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Within the light-front framework, form factors forP→P andP→V transitions~P denotes a pseudoscalar
meson,V a vector meson! due to the valence-quark configuration are calculated directly in the entire physical
range of momentum transfer. The behavior of the form factors in the infinite quark mass limit are examined to
see if the requirements of heavy-quark symmetry are satisfied. We find that the Bauer-Stech-Wirbel-type
light-front wave function fails to give a correct normalization for the Isgur-Wise function at zero recoil in
P→V transition. Some of theP→V form factors are found to depend on the recoiling direction of the daughter
mesons relative to their parents. Thus the inclusion of the nonvalence contribution arising from quark-pair
creation is mandatory in order to ensure that the physical form factors are independent of the recoiling
direction. The main feature of the nonvalence contribution is discussed.@S0556-2821~97!06503-X#

PACS number~s!: 12.39.Hg, 14.40.Nd

I. INTRODUCTION

The hadronic matrix element of weakP→P transition~P
denotes a pseudoscalar meson! is described by two form fac-
tors, whereas in general it requires four form factors to pa-
rametrize the weak matrix element forP→V transition ~V
denotes a vector meson!. Heavy quark symmetry predicts
that all the mesonic form factors in the infinite quark mass
limit mQ→` are related to a single universal Isgur-Wise
function @1#. The symmetry-breaking 1/mQ corrections can
be studied in a systematic framework, namely, the heavy
quark effective theory~for a review, see@2#!. The Isgur-Wise
function is normalized to unity at zero recoil, but otherwise
remains unknown. Phenomenologically, the hadronic form
factors can be evaluated in various models among which the
quark model is a popular one. However, since usual quark-
model wave functions best resemble meson states in the rest
frame or where the meson velocities are small, hence the
form factors calculated in the nonrelativistic quark model or
the MIT bag model are trustworthy only when the recoil
momentum of the daughter meson relative to the parent me-
son is small.

As the recoil momentum increases~corresponding to a
decreasingq2!, we have to start considering relativistic ef-
fects seriously. In particular, at the maximum recoil point
q250 where the final meson could be highly relativistic,
there is no reason to expect that the nonrelativistic quark
model is still applicable. A consistent treatment of the rela-
tivistic effects of the quark motion and spin in a bound state
is a main issue of the relativistic quark model. To our knowl-
edge, the light-front quark model@3,4# is the only relativistic
quark model in which a consistent and fully relativistic treat-
ment of quark spins and the center-of-mass motion can be
carried out. This model has many advantages. For example,
the light-front wave function is manifestly Lorentz invariant
as it is expressed in terms of the momentum fraction vari-
ables~in ‘‘ 1’’ components! in analog to the parton distribu-

tions in the infinite momentum frame. Moreover, hadron spin
can also be correctly constructed using the so-called Melosh
rotation. The kinematic subgroup of the light-front formal-
ism has the maximum number of interaction-free generators
including the boost operator which describes the center-of-
mass motion of the bound state~for a review of the light-
front dynamics and light-front QCD, see@5#!.

The light-front quark model has been applied in the past
to study the heavy-to-heavy and heavy-to-light weak decay
form factors @6–9#. However, the weak form factors were
calculated only forq2<0, whereas physical decays occur in
the timelike region 0<q2<(Mi2M f)

2, with Mi , f being the
initial and final meson masses. Hence extra assumptions are
needed to extrapolate the form factors to cover the entire
range of momentum transfer. In@10# an ansatz for theq2

dependence was made to extrapolate the form factors in the
spacelike region to the timelike region. Based on the disper-
sion formulation, form factors atq2.0 were obtained in@11#
by performing an analytic continuation from the spacelikeq2

region. Finally, the weak form factors forP→P transition
were calculated in@12–14# for the first time for the entire
range ofq2, so that additional extrapolation assumptions are
no longer required. This is based on the observation@15# that
in the frame where the momentum transfer is purely longi-
tudinal, i.e.,q'50, q25q1q2 covers the entire range of
momentum transfer. The price one has to pay is that, besides
the conventional valence-quark contribution, one must also
consider the nonvalence configuration~or the so-calledZ
graph! arising from quark-pair creation from the vacuum~see
Fig. 1!. The nonvalence contribution vanishes ifq150, but
is supposed to be important for heavy-to-light transition near
zero recoil@6,10,15,16#. Unfortunately, a reliable way of es-
timating theZ-graph contribution is still lacking.

In the present paper we calculate theP→V form factors
directly at timelike momentum transfers for the first time.
We then study the mesonic form factors in the infinite quark
mass limit to check if the light-front model calculations re-
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spect heavy quark symmetry. We are able to compute the
Isgur-Wise function exactly since the nonvalence contribu-
tion vanishes in the heavy-quark limit. It turns out that not all
light-front wave functions give a correct normalization for
the Isgur-Wise function at zero recoil inP→V decay. In
other words, the requirement of heavy quark symmetry can
be utilized to rule out certain phenomenological wave func-
tions.

Another issue we would like to address in this work has to
do with the reference frame dependence of form factors. For
a givenq2, one can choose whether the recoiling daughter
meson moves in the positive or negativez-direction relative
to the parent meson, which we call the ‘‘1’’ and ‘‘ 2’’ ref-
erence frame, respectively. For some form factors inP→V
transition, namelyA0 , A1 , V, valence-quark and nonvalence
contributions are separately dependent on the choice of the
‘‘ 1’’ or ‘‘ 2’’ frame, but their sum should not be. This dem-
onstrates the fact that it is mandatory to take into account the
nonvalence configuration in order to have physical predic-
tions for form factors. This issue will be discussed in more
detail in Secs. II D and IV C.

This paper is organized as follows. In Sec. II, the basic
theoretical formalism is given and form factors forP→P
andP→V transitions are derived. Section III is devoted to
the discussion of the Isgur-Wise function. Numerical results
are presented and discussed in Sec. IV, and finally a sum-
mary is given in Sec. V.

