpose of this paper we use the sub-GeV Kamiokande re-
sults for which matter effects are negligible for values of
Dm2’s used in the analysis and the ‘‘empty Earth approxi-
mation’’ is applicable~see Sec. III B!.

C. Solar neutrinos

At present there are four ongoing experiments that are
measuring the flux of solar neutrinos. These experiments
along with the measured rates and theoretical predictions
from Ref. @7# are summarized in Table II. All the experi-
ments indicate that the measured flux is less than the stan-
dard model predictions. The degree of depletion differs from
experiment to experiment. Since each type of experiment is
sensitive to different parts of the solar neutrino energy spec-
trum, it is plausible that the suppression mechanism is en-
ergy dependent.

III. SURVIVAL AND TRANSITION PROBABILITIES

For N neutrino generations expression~1! generalizes to

Pnanb
5dab24 (

j. i
Ua iUb iUa jUb jsin

2S pL

l i j
D . ~3!

i ,j vary from 1 toN for N generations:

l i j52.47m~En /MeV!~eV2/D i j !. ~4!

The actual form of the various survival and transition prob-
abilities will depend on the spectrum ofDm2 chosen and the
explicit form of U. If Dm2 is such that a particularl@L,
then the corresponding oscillatory term sin2pL/l→0,
whereasl!L would imply a large number of oscillations
and consequently the sin2pL/l term averages out to 1/2.

NeglectingCP-violating phases,U is real and, in the
minimal mixing scheme, is a function of four angles and can
be expressed in general as the product of four 434 rotation
matricesRi j . As a consequence ofCPT andCP invariance
there is no distinction betweenPnanb

, P n̄ an̄b
, Pnbna

, and

P n̄ bn̄a
in our analysis. The oscillations are characterized by

TABLE I. The characteristics of the most restrictive accelerator
and reactor experiments.

Experiment E L

Bugey ;5 MeV ;40 m
CDHSW 2,E,20 GeV ;1 km
E776 1210 GeV ;1 km
E531 ;50 GeV 0.949 km
LSND 36–60 MeV 30 m

FIG. 1. The possible mass spectra considered~not to scale!. The scenarios~a! and ~b! are related as~a!↔~b! underD i j↔2D i j .
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three oscillation wavelengthslL , l I , andlS corresponding
to the three mass scalesDL , D I , andDS in the problem.
Sincel}1/Dm2 @see Eq.~4!#, lL is the shortest wavelength
corresponding to the largest mass scaleDL and similarly
lS denotes the longest wavelength characterized by the
smallest mass scaleDS . Before calculating the probabilities
for each mass spectrum we note the following general points.

A. Accelerator and reactor neutrinos

For the accelerator and reactor neutrinos, the energy and
length scales are such thatlS andl I@L and the oscillations
driven by these mass scales are absent. Thus the one mass
scale dominance often used in the context of accelerator and
reactor neutrino oscillations@33,50# is a valid approximation,
the oscillations being driven bylL . We further note that for
BugeylL!L so that sin2(pL/lL) averages to 1/2.

B. Atmospheric neutrinos

For the atmospheric neutrinos in the energy range
;0.1–1 GeV traveling through a distance in the range
;10–104 km, lS@L, and the oscillations driven byDS are
absent. Thus the probabilities in this case involve two mass
scalesDL and D I . In the context of the sub-GeV Kamio-
kande data the oscillatory terms are often replaced by their
average value of 0.5@51,31,28#. This is a good approxima-
tion for the sin2pL/lL term but not for the sin2(pL/lI) term in
our case atD I51022 eV2. Thus an averaging over the inci-
dent neutrino energy spectrum, the zenith angle of the beam
as well as the final lepton energy, is done following the pro-
cedure of@52#. The general expression of Eq.~2! for N fla-
vors in terms of the neutrino transition and survival prob-
abilities is

R5

^Pnmnm
&1

Nem
0

Nmm
0 ^Pnmne

&

^Pnene
&1

Nem
0

Nee
0 ^Pnmne

&

, ~5!

where

^Pnanb
&5

1

Nab
0 E d2fa

dEnd cosun
Pnanb

3
ds

dEb
e~Eb!dEndEbd~cosun! ~6!

and

Nab
0 5E d2fa

dEnd cosun

ds

dEb
e~Eb!dEndEbd~cosun!. ~7!

En is the neutrino energy, andfa is the flux of atmospheric
neutrinosna . e(Eb) is the detection efficiency of a final
charged lepton state with energyEb . s is the interaction
cross section for the reactionnN→ l6N8. The sub-GeV
fluxes of@53# and the charged current quasielastic cross sec-
tions from @54# are used. The detection efficiencies@15# are
incorporated. In a general multigeneration analysis of atmo-
spheric neutrinos matter effects might be important for the
nm-ne oscillation mode@55#. Assuming a matter density of 5
g/cm3 andE51 GeV, the term relevant for matter effects,
2A2GFneE[3.6531024 eV2. It has been shown in
@56,57,36# that for contained atmospheric neutrino events
matter effects are important forDm2 in the range;1023–
1024 eV2. Since both theDm2 relevant for us are outside
this range, the empty-Earth approach is good enough for our
purpose. A general three-generation analysis of atmospheric
neutrinos including matter effects for both sub-GeV and
multi-GeV Kamiokande data is performed in@38,58#.

C. Solar neutrinos

1. Vacuum oscillations

For oscillation of solar neutrinos in vacuumlL and
l I!L and the terms involving these average out to 1/2.

2. MSW mechanism

Solving the neutrino propagation equations in matter for
more than two generations and arbitrary values of neutrino
masses is, in general, a nontrivial exercise. MSW analyses
for three neutrino generations and the conditions under
which it simplifies have been done by many authors@59,30#.
A particularly simplifying assumption is one in which the
problem reduces to an effective two-generation case@30,33#.
In our modelD14 is kept in the range suitable for solving the
solar neutrino problem for both the mass spectra and
D12, D13@D14. Under these conditions MSW resonance oc-
curs between the first and fourth states while the second and
third states remain unaffected by matter. Thusne-ns oscilla-
tion is the dominant mode for depletion of solar neutrinos.
However, in a combined analysis, mixing ofne with nm and
nt is also expected to affect the probabilities.

TABLE II. The solar neutrino data employed in the analysis and the theoretical predictions from Ref.@7#.

