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A very accurate analytical expression and the corresponding numerical values for the bremsstrahlung of
semileptonic decays of unpolarized neutral baryons, in the region of the Dalitz plot that covers the four-body
events, is obtained. The same approach as the one considered for the charged baryons case is used here. These
results contain all the terms of the ordera times the momentum transfer. They are suitable for a model-
independent experimental analysis, when high statistics decays of ordinary baryons as well as medium statis-
tics decays of heavy quark baryons are considered.@S0556-2821~97!02505-8#

PACS number~s!: 13.40.Ks, 13.30.Ce

I. INTRODUCTION

Experiments for several hyperon semileptonic decays
have now reached a level of precision where the radiative
corrections~RCs! are expected to be significant compared
with the experimental errors@1#. It is, therefore, important to
take into account the most precise formulas available when
comparing the experimental information with the predictions
of the theory. The precise radiative corrections are necessary
to reduce the theoretical and experimental uncertainties so
that the theoretical parameters of these decays are deter-
mined rigorously.

The RCs to hyperon semileptonic decays have been dis-
cussed extensively, with different approaches~see Ref.@2#
and references therein!, because of their relevance to the
problem of universality of weak interactions. Precise and re-
liable formulas for the RCs to various measurable quantities,
in the three-body region~TBR! of the Dalitz plot~DP!, and
some in the four-body region~FBR! for the charged baryon
decays@3#, have been recently published.

The knowledge of the contributions of the RC in the FBR
of the DP is relevant to obtain a complete information about
the spectrum of the produced fermions and, therefore, to ob-
tain the relative RC of the total decay rate.

In Ref. @3# the chargedhyperon decay RCs in the FBR
have been given. The results of this paper cannot be applied
to the neutral hyperon decays because of the different photon
couplings to the initial and final hyperon. This changes the
kinematical variables in the matrix elements and the final
precise result. The most important decay with initial neutral
hyperon isL→pen̄ and it is necessary to consider this case.

The subject of this paper is to obtain in a simplified ana-
lytical form the RC to the four-body leptonic decays of neu-
tral hyperons and to calculate its numerical values. The same
procedure is adopted as that used in Ref.@3# where the ra-
diative corrections to the four-body leptonic decays of
charged hyperons are given in terms of the energies of the
produced fermions which are measurable quantities. The fi-
nal result is obtained in an analytical way which is applicable
for photon bremsstrahlung calculations in any neutral hy-
peron decay. The important feature of the analytic form is

the possibility of explicit determination of the RC every-
where in the DP, even at the boundaries where the result is
logarithmically divergent.

The plan of the paper is the following. In Sec. II the
transition amplitude for the bremsstrahlung is presented. In
Sec. III the differential decay rate with all theaq/pM1

terms included is discussed. A closed expression for the sev-
eral bremsstrahlung contributions is obtained by analytical
means. In Sec. IV all the partial results are collected into a
final completely integrated analytical expression. The corre-
sponding numerical results are obtained and compared to
those published in Refs.@4,5#.

II. TRANSITION AMPLITUDE

The emission of the real photon in the process

A0~p1!→B1~p2!1e2~ l !1 n̄e~pn!1g~k! ~1!

is described as a radiative correction to the semileptonic de-
cay of the neutral hyperon, whereA0 andB1 correspond to
the neutral and charged baryons ande2 and n̄e denote the
lepton and its neutrino counterpart, respectively, and theg
corresponds to the photon.

The uncorrected matrix elementM0 ~without the emission
of the real photon! for the decay in Eq.~1! is given by the
product of the matrix elements of the baryonic weak current
and of the leptonic current:

M05
Gv

A2
ūBWmuAūl Omvn , ~2!

whereGv5GmVi j , Gm is the muon decay coupling constant,
and Vi j is the corresponding Cabibbo-Kobayashi-Maskawa
~CKM! matrix element. We have
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Wm5 f 1~q
2!gm1

f 2~q
2!

M1
smnqn1

f 3~q
2!

M1
qm

1Fg1~q2!gm1
g2~q

2!

M1
smnqn1

g3~q
2!

M1
qmGg5 ,

~3!
and

Om5gm~11g5!.
p15~E1 ,pW 1!, p25~E2 ,pW 2!, l 5~E,lW !,

pn5~En ,pW n!, and k5~k0 ,kW !

are the baryonic, leptonic, and photonic four-momenta, re-
spectively. TheM1 , M2 , m, mn , and mk denote their
masses, andq5p12p2 is the four-momentum transfer. We
shall assume throughout this paper that the neutrino and the
photon are massless particles. Our metric andg-matrix con-
ventions are those of Ref.@6#. The ordera bremsstrahlung
amplitude is given by using the Low theorem, Refs.@7,8#. In
order to obtain the bremsstrahlung correction to the DP we
will follow the discussion and adapt the results of Secs. III
and IV of Ref. @6#. We are interested in the process in Eq.
~1!, when it takes place in the FBR of the DP defined in Sec.
II in Ref. @3#.