II. FRAMEWORK

We will describe in this section the light-front approach
for the calculation of the weak mesonic form factors for
pseudoscalar-to-pseudoscalar and pseudoscalar-to-vector
transitions. The hadronic matrix elements will be evaluated
at timelike momentum transfers, namely the physically ac-
cessible kinematic region 0<q2<qmax

2 .
A meson bound state consisting of a quarkq1 and an

antiquark q̄2 with total momentumP and spinS can be
written as

uM ~P,S,Sz!&5E $d3p1%$d
3p2%2~2p!3d3~ P̃2 p̃12 p̃2!

3 (
l1 ,l2

CSSz~ p̃1 ,p̃2 ,l1 ,l2!

3uq1~p1 ,l1!q̄2~p2 ,l2!&, ~2.1!

wherep1 andp2 are the on-mass-shell light-front momenta,

p̃5~p1,p'!, p'5~p1,p2!, p25
m21p'

2

p1 , ~2.2!

and

$d3p%[
dp1d2p'

2~2p!3
,

uq~p1 ,l1!q̄~p2 ,l2!&5bl1

† ~p1!dl2

† ~p2!u0&, ~2.3!

$bl8~p8!,bl
†~p!%5$dl8~p8!,dl

†~p!%

52~2p!3d3~ p̃82 p̃!dl8l .

In terms of the light-front relative momentum variables
(x,k') defined by

p1
15x1P

1, p2
15x2P

1, x11x251,
~2.4!

p1'5x1P'1k' , p2'5x2P'2k' ,

the momentum-space wave-functionCSSz can be expressed
as

CSSz~ p̃1 ,p̃2 ,l1 ,l2!5Rl1l2

SSz ~x,k'!f~x,k'!, ~2.5!

wheref(x,k') describes the momentum distribution of the
constituents in the bound state, andRl1l2

SSz constructs a state

of definite spin (S,Sz) out of light-front helicity ~l1,l2!
eigenstates. Explicitly,

Rl1l2

SSz ~x,k'!5 (
s1 ,s2

^l1uRM
† ~12x,k' ,m1!us1&

3^l2uRM
† ~x,2k' ,m2!us2&^

1
2s1

1
2s2uSSz&,

~2.6!

whereusi& are the usual Pauli spinor, andRM is the Melosh
transformation operator:

RM~x,k' ,mi !5
mi1xiM01 isW •kW'3nW

A~mi1xiM0!
21k'

2
, ~2.7!

with nW 5(0,0,1), a unit vector in thez direction, and

M0
25

m1
21k'

2

x1
1
m2
21k'

2

x2
. ~2.8!

In practice it is more convenient to use the covariant form for
Rl1l2

SSz @6#:

Rl1l2

SSz ~x,k'!5
Ap11p21

A2M̃0

ū~p1 ,l1!Gv~p2 ,l2!, ~2.9!

where

FIG. 1. The Feynman triangle diagram and the corresponding
light-front subdiagrams. Diagram~a! corresponds to the valence-
quark configuration and diagram~b! to the nonvalence configura-
tion.
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M̃0[AM0
22~m12m2!

2,

G5g5 ~pseudoscalar,S50!, ~2.10!

G52«” ~Sz!1
«̂•~p12p2!

M01m11m2
~vector,S51!,

with

«̂m~61!5F 2

P1 «W'~61!•PW',0,«W'~61!G ,
«W'~61!57~1,6 i !/A2,

«̂m~0!5
1

M0
S 2M0

21P'
2

P1 ,P1,P'D . ~2.11!

Note that the longitudinal polarization four-vector«̂m(0)
given above is not exactly the same as that of the vector
meson@cf. Eq. ~2.47!#. We normalize the meson state as

^M ~P8,S8,Sz8!uM ~P,S,Sz!&

52~2p!3P1d3~ P̃82 P̃!dS8SdSz8Sz, ~2.12!

so that

E dx d2k'

2~2p!3
uf~x,k'!u251. ~2.13!

In principle, the momentum distribution amplitude
f(x,k') can be obtained by solving the light-front QCD
bound state equation@5,17#. However, before such first-
principles solutions are available, we would have to be con-
tented with phenomenological amplitudes. One example that
has been often used in the literature for heavy mesons is the
so-called Bauer-Stech-Wirbel~BSW! amplitude@18#, which
for a meson of massM is given by

f~x,k'!BSW5NAx~12x! expS 2k'
2

2v2 D
3expF2

M2

2v2 ~x2x0!
2G , ~2.14!

whereN is a normalization constant,x is the longitudinal
momentum fraction carried by the light antiquark,
x05[ 122(m1

22m2
2)/2M2], and v is a parameter of order

LQCD.
Another example is the Gaussian-type wave function

f~x,k'!G5NAdkz
dx

expS 2
kW2

2v2D , ~2.15!

whereN54~p/v2!3/4, and kz of the internal momentumkW

5(kW' ,kz) is defined through

x5
e12kz
e11e2

, 12x5
e21kz
e11e2

, ~2.16!

with ei5Ami
21kW2. We then have

M05e11e2 , kz5
xM0

2
2
m2
21k'

2

2xM0
, ~2.17!

and

dkz
dx

5
e1e2

x~12x!M0
~2.18!

is the Jacobian of transformation from (x,k') to kW . This
wave function has been also used in many other studies of
hadronic transitions. In particular, with appropriate param-
eters, it describes satisfactorily the pion elastic form factor
up toQ2;10 GeV2 @4#. A variant of the Gaussian-type wave
function is

f~x,k'!5NAdkz /dx expS 2
M0

2

2v2D , ~2.19!

with M0 given by Eq.~2.8!. This amplitude is equivalent to
f(x,k')G when the constituent quark masses are equal but
becomes different otherwise. Nevertheless, we will not pur-
sue this wave function further because it does not have an
appropriate heavy-quark-limit behavior~see Sec. III!.

Obviously, the Isgur-Wise function for heavy meson tran-
sitions depends on the heavy meson wave functionf(x,k')
chosen. It turns out that in contrast to the Gaussian-type
wave function, the BSW wave function fails to give a correct
normalization for the Isgur-Wise function at zero recoil in
P→V transition.