Homestake@SNU# Kamioka @106 cm22 s21] GALLEX @SNU# SAGE @SNU#

Observed rate 2.5560.25a 2.8960.42b 77.168.525.4
14.4 c 69.0613d

BP95 SSM 9.361.1 6.6261.06 13726
17 13726

17

aRef. @46#.
bRef. @47#.
cRef. @48#.
dRef. @49#.
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D. Mass Spectrum„i…

For this case we take

U5R23R13R12R145S c12c13c14 s12c13 s13 c13c12s14

2c23s12c142s13c12s23c14 c12c232s13s12s23 s23c13 2c23s12s142s13c12s23s14

s12s23c142s13c12c23c14 2c12s232s13s12c23 c13c23 s12s23s142s13c12c23s14

2s14 0 0 c14

D , ~8!

whereci j5cosuij and si j5sinuij , here and everywhere else
in the paper. Let us now see what the probabilities for the
various experiments are in this case.

1. Accelerator and reactor experiments

In this case,

P n̄ en̄ e
5122s13

2 c13
2 ~Bugey!, ~9!

P n̄ mn̄m
5124s23

2 c13
2 ~12c13

2 s23
2 !sin2~pL/lL! ~CDHSW!,

~10!

P n̄ m n̄ e
54c13

2 s13
2 s23

2 sin2~pL/lL! ~LSND,E776!, ~11!

P n̄ m n̄ t
54c23

2 s23
2 c13

4 sin2~pL/lL! ~E531!. ~12!

2. Atmospheric neutrinos

In this case the relevant probabilities appearing in Eq.~5!
are

Pnene
5122c13

2 s13
2 24c12

2 s12
2 c13

4 sin2~pL/l I !, ~13!

Pnmne
52c13

2 s13
2 s23

2 14c13
2 c12s12~c23c122s13s12s23!

3~c23s121s13c12s23!sin
2~pL/l I !, ~14!

Pnmnm
5122c13

2 s23
2 12c13

4 s23
4 24~c23c122s13s12s23!

2

3~c23s121s13c12s23!
2sin2~pL/l I !. ~15!

3. Solar neutrinos

(a.) Vacuum oscillations.The electron neutrino survival
probability in this case is

Pnene
5c13

4 c12
4 P2vac1s13

4 1s12
4 c13

4 , ~16!

where P2vac is of the form of the two-generation vacuum
oscillation probability:

P2vac512sin22u14sin
2~pL/lS!. ~17!

(b.) MSW mechanism.If the mass hierarchies, mixing
angles, and the density distributions are such that one has
resonance between the first and fourth mass eigenstates,
while the second and third mass eigenstates remain indepen-
dent of matter density, then the mixing matrix in matter is

UM5R23R13R12R14M . The mixing between the first and
fourth generations gets modified by the matter effects as

tan2u14m5
D14sin2u14

D14cos2u1422A2GFneffE
, ~18!

where we defineneff as

neff5c13
2 c12

2 ne2
1
2nn . ~19!

In the limit c13,c12→ 1 this reduces to the two-generation
expression@60#. From Eq.~18!, the resonance condition be-
tween the first and fourth generations in the presence of the
other two generations becomes

2A2GFneffE5D14cos2u14. ~20!

The difference between this and the three-generation reso-
nance is to be noted. While the three-generation resonance
condition gets modified by one additional mixing angle here
the mixing angles with the second as well as the third gen-
eration appear in the resonance condition throughneff . The
calculation of the survival probabilityPnene

is then a
straightforward generalization of the standard two- or three-
generation MSW scenario and one gets

Pnene
5c12

4 c13
4 PMSW1s13

4 1s12
4 c13

4 , ~21!

PMSW50.51@0.52u~E2EA!X#cos2u14cos2u14M .
~22!

EA5D14cos2u14/2A2GFneff gives the minimumn energy
that can encounter a resonance inside the sun.X denotes the
jump probability between the first and fourth mass eigen-
states. For this we use the expression due to Petcov@61#
which is suitable for an exponential density profile as in the
Sun. This gives

X5
exp@2pgR~12cos2u14!#2exp@2pgR#

12exp@22pgR#
. ~23!

gR is given by

gR5
D14

2E

RS

~1/neff!dneff /dz
, ~24!
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wherez5r /RS , RS being the solar radius. We note that un-
like the case discussed in@30#, the mixing anglesc12

2 and
c13
2 appear in the expression of the jump probability, via
neff defined in Eq.~19!.

E. Mass spectrum„ii …

In this case we take

U5R13R12R23R145S c12c13c14 s12c13c232s13s23 c13s12s231s13c23 c13c12s14

2s12c14 c12c23 c12s23 2s12s14

2s13c12c14 2s13s12c232c13s23 2s12s13s231c13c23 2s13c12s14

2s14 0 0 c14

D . ~25!

We next calculate the probabilities for the various experi-
ments.

1. Accelerator and reactor experiments

In this case,

P n̄ en̄ e
5122c13

2 c12
2 12c13

4 c12
4 ~Bugey!, ~26!

P n̄ m n̄ m
512sin22u12sin

2~pL/lL! ~CDHSW!, ~27!

P n̄ m n̄ e
54c12

2 s12
2 c13

2 sin2~pL/lL! ~LSND,E776!, ~28!

P n̄ m n̄ t
54c12

2 s12
2 s13

2 sin2~pL/lL! ~E531!. ~29!

2. Atmospheric neutrinos

For the chosen mass spectrum and mixing the probabili-
ties appearing in Eq.~5! are

Pnene
5122c13

2 c12
2 12c13

4 c12
4 24~c13s12c232s13s23!

2

3~c13s12s231s13c23!
2sin2~pL/l I !, ~30!

Pnmne
52c13

2 c12
2 s12

2 24c12
2 c23s23~c13s12c232s13s23!

3~c13s12s231s13c23!sin
2~pL/l I !, ~31!

Pnmnm
5122c12

2 s12
2 24c12

4 c23
2 s23

2 sin2~pL/l I !. ~32!

3. Solar neutrinos

(a.) Vacuum oscillations. The electron neutrino survival
probability in this case is

Pnene
5c13

4 c12
4 P2vac1~s12c13c232s13s23!

4

1~c13s12s231s13c23!
4, ~33!

whereP2vac is given by Eq.~17!.
(b.) MSW mechanism. In this case the mixing matrix in

matter isUM5R13R12R23R14M . For this case also the reso-
nance can be assumed to happen between the first and fourth
mass eigenstates whence the mixing angleu14M and the reso-
nance condition continue to be given by Eqs.~18! and ~20!.
The probability, however, is different and can be expressed
as

Pnene
5c12

4 c13
4 PMSW1~s12c13c232s13s23!

