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Measurement of the transverse muon polarizationPm
' in theK1→m1ng decay will be attempted for the first

time at the ongoing KEK E246 experiment and also at a proposed BNL experiment. We provide a general
analysis of howPm

' is sensitive to the physicalCP-violating phases in new physics induced four-Fermi
interactions, and then we calculate the dominant contributions toPm

' from squark family mixings in generic
supersymmetric models. Estimates of the upper bounds onPm

' are also given. It is found that a supersymmetry-
induced right-handed quark current fromW boson exchange gives an upper limit onPm

' as large as a few
percent, whereas, with a charged-Higgs-boson-exchange induced pseudoscalar interaction,Pm

' is no larger than
a few tenths of a percent. Possible correlations between the muon polarization measurements in
K1→m1ng andK1→p0m1n decays are discussed, and distinctive patterns of this correlation from squark
family mixings and from the three-Higgs-doublet model are noted.@S0556-2821~97!07305-0#

PACS number~s!: 11.30.Er, 12.60.Jv, 13.20.Eb

I. INTRODUCTION

The on-going KEK E246 experiment@1# and a recently
proposed BNL experiment@2# are both devoted to testingT
violation to a high precision in theK1→p0m1n (Km3

1 ) de-
cay by measuring the transverse muon polarization
Pm

'(p)5sm•(pp3pm)/upp3pmu, where pp and pm are the
momenta of the pion and muon in the kaon rest frame and
sm is the muon spin vector. The combined previous measure-
ments @3# at the BNL Alternating Gradient Synchrotron
~AGS! constrained the muon polarization to be
Pm

'(p)5(21.8563.60)31023, and this puts an upper limit
of uPm

'(p)u,0.9% at the 95% confidence level. The standard
model ~SM! CP-violating contribution toPm

' is vanishingly
small @4#, and the final state interaction~FSI! effect is found
to be of order 1026 @5#. Therefore, if an effect is detected at
the 1023 level or 1024 level which the KEK experiment and
the proposed BNL experiment are respectively sensitive to, it
will be an unmistakable signature for new physics. It has
been estimated@6# that Pm

'(p) can be as large as;1023 in
the three-Higgs-doublet model@7#. More recently, we noted
that @8# large squark-family mixings in supersymmetry
~SUSY! could contribute toPm

'(p) at the level of 1023, which
is three orders of magnitude larger than that in the absence of
squark-family mixings@9#.

The transverse muon polarization, denoted byPm
' and de-

fined as above withpp substituted by the photon momentum
pg , will also be measured in the radiative decay mode
K1→m1ng (Km2g) both at KEK @1# and at BNL@2#. Here
the FSI effect is expected to be large@10#, and it could be on
the order of 1023 @11#. Being electromagnetic in nature, this
effect can be accurately computed and subtracted out. The
more interesting standard modelCP-violating contribution
to Pm

' arising from the Kobayashi-Maskawa~KM ! phase@12#

is again negligible. The effect of aCP-violating tensor in-
teraction on the muon polarization was considered in Ref.
@13#; and the contribution toPm

' from an effective pseudo-
scalar four-Fermi operator in the three-Higgs-doublet model
~3HDM! has recently been discussed@14#. In this work, we
provide a more general analysis of the muon polarization in
the Km2g decay by including the complete effective four-
Fermi interactions induced from spin-zero and spin-one bo-
son exchange. Then we concentrate on supersymmetric theo-
ries with large squark-generational mixings where dramatic
enhancement effects due to the third family heavy quark
masses could give rise to a largePm

' . Details of this will be
given in a later section where SUSY effects are examined.

The outline of the paper is as follows. The framework is
laid out in Sec. II for computingPm

' in Km2g decay in terms
of general effective four-Fermi interactions. In Sec. III, we
focus on the effects of large squark-family mixings which
are allowed in fairly general SUSY models. Possible corre-
lations of the muon polarization inKm3 andKm2g decays are
then discussed, and an interesting comparison with multi-
Higgs-boson-type models is made. The conclusions are pre-
sented in Sec. IV.

II. GENERAL FRAMEWORK

Consider the radiativeKm2
1 decay

K1~p!→g~q!m1~ l !n~pn!, ~1!

wherep, q, l , andpn denote the momenta of the kaon, pho-
ton, muon, and neutrino, respectively. The SM amplitude for
this decay consists of two separately gauge invariant pieces:
the inner bremsstrahlung~IB! piece with the photon radiated
off the external muon or kaon line, and the structure-
dependent~SD! piece for which the photon is emitted from
the effectiveKmn vertex via some intermediate states. The
total amplitude can be written as@15,16#

MSM5MIB1MSD, ~2!
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MIB52 ie
GF

A2
sinuCf Kmmea*K

a, ~3!

MSD5 ie
GF

A2
sinuCea* LbH

ab, ~4!

with

Ka5ū~pn!~11g5!S pa

p•q
2
2l a1q”ga

2l •q D v~ l !, ~5!

La5ū~pn!ga~12g5!v~ l !, ~6!

Hab5
FA

mK
~2gabp•q1paqb!1 i

FV

mK
eabmnqmpn , ~7!

whereGF is the Fermi constant, sinuC50.22 is the Cabibbo
mixing, mm andmK are the masses of the muon and the
kaon,e is the photon polarization vector,f K is the well de-
termined kaon decay constant, andFA andFV are the axial-
vector and vector form factors associated with the radiative
decay. The kaon decay constant and the two form factors are
defined by

^0us̄gmg5uuK1~p!&52 i f Kp
m, ~8!