We shall first obtain the amplitude of this process and
afterwards we shall consider separately the amplitude which
generates the infrared divergence in the TBR. Next, we shall
obtain a complete expression for the differential bremsstrah-
lung decay rate that gives the DP with RC of process in Eq.
~1!.

What we want is the amplitude with all theaq/pM1
terms. It has been shown in Ref.@9# that these terms can be
obtained in a model-independent fashion.

We only have to reproduce the model-independent ampli-
tude, in terms of the Dirac form factors, given in Eq.~23! of
Ref. @6#.

The total transition amplitude can be written as

MBN5M1N1M2N1M3N , ~4!

with

M1N5eM0S e•l

l •k
2

e•p2
p2•k

D , ~5!

M2N5
eGv

A2
emūBWluAūl

gmk”

2l •k
Olvn , ~6!

and

M3N5
2Gv

A2
ūl OlvnemūBH egmk”Wl

2p2•k
1k1Wl

p” 11M1

2p1•k

3smrkr2k2smrkr

p” 21M2

2p2•k
Wl2eS p2mkr

p2•k
2gmrD

3F S f 21g2g5

M1
Dslr1glrS f 31g3g5

M1
D G J uA . ~7!

k1 and k2 are the anomalous magnetic moments ofA and
B given in Eqs.~21! and ~22! in Ref. @10#. M0 andWl are

given in Eqs.~2! and~3!. em is the photon polarization four-
vector ande is the charge of the produced charged lepton.

In order to calculate the bremsstrahlung contribution to
the RC in the required orderaq/pM1, we shall trace a close
parallelism with the calculation of Ref.@6#. We shortly sum-
marize our strategy in the following section.

III. DIFFERENTIAL DECAY RATE

The evaluation of the differential decay rate is performed
by standard trace calculations leaving as the relevant inde-
pendent variables, the energiesE2 and E of the emitted
baryon, and the electron, respectively. The phase space inte-
gration is performed according to the kinematical limits
given in Sec. II in Ref.@3#.

The square ofMB summed over spins can be split, after
trace calculations, into the sum of three contributions:

(
spins

uMBNu25 (
spins

@ uM1Nu21uM2Nu212Re~M1NM2N
†

1M1NM3N
† 1M2NM3N

† !# . ~8!

The termuM3Nu2 will contribute to orderaq2/pM1
2 and

higher and thus it is not included in Eq.~8!.
In order to proceed as in Refs.@6,3#, let us write the

differential decay rate of Eq.~1! as

dGBN5dGBN
0 1dGBN

I 1dGBN
II 1dGBN

III , ~9!

dGBN
0 anddGBN

I contain the otherwise TBR-infrared diver-
gent and convergent terms of the(spinsuM1Nu2 term,dGB

II and
dGB

III , contain the contributions from the second and third
summands in Eq.~8!, respectively. After integrating the first
term of Eq.~9!, one obtains

dGBN
0 5

a

p
A1N8 I 0

NT~E,E2!dV, ~10!

where

A1N8 5Q1EEn
02Q2E~pW 2

21upW 2uulW uy0!2Q3~ lW
21upW 2uulW uy0!

1Q4En
0upW 2uulW uy0 , ~11!

with the coefficientsQi , i51, . . . ,4, given in Eqs.~16!–
~19! in Ref. @11#,

dV5
Gv
2

2

dE2dEdV l df2

~2p!5
2M1 , ~12!

andI 0
NT(E,E2) is derived from Eq.~28! in Ref. @6# ~see also

Ref. @12#! by replacing the lower limitl2 by xmin :
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I 0
NT~E,E2!522lnUxmaxxmin

U
1
1

2
~ ln2vmax

1 2 ln2vmin
1 !2

1

2
~ ln2vmin

2 2 ln2vmax
2 !

1
1

bN
F lnv1lnUv12a~11bN!

v12a~12bN!
UUv15vmin

1

v15vmax
1

1 lnv2lnU v22a~11bN!

v22a~12bN!
UUv25vmin

2

v25vmax
2 G

2
1

bN
@ I 1

N2I 2
N1I 3

N2I 4
N#, ~13!

where

xmax52upW 2uulW u~y011!, xmin52upW 2uulW u~y021!,

vmax
6 52~E26upW 2u!~E6ulW u!,

vmin
6 52$EE22upW 2uulW u6uE2ulW u2upW 2uEu%,

a5M1
22H22q2,

and

bN5S 12
4m2M2

2

a2 D 1/2, H25~p12 l !2, q25~p12p2!
2.

~14!