4

1~c13s12s231s13c23!
4, ~34!

wherePMSW is defined in Eq.~22!.

TABLE III. The constraints on the angular factors of the most restrictive accelerator and reactor experi-
ments at different values ofDL .

Experiment LSNDa Bugeyb CDHSWc E776d E531e

Angle factorA 4c13
2 s13

2 s23
2 4s13

2 c13
2 4s23

2 c13
2 (12c13

2 s23
2 ) 4c13

2 s13
2 s23

2 4c23
2 s23

2 c13
4

@Mass spectrum~i!#
Angle factorA 4c12

2 s12
2 c13

2 4c12
2 c13

2 (12c12
2 c13

2 ) 4c12
2 s12

2 4c12
2 s12

2 c13
2 4c12

2 s12
2 s13

2

@Mass spectrum~ii !#
DL50.5 eV2 0.009,A,0.03 A,0.0257 A,0.04 A,0.0257 -
DL52 eV2 0.0015,A,0.006 A,0.06 A,0.06 A,0.0025 A,0.155
DL56 eV2 0.0022,A,0.008 A,0.13 A,0.07 A,0.002 A,0.022
DL510 eV2 0.0024,A,0.01 A,0.13 A,0.13 A,0.0024 A,0.01

aRef. @1#.
bRef. @62#.
cRef. @63#.
dRef. @64#.
eRef. @65#.
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IV. RESULTS AND DISCUSSIONS

For both the mass spectra discussed in Secs. III A and
III B, the survival or transition probabilities for the accelera-
tor and reactor experiments are functions of any two of the
mixing anglesu12, u13, andu23 and one mass-squared dif-
ferenceDL . In a realistic analysis one has to average the
probabilities over theL/E distributions of various experi-
ments and fold it with the detector cross sections. We adopt
the approach followed in@33# since one mass scale domi-
nance is a good approximation in our case also. As noted in
@33#, in this limit one can make a one-to-one correspondence
between sin22u as obtained from a two-flavor analysis and
the angular factor appearing in a three-generation calcula-
tion. If we now fixDm2 aroundDL , then from the bound on
sin22u at thisDm2 from two flavor exclusion contours one
can constrain the three-generation mixings. The following
are the steps adopted by us.

Choosing four representative values ofDL , 0.5, 2, 6, and
10 eV2, we determine the allowed area in thes13

2 -s23
2

@s12
2 -s13

2 # parameter space for mass spectrum~i! @~ii !# from
the accelerator and reactor constraints presented in Table III.

The probabilities in the atmospheric neutrino case are
functions of the three mixing anglesu12, u13, andu23 and
two mass-squared differencesDL andD I . The terms involv-
ing DL average to 1/2 and do not make an explicit appear-
ance. We determine the allowed area in thes13

2 -s23
2

@s12
2 -s13

2 # parameter space for fixed values ofs12
2 @s23

2 # at
D I;1022 eV2 for mass spectrum~i! @~ii !# solely from the
atmospheric neutrino data. We use the sub-GeV Kamiokande
result

0.48<R<0.73 ~90% C.L.!, ~35!

whereR is given by Eq.~5!.
Next we find the allowed regions of mixing angles admis-

sible from accelerator, reactor, and atmospheric neutrino data
and compatible with the solar neutrino oscillations.

Finally the region in theD14-sin
22u14 plane consistent

with the solar neutrino data is determined by ax2 analysis
for both vacuum and MSW oscillations for the case of the
mixing of four massive neutrino fields. In this analysis the
other three mixing angles are kept in the range permitted
from accelerator, reactor, and atmospheric neutrino con-
straints. For purposes of comparison the two-generation
ne-ns regions are also shown.

Below we discuss the results for each mass spectrum.

A. Accelerator and reactor data

1. Mass spectrum (i)

The constraints on the mixing angles from the various
accelerator and reactor neutrino oscillation experiments are
given in Table III for values ofDL 5 0.5, 2.0, 6.0, and 10.0
eV2. The nonevidence of neutrino oscillations from accelera-
tor and reactor data gives three allowed sectors in the
s13
2 -s23

2 plane: ~i! 0<s23
2 <1.0, larges13

2 region; ~ii ! large
s23
2 , smalls13

2 region; ~iii ! small s23
2 , smalls13

2 region.
These zones are shown in Figs. 2~a!–2~d! for different

values ofDL . Some of these zones are ruled out when the
constraint from the LSND experiment is included.

Figure 2~a! is for DL50.5 eV2. Figure 2~a!~i! gives the
allowed area in the first zone mentioned above. In this region
the permitted values of the mixing angles are determined by
the Bugey and LSND constraints, giving

0.994&s13
2 &0.998, 0.32&s23

2 &1.0.

Figure 2~a!~ii ! displays the admitted zone in the larges23
2 ,

small s13
2 region. In this part the most stringent constraints

are from Bugey, LSND, and CDHSW, allowing

0.0025&s13
2 &0.006, 0.993&s23

2 &1.0.

Figure 2~a!~iii ! shows that there is no combined allowed re-
gion consistent with the constraints from Bugey, CDHSW,
and LSND in the smalls23

2 , smalls13
2 region.

From Fig. 2~b! which is for DL52.0 eV2, we see that
again among the three zones mentioned above only two are
consistent with all the accelerator and reactor data plus
LSND.

Figure 2~b!~i! gives the larges13
2 region. Here most re-

straining are LSND, E776, and Bugey, giving

0.985&s13
2 &0.999, 0.02&s23

2 &1.0.

In Fig. 2b~ii ! the larges23
2 , smalls13

2 region is displayed. In
this zone the most stringent are the constraints from LSND,
E776, and CDHSW, giving

0.0004&s13
2 &0.0007, 0.985&s23

2 &1.0.

The smalls23
2 , small s13

2 region shown in Fig. 2~b!~iii ! is
ruled out by the combination of LSND, CDHSW, and
Bugey.

Figures 2~c! and 2~d! display the situation forDL56 and
10 eV2, respectively. In both these cases one finds no al-
lowed region consistent with all the accelerator and reactor
neutrino oscillation data mainly because of the incompatibil-
ity of the E776 and LSND results. In region 3, viz., the small
s23
2 small s13

2 region, the E531 constraint is also not consis-
tent with LSND bounds as is shown in Figs. 2~c!~iii ! and
2~d!~iii ! for DL56 and 10 eV2, respectively.