E dxeiqx^0uT„Jem
m ~x!s̄gng5u~0!…uK1~p!&

52 f KS gmn1
pm~p2q!n

p•q D1
FA

mK
~gmnp•q2pmqn!, ~9!

E dxeiqx^0uT„Jem
m ~x!s̄gnu~0!…uK1~p!&

5 i
FV

mK
emnabqapb , ~10!

where f K5160 MeV,FA andFV are functions of (p2q)2,
Jem

m is the electromagnetic current, ande012351.
Ideally one would like to be able to extract separately

FV andFA from experimental data. However, the accuracy
of current data does not permit us to do so. On the other
hand, various models@17# have been used to calculate the
form factors. In chiral perturbation theory at the one-loop
level, FV andFA are found to be real and are given by@16#

FV520.0945, FA520.0425. ~11!

The momentum dependence ofFV andFA shows up only at
two loops in chiral perturbation theory. Furthermore in the
SM, the Kobayashi-Maskawa~KM ! phase will enter the
form factors at the two-loop level and hence can be ignored.
The above estimate will be used in our analysis of the muon
polarization.

As will be shown later, contributions to theK1→m1ng
decay from physics beyond the SM can be parameterized by
three dimensionless quantities,d IB , dA , anddV , to be asso-
ciated with f K , FA , andFV , respectively. The new ampli-
tude is obtained from Eqs.~2!–~7! by the replacements

f K→ f K8 [ f K~11d IB!, ~12!

FA→FA8[FA~11dA!, ~13!

FV→FV8[FV~11dV!. ~14!

The threed parameters are in general complex, and could
contribute to theT-odd transverse muon polarizationPm

' .
The transverse polarization of the muon inK1→m1ng

decay is defined as

Pm
'5

sm•~pg3pm!

upg3pmu
, ~15!

wheresm is the spin vector of the muon, andpg andpm are
the three-momenta of the photon and muon. A nonzeroPm

'

arises from the interference between theMIB andMSD am-
plitudes. After a general kinematic analysis, we can express
Pm

' in theK1 rest frame as the sum of an IB-FV interference
piece and an IB-FA interference piece. Explicitly,

Pm
'~x,y!5PIB2V

' ~x,y!1PIB2A
' ~x,y!, ~16!

PIB2V
' ~x,y!5sV~x,y!Im@~11d IB!~11dV* !#, ~17!

PIB2A
' ~x,y!5sA~x,y!Im@~11d IB!~11dA* !#, ~18!

where x52p•q/p252Eg /mK and y52p• l /p252Em /mK
are the normalized energies of the photon and the muon,
respectively. The functionssV(x,y) andsA(x,y) are given
by

sV~x,y!522Arm

f K
mK

FVf V~x,y!

3
A~12y1rm!„~12x!~x1y21!2rm…

r~x,y!
,

~19!

sA~x,y!522Arm

f K
mK

FAf A~x,y!

3
A~12y1rm!„~12x!~x1y21!2rm…

r~x,y!
,

~20!

whererm5mm
2 /mK

2 , f V(x,y), and f A(x,y) are to be defined
later, andr(x,y)}dG(K1→m1ng)/dxdy is the normalized
Dalitz density consisting of the IB piecer IB(x,y), the SD
piecerSD(x,y), and the interference termr int(x,y),

r~x,y!5r IB~x,y!1rSD~x,y!1r int~x,y!, ~21a!

r IB~x,y!52rm

f K
2

mK
2 u11d IBu2f IB~x,y!, ~21b!

rSD~x,y!5
1

2
„uFV81FA8 u2f SD1~x,y!1uFV82FA8 u2f SD2~x,y!…,

~21c!
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r int~x,y!52rm

f K
mK

Re@~11d IB* !„~FV81FA8 ! f int1~x,y!

1~FV82FA8 ! f int2~x,y!…#, ~21d!

with

f IB~x,y!5S 12y1rm

x2~x1y212rm! D S x212~12x!~12rm!

2
2xrm~12rm!

x1y212rm
D , ~22a!

fSD1~x,y!5~x1y212rm!@~x1y21!~12x!2rm#,
~22b!

fSD2~x,y!5~12y1rm!@~12x!~12y!1rm#, ~22c!

f int1~x,y!5S 12y1rm

x~x1y212rm! D @~12x!~12x2y!1rm#,

~22d!

f int2~x,y!5S 12y1rm

x~x1y212rm! D @x22~12x!

3~12x2y!2rm#, ~22e!

f V~x,y!5
22x2y

x1y212rm
, ~22f!

f A~x,y!5
~22x!~x1y!22~11rm!

x~x1y212rm!
. ~22g!

The next step in the analysis is to compute thed param-
eters in Eqs.~12!–~14! in terms of parameters describing the
new physics. It is reasonable to assume that at the energies
we are considering, new physics can be described by general
four-Fermi operators of the form~neglecting possible tensor
interactions!

L52
GF

A2
sinuCs̄ga~12g5!un̄ga~12g5!m

1GSs̄un̄~11g5!m1GPs̄g5un̄~11g5!m

1GVs̄gaun̄ga~12g5!m1GAs̄gag5un̄ga~12g5!m

1H.c., ~23!

whereGS , GP , GV , andGA parameterize the nonstandard
model interactions due to scalar, pseudoscalar, vector, and
axial-vector boson exchange, respectively. In some models,
effective right-handed neutrino-muon current can be con-
structed. Since the SM leptonic charged current is left-
handed, its interference with such a right-handed current will
be suppressed by the neutrino mass and will have a negli-
gible contribution toPm

' . Therefore only left-handed neutri-
nos need to be considered.