To formulate theI i
N i51, . . . ,4 in Eq.~13! we introduce

the Heaviside function

u~x!5H 1 if x>0,

0 if x,0.

Then,

I i
N5I iAu~r Ai!1I iBu~r Bi!u~r Bi8 !1I iCu~r Ci!, ~15!

where

I 1A,2A5LS a~16bN!

vmin
1 D 2LS a~16bN!

vmax
1 D

1
1

2
~ ln2vmax

1 2 ln2vmin
1 !,

I 1B,2B5
2p2

3
2LS vmin

1

a~16bN!
D 2LS a~16bN!

vmax
1 D

1
1

2
ln2

a~16bN!

vmin
1 1

1

2
~ ln2vmax

1 2 ln2vmin
1 !,

I 1C,2C5LS vmax
1

a~16bN!
D 2LS vmin

1

a~16bN!
D

1 lnua~16bN!u lnUvmax1

vmin
1 U,

I 3A,4A5LS a~16bN!

vmin
2 D 2LS a~16bN!

vmax
2 D

2
1

2
~ ln2vmin

2 2 ln2vmax
2 !,

~16!

I 3B, 4B5
p2

3
1LS vmax

2

a~16bN!
D

1LS a~16bN!

vmin
2 D 2

1

2
ln2

a~16bN!

vmax
2 1

1

2
~ ln2vmax

2

2 ln2vmin
2 !,

I 3C, 4C5LS vmax
2

a~16bN!
D 2LS vmin

2

a~16bN!
D

1 lnua~16bN!u lnUvmax2

vmin
2 U,

and the arguments of the Heaviside function are given by the
expressions

r A1,A25vmin
1 2a~16bN!, r B1,B25a~16bN!2vmin

1 ,

r B1,B28 5vmax
1 2a~16bN!, r C1,C25a~16bN!2vmax

1 ,
~17!

r A3,A45vmax
2 2a~16bN!, r B3,B45a~16bN!2vmax

2 ,

r B3,B48 5vmin
2 2a~16bN!, r C3,C45a~16bN!2vmin

2 .

The left ~right! subindex on the left-hand side~LHS! of Eqs.
~16! and ~17! corresponds to the upper~lower! sign in the
right-hand side~RHS! in the same equations.L(x) is the
Spence function. Within our approximation, the terms of or-
deraq2/M1

2 that are contained in Eq.~11! can be neglected.
The remaining part,

dGBN
R 5dGBN

I 1dGBN
II 1dGBN

III , ~18!

can be integrated following the same procedure as in Ref.@6#
considering the FBR integration limits. The analytical inte-
gration leads us to the result

dGBN
R 5

a

p
dVF ~H081N08!u0

T1(
i52

16

~Hi81Ni8!u i
T1N178 u17

T G .
~19!

The Hi8’s with i50, . . . ,16 and the u i
T’s with

i50,2, . . . ,16 are given in Eqs.~37! and in Eqs.~33!, re-
spectively, in Ref.@3#. The u17

T 52I 1, and theI 1 is given in
Eq. ~35! in the same reference. TheNi8 are given as in Ref.
@6# by
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N0852up2W u
Eb

2M1
F2~E2En

0!R11~E12En
0!R2

1~12y0!
up2W u
2b

R2G ,
N285N685N985N118 5N158 50,

N385up2W u
Ebm2

M1
R1,

N4852up2W u
Eb

2M1
@2E2R11Eb~Eb14up2W uy0!R2#,

N5852up2W u
~Eb!2

M1
@ER112En

0R2#,

N785up2W u
b

2M1
@2m21EEn

0~12bx0!#R
1,

N8852up2W u
Eb

2M1
~2E1En

0!R1,

N108 52
3~Eb!3

2M1
up2W uR2, N128 5up2W u2

Eb2

M1
~2E2En

0!R1,

N138 52up2W u2
~Eb!2

2M1
~2R12R2!, N148 52up2W u

~Eb!2

M1
R1,

N168 52up2W u
b

4M1
R1,

N178 5up2W u
Eb

4M2
@2En

01~12y0!up2W ub#R2, ~20!

and

Eb5ulW u, R65u f 1u26ug1u2. ~21!

Equation~13! is one of the main results of this section. In
this equation the first term contains the lnuxminu which is di-
vergent at the upper boundaryE25E2

min of the FBR, where
y051. This divergence is canceled by the virtual contribu-
tion at the lower boundary of the TBR in the tree body de-
cay.

As a guide to perform the lengthy integrations and in
order to reproduce our results, the definitions used in the
different stages of the analytical integration are given in Ap-
pendix of Ref.@3#.