2. Mass spectrum (ii)

From the constraints given in Table III, one gets three
allowed areas of parameter space from nonobservance of
neutrino oscillations of all the accelerator and reactor neu-
trino oscillation experiments apart from LSND. These re-
gions shown in Fig. 3 are~i! 0<s13

2 <1.0, larges12
2 region,

~ii ! large s13
2 , small s12

2 region, and~iii ! small s13
2 , small

s12
2 region.
When the LSND constraint is included, only two of these

zones survive for a narrow range 0.5<DL<2 eV2.
Figure 3~a! is for DL50.5 eV2. Figure 3~a!~i! gives the

larges12
2 region. Here most restraining are LSND, E776, and

CDHSW, giving the bounds

0.99&s12
2 &0.998, 0&s13

2 &0.80.

55 2937ACCELERATOR, REACTOR, SOLAR, AND . . .



In Fig. 3~a!~ii ! the larges13
2 , smalls12

2 region is displayed. In
this zone no region is simultaneously consistent with the
Bugey, LSND, and CDHSW constraints.

Figure 3~a!~iii ! shows the smalls12
2 , small s13

2 region
where the most stringent constraints come from LSND,
Bugey, and E776, giving

2.531023&s12
2 &6.531023, 0.0&s13

2 &0.004.

Figure 3~b! is for DL52.0 eV2. Figure 3~b!~i! gives the
allowed area in the first zone mentioned above. In this region
the permitted values of the mixing angles are determined by
the E776, CDHSW, and LSND constraints, giving

0.985&s12
2 ,0.998, 0.0&s13

2 &0.98.

Figure 3~b!~ii ! displays the admitted zone in the larges13
2 ,

small s12
2 region. In this part there is no combined allowed

region consistent with the constraints from Bugey, CDHSW,
and LSND. Figure 3~b!~iii ! shows the smalls23

2 , small s13
2

region. In this part the most stringent constraints are from
Bugey, LSND, and E776, allowing

531024&s12
2 &731024, 0.0&s13

2 &0.015.

As in the case of mass spectrum~i!, no allowed region
consistent with all the accelerator and reactor neutrino oscil-
lation data is found forDL56 and 10 eV2 mainly because of
the incompatibility of the E776 and LSND results.

B. Atmospheric neutrino data

The area in thes13
2 -s23

2 @s12
2 -s13

2 # parameter space allowed
by the sub-GeV Kamiokande data for fixed values ofs12

2

@s23
2 # is shown in Fig. 4@Fig. 5# for mass spectrum~i! @~ii !#.

These plots are drawn by keepingD I fixed at 10
22 eV2 and

using Eqs.~5! and~35!. We have chosen this form of repre-

FIG. 2. ~a! The allowed region in thes13
2 -s23

2 plane from accelerator and reactor data for mass spectrum~i! for DL50.5 eV2: ~i! The 0
<s23

2 <1.0, larges13
2 zone. The region between the solid lines is allowed by LSND; the areas to the right of the dashed line marked E776,

below the dashed line marked CDHSW, and to the right of the line marked BUGEY are allowed from these experiments, respectively. The
region marked ‘‘Allowed’’ is consistent with the oscillation signal found in LSND and the null results of other accelerator and reactor
experiments.~ii ! The highs23

2 , low s13
2 regime. Here, the region between the solid lines is allowed from LSND, and those to the left of the

dashed line marked E776 and solid line marked Bugey are allowed from these experiments. The region above the dashed line marked
CDHSW is allowed from it. The zone admitted from all the experiments is marked ‘‘Allowed.’’~iii ! The low s23

2 , low s13
2 region. In this,

the areas below the dashed lines marked E776 and CDHSW and to the left of the solid line marked Bugey are allowed. There is no allowed
zone in this regime consistent with all the experiments.~b!~i!, ~ii !, and~iii ! Same as in~a!~i!, ~ii !, and~iii !, respectively, except that these are
for DL 5 2 eV2. At this value ofDL the constraint from E531 is also relevant. The area above and below the line marked E531 is allowed
from this experiment in~b!~ii ! and ~b!~iii ! respectively.~c! Same as in~b! but for DL56 eV2. ~d! Same as in~b! but for DL510 eV2.
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sentation here over the more common mass-squared differ-
ence vs mixing angle plots in order to facilitate comparison
with the allowed areas from accelerator and reactor data. As
mentioned earlier, theDL-dependent short wavelength mode
averages out and the results are valid for the entire range 0.5
eV2<DL<10 eV2 considered. The regions shown in Figs. 4
and 5 include genuine three-generation regions where both
nm-ne and nm-nt channels simultaneously contribute to at-
mospheric neutrino oscillations in addition to the two-flavor
limits. The two-flavor limits are obtained when any two of
the mixing angles assume their limiting values of 0 and/or
p/2. The possible two-flavor limits and the corresponding
mass scale driving the oscillations are listed in Tables IV~a!
and IV~b!. Because of the greater latitude allowed by the
presence of two mass scales and three mixing angles, there
are more choices compared to the one mass scale dominance
limit case @55# where the probabilities involve one mass
scale and two mixing angles.

C. Combined allowed zone

In this section we discuss the combined allowed zones
which are permissible from accelerator and reactor data and
atmospheric neutrino anomaly and are compatible with the
solar neutrino problem.

1. Mass spectrum (i)

As discussed before, for this mass choice all the accelera-
tor and reactor data including the LSND results give two

allowed sectors in thes13
2 -s12

2 plane for 0.5<DL<2 eV2. In
one of these zones shown in Figs. 2~a!~ii ! and 2~b!~ii ! for
DL50.5 and 2 eV2, respectively,s13 stays close to 0 and
s23→1. From Table IV~a!, in this limit ne-nt oscillations
take place in the atmosphere which drives the ratio of ratios
R in a direction opposite to that required. Thus these regions
are not expected to be consistent with the atmospheric neu-
trino data, which is borne out by Fig. 4.

On the other hand, from Fig. 4 for values ofs23
2 ands13

2

lying in the allowed range displayed in 2~a!~i! and 2~b!~i!
there are some regions consistent with the atmospheric neu-
trino data depending on the choice ofs12

2 . This is the
s13
2 →1 limit. As can be seen from Table IV~a!, in this limit

nm-nt oscillations occur, which can explain the atmospheric
neutrino problem. However, for the solar neutrino survival
probability, Eq.~21!, the limit s13

2 →1 would imply that the
coefficient of the vital term responsible for the MSW effect,
PMSW, becomes very small. ConsequentlyPnene

→1 due to

the factors13
4 in Eq. ~21! contrary to the results from the solar

neutrino experiments discussed in Sec. II C. Similarly for the
vacuum oscillation probability@Eq. ~16!# also one would re-
quire that the factorc13

4 c12
4 multiplying the energy- and

Dm2-dependent termP2vac should not be too small which
would again prefer lows13

2 . Thus this area is disfavored by
the solar neutrino data.