The contributions of theGS andGP operators are recently
discussed by Kobayashiet al. @14# in the context of the
three-Higgs-doublet model, where tree-level charged-Higgs-
boson exchange is sufficient to give rise toT violation. The

relevant hadronic matrix elements involving the scalar cur-
rent can be related tof K via @14#

^0us̄g5uuK1~p!&5 i
f KmK

2

ms1mu
, ~24!

E dxeiqx^0uT@Jem
m ~x!s̄g5u~0!#uK1~p!&5

pm

p•q

f KmK
2

ms1mu
,

~25!

E dxeiqx^0uT@Jem
m ~x!s̄u~0!#uK1~p!&505^0us̄uuK1~p!&.

~26!

It is immediately seen that the effective scalar interaction
~theGS operator! does not affect theKm2g decay rate as their
hadronic matrix elements vanish by parity. On the other
hand, from Eqs.~24! and ~25!, the contribution of theGP
operator to the decay amplitude is seen to be nonvanishing
and it has the same structure asMIB of Eq. ~3!:

MP52 ieGP

f KmK
2

ms1mu
ea*K

a. ~27!

This amounts to a contribution to the parameterd IB only,

d IBuGP
5

A2GP

GFsinuC

mK
2

~ms1mu!mm
, ~28!

and the other two parameters,dV anddA , remain zero.
The effective vector and axial-vector four-Fermi interac-

tions give rise to corrections to theV2A structure of the SM
quark current. They can be analyzed by using the corre-
sponding hadronic matrix elements given by Eqs.~8!–~10!.
TheGV operator contributes only todV ;

dVuGV
52

A2GV

GFsinuC
. ~29!

On the other hand, the axial-vectorGA operator contributes
to bothd IB anddA ;

d IBuGA
5dAuGA

5
A2GA

GFsinuC
. ~30!

Summing up Eqs.~28!–~30!, we obtain the following
contributions to thed parameters from the effective four-
Fermi interactions:

d IB5
A2GP

GFsinuC

mK
2

~ms1mu!mm
1

A2GA

GFsinuC
, ~31!

dV52
A2GV

GFsinuC
, ~32!

dA5
A2GA

GFsinuC
. ~33!

As can be seen from Eqs.~16!–~18! and Eqs.~31!–~33!,
Pm

' in the K1→m1ng decay could receive contributions
from theGP , GV , andGA effective interactions of Eq.~23!.
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By comparison,Pm
'(p) in the K1→p0m1n decay is only

sensitive to theGS interaction@18#. These two decay modes
are therefore complementary in searching for new physics
effects. As one would expect, if physics beyond the SM has
only left-handed quark current, it will not contribute toPm

' .
This can be seen explicitly from Eqs.~31!–~33!. For a left-
handed quark current (GV52GA and GP5GS50),
d IB5dA5dV , and therefore no relative phase exists between
MIB andMSD. However, a right-handed quark current as in
left-right symmetric models will in general have an effect on
Pm

' , and the size of the muon polarization would be model
dependent. Signatures of the effective four-Fermi interac-
tions of Eq.~23! for the muon polarization in theKm2g decay
are summarized in Table I.

The success of the SM dictates that the magnitudes of the
d parameters of Eqs.~31!–~33! are much smaller than one.
We can therefore simplify the formula forPm

' by neglecting
terms quadratic in thed ’s and by considering only the rel-
evantGP andGR interactions given by

DL5GPs̄g5un̄~11g5!m1GRs̄ga~11g5!un̄ga

3~12g5!m1H.c. ~34!

Combining Eqs.~16!–~18! and ~31!–~33!, the muon trans-
verse polarization can be rewritten as a sum of theGP inter-
action contributionPm,P

' (x,y) and theGR interaction contri-
butionPm,R

' (x,y),

Pm
'~x,y!5Pm,P

' ~x,y!1Pm,R
' ~x,y!, ~35!

Pm,P
' ~x,y!5s~x,y!ImDP , ~36!

Pm,R
' ~x,y!52sV~x,y!ImDR , ~37!

where

s~x,y!5sV~x,y!1sA~x,y!, ~38!

DP[
A2GP

GFsinuC

mK
2

~ms1mu!mm
, ~39!

DR[
A2GR

GFsinuC
. ~40!

The contour plots of r(x,y), s(x,y), sV(x,y), and
sA(x,y) are given in Fig. 1. The infrared sensitivity of the
Km2g decay rate manifests itself in the Dalitz plotr(x,y) in
the soft photon~i.e., smallx) region.

Because of the experimental necessity of cutting out low
energy photons, it is more useful to define the quantityPm

' by

Pm
'[

*Sdxdyr~x,y!Pm
'~x,y!

*Sdxdyr~x,y!
, ~41!

which is the average ofPm
'(x,y) over a region of phase

spaceS. In this definition, the numerator measures the dif-
ference in number in the regionS between muons pointing
their spin vector along the directionpg3pm and those along
the opposite direction, and the denominator is a measure of
the total number of muons in the regionS. In terms of the
effective four-Fermi interactions, the average muon polariza-
tion is given by

Pm
'5Pm,P

' 1Pm,R
' 5s̄ImDP12sVImDR . ~42!

Plots of the averageds̄, sV and2sA as a function of the
energy cut on soft photons are given in Fig. 2. The typical
size of s̄ andsV for the Km2g

1 decay can be seen to be of
order 0.1, and it is a kinematic measure of the relative
strength of theMIB-MSD interference and the IB plus SD
contributions to the partial width. The corresponding values
for the radiative decays ofp1→m1ng (pm2g) and
K1→e1ng (Ke2g) are expected to be roughly two orders of
magnitude smaller than forKm2g decay because of the domi-
nance of the IB and SD contributions, respectively. And this
makes it difficult to measure the transverse lepton polariza-
tion in thepm2g andKe2g modes.