A. Decay constants

The decay constant of a pseudoscalar mesonP(q1q̄2) de-
fined by^0uAmuP&5 i f Pp

m can be evaluated using the light-
front wave function given by Eqs.~2.1! and ~2.5!:

^0uq̄2g1g5q1uP&5E $d3p1%$d
3p2%2~2p!3d~P2p12p2!

3fP~x,k'!Rl1l2

00 ~x,k'!

3^0uq̄2g1g5q1uq1q̄2&. ~2.20!

SinceM̃0Ax(12x)5AA21k'
2 , it is straightforward to show

that

f P54
A3
A2

E dx d2k'

2~2p!3
fP~x,k'!

A
AA21k'

2
, ~2.21!

where

A5m1x1m2~12x!. ~2.22!

Note that the factor) in Eq. ~2.21! arises from the color
factor implicit in the meson wave function.

Likewise, the vector-meson decay constant defined by

^0uVmuV&5 f VMV«m ~2.23!

is found to be
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f V54
A3
A2

E dx d2k'

2~2p!3
fV~x,k'!

AA21k'
2

1

MV
H x~12x!MV

21m1m2

1k'
21

B
2mV

Fm1
21k'

2

12x
2
m2
21k'

2

x
2~122x!MV

2 G J ,
~2.24!

where

B5xm12~12x!m2 , WV5M01m11m2 . ~2.25!

When the decay constant is known, it can be used to con-
strain the parameters of the light-front wave function.

B. Form factors for P˜P transition

With the light-front wave functions given above, we will
first calculate the form factors forP→P transitions given by

^P2uVmuP1&5 f1~q2!~P11P2!
m1 f2~q2!~P12P2!

m,
~2.26!

whereVm5q̄2g
mq1 . For later purposes, it is also convenient

to parametrize this matrix element in different forms:

^P2uVmuP1&5AM1M2@h1~q2!~v11v2!
m

1h2~q2!~v12v2!
m#,

5F1~q
2!S P1

m1P2
m2

M1
22M2

2

q2
qmD

1F0~q
2!
M1

22M2
2

q2
qm, ~2.27!

with v i[Pi /Mi , and

F1~q
2!5 f1~q2!, F0~q

2!5 f1~q2!1
q2

M1
22M2

2 f2~q2!.

~2.28!

In the heavy-quark limitM1,2→`, heavy-quark symmetry
requires that@2#

h1~q2!5j~v1•v2!, h2~q2!50, ~2.29!

wherej(v1•v2) is the universal Isgur-Wise function normal-
ized to unity at the point of equal velocities:j~1!51. The
form factorsF1 andF0 are related to the transition amplitude
with the exchange of a vector~12! and a scalar~01! boson in
the t-channel, respectively.

As explained in the Introduction, we shall work in the
frame whereq'50 so thatq25q1q2 will cover the whole
timelike regionq2>0. Definer[P 2

1/P 1
1 ~it is denoted byR

in @12#!, then

q25~12r !SM1
22

M2
2

r D . ~2.30!

Consequently, for a givenq2, there are two solutions forr :

r65
M2

M1
@v1•v26A~v1•v2!

221#, ~2.31!

wherev1•v2 is related toq2 by

v1•v25
M1

21M2
22q2

2M1M2
. ~2.32!

The 1~2! signs in Eq.~2.31! correspond to the daughter
meson recoiling in the positive~negative! z-direction relative
to the parent meson~call them the ‘‘1’’ and ‘‘ 2’’ reference
frame, respectively!. At zero recoil ~q25qmax

2 ! and maxi-
mum recoil (q250), r6 are given by

r1~qmax
2 !5r2~qmax

2 !5
M2

M1
,

r1~0!51, r2~0!5SM2

M1
D 2. ~2.33!

The form factorsf6(q
2) of course should be independent of

the reference frame chosen for the moving direction of the
daughter meson. For a givenq2, suppose we obtain

^P2uV1uP1&ur5r1
52P1

1H~r1!,

^P2uV1uP1&ur5r2
52P1

1H~r2!. ~2.34!

It follows from Eq. ~2.27! that

f1~q2!5
~12r2!H~r1!2~12r1!H~r2!

r12r2
,

f2~q2!52
~11r2!H~r1!2~11r1!H~r2!

r12r2
. ~2.35!

It is easily seen thatf6(q
2) are independent of the choice of

‘‘ 1’’ or ‘‘ 2’’ frame, as it should be.
As noted earlier, in a frame withq1.0, there are actually

two distinct contributions to the hadronic matrix element
@6,10,15,16#: valence~partonic! contribution calculated with
relativistic light-front bound-state wave functions, and non-
valence~nonpartonic! contribution~or the so-calledZ graph!
arising from quark-antiquark pair creation from the vacuum.
In the following, we shall first provide some details for cal-
culating the valence contribution, and then come back to the
nonvalence subprocess in Sec. II D. ForP15(q1q̄) and
P25(q2q̄), the relevant quark momentum variables are

p1
15~12x!P1

1 , pq̄
15xP1

1 ,

pW 1'5~12x!PW 1'1kW' , pW q̄'5xPW 1'2kW' ,

p2
15~12x8!P2

1 , pq̄8
15x8P2

1 ,

pW 2'5~12x8!PW 2'1kW'8 , pW q̄'
8 5x8PW 2'2kW'8 , ~2.36!
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wherex (x8) is the momentum fraction carried by the spec-
tator antiquarkq̄ in the initial ~final! state. The spectator
model requires that

pq̄8
15pq̄

1 , pW q̄'
8 5pW q̄' . ~2.37!

Taking a Lorentz frame wherePW 1'5PW 2'50 amounts to

havingqW'50 andkW'8 5kW' . Then we readily obtain

^P2uV1uP1&5 (
l1 ,l2 ,l̄

E $d3pq̄%f2* ~x8,k'!f1~x,k'!

3R
l2l̄

00†
~x8,k'!ū~p2 ,l2!g

1u~p1 ,l1!

3R
l1l̄

00
~x,k'!. ~2.38!