Thus for mass spectrum~i! both regions admitted from
the accelerator and reactor constraints are disfavored when

FIG. 2 ~Continued!.
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combined with the results from atmospheric and solar neu-
trino flux measurements. We conclude that mass spectrum~i!
cannot reconcile all the existing evidence of neutrino oscil-
lations consistently.

2. Mass spectrum (ii)

The allowed zones for this mass spectrum from accelera-
tor and reactor data were presented in Fig. 3. There are two
admitted zones:~i! 0<s13

2 <1.0, larges12
2 region presented in

Figs. 3~a!~i! and 3~b!~i! for DL50.5 and 2.0 eV2, respec-
tively; ~ii ! smalls13

2 , smalls12
2 region shown in Figs. 3~a!~iii !

and 3~b!~iii !.
For DL beyond; 2 eV2 no allowed zones are obtained.
As can be seen from Fig. 5 in thes12→1 limit, there is no

allowed area from the atmospheric neutrino data irrespective
of the choice ofs23

2 . From Table IV~b!, this is thene-nt

oscillation region and is not consistent with the atmospheric
neutrino data. Thus one is left with the allowed zones of
Figs. 3~a!~iii ! and 3~b!~iii !. This is thes12→0, s13→ 0 limit,
in which nm-nt oscillations occur for atmospheric neutrinos.
The areas shown in Figs. 3~a!~iii ! which are simultaneously

allowed by the atmospheric neutrino constraint~35! are
shown in Fig. 6~a!. It is found that for 0.18<s23

2 <0.82 the
whole of the region permitted by the accelerator and reactor
constraints is allowed by the atmospheric data. Ass23

2 is
decreased or increased above these limits the allowed region
slowly tapers off and beyonds23

2 50.17 on the lower side and
s23
2 50.83 on the upper side there is no allowed region con-
sistent with the atmospheric data. Similarly in Fig. 6~b! we
show the allowed area of Fig. 3~b!~iii ! that is compatible
with the atmospheric neutrino constraints fors23

2 satisfying
0.18,s23

2 ,0.82.
In the combined allowed regions of Figs. 6~a! and 6~b!

both c12 and c13 stay close to 1 and thus these regions are
compatible with the solar neutrino probabilities.

Thus for this mass spectrum the smalls13
2 , small s12

2

zones presented in Figs. 6~a! and 6~b! are compatible with
accelerator, reactor, atmospheric, and solar neutrino results.

D. Solar neutrino data

In this section we determine the allowed area in the
D14-sin

22u14 plane for mass spectrum~ii !. This exercise is

FIG. 3. The allowed region in thes12
2 -s13

2 plane from accelerator and reactor data for mass spectrum~ii ! for DL50.5 eV2: ~i! The 0
<s13

2 <1.0, larges12
2 region. The area between the solid lines is consistent with LSND, and the areas above the dashed lines marked E776

and Bugey are allowed from these experiments, respectively. The area to the right of the vertical solid line is allowed from CDHSW. The
region marked ‘‘Allowed’’ is consistent with all the experiments.~ii ! The larges13

2 , small s12
2 region. The area between the solid lines is

admitted from LSND while the area to the left of the dashed line marked E776 is allowed from it. The zone above the dashed line marked
Bugey is allowed by Bugey and that to the left of the vertical line is allowed from CDHSW.~iii ! The smalls13

2 , smalls12
2 zone. The region

between the solid lines is allowed from LSND. The area below the dashed line marked Bugey is admissible from it while the areas to the
left of the solid line marked CDHSW and the dashed line marked E776 are allowed from these experiments, respectively.~b!~i!, ~ii !, and~iii !
Same as in~a!~i!, ~ii !, and~iii !, respectively, except that these are forDL52 eV2, for which the constraint from E531 is also important in
some regions. In~b!~i! the area below@while in ~b!~ii ! the region to the left# the line marked E531 is allowed.
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not performed for mass spectrum~i! since it is already dis-
favored by the combination of all present data. We observe
that for mass spectrum~ii ! the solar neutrino survival prob-
abilities, Eqs.~16! for the vacuum oscillation case and Eqs.
~21! for MSW resonant conversions, depend onD14 and
u14 as well as on combinations of the other three mixing
anglesu12, u13, andu23. Fixing the values of these mixing
angles in the region permitted by the atmospheric and labo-
ratory results~shown in Fig. 6! one can find the allowed area
in theD14-sin

22u14 plane using the solar neutrino data.
We have performed ax2 analysis of the present solar

neutrino data for both the two-generationne-ns case as well
as for the~311! model under consideration for both vacuum
oscillations and MSW resonant flavor conversion. The
method consists of minimizing the function

x25 (
i51

Nexpt SRi
expt2Ri

th

DRi
expt D 2, ~36!

whereRi
expt denotes the experimentally observed rate for the

i th experiment~given in Table II! andDRi
expt is the corre-

sponding error obtained by combining the statistical and sys-
tematic errors in quadrature.Ri

th is the theoretically calcu-
lated rate for a particular value ofDm2 and sin22u. The
parameter values minimizing thex2 function defined in Eq.
~36! give the best fit to the data.

1. Vacuum oscillations

The possibility of vacuum oscillations ofne to active
@11,13,14,66,67# and sterile@13,14,68# flavors as a solution

to the solar neutrino problem has been pursued by many
authors. We have done a two-flavorx2 fit to the solar neu-
trino data of Table II for vacuum oscillations to active and
sterile neutrinos. Thene survival probability

P2vac„E,r ,R~ t !…512sin22u sin2FpR~ t !

l S 12
r

R~ t ! D G
~37!

is folded with the detector cross sections@69#, the solar neu-
trino fluxes @70#, and the neutrino production profile func-
tions @7#, integrated over the energyE and the production
location r , and averaged over 1 year when compared to the
time-averaged data.R(t) in the above is the Sun-Earth dis-
tance given by

R~ t !5R0F12e cosS 2p
t

TD G , ~38!

whereR051.4931013 cm is the mean Sun-Earth distance,
ande50.0167 is the ellipticity of the Earth’s orbit.t is the
time of the year at which the solar neutrino flux is measured
andT is 1 year.