III. SUSY EFFECTS

In the minimal supersymmetric standard model~MSSM,
by this we mean with minimal particle content and with
R-parity conservation!, T violation in K1→m1ng decay
arises from the interference between the SM tree amplitude
and the one-loop MSSM amplitude. Naively, this would be
suppressed at least byas /p (as is the QCD coupling! rela-
tive to the tree level interference effect as in the three-Higgs-
doublet model@14#, and would be too small to be seen. How-
ever, this would not be the case when the squark family
mixings are taken into account. ThenT violation in Km2g
decay could be sensitive to the top and bottom quarks of the
third family, and large enhancement effects due to the heavy
quark masses could appear@8#. This scenario will be the
focus of our attention in the discussion of the SUSY contri-
butions to the muon polarization.

The notion of squark family mixings comes from the gen-
eral assumption that the mass matrices of the quarks and
squarks are diagonalized by different unitary transformations
in generation space@19#. In principle, these mixing matrices
could all be determined in specific models. In the lack of a
generally accepted SUSY flavor model, we adopt a model-
independent approach and refer interested readers to the lit-
erature for discussions of specific models@20,21#. The rela-
tive rotations in generation space between theũL , ũR , d̃L ,
and d̃R squarks and their corresponding quark partners are

TABLE I. Effects of different types of interactions onPm
' in the

Km2g
1 decay. TheGL and GR are effective operators containing

respectively left-handed and right-handed quark currents. The sign
and magnitude ofd is model dependent, and it also varies from one
type of interaction to another. AA denotes a nonzero contribution to
the muon polarization.

d IB dV dA PIB-V
' PIB-A

' Pm
'

GS 0 0 0 0 0 0
GP d 0 0 A A A

GV 0 d 0 A 0 A

GA d 0 d A 0 A

GL d d d 0 0 0
GR d 2d d A 0 A
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denoted byVUL, VUR, VDL, and VDR, respectively. These
matrices appear in the quark-squark-gluino couplings which
lead to new contributions to flavor-changing neutral current
~FCNC! processes@19#. Meanwhile, these generational mix-
ing matrices give rise to the interesting possibility that the
heavy fermions of the third family may play an important
role in low energy processes, including the neutron electric
dipole moment@22#.

As FCNC processes occur only at loop level in both the
SM and the MSSM, severe constraints on the squark family
mixings can be derived@19# based on available experimental
data. For charged-current~CC! processes on the other hand,
the SM contributions often appear at tree level whereas ef-
fects of squark family mixings arise only at loop level, and
current data in the hadronic sector are not precise enough to
put useful bounds on the squark mixing matrices. The FCNC

constraints can be written in the form of upper limits either
on product of differentVD’s, as fromKK̄ andBB̄ systems
and fromb→sg, or on product of differentVU’s, as from
DD̄ mixing. Without assumptions on or model preference
for these mixing matrices, the individual matrix element can
however still be of order one.

Charged-current processes involve the product ofVU and
VD, and the size of both mixing matrix elements can be of
order one without violating the FCNC bounds. Because of
the large top Yukawa coupling, sizable squark mixings with
the third generation could then lead to large enhancement
effects in low energy charged-current processes. Although
this loop-level enhancement may not have significant effects
on CP-conserving, tree-level CC processes, it could have
dramatic consequences forCP-violating CC processes for
which the standard model effects are negligible. This possi-

FIG. 1. Contour plots of the normalized Dalitz densityr(x,y) ~a!, and the transverse muon polarization functionss(x,y) ~b!,
sV(x,y) ~c!, andsA(x,y) ~d! in theK1→m1ng decay.
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bility has recently been discussed in the context ofT viola-
tion in charged meson semileptonic decays@8#. In this work,
we would like to extend the analysis to the transverse muon
polarization in the radiativeKm2 decay.

The physical phases that are relevant for the transverse
muon polarization could come from both the squark mixing
matrices and other soft SUSY-breaking operators including
the A terms and the gaugino mass terms. For the sake of
simplicity and a clearer illustration of the underlying physics,
we concentrate on the phases in the squark mixing matrices.
Mass-insertion approximation will be used for thet̃ L–t̃R and
b̃L–b̃R mixings, andmt̃ L

5mt̃ R
5mt̃ and mb̃L

5mb̃R
5mb̃

will be assumed for the mass parameters of the left and right
top and bottom squarks. With large generational squark mix-
ings, the dominating contributions toPm

' are expected to
come from theGP andGR four-Fermi operators induced by
the t̃-b̃-g̃ loop diagrams withW boson and charged Higgs
boson exchange. The muon polarization will then be directly
proportional touV31

UL,RV32
DL,R* u.

A. W exchange

An effective right-handed current interactionWmsRgmuR
can be generated by the diagram withg̃-t̃-b̃ sparticles in the
loop and with t̃ L–t̃R and b̃L–b̃R mass insertions@see Fig.
3~a!#. This gives rise to an effectiveGR interaction:

L152
4GF

A2
C0~ s̄RgauR!~ n̄LgamL!1H.c. ~43!

with

C05
as

36p
I 0

3
mtmb~At2mcotb!~Ab2mtanb!

mg̃
4 V33

SKM*V31
URV32

DR* ,

~44!

whereas.0.1 is the QCD coupling evaluated at the mass
scale of the sparticles in the loop,At and Ab are the soft
SUSY-breakingA terms for the top and bottom squarks,m
denotes the two Higgs superfields mixing parameter, tanb is
the ratio of the two Higgs VEV’s,mg̃ is the mass of the

FIG. 3. Supersymmetry diagrams for~a! the W-exchange in-
duced effectiveGR interaction@see Eq.~43!#, ~b! theW-exchange
induced effectiveGP interaction@see Eqs.~47! and ~52!#, and ~c!
theH1-exchange induced effectiveGP interaction@see Eq.~57!#.