Substituting the covariant form given in Eq.~2.9! into Eq.
~2.38! yields

^P2uV1uP1&5A1/r E dx d2k'

2~2p!3
f2* ~x8,k'!f1~x,k'!

21

2M̃02M̃01A~12x8!~12x!

3Tr@g5~p” 21m2!g
1~p” 11m1!g5~p” q̄2mq̄ !#. ~2.39!

After some manipulation, the trace term in the above expres-
sion is reduced to

Tr@g5~p” 21m2!g
1~p” 11m1!g5~p” q̄2mq̄ !#

52
4

x8
~A1A21k'

2 !P1
1 , ~2.40!

where

A15m1x1mq̄~12x!, A25m2x81mq̄~12x8!,
~2.41!

and use of Eq.~2.36! has been made. Since

M̃01Ax~12x!M̃02Ax8~12x8!5AA1
21k'

2AA2
21k'

2 ,
~2.42!

we find from Eqs.~2.34!, ~2.38!, ~2.40!, and~2.42! that

H~r !5E
0

r

dxE d2k'

2~2p!3
f2* ~x8,k'!f1~x,k'!

3
A1A21k'

2

AA1
21k'

2AA2
21k'

2
, ~2.43!

with x85x/r . The form factorsf6(q
2) can then be obtained

from Eq. ~2.35!.

As stated before, in the literature these form factors are
customarily evaluated in the frame whereq15P 1

12P 2
150.

This leads toq252q'
2<0, implying a spacelike momentum

transfer. The advantage of the conditionq150 is that form
factors only receive valence contributions~see Sec. II D!.
However, there are two drawbacks in this approach: First,
form factors in the physical timelike region cannot be ob-
tained without making additionalq2 extrapolation assump-
tions. Second, no information can be obtained for the form
factor f2(q

2) sinceP 2
15P 1

1 @see Eq.~2.26!#. At the maxi-
mum recoilq250, the form factorf1(0) is evaluated to be
@6,9#

f1~0!5E
0

1

dxE d2k'

2~2p!3
f2* ~x,k'!f1~x,k'!

3
A1A21k'

2

AA1
21k'

2AA2
21k'

2
, ~2.44!

with A1 andA2 given by Eq.~2.41! except thatx85x here.
Therefore, the results of Eqs.~2.35! and ~2.43! at q250 are
in agreement with Eq.~2.44!.

C. Form factors for P˜V transition

Form factors forP→V transition are defined as

^V~PV ,«!uJmuP~P1!&5
2

MP1MV
i«mnab«nPV

aP1
bV~q2!2F ~MP1MV!«mA1~q

2!2
«•P1

MP1MV
~P11PV!mA2~q

2!

22MV

«•P1

q2
qm„A3~q

2!2A0~q
2!…G , ~2.45!

whereJm[Vm2Am , A3(0)5A0(0),

A3~q
2!5

MP1MV

2MV
A1~q

2!2
MP2MV

2MV
A2~q

2!, ~2.46!
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and

«m~61!5S 2«W'•PW V'

PV
1 ,0,«W'D , «m~0!5

1

MV
S 2MV

21PV'
2

PV
1 ,PV

1 ,PW V'D ~2.47!

are, respectively, the transverse and longitudinal polarization vectors of the vector meson. The form factorsA1 andA2 are
related to 11 intermediate states,A0 to 01 states, andV to 12 states. TheP→V matrix element can also be parametrized in
different ways:

^VuJmuP&5 ig~q2!«mnab«nPV
aP1

b1 f ~q2!«m1~«•P1!@a1~q2!~P11PV!m1a2~q2!~P12PV!m#

5AMPMV$ i g̃~q2!emnab«nv8avb1 f̃ ~q2!«m1~«•v !@ ã1~q2!~v1v8!m1ã2~q2!~v2v8!m#%, ~2.48!

wherev5P1/MP andv85PV/MV . They are useful for later
discussions. The form factorsa6 , f , andg are related toV,
A0,1,2,3via

g~q2!5
2

MP1MV
V~q2!, f ~q2!52~MP1MV!A1~q

2!,

a1~q2!5
1

MP1MV
A2~q

2!, ~2.49!

a2~q2!5
2MV

q2
@A3~q

2!2A0~q
2!#

5
2MV

q2 FMP1MV

2MV
A1~q

2!

2
MP2MV

2MV
A2~q

2!2A0~q
2!G .

Also,

g̃~q2!5AMPMVg~q2!, f̃ ~q2!5
f ~q2!

AMPMV

,

~2.50!

ã1~q2!1ã2~q2!5
MP

2

AMPMV

~a11a2!,

ã1~q2!2ã2~q2!5AMPMV~a12a2!.

In the heavy-quark limitMP , MV→`, heavy-quark symme-
try demands that@2#

ã11ã250, ã12ã25g̃5j~v•v8!,

f̃52~11v•v8!j~v•v8!. ~2.51!

The calculation of theP→V form factors is more subtle
than the P→P case. If we choose a frame where
P1'5PV'50 as before, we will have«•P150 for trans-
verse polarization. As a result, form factorsa6 in Eq. ~2.48!
cannot be separately determined. Therefore, we will let
P1'5PV'Þ0 at the outset, and set them to zero only after
the form factors are extracted. With the transverse polariza-
tion «m~61!, form factorsa6(q

2) andg(q2) can be individu-
ally determined. Then using the longitudinal polarization
«m~0!, we are able to fix the remaining form factorf (q2).

We begin witha6(q
2). Since«1~61!50 @cf. Eq. ~2.47!#,

it follows from Eq. ~2.48! that

2^V~PV!uA1uP~P1!&5~«•P1!@a1~P1
11PV

1!

1a2~P1
12PV

1!#

5S 1r21D ~«W'•PW'!@a1~11r !

1a2~12r !#P1
1 , ~2.52!

with r[PV
1/P 1

1 andP'[P1'5PV' . As will be shown be-
low, the above matrix element calculated at the quark level
has the form

^VuA1uP&52«W'•PW'~12r !I ~r !P1
1 . ~2.53!