Our results are displayed in Table V in which we give the
x2 minimum and the best-fit values of the parameters for the
two-generation vacuum oscillations to active as well as ster-

FIG. 3 ~Continued!.
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ile neutrinos. Our results compare well with recent vacuum
oscillation analyses in the literature@11,13,14,66#. The small
differences can be traced to the use of different input data.

Next we investigate for any possible changes in thex2

minimum and the best-fit values of the parameters if instead
of the two-flavor probabilities one uses Eq.~33! fixing u12,
u13, andu23 from the combined allowed zone shown in Fig.
6. We find that for the admissible values of these mixing
angles the last two terms of Eq.~33! are negligible and the
probability reduces toPnene

'c13
4 c12

4 P2vac. Any change over

the two-flavorne-ns case will thus be brought about by the
factorc13

4 c12
4 . In addition, in the two-generation case involv-

ing just ne and ns Kamiokande would be sensitive tone’s
only but here one has the additional possibility of a simulta-
neous transition tonm’s as well asnt’s which can interact in
the Kamiokande detector by virtue of their neutral current
interactions. For the mass spectrum~ii ! this contribution is
given by

Pnenm
1Pnent

'c12
2 c13

2 2c12
4 c13

4 1~c12
2 c13

2 2c12
4 c13

4 !P2vac,
~39!

where we have neglected a term 2Ue2
2 Ue3

2 since it is small in
the combined allowed region of Fig. 6 from the accelerator,
reactor, and atmospheric neutrino data. Scanning over the
allowed regions in Fig. 6, the minimum value that the factor
c13
4 c12

4 can take is 0.97. Fixingc13
4 c12

4 at this value thex2

minimum and the best-fit values of the parameters obtained
are listed in Table V. The change over the two-generation
ne-ns case is nominal. This is expected because the factor
c13
4 c12

4 is close to 1. Also the contribution to Kamiokande
coming from ~39! is '0.01510.015P2vac. Thus the maxi-
mum contribution from this channel is'0.03/6 whenP2vac
is 1. The factor of 1/6 comes because the neutral current
interactions at the detector are suppressed by this factor com-
pared to the charged current interactions. The 90% C.L. al-
lowed area (x2<xmin

2 14.61) for the two-generation sterile

FIG. 4. The allowed areas in thes13
2 -s23

2 plane from Kamiokande sub-GeV atmospheric neutrino data are shown shaded for various values
of s12

2 for mass spectrum~i!. In these figuresD I51022 eV2.
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neutrino solution and for the~311! model under consider-
ation is shown in Fig. 7. In this analysis we have confined
ourselves within a particular standard solar model~SSM! @7#
and have not considered the theoretical uncertainties and
their correlations. It has been shown in@13# that inclusion of
theoretical errors does not change the best-fit values and the
x2 minimum significantly. Only the confidence regions be-
come larger. For our purpose of comparison between the
two-flavorne-ns case and the four-massive-neutrino model a
determination of thex2 minimum and the best-fit values suf-
fices.

2. MSW resonant flavor conversion

There are several recent two-flavor MSW analyses of the
solar neutrino data@11–13,71–76# which agree well with
each other up to small differences due to the different input
data and their treatment. We have done a two-flavor fit to the
current data for MSW transitions to both active and sterile

species. Thex2 minimum and the best-fit values of param-
eters obtained are given in Table VI. Instead of numerically
integrating the evolution equation we make use of the well-
known analytic expression of the two-flavor survival prob-
ability of the form~22!. This is folded with the energy spec-
trum and detector cross sections and integrated over the
production points. Our algorithm for determining the reso-
nance position and the logarithmic derivative at the reso-
nance point follows the prescription given in@77#. We use
the density profiles@60#

n5n0nAvoexpS 1z0 2z2

~z1b! D . ~40!

The parametern0 is 98.8 and 48.4, respectively, forne and
nn . z5r /R( , and nAvo56.0331023/cm3. b is 0.15 and
0.02, respectively, forne andnn with z050.09 for both. For
the case where oscillation to an active species is considered,

FIG. 5. The allowed areas in thes12
2 -s13

2 plane from Kamiokande sub-GeV atmospheric neutrino data are shown shaded for various values
of s23

2 for mass spectrum~ii !. In these figuresD I51022 eV2.
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only ne appears in the expression for the probabilities. For
this case we have compared thex2 minimum obtained using
the SSM densities given in a tabular form in@7# with that
obtained by using the density profile of Eq.~40!. The results
are almost the same.

Next we determine thex2 minimum and the best-fit val-
ues of the parameters for the model consisting of four mas-
sive neutrinos under consideration for which we use the
probability ~34!. Compared to the two-generation scenario
the following points of qualitative difference are there in our
case.

The survival probability given in Eq.~34! depends on
three additional mixing anglesu12, u13, andu23.

The resonance condition and the mixing angle in matter
are now determined byneff given by Eq.~19! which depends
on the mixing anglesu12 andu13.

In earlier studies of the three-generation MSW effect,
conversion between active species was considered and hence
the term involving the neutron density was absent and the
jump probability retained its two generation form@30,33#.
Here, because of the asymmetric interaction between the ac-
tive and the sterile species, the jump probability between the
first and fourth states is also affected by mixing with the
second and third states.

Our aim is to see whether these can make any quantitative
difference in the two-generationne-ns confidence regions
and best-fit values for the allowed values of the mixing
anglesu12, u13, andu23, consistent with accelerator, reac-

tor, and atmospheric data, depicted in Fig. 6.
As before, for the allowed zones of Fig. 6 the last two

terms in Eq. ~34! are negligible and one has
Pnene

'c12
4 c13

4 PMSW. In the allowed region of Fig. 6 the

minimum possible value ofc12
4 c13

4 is 0.97. With this choice

TABLE V. The xmin
2 and the best-fit values ofDm2 and sin22u

for vacuum oscillation of solar neutrinos. Note that for the four-
generation caseDm2[D14 and sin22u[sin22u14.

Two
generation

Two
generation

Four
generation

~active! ~sterile! c13
4 c12

4 50.97

xmin
2 3.0 8.15 8.07

Dm2 @10211 eV2# 6.1 7.87 7.89
sin22u 0.93 0.81 0.80

TABLE IV. The possible two-flavor approximations for atmo-
spheric neutrinos.