FIG. 2. The averaged transverse muon polarization functions vs
the soft photon energy cutEcut

g for the K1→m1ng process:s̄
~solid line!, sV ~long-dashed line!, and2sA ~short-dashed line!.
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gluino, Vi j
SKM is the super KM matrix associated with the

W-squark couplingW1ũiL* d̃ jL , and the integral functionI 0 is
given by

I 05E
0

1

dz1E
0

12z1
dz2

24z1z2

Fmt̃

2

mg̃
2 z11

m
b̃

2

mg̃
2 z21~12z12z2!G 2 .

~45!

Note that I 051 for mt̃ /mg̃5mb̃ /mg̃51, but it increases
rapidly to;8 as the squark-to-gluino mass ratios decrease to
mt̃ /mg̃5mb̃ /mg̃5 1

2. For the case ofmt̃ 5mb̃ , the variation
of I 0 with the mass ratio is plotted in Fig. 4.

From Eqs.~43! and ~44! and Eq.~40!, the right-handed
current contribution toDR is found to be

DRuL152
as

36p
I 0
mtmb~At2mcotb!~Ab2mtanb!

mg̃
4

3
@V33

SKM*V31
URV32

DR* #

sinuC
. ~46!

Later on, this will be used to estimate the size of the muon
polarization fromW-exchange-inducedGR interaction.

An effective pseudoscalar four-Fermi interaction can be
induced at one-loop by invoking at̃ L–t̃R insertion@see Fig.
3~b!#. To linear order in the external momenta, the
W-exchange diagram gives@8#

L25
4GF

A2
FC1

ms
~ps2pu!

a1
C2

mm
~ps1pu!

aG~ s̄LuR!~ n̄LgamL!

1H.c., ~47!

where ps and pu are the momenta of thes and u quarks,
respectively, andC1,2 are given by

C15
as

36p
I 1
msmt~At2mcotb!

mg̃
3 V33

SKM*V32
DL*V31

UR , ~48!

C25
as

36p
I 2
mmmt~At2mcotb!

mg̃
3 V33

SKM*V32
DL*V31

UR , ~49!

with

I 15E
0

1

dz1E
0

12z1
dz2

24z1~12z12z2!

Fmt̃

2

mg̃
2 z11

m
b̃

2

mg̃
2 z21~12z12z2!G 2 ,

~50!

I 25E
0

1

dz1E
0

12z1
dz2

24z1~z12z2!

Fmt̃

2

mg̃
2 z11

m
b̃

2

mg̃
2 z21~12z12z2!G 2 .

~51!

Both integralsI 1,2 are equal to one atmt̃ /mg̃5mb̃ /mg̃51,
and both increase asmt̃ /mg̃ and/ormb̃ /mg̃ decreases from
one. For example, I 1;4 and I 2;8 when mt̃ /mg̃
5mb̃ /mg̃5 1

2. The functionsI 1 and I 2 are plotted in Fig. 4
for the casemt̃ 5mb̃ .

Notice that theC2 term in Eq.~47! can be rewritten as an
effective scalar interaction by use of the Dirac equation for
the external leptons. The term (ps2pu)

a( s̄LuR) in Eq. ~47!
can be Gordon decomposed into a tensor piece, a left-handed
current piece, and a right-handed current piece. The tensor
piece can be neglected as the tensor form factor is expected
to be small.1 The left-handed piece, having the same struc-
ture as the standard model interaction, does not contribute to
Pm

' ~see Table I!. The relevant operators of the effective La-
grangianL2 can thus be rewritten as

L252
4GF

A2
C1~ s̄RgauR!~ n̄LgamL!

2
4GF

A2
C2~ s̄LuR!~ n̄LmR!1•••, ~52!

whereC1 andC2 measure the strengths of the inducedGR
andGP interactions, respectively.

TheL2 contribution toDR andDP can be read off from
Eqs.~52!, ~40!, and~39!,

DRuL252
as

36p
I 1
msmt~At2mcotb!

mg̃
3

3
@V33

SKM*V32
DL*V31

UR#

sinuC
, ~53!

DPuL252
as

36p
I 2

mK

~ms1mu!

mKmt~At2mcotb!

mg̃
3

3
@V33

SKM*V32
DL*V31

UR#

sinuC
. ~54!

It is readily seen thatDRuL2 is suppressed relative toDRuL1 at
least by a factor ofmb /ms;30 and will not be considered.
By taking the sparticle masses to be about 100 GeV and
assuming maximal squark family mixings, the size of
DPuL2 is found to be at most of order 1024, and thus the
contribution to the averaged transverse muon polarization is
at best of order 1025. For these reasons, the effective la-
grangianL2 will not be considered further.

1See however Ref.@13# for a discussion of tensor effects.
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We note in passing that ab̃L–b̃R insertion in a diagram
similar to Fig. 3~b! can also induce effectiveGR and GP
interactions analogous in form to Eqs.~52!–~54!. However,
DR will be suppressed bymumb /msmt;1023 relative to that
of Eq. ~53!, whereas the inducedDP can at most be compa-
rable to that of Eq.~54! in the large tanb limit when the
left-right mixings in the top and bottom squarks could be of
the same order of magnitude. Their contributions to the
muon polarization are also negligible.