Substituting this into Eq.~2.52! and solving the equations for
r5r1 and r5r2 yields

a1~q2!52
r1~12r2!I ~r1!2r2~12r1!I ~r2!

r12r2
,

a2~q2!5
r1~11r2!I ~r1!2r2~11r1!I ~r2!

r12r2
,

~2.54!

in analog to Eq.~2.35! for f6(q
2). In order to illustrate sev-

eral subtle points in the derivation ofI (r ), we will go
through the calculation in a bit more detail. First of all, it is
straightforward to show that, forP5(q1q̄) andV5(q2q̄),

^VuA1uP&5E dx d2k'

2~2p!3
22x8

AAP
21k'

2AAV
21k'8

2

3fV* ~x8,k'8 !fP~x,k'!~a1b!, ~2.55!

whereAP5A1, AV5A2 @see Eq.~2.41!#, and
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a5m1~ «̂•p2pq̄
11 «̂•pq̄p2

1!1m2~ «̂•p1pq̄
12 «̂•pq̄p1

1!

1mq̄~ «̂•p2p1
11 «̂•p1p2

1!,

b5
«̂•~p22pq̄ !

WV
~m1mq̄p2

12m2mq̄p1
12m1m2pq̄

1

1p1•pq̄p2
12p1•p2pq̄

11p2•pq̄p1
1!, ~2.56!

with «̂m5«m(61) given by Eq.~2.47! andWV5M0V1m2
1mq̄ . By virtue of Eq.~2.36! we find that

a5~12r !~122x8!AP~«W'•PW'!P1
11••• ,

b522~12r !
APBV1k'

2

WV
~«W'•PW'!P1

11••• , ~2.57!

with

BV52m2x81~12x8!mq̄ . ~2.58!

The ellipses in Eq.~2.57! denote contributions from terms

proportional to«W'•kW' in Eq. ~2.56!. Naively, these terms

linear in kW' are not expected to make contributions after

integrating overkW' . But this is not the case. Consider the
term

f̃V5
fV~x8,k'8 !

AAV
21k'8

2
~2.59!

and note thatk'8 is different fromk' due to a nonvanishing
P' :

k'8 5k'1~x82x!P' , ~2.60!

where we have used Eqs.~2.36! and ~2.37!. Consequently,

f̃V~k'8
2!5f̃V~k'

2 !1~df̃V /dk'
2 !~k'8

22k'
2 !1•••

5f̃V~k'
2 !@112QV~x82x!kW'•PW'1•••#,

~2.61!

with

QV[
1

f̃V
S df̃V

dk'
2 D . ~2.62!

Since

E d2k'~«W'•kW'!~kW'•PW'!5
1

2 E d2k'k'
2 ~«W'•PW'!,

~2.63!

it is evident that the linear term («W'•kW') in Eq. ~2.57! will

combine with the linear term (kW'•PW') in Eq. ~2.61! to make
a contribution tô VuA1uP&. We wish to stress that this ad-
ditional contribution fromQV was first noticed and obtained
by O’Donnell and Xu@7,9# and was neglected in the work of
Jaus@6,10#.

By the same token, in the expression forb, the («W'•kW')

term in «̂•(p22pq̄) can also combine with the (kW'•PW')
term in (m1mq̄p2

11•••) to yield a contribution proportional

to «W'•PW' after integration overk' . The final result is

I ~r !52E
0

r

dxE d2k'

2~2p!3
x8fV* ~x8,k'!fP~x,k'!

AAP
21k'

2AAV
21k'

2 H ~122x8!AP1@~122x8!AP2AV#QV~x8,k'!k'
2

22
~APBV1k'

2 !„11QV~x8,k'!k'
2
…1 1

2 k'
2

WV
J , ~2.64!

with x85x/r . In deriving Eq.~2.64! we have first integrated outx8 andk'8 . We can of course alter the order of integration by
first integrating overx andk' and obtain

I ~r !52E
0

1

dx8E d2k'

2~2p!3
xfV* ~x8,k'!fP~x,k'!

AAP
21k'

2AAV
21k'

2 HAV2@~122x8!AP2AV#QP~x,k'!k'
2

12
~APBV1k'

2 !QP~x,k'!k'
21 1

2 k'
2

WV
J , ~2.65!

wherex5x8r , and we have used the notationk' instead ofk'8 as it is a dummy variable. The result~2.65! will be utilized in
Sec. III to show that light-front model calculations fulfill the heavy-quark-symmetry requirement~2.51!.

At q250, we haver151 andr25(MV/MP)
2. It follows from Eqs.~2.54! and ~2.64! that
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A2~0!5~MP1MV!a1~0!52~MP1MV!I ~r51!5E
0

1

dxE d2k'

2~2p!3
xfV* ~x,k'!fP~x,k'!

AAP
21k'

2AAV
21k'

2 ~MP1MV!

3H ~122x!AP1@~122x!AP2AV#QV~x,k'!k'
222

~APBV1k'
2 !„11QV~x,k'!k'

2
…1 1

2 k'
2

WV
J . ~2.66!

This is in agreement with Eq.~30! of @9#, but disagrees with
the result obtained by Jaus@6#.

Having fixeda6(q
2), we are ready to calculatef (q2) in

Eq. ~2.48!. From Eq. ~2.49! it is clear that oncef (q2) is
determined, so are the form factorsA1(q

2) and A0(q
2).

Since the ‘‘1’’ component of«m is needed to extractf (q2),
we consider the longitudinal polarization«m~0! of the vector
mesonV and take a frame whereP'50. Hence

2^VuA1uP&5 f ~q2!
r

MV
P1

11
r

2MV
SMP

22
MV

2

r 2 D
3@a1~11r !1a2~12r !#P1

1 . ~2.67!

Let ^VuA1uP&[J(q2)P 1
1, then

f ~q2!52
1

2 SMP
22

MV
2

r 2 D @a1~11r !1a2~12r !#

2
MV

r
J~q2!. ~2.68!