~a! Mass spectrum~i!
Angle limit Equivalent two-flavor mixing Relevant mass scale

s12→0, s13→0 nm-nt DL

s12→1, s13→0 nm-nt DL

s12→0, s13→1 nm-nt D I

s12→1, s13→1 nm-nt D I

s13→0, s23→0 nm-ne D I

s13→0, s23→1 ne-nt D I

s13→1, s23→0 nm-nt D I

s13→1, s23→1 nm-nt D I

s12→0, s23→0 ne-nt DL

s12→0, s23→1 ne-nm DL

s12→1, s23→0 ne-nt DL

s12→1, s23→1 ne-nm DL

~b! Mass spectrum~ii !
s12→0, s13→0 nm-nt D I

s12→1, s13→0 ne-nt D I

s12→0, s13→1 nm-ne D I

s12→1, s13→1 ne-nt D I

s13→0, s23→0 nm-ne DL

s13→0, s23→1 nm-ne DL

s13→1, s23→0 nm-nt DL

s13→1, s23→1 nm-nt DL

s12→0, s23→0 ne-nt DL

s12→0, s23→1 ne-nt DL

s12→1, s23→0 ne-nt D I

s12→1, s23→1 ne-nt D I

FIG. 6. The combined allowed area consistent with the accel-
erator, reactor, atmospheric, and solar neutrino results are shown
shaded in~a! for DL50.5 eV2 and ~b! for DL52 eV2. In the
above figuresD I51022 eV2 and 0.18,s23

2 ,0.82.
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neff of Eq. ~19! differs at most by 7% from the profile of
ne2

1
2nn , which is relevant for the two-flavor sterile neutrino

solution, in the region of neutrino production in the Sun.
Here (1/neff)(dneff /dz) differs from the logarithmic deriva-
tive relevant for the two-generationne-ns case by'5% ex-
cept at very interior points in the sun. The best-fit values and
thex2 minimum obtained are presented in Tables VI~a! and
VI ~b! for the small-angle and large-angle solutions, respec-
tively. The large-angle solution is disfavored for both the
two-generationne-ns case as well as for our model consist-
ing of four neutrinos for the allowed values of the other
mixing angles from accelerator, reactor, and atmospheric
neutrino data. The 90% C.L region for the two-generation
and the four-neutrino cases is shown in Fig. 8. The change is
not significant. The large-angle region is not present in both
cases at 90% C.L.

As in the vacuum oscillation case, we have not taken any
theory errors or their correlations into account. Further we
have not considered the day-night effect in the Kamiokande
data and the effect of neutrino regeneration in the Earth. In
this respect our two-generation MSW studies are similar to
the recent analysis in@11# and our results compare well with
them. Since our aim is a comparative study between the two-
and four-neutrino models, these omissions are not important
for us.

E. Future experiments

The mass spectrum~ii ! discussed in this paper reduces to
the three-generation case discussed in@29# in the limit
u14→0. The implications of the allowed areas shown in Fig.
6 for the mass spectrum~ii ! for future short base line experi-
ments like CHORUS and NOMAD and the proposed long
base line experiments have been discussed in@29# where it
has been shown that with their projected sensitivity
CHORUS and NOMAD will not be able to probe these
zones but some of the long base line experiments might.

In this article we discuss whether the future solar neutrino
experiment SNO will be able to differentiate between the

two-generationne-ns case and this four-generation scenario.
The SNO heavy water experiment@78# will probe, in addi-
tion to neutrino electron scattering, neutral and charged cur-
rent deuteron disintegration reactions initiated by neutrinos
via the reactions

ne1d→p1p1e2 ~CC absorption!, ~41!

nx1d→p1n1nx ~NC dissociation!, ~42!

wherex can bee, m, or t. The charged current event rate
(RCC) and the neutral current event rate (RNC) are given in
the presence of neutrino flavor conversion by the following
expressions.

TABLE VI. The xmin
2 and the best-fit values ofDm2 and

sin22u for the MSW solution to the solar neutrino problem. Note
that for the four-generation caseDm2[D14 and sin22u[sin22u14.

Two
generation

Two
generation

Four
generation

~active! ~sterile! c13
4 c12

4 50.97

~a! Small-angle region
xmin
2 0.26 2.15 2.13

Dm2 @1026 eV2# 5.1 3.95 4.48
sin22u 7.831023 9.231023 8.131023

~b! Large-angle region
xmin
2 2.58 9.68 9.83

Dm2 @1025 eV2# 1.8 1.18 1.5
sin22u 0.725 0.793 0.802

FIG. 7. The 90% C.L. region in theDm2-sin22u plane for the
vacuum oscillation solution to the solar neutrino problem. The
dashed line is for the two-generationne-ns solution while the solid
line is for the four-neutrino case withc12

4 c13
4 50.97. Note that for the

four-neutrino caseDm2[D14(DS) and sin22u[sin22u14.

FIG. 8. The 90% C.L. region in theDm2-sin22u plane for the
MSW solution to the solar neutrino problem. The dashed contour is
for the two-generationne-ns solution while the solid contour is for
the four-neutrino case withc12

4 c13
4 50.97. The ‘‘1’’ denotes the

best-fit solution in the first case while ‘‘3 ’’ denotes that in the
second. For the four-neutrino situationDm2[D14 and
sin22u[sin22u14.
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1. ne-nµ„nt… transition

In this case,

RCC5RCC
SSM

*F~E!sCC~E!Pnene
~E!dE

*F~E!sCC~E!dE
, ~43!

RNC5RNC
SSM

*F~E!sNC~E!@Pnene
~E!1Pnenm

~E!#dE

*F~E!sNC~E!dE
.

~44!

SincePnene
1Pnenm

5 1 for two flavors,RNC5RNC
SSM. This

conclusion is valid for three active flavors as well. A simple-
minded estimate neglecting the detector efficiency and en-
ergy resolutions givesRCC/RCC

SSM'0.3, using the current
best-fit small-angle MSW parameters from Table VI~a!.

2. ne-ns transition (two flavor)

RCC is given by Eq.~43! while RNC is

RNC5RNC
SSM

*F~E!sNC~E!Pnene
~E!dE

*F~E!sNC~E!dE
. ~45!

Evaluating this quantity with the current best-fit parameters
~the small-angle MSW solution! for oscillations to sterile
neutrinos,RNC/RNC

SSM is 0.35 whileRCC/RCC
SSM is 0.346. Thus

(RCC/RCC
SSM)/(RNC/RNC

SSM)'1 modulo the small differences
betweensCC andsNC.