In contrast toDRuL2 andDPuL2, the magnitude ofDRuL1
can be enhanced by a large tanb. The present data constrains
tanb/mH,0.52 GeV21 @23#, wheremH is the mass of the
charged Higgs boson. FormH5100 GeV, we can take
tanb550. The muon polarization also depends on the squark
mixings uV32

DLu anduV31
URu ~taking uV33

SKMu;1). As pointed out

earlier, theVU’s are constrained byDD̄ mixing only in the
product ofV31

UL,R andV32
UL,R , and uV31

URu;1 is still allowed.
On the other hand, if assuminguV33

D u;1, the FCNC process
b→sg can put a bound onuV32

D u from the gluino diagram.
However, other SUSY contributions tob→sg, including the
charged Higgs boson and chargino contributions@24#, can
dominate over the gluino effect and render the bound on
uV32

D u meaningless. This is particularly true if the chargino is
relatively light.

Recall that the integralI 0 can be of order 10 for reason-
able mass ratios of the squarks and gluinos. To estimate the
maximal size of DRuL1, we therefore take I 0510,

tanb550, At5Ab5umu5mg̃5100 GeV, and uV31
URu

5uV32
DRu5A2/2 for maximal squark family mixings. Then we

have for its magnitude

DRuL1<0.01I 0<0.1. ~55!

Depending on the soft photon energy cut, it is seen from
Fig. 2 that averaging over phase space givess̄ in the
020.11 range, whereassV takes values between 0 and
0.17. For an estimate, we chooseEg

cut5120 MeV, for which
s̄.0.1 and 2sV.0.3. The magnitude of the average muon
polarization from theW-induced effectiveGR interaction is
then

Pm
'uL1.2sV ImDRuL1,331022. ~56!

This limit scales as (100 GeV/MSUSY)
2 (tanb/50) (I 0/10)

(Im@V33
SKM*V31

URV32
DR* #/0.5), where MSUSY is the SUSY-

breaking scale.

B. H1 exchange

By using the Dirac equation and Lorentz invariance of the
amplitude, it can be seen that charged-Higgs-boson exchange
only gives rise to GP but not GR interactions. The
mt-enhanced effective four-Fermi interaction is obtained
from the diagram that contains ag̃-t̃-b̃ loop and the
H2 t̃Rb̃L* vertex @see Fig. 3~c!#. It is given by@8#

LH5
4GF

A2
CH~ s̄LuR!~ n̄LmR!1H.c., ~57!

with

CH52
as

3p
I Htanb

mtmm

mH
2

m1Atcotb

mg̃

V33
H*V32

DL*V31
UR ,

~58!

whereVi j
H is the mixing matrix in the charged-Higgs-boson–

squark couplingH1ũiR* d̃ jL , and where the integral function
I H is given by

I H5E
0

1

dz1E
0

12z1
dz2

2

m
t̃

2

mg̃
2 z11

m
b̃

2

mg̃
2 z21~12z12z2!

,

~59!

which is equal to one atmt̃ 5mb̃5mg̃ . The functionI H is
plotted in Fig. 4 for the case ofmt̃ 5mb̃ . It is seen from the
figure thatI H increases relatively slowly to 2.3 asmt̃ and
mb̃ decrease to half the gluino mass. The contribution to
DP from charged-Higgs-boson exchange is given as

DPuLH52
as

3p
I Htanb

mK

~ms1mu!

3
mKmt

mH
2

m1Atcotb

mg̃

@V33
H*V32

DL*V31
UR#

sinuC
. ~60!

To estimate the upper limit onPm
' from Higgs boson ex-

change, we assume maximal squark mixings with
uV32

DLu5uV31
URu51/A2 and takeuV33

H u;1, mH5100 GeV and
tanb550. Setting umu5At5mg̃ , ms5150 MeV, and
I H51, we finduDPuLH<0.03. ForEg

cut5120 MeV, the mag-
nitude of the average muon polarization is then

FIG. 4. The integral functions vs the parameter
a5m

t̃

2
/mg̃

25m
b̃

2
/mg̃

2 for I 0 @Eq. ~45!# andI 2 @Eq. ~51!# ~solid line!,
I 1 @Eq. ~50!# ~long-dashed line!, and I H @Eq. ~59!# ~short-dashed
line!.
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Pm
'uLH.0.1ImDPuLH<331023. ~61!

This limit scales as (100 GeV/mH)
2(tanb/

50)(Im@V33
H*V32

DL*V31
UR#)/0.5.

It should be noted that the diagram involving the
H2 t̃ Lb̃R* coupling is proportional to different squark mixing
matrices than those appearing in Eq.~58!, and that it is sup-
pressed bymb . To be explicit, the induced four-Fermi op-
erator is of the form

LH,mb
5
4GF

A2
CH,mb

~ s̄RuL!~ n̄LmR!1H.c., ~62!

with

CH,mb
52

as

3p
I Htanb

mbmm

mH
2

m1Abtanb

mg̃

V33
H*V32

DR*V31
UL ,

~63!

whereVi j
H denotes the mixing matrix in the charged-Higgs-

boson–squark couplingH1ũiL* d̃ jR .
In the large tanb limit however, the magnitude ofCH,mb

may be as large as that ofCH ,

CH,mb

CH
5
mb~m1Abtanb!

mt~m1Atcotb!