After a straightforward manipulation, we obtain

J~q2!52r E
0

r

dxE d2k'

2~2p!3
x8fV* ~x8,k'!fP~x,k'!

AAP
21k'

2AAV
21k'

2

3~c1d!, ~2.69!

with

c52
2

M0V
F ~12x8!

x8

x
M0V

2 AP1
m2mq̄

x
AP

1k'
2 Sm11

m2

x
2mq̄ D G ,

d5
1

M0V

1

xWV
~APBV1k'

2 !F2~122x8!M0V
2 1

m2
21k'

2

12x8

2
mq̄
21k'

2

x8
G , ~2.70!

and @cf. Eq. ~2.8!#

M0V
2 5

m2
21k'

2

12x8
1
mq̄
21k'

2

x8
. ~2.71!

To check the above results, we note that, forr1(0)51 @see
Eq. ~2.33!#,

^VuA1uP&ur ~0!5r1~0!52@ f ~0!1~MP
22MV

2 !a1~0!#P1
1/MV

52A0~0!P1
1 , ~2.72!

so that

A0~0!5
1

2
J~0!ur51 , ~2.73!

where use has been made of Eq.~2.49!. Then it is not diffi-
cult to show from Eqs.~2.69! and ~2.70! that

A0~0!5E dx d2k'

2~2p!3

3
APAV1~122x!k'

212~m11m2!xk'
2 /WV

AAP
21k'

2AAV
21k'

2

~2.74!

which agrees with Eq.~27! of @9# obtained in theq150
frame~implying r51!. It will be shown in Sec. III B that our
result for f (q2) does respect the heavy-quark-symmetry re-
quirement.

Thus far we have imposed the conditionq'50 to extract
the form factorsa6(q

2) and f (q2). For the vector form fac-
tor g(q2) or V(q2), it proves more convenient to first let
q'Þ0 and then set it to zero after the vector form factor is
obtained. The ‘‘1’’ component of the vector current matrix
element for transverse polarization reads

^VuV1uP&5 ig«1nab«nPV
aP1

b5 ig«12xy@2«2qxPy

1~P12PV!2«xPy2P1
2«xqy2~x↔y!#,

~2.75!

whereP'[P1', PV'5P'2q' . At the quark level, we have

^VuV1uP&5E
0

r

dxE d2k'

2~2p!3
2x8fV* ~x8,k'!fP~x,k'!

AAP
21k'

2AAV
21k'

2

3F «̂•~p22pq̄ !

WV
i«1abgp2

ap1
bpq̄

g

1 i«1abg«̂a~m1p2
bpq̄

g 2m2p1
bpq̄

g 1mq̄p2
bp1

g!G .
~2.76!

The transverse momentum variables are
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p1'5~12x!P'1k' , p2'5~12x!P'2q'1k' ,

pq̄'5xP'2k' . ~2.77!

It suffices to set«̂m5«2(6) in Eq. ~2.76! to get contribu-

tions proportional to«12xy«
2(qxpy2qypx), which is re-

lated to the first term of Eq.~2.75! at the hadron level. It is
easy to check that the transverse components«̂x(6) and
«̂y(6) will not generate the same structure. Repeating the
similar derivation as before, we obtain

g~q2!5
2V~q2!

MP1MV
5E

0

r

dxE d2k'

2~2p!3
2x8fV* ~x8,k'!fP~x,k'!

AAP
21k'

2AAV
21k'

2 HAP1~AP2AV!QV~x8,k'!k'
21

1

WV
F rk'

21~12r !

3S 2xM0Pkz2
x8k'

2

12x8
D 1~12r !QV~x8,k'!k'

2 ~2x2M0P
2 2x82M0V

2 2mq8
2

2k'
2 !G J , ~2.78!

with kz being defined in Eq.~2.17!. For r (0)5r1(0)51, Eq. ~2.78! leads to

V~0!5E
0

1

dxE d2k'

2~2p!3
~MP1MV!xfV* ~x8,k'!fP~x,k'!

AAP
21k'

2AAV
21k'

2 SAP1
k'
2

WV
1x~m12m2!QV~x,k'!k'

2 D , ~2.79!

which agrees with@9#.
Therefore, we have calculated the form factorsf (q2),

g(q2), anda6(q
2) in the timelikeq2 region within the light-

front framework. Form factorsV(q2) andA0,1,2(q
2) can then

be determined via Eq.~2.49!.1

D. Nonvalence contribution

Thus far we have concentrated on the valence-quark con-
tribution to the form factors. As stated in the Introduction,
there also exist contributions which are generated from the
quark-antiquark excitation or higher Fock-states in the had-
ronic bound states. This additionalZ-graph contribution van-
ishes in the frame where the momentum transfer is purely
transverse i.e.,q150, but survives otherwise.

The general feature of the nonvalence configuration can
be recognized by considering the quark triangle diagram~see
Fig. 1!. In terms of the ‘‘1’’ component of momenta, the
Feynman triangle diagram in the light-front framework con-
sists of two subprocesses: one corresponds to the valence-
quark approximation for the meson wave functions, and the
other to the contribution of quark-pair creation from the
vacuum. That is, through the mechanism of quark-antiquark
pair creation, the ‘‘spectator’’ quark in the second subpro-
cess is fragmented into a meson plus an outgoing quark. A
detailed study of the quark triangle diagram forP→P tran-
sition gives~generalization toP→V transition is straightfor-
ward! @13#

^P2uq̄2g1q1uP1&5Ma
11Mb

1 , ~2.80!

with

Ma
15g1g2E

0

r dx

x~12x!~12x8!

3E d2k'

2~2p!3
Na

1

~M1
22M01

2 !~M2
22M02

2 !
,

~2.81!

Mb
152g1g2E

r

1 dx

x~12x!~12x8!

3E d2k'

2~2p!3
Nb

1

~M1
22M01

2 !~q22M12
2 !~r /12r !