3. Mixing of four neutrinos

RCC continues to be given by Eq.~43! but RNC is

RNC5RNC
SSM

*F~E!sNC~E!@Pnene
~E!1Pnenm

~E!1Pnent
~E!#dE

*F~E!sNC~E!dE
. ~46!

This is qualitatively different from the two-generation
ne-ns case because of contributions in the neutral current
event rate fromnm andnt . However, for values of the pa-
rameters from Table VI~a!, the quantitative difference is not
significant and one getsRNC/RNC

SSM is 0.37 whileRCC/RCC
SSM

is 0.34 and (RCC/RCC
SSM)/(RNC/RNC

SSM)50.93. Thus the pres-
ence of two other active neutrino states does not make much
of a difference. This is expected because for our model the
allowed values of the mixings anglesu12 and u13 are very
small. We conclude that although future solar neutrino ex-
periments can distinguish in principle between the two-
neutrino and four-neutrino mixing models, given the present
experimental constraints on parameters these differences are
not appreciable.

V. SUMMARY AND CONCLUSIONS

We have performed a combined analysis of the accelera-
tor, reactor, atmospheric, and solar neutrino data in a four-
neutrino framework introducing a sterile neutrinons . In
such a scenario there are in general six mass-squared differ-
ences, three of which are independent, and six mixing
angles, neglectingCP violation in the lepton sector. We as-
sume thatns mixes only withne , thus reducing the number
of mixing angles to four:u12, u13, u23, andu14. Fixing the
three independentDm2’s around the ranges suitable for
LSND, atmospheric, and solar neutrino oscillations, we de-
termine the mixing angles consistent with all the experimen-
tal constraints. We consider a picture whereD14 is fixed in
the solar neutrino range~either MSW or vacuum oscillation!.
Then one can think of two different mass spectra~see Fig. 1!
for the remaining fiveDm2’s: mass spectrum~i!, in which
two Dm2’s are in the atmospheric range and the other three
in the LSND range, and mass spectrum~ii !, where one
Dm2 is in the atmospheric range and the remaining four in

the LSND range. For both cases one can parametrize the
mixing matrix in such a way that the probabilities for the
accelerator and reactor experiments are functions of only two
mixing angles and one independentDm2, viz., DL . Fixing
DL around 0.5, 2, 6, and 10 eV2 we map out the allowed
zone in the sin2u13-sin

2u23 @sin2u12-sin
2u13# plane for the

mass spectrum~i! @~ii !#. Using the atmospheric neutrino con-
straint the above area can be further restricted and the per-
missible ranges for the remaining mixing angle can be deter-
mined. Next we examine whether the combined allowed area
thus obtained is compatible with the solar neutrino results.

In general for both mass spectra the following picture
emerges: The accelerator and reactor experiments including
LSND give two allowed sectors of relevant mixing angles
for 0.5<DL<2 eV2. In one of these zones a simultaneous
solution to the atmospheric anomaly is possible. For mass
spectrum~i! this zone is disfavored by the solar neutrino data
whereas for mass spectrum~ii ! a narrow region is simulta-
neously compatible with the Kamiokande atmospheric neu-
trino data and the solar neutrino results. Thus our analysis
shows that mass spectrum~i! is eliminated by combining
simultaneously all present data on neutrino oscillations.

Finally, we determine the allowed area in the
D14-sin

22u14 plane from the solar neutrino data for mass
spectrum~ii !, which is favored by the combination of the
current data. In a four-neutrino framework the solar neutrino
probabilities are in addition functions of three other mixing
angles,u12, u13, andu23. Taking these from the combined
allowed zone, the possible changes of the allowed area in the
D14-sin

22u14 plane are determined. No significant changes
over the two-generationne-ns case is found. The small-
mixing angle MSW solution continues to give the best fit to
the data with ax2 minimum of 2.13 for two degrees of
freedom.

In analyzing the accelerator and reactor data we have used
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the two-flavor plots presented by the experimental groups
adopting the approach followed in@33# since one mass scale
dominance is a good approximation. A rigorous reanalysis of
the raw data in the one mass scale limit of the three-
generation picture is performed in@34#. The results that we
have obtained using the two-flavor plots are more or less in
agreement with their analysis. For atmospheric neutrinos we
have gone beyond the one mass scale limit and explored the
effects of the presence of all three mixing angles and two
mass scales. This scenario offers some new solution regions
over that obtained in the one mass scale dominance limit. A
detailed analysis of the atmospheric neutrino problem in this
framework including matter effects and the multi-GeV Ka-
miokande data will be presented elsewhere@79#.

Massive neutrinos are known to be important in super-
nova r -process nucleosynthesis and the effect of two-
generation mixing onr -process nucleosyntheis has been con-
sidered in@80#. It has been shown in@37# that in the one
mass scale dominance limit the results of two-neutrino mix-
ing can be applied to the three-generation case. For mass
spectrum~i! only D13 is in the relevant range of resonant
flavor conversion in the post core-bounce supernova environ-
ment and hence the one mass scale dominance limit is appli-
cable and the results of two-generation studies continue to
remain valid. However, for the favored mass spectrum~ii !
two of the mass-squared differencesD12'D13 are in the
range suitable for resonant flavor conversion during
r -process nucleosynthesis andne can resonate with two neu-
trino flavors. Thus, in this case, the two-neutrino results
might not be directly applicable. This point is also raised in
@37# and merits further scrutiny.

Both mass spectra considered are consistent with the cold
plus hot dark matter scenario of structure formation with
three almost degenerate@mass spectrum~i!# and two almost
degenerate@mass spectrum~ii !# neutrinos in the eV mass
range@3,81#. For certain choices of the cosmological param-
eters such scenarios can provide a better fit to the existing
data than the single-neutrino case.

In conclusion, we would like to mention that though a
three-flavor mixing scheme cannot accommodate the three
hierarchically different mass ranges required for LSND, at-
mospheric, and solar neutrino oscillations, introducing an ad-
ditional sterile neutrino, there is more than one possible mass
spectrum. We have considered two different mass spectra
and have shown that one of these is favored by the current
data on neutrino oscillations whereas the other is ruled out
by the combination of all data at 90% C.L. Our analysis
assumes that the solar neutrino oscillation is driven mainly
by ne-ns transitions. If this scenario is confirmed by the fu-
ture solar neutrino experiments and the other experimental
inputs do not change significantly as more data accumulates,
then the case for a fourth sterile neutrino will become very
compelling.
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