V32
DR*V31

UL

V32
DL*V31

UR

.
mbtanb

mt

Ab

m

V32
DR*V31

UL

V32
DL*V31

UR
, ~64!

where we have taken V33
H5V33

H ;1. Assume

uV32
DR*V31

ULu.uV32
DL*V31

URu and Ab.umu, then uCH,mb
u;uCHu

when tanb.mt /mb . Within this region of the parameter
space, the contribution toPm

' from the effective interaction
of Eq. ~62! can be comparable to themt-enhanced effect of
Eq. ~61!. However, the maximal size ofPm

' is not expected to
be significantly modified.

C. Discussions

Several remarks concerning the effective right-handed
current contributionDRuL1 of Eq. ~46! and the effective pseu-
doscalar contributionDPuLH of Eq. ~60! are in order. As

noted before, an effectiveGR operator can be induced by
W boson exchange only, whereas theGP interaction can
arise from both theW and charged-Higgs-boson exchange.
However, theW-inducedGP interaction never gives a large
contribution to Pm

' @see Eq. ~54!#. In contrast, both the
W-induced GR operator @Eqs. ~43! and ~44!# and the
charged-Higgs-boson inducedGP operator@Eqs. ~57!-~58!#
are enhanced in the large tanb limit, and large contributions
to the muon polarization are found to be possible.

First, the enhancement effects due to squark family mix-
ings are readily seen from Eqs.~46! and ~60!. Without
squark family mixings,DR will be suppressed by a factor of

msmu /mtmb.1026 relative to the result of Eq.~46!, and
would make the effective right-handed current effect totally
uninteresting. Similarly,DP of Eq. ~60! would be subject to
a suppression factor ofmsmm /mtmm5ms /mt.1023 in the
absence of squark flavor mixings.

Second, the different dependence ofDRuL1 @Eq. ~46!# and

DPuLH @Eq. ~60!# on the SUSY parameters is to be noted. On

one hand,DRuL1 involves V32
DR* whereasDPuLH is propor-

tional toV32
DL* , and different models of flavor physics could

have very different predictions for these two squark family
mixing elements. On the other hand,DRuL1}1/MSUSY

2 and

DPuLH}1/mH
2 . Depending on the the scales ofMSUSY and

mH , either theW exchange or charged-Higgs-boson ex-
change can give the leading contribution toPm

' .
If however assuminguV32

DRu5uV32
DLu andMSUSY5mH , the

effectiveGR andGP operators contribute quite differently to
Pm

' because of their different chirality structures. As can
been seen from Eqs.~44! and ~58!, GR}mtmb and GP
}mtmm , and thereforeGR /GP;mb /mm;50. This differ-
ence in strength is due to the fact that Yukawa couplings are
proportional to the fermion masses whereas gauge interac-
tions are not subject to light fermion mass suppression. We
recall that themt andmb factors inGR come from left-right
mixings in the top and bottom squark propagators. To esti-
mate the relative contributions toPm

' from GR andGP , we
use Eqs.~36! and ~37!,

uPm,R
' u

uPm,P
' u

5
2sV

s

~ms1mu!mm

mK
2

uImGRu
uImGPu

.
1

5

mb

mm

I 0
10

.1–10,

~65!

where the value 2sV /s53 has been used,I 051–10 ~see
Fig. 4!, and we have assumed the same magnitude for the
phases ofGR andGP . This ratio estimate is not sensitive to
the value of tanb, and for I 0510 it agrees with our more
detailed calculations of Eqs.~56! and ~61!.

Our third remark concerns the loop suppression factor
as /p and the enhancement effects due to heavy quarks. For
this purpose, it is interesting to compare the SUSY loop con-
tribution and the tree level contribution in the three Higgs
doublet model~3HDM! @14#. Assuming maximal squark
family mixings and neglecting factors associated with ratios
of the Higgs VEV’s, we have for SUSY charged-Higgs-
boson exchange

uPm,P
' u

uP3HDM
' u

;
as

3p

mtmm

msmm
;10, ~66!

and for SUSYW-exchange

uPm,R
' u

uP3HDM
' u

;
1

5

as

36p
I 0
mtmb

msmm

mH
2

MSUSY
2

;~102102!3
mH
2

MSUSY
2 ~ for I 051–10!,

~67!
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whereP3HDM
' is the muon polarization in the 3HDM, and

where the prefactor of15 comes from Eq.~65! and it accounts
for the difference in the hadronic matrix elements and kine-
matic factors between theGP andGR interactions. Note that
Pm,R

' /P3HDM
' }mH

2 /MSUSY
2 and this ratio can be suppressed if

the SUSY-breaking scale is much higher than the charged-
Higgs-boson mass. Therefore in the presence of large squark
generational mixings, the heavy quark enhancement effects
can overcome the loop suppression and the SUSY contribu-
tion to Pm

' could be larger than the 3HDM tree-level contri-
bution by one or two orders of magnitude.

The fourth and final remark concerns possible correlations
of the muon polarization between theKm3 decay and the
Km2g decay.

We first consider charged-Higgs-boson-exchange effects.
For bothKm3 andKm2g decays, the dominant contribution to
the muon polarization could come respectively from the sca-
lar and pseudoscalar components of themt-enhanced effec-
tive operator of Eq.~57!. It is therefore expected that
charged-Higgs-boson contribution to the muon polarization
is comparable for both decays, as confirmed by the explicit
calculations of Eq.~61! for theKm2g decay and of Ref.@8#
for theKm3 decay. SinceGS5GP from Eq. ~57!, it is found
that the average muon polarization inKm3 decay is about a
factor of 2 bigger than inKm2g decay, but with opposite
sign.2 It is interesting to compare our results with the analy-
sis by Kobayashiet al. @14# in the 3HDM. Since the charged-
Higgs-boson coupling to light quarks is suppressed by the
quark masses, the dominating four-fermion operator arising
from tree level charged-Higgs-boson exchange in the 3HDM
is expected to be of the form (s̄RuL)( n̄LmR). Therefore,
GS52GP in the 3HDM and the muon polarization has the
same sign forKm3 andKm2g decays. This sign difference is
useful for distinguishing between the 3HDM and the SUSY-
induced interaction in Eq.~57!.