,

wherex85x/r , g1 andg2 are the quark-meson coupling con-
stants at different vertices,M1 andM2 are the masses of the
initial and final meson, respectively,M 01

2 (M 02
2 ) is the same

asM 0P
2 (M 0V

2 ) defined in Eq.~2.71!, and

M12
2 5Sm1

21k'
2

12x
2
m2
21k'

2

r2x D ~12r !,

Na
154@p1

1~m2mq̄1p2•pq̄ !1p2
1~m1mq̄1p1•pq̄ !

1pq̄
1~m1m22p1•p2!#, ~2.82!

Nb
154@p1

1~2hM1m21P1•p2!1p2
1~2hM1m11P1•p1!

1P1
1~m1m22p1•p2!#,

with h5(m12mq̄)/M1 . SinceMa receives contributions
from the kinematic region 0,x,r or 0,k1,P 2

1 ~see Fig.
1!, it corresponds to the valence-quark configuration. As for
M b

1, only the regionr,x,1 or P 2
1,k1,P 1

1 is relevant,
and it corresponds to the nonvalence contribution. It is
straightforward to check that, apart from a sign difference,
Na

1 is precisely the trace term given in Eq.~2.40!. This im-
plies that the previous calculation forP→P form factors in
the Hamiltonian light-front approach is identical to the Feyn-
man triangle graph under the valence-quark approximation.
Obviously, making the substitutions

1In the frame whereq150, only three of theP→V form factors,
namelyf , g, anda1 or V, A1 , andA2 are determined. However,A0
can be fixed atq250 using the relationA0(0)5A3(0) and Eq.
~2.46!.
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A2g1
x~12x!

1

M1
22M01

2 →
f1~x,k'!

AA1
21k'

2
,

A2g2
x8~12x8!

1

M2
22M02

2 →
f2~x8,k'!

AA2
21k'

2
~2.83!

inM a
1 will reproduce the result̂P2uq̄2g

1q1uP1&52P 1
1H

@see Eqs.~2.34! and ~2.43!#.
Unlike the valence-quark contribution, only the wave

functionf1(x,k') of the initial meson enters into the expres-
sion ofM b

1; f2(x8,k') is not applicable for the nonvalence
graph because the light-front momentumk1 of the spectator
quark is larger than the momentumP 2

1 of the daughter me-
son~see Fig. 1!. This makes the task of calculating the effect
of the Z graph considerably more difficult. Nevertheless,
some qualitative features ofM b

1 can still be comprehended.
First of all, as noted earlier, the contribution from nonva-
lence configurations vanishes in a frame whereq150 or
r51. However, this frame is suitable only for spacelikeq2.
Second, it is easy to show thatM b

1→0 in the limit of heavy
quark symmetrymQ→`, because it takes an infinite amount
of energy to create a heavy quark-antiquark pair. This has the
important implication that we do not have to worry about the
pair-creation subprocess when calculating the Isgur-Wise
function. Beyond the heavy-quark limit, it is commonly ar-
gued that the nonvalence contribution leads to a small cor-
rection in heavy-to-heavy transition but becomes more im-
portant for heavy-to-light decays@15,10,13#. For example, a
B* -pole contribution is usually believed to be the dominant
nonvalence effect inB→p transition, especially whenq2 is
near the zero-recoil point@22#. Some estimates based on the
B* -pole contribution with the help of chiral perturbation
theory indicate that for large values ofq2, theZ graph pro-
vides the dominant contribution toB→p form factors~for a
recent estimate, see@12#!.

In this paper we will demonstrate that even for heavy-to-
heavy transition, the importance of the nonvalence contribu-
tion depends on the recoiling direction of the daughter me-
son. As shown in Eq.~2.31!, for a givenq2 there are two
possible reference frames characterized byr1(q

2) and
r2(q

2), corresponding to whether one chooses the velocity
of the final meson to be in the positive or negativez direction
relative to the initial meson. Of course, the form factors are
independent of the choice of the ‘‘1’’ or ‘‘ 2’’ frame. This
means that the combinationM a

11M b
1 in Eq. ~2.80! should

be independent of the choice ofr (q2)5r1(q
2) or

r (q2)5r2(q
2). From Eq. ~2.81! we see that ther depen-

dence ofM a
1 orM b

1 appears both in the integrand and in
the integration limit. As a consequence,M a

1 andM b
1 sepa-

rately are in general ‘‘6’’-frame dependent. In other words,
the valence-quark and nonvalence contributions to mesonic
form factors are in general dependent on the recoiling direc-
tion of the final meson, but their sum should not be. For the
form factors f6(q

2) in P→P decay anda6(q
2) in P→V

transition, we have ‘‘demanded’’ that the valence contribu-
tion itself be frame independent@see Eqs.~2.34!, ~2.35!, and
~2.54!#. For form factorsA0 , A1 , and V in P→V decay,
explicit calculations in Sec. IV B show that the valence con-
tributions forr5r1 andr5r2 are indeed different~see Fig.
6!. Thus in principle we cannot make firm predictions for

these form factors even forB→D* transition, unless the
nonvalence contributions are also calculated. Nevertheless,
corrections due to the nonvalence configuration are expected
to be marginal for heavy-to-heavy form factors evaluated in
the ‘‘1’’ frame wherer5r1 , but become more significant
in the ‘‘2’’ frame (r5r2). The argument goes as follows:
we know that the nonvalence contribution vanishes ifq150.
Now q1 is never zero in the ‘‘2’’ frame, whereas in the
‘‘ 1’’ frame q150 whenr151 @see Eq.~2.33!#. That means
the valence-quark contribution in the ‘‘1’’ frame is exactat
theq250 point. As will be shown in Sec. IV B, the valence
contributions atq250 in the ‘‘2’’ frame are generally
smaller than those in the ‘‘1’’ frame; the difference should
be accounted for by the nonvalence configuration. These
points will be elucidated in more detail in Sec. IV B.

III. THE ISGUR-WISE FUNCTION

In Sec. II we have computed theP→P form factors
f6(q

2) andP→V form factorsV(q2), A0,1,2(q
2) for the en-

tire physicalq2 region using the light-front wave functions.
It is very important to check if the light-front model predic-
tions are in accord with the requirements of heavy-quark
symmetry, namely Eqs.~2.29! and~2.51!. In other words, as
mQ→`, we would like to see if there exists a universal
Isgur-Wise function which governs all heavy-to-heavy me-
sonic form factors in the light-front quark model.

To our knowledge, the Isgur-Wise function has not been
calculated directly forq2>0 within the framework of the
light-front quark model, though it has been considered in
@9,19,11#. The analysis of@9# is based on the observation
@20# that the knowledge ofP→P or P→V form factors at
q250 ~or at any point ofq2! suffices to determine the Isgur-
Wise function in the whole kinematic region. However, this
relies on the assumptions that the model calculations of form
factors obey heavy-quark symmetry and that the universal
form factor is only a function ofv•v8. The Isgur-Wise func-
tion is derived in@19# from spacelikeelastic form factors of
heavy mesons,2 while it is obtained in@11# by performing an
analytic continuation from the regionq2<0 to timelike mo-
mentum transfers. In contrast, we do not impose heavy-quark
symmetry from the outset, so that we can check explicitly if
the weak decay form factors of heavy mesons can indeed be
described by a single universal function whenmQ→`. We
will calculate this universal function directly at the timelike
momentum transfer to see if it is independent of heavy quark
masses and their ratio. It is important to note that, since
heavy quark-pair creation is forbidden in themQ→` limit,
the Z-graph is no longer a problem in the reference frame
whereq1>0. Therefore, within the light-front quark model,
we are able to compute the Isgur-Wise functionexactly for
timelike q2.

2This is based on the argument that, for the elastic form factor,
q252(v•v821)/(2M ). Thus the spacelike elastic form factor is
related to the Isgur-Wise function at timelike momentum transfers
(v•v8>1).
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To proceed, we first investigate the heavy-quark-limit be-
havior of the wave function. In the infinite quark mass limit
mQ→`, the light-front wave function has the scaling behav-
ior @17#

fQq̄
~x,k'!→AmQF~mQx,k'!, ~3.1!

where the factorAmQ or AM ~M being the mass of the
heavy meson! comes from the particular normalization we
have assumed for the physical state in Eqs.~2.12! and~2.13!.
The reason why the light-front heavy-meson wave function
should have such an asymptotic form is as follows. Sincex is
the longitudinal momentum fraction carried by the light an-
tiquark, the meson wave function should be sharply peaked
near x;LQCD/mQ . It is thus clear that only terms of the
form ‘‘mQx’’ survive in the wave function asmQ→`; that
is, mQx is independent ofmQ in themQ→` limit. For the
BSW wave function~2.14!, we find that

F~X,k'!BSW5A32S p

v2DexpS 2
k'
2

2v2DexpS 2
X2

2v2DAX,
~3.2!

whereX[mQx, and the normalization condition~2.13! be-
comes

E
0

`

dXE d2k'

2~2p!3
uF~X,k'!u251. ~3.3!

For the Gaussian-type wave function~2.15!, we obtain

F~X,k'!G54S p

v2D 3/4 expS 2
kW2

2v2DAdkz /dX. ~3.4!

From Eq.~2.17! it is clear thatkz5[X2(mq̄
21k'

2 )/X]/2 in
the heavy-quark limit. Therefore,

F~X,k'!G54S p

v2D 3/4 expS 2
k'
2

2v2D
3expS 2

@X/22~mq̄
21k'

2 !/2X#2

2v2 D
3A 1

21~mq̄
21k'

2 !/2X2. ~3.5!

However, sinceM0→mQ1O(mQx), it is clear that the wave
function ~2.19!, which is a variant of the Gaussian type, does
not have the desired asymptotic form in the heavy-quark
limit. Hence we will not discuss it further.

A. P˜P transition in heavy-quark limit

With the light-front wave functionF(X,k') constructed
in the mQ→` limit, the P→P transition functionH(r )
~2.43! in the limit of heavy-quark symmetry~i.e., m1 ,
m2→`! becomes

H~r !5AM2 /M1E
0

`

dXE d2k'

2~2p!3
F~X8,k'!

3F~X,k'!
A~X!A~X8!1k'

2

AA2~X!1k'
2AA2~X8!1k'

2
, ~3.6!

whereX[m1x, X8[m2x8, andA(X)5X1mq̄ . Note that
the quantitiesX, X8, mq̄ , andk' appearing in the integrand
are all of orderLQCD. Denotez[v 2

1/v 1
15(M1/M2)r , then

@see Eq.~2.31!#

z65v1•v26A~v1•v2!
221. ~3.7!

Obviously, z1z251 and X8/X51/z. Let H(r6)
5AM2 /M1H̃(z6), so that Eq.~2.34! can be rewritten as

^P2uV1uP1&52AM1M2H̃~z!v1
1 . ~3.8!

By a simple change of integration variable, one can readily
show that

H̃~z!5zH̃~1/z!. ~3.9!

To check the validity of the heavy-quark-symmetry rela-
tion ~2.29!, we note thath6(q

2) are related toH̃(z) via

h6~q2!5
17z

12z2
@H̃~z!6zH̃~1/z!#, ~3.10!

in analog to Eq.~2.35! for f6(q
2). By virtue of Eq.~3.9!, the

heavy-quark symmetry~HQS! relation h2(q
2)50 given in

Eq. ~2.29! is indeed satisfied, and the Isgur-Wise function is
given by

j~v1•v2!5
2H̃~z!

11z
. ~3.11!

Evidently, the Isgur-Wise function is independent of the
heavy quark massesm1 ,m2 and their ratio, but it depends on
the light spectator quark mass. The right-hand side~RHS! of
Eq. ~3.11! is invariant under the exchangez↔1/z, implying
that the Isgur-Wise functionj(v1•v2) is independent of the
choice of the recoiling direction of the daughter meson, as it
should be. At zero recoil (z51), the expression forH̃(1)
becomes identical to the normalization condition~3.3!.
HenceH̃(1)51, and the Isgur-Wise function obeys the cor-
rect normalization conditionj~1!51. We would like to stress
again that, unlike the previous works@9,11# wherej(v•v8)
is actually evaluated