IV. FINAL RESULT AND CONCLUSIONS

Now, our complete result up to orderaq/pM1 is com-
pactly given by

dGBN~ A0→B1e2n̄g!5
a

p
dVF ~H081N08!u0

T1A1N8 u1N
T

1(
i52

16

~Hi81Ni8!u i
T1N178 u17

T G ,
~22!

whereA1N8 is given in Eq.~11!,

u1N
T 5I 0

NT~E,E2! , ~23!

and I 0
NT(E,E2) is given in Eq.~13!.

With Eq. ~22! we have the analytic result for the brems-
strahlung part of the DP of the semileptonic decay of neutral
hyperons, at the FBR. With Eq.~61!, given in Ref.@6#, at the
TBR, we have a full analytic result for the bremsstrahlung
part of the complete DP of semileptonic decay of unpolar-
ized neutral hyperons.

TABLE I. Numerical values of the form factors and of the anomalous and the total magnetic moments
used in our calculations.k1, k2, m1, andm2 are given in nuclear magnetons.

Process f1 f2 g1 k1 k2 m1 m2

L→2pen 1.0 0.974 0.699 20.6130 1.7928 20.613 2.7928

TABLE II. Comparison of the results of Ref.@4# with our results for the relative correction to the
(E,E2) distribution in the four-body region.

ProcessL→pen̄

y5
E2

M1
x50.05 x50.15 x50.25 x50.35

0.851 2.0 2.019
0.849 1.7 1.706
0.848 1.5 1.446
0.847 1.3 1.221 2.7 2.605
0.846 1.1 0.975 2.0 2.002
0.844 0.9 0.656 1.6 1.515 3.3 3.245
0.843 0.6 0.281 1.1 1.071 2.0 1.935
0.842 0.4 20.140 0.6 0.603 1.0 1.008 2.0 2.049
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This result for unpolarized decays is of high precision,
model independent, and useful for processes where the mo-
mentum transfer is not small and, therefore, cannot be ne-
glected.

In our approach we have neglected the terms of order
aq2/pM1

2 and higher. Nevertheless, some of them are in-
cluded via theQi factors. If the accompanying factors cause
one order of magnitude increase, then the upper bound to the
theoretical uncertainty is of the order 0.6% for charm decay
and even smaller forL.

For the FBR contributions there are no previously pub-
lishedanalytical results based in the theoretical framework
which is outlined in the previous sections for the Dalitz
(E,E2) distribution for radiative decays of the type
A→Beng. We can compare earlier numerical predictions
given in Table I~d! of Ref. @5# with those obtained from
expressions in Eq.~22!. The results in Ref.@5# do not include
the anomalous magnetic moments of baryons.

Our calculations use the same values of the form factors
employed in Ref.@4#, which are displayed in Table I, along
with the anomalous and total magnetic moments of the bary-
ons involved.

In Table II, we repeat for each value ofx5E/Em in the
first column the numerical result from Ref.@5#. The numbers
shown in the second column are obtained from Eq.~22!,

taking into account the anomalous magnetic moments and
following the definitions given in Eq.~4.28! in Ref. @5#. We
have not considered in this case a third column in the table
comparing with the exact results for the lowest order of the
three-body process with effective form factors for consis-
tency in the approximation scheme. Nevertheless, the
q2/M1

2 dependence of the form factors has a significant ef-
fect in the zeroth order result@13# and, therefore, in the final
relative corrections for the three-body process as one can see
in Tables VII and Tables VIII in Ref.@14#.

It is worth mentioning that there are some efforts to de-
velop a Monte Carlo method for photon bremsstrahlung cal-
culations in semileptonic decays@2#. The fully analytical,
precise result we accomplished for the four particles in the
final state and the Monte Carlo results might be complemen-
tary to each other.
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@5# F. Glück and K. Tóth, Phys. Rev. D41, 2160~1990!.
@6# S. R. Jua´rez W., Phys. Rev. D48, 5233 ~1993!; 52, 556

~1995!.
@7# F. E. Low, Phys. Rev.110, 974 ~1958!.
@8# H. Chew, Phys. Rev.123, 377 ~1961!.

@9# S. R. Jua´rez W. and A. Martı´nez, Rev. Mex. Fis.35, 13 ~1989!.
@10# D. M. Tun, S. R. Jua´rez W., and A. Garcı´a, Phys. Rev. D44,

3589 ~1991!.
@11# D. M. Tun, S. R. Jua´rez W., and A. Garcı´a, Phys. Rev. D40,

2967 ~1989!.
@12# E. S. Ginsberg, Phys. Rev. D1, 229 ~1970!; Phys. Rev.171,

1675 ~1968!.
@13# S. R. Jua´rez W., Phys. Rev. D51, 6267~1995!.
@14# A. Martı́nez, S. R. Jua´rez W., and A. Garcı´a, Phys. Rev. D46,

322 ~1992!.

55 2893BREMSSTRAHLUNG CORRECTION . . . . II. . . .