If, however, theW-exchange-inducedGR interaction
dominates over the charged Higgs-inducedGP ~andGS) in-
teraction as we have argued on general grounds,Pm

' in
Km2g decay can be much larger thanPm

'(p) in Km3 decay. In
this case, different squark mixing matrices are involved in
these two decays and the relative sign of the muon polariza-
tion cannot be predicted. Such a large difference in the mag-
nitude of the muon polarization between theKm2g andKm3
decays is a special feature of squark-family mixing and does
not occur in the 3HDM.

IV. CONCLUSION

As discussed before, the transverse muon polarization
Pm

'(p) in the K1→p0m1n (Km3) decay is sensitive to an
effective scalar interaction, whereasPm

' in the K1→m1ng
(Km2g) decay can receive contributions from effective pseu-
doscalar, vector, and axial-vector four-Fermi interactions.

Because of theV2A nature of the standard model charged-
current, only pseudoscalar (GP) and right-handed current
(GR) interactions of Eq.~34! contribute toPm

' in the Km2g

decay. These two decays are therefore complimentary in
searching for new sources ofCP violation.

Generally speaking,GP is suppressed by light fermion
masses. In our SUSY calculation,GP is proportional to
mm . AndGR , being induced byW boson exchange only, is
not subject to light fermion mass suppression. The relative
enhancement factorGR /GP;mb /mm can cause the domi-
nance of aGR interaction over aGP interaction if the rel-
evant mass scales and phases are of similar magnitude. This
could turn out to be one advantage for measuring the muon
polarization in K1→m1ng decay over that in
K1→p0m1n decay, asPm

'(p) in theKm3 decay is expected
to be comparable in size to the charged-Higgs-boson contri-
bution to Pm

' in the Km2g decay. For example, we take an
optimistic value ofuV31

URV32
DL,Ru51/2 for the squark family

mixings and assume tanb550 and a mass scale of 100 GeV
for the charged Higgs and the gluino, the maximal effects for
the Km2g decay areuPm

'u<331022 for theW-inducedGR

interaction anduPm
'u<331023 for the charged-Higgs-boson

inducedGP interaction. And these two contributions are
larger by factors ofmtmb /msmu;106 andmt /ms;103 re-
spectively than those in the absence of squark family mix-
ings. Both limits could be accessible to the KEK E246 ex-
periment and the proposed BNL experiment. However, the
final state interaction~FSI! effect is possibly as large as
;1023 and needs to be subtracted out. In comparison, the
three-Higgs-doublet model gives comparable contributions
to the muon polarization inKm3 andKm2g decays@14#, and is
therefore easily distinguished from SUSY models with a
dominatingW-exchange inducedGR interaction.

As the W-inducedGR interaction (}V32
DR*V31

UR/MSUSY
2 )

and the charged-Higgs inducedGP interaction

(}V32
DL*V31

UR/mH
2 ) involve different squark mixing matrices

and different mass parameters, the possibility of charged-
Higgs-boson-exchange dominance should not be discarded.
For charged-Higgs-boson exchange, themt-enhanced effec-
tive interaction of Eq.~57! could have the largest effect on
Pm

' , and it also givesGS5GP . The resulting muon polariza-
tions in Km3 and Km2g decays are comparable in size but
opposite in sign. By contrast, the dominating effect in the
three-Higgs-doublet model givesGS52GP , and the muon
polarizations are always comparable in size and have the
same sign for the two decays@14#. Therefore, the three-
Higgs-doublet model is again distinguishable from SUSY
models with charged-Higgs-boson-exchange dominance.
However, when tanb is roughly as large asmt /mb , the
mb-suppressed four-Fermi operator of Eq.~62!, which gives
GS52GP , could be as important as themt-enhanced opera-
tor of Eq. ~57!, and the prediction of the relative sign be-
tweenPm

'(p) in the Km3 decay andPm
' in the Km2g decay

would then be lost in this particular region of the SUSY
parameter space.

Unlike theKm2g decay for which the branching ratio is
about half of a percent, the branching ratios for the radiative
D→ lng ( l5e,m) andB→ lng ( l5e,m,t) decays are too
tiny for measuring the transverse lepton polarizationPl

' at

2Note that when tanb is as large asmt /mb , the charged-Higgs-
boson-exchange induced operator of Eq.~62! could be as important
as themt-enhanced operator of Eq.~57!. This interaction gives
GS52GP , and contributes to the muon polarization inKm3 and
Km2g decays with the same sign.
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future t-charm andB factories. On the other hand, due to
kinematic suppressions of the interference amplitude and/or
experimental technical difficulties in measuring the electron
polarization, other radiative pion and kaon leptonic decays
including p1→m1ng, p1→e1ng, and K1→e1ng, are
not as suitable for studyingT violation at the present time.
For these reasons, the radiativeKm2 decay is unique as a
probe of new sources ofCP violation. We have considered
large squark family mixings in supersymmetry, and found
the polarization measurement in theKm2g decay and charged
meson semileptonic decays at current and future meson fac-

tories to be very valuable for probing this region of SUSY
parameter space.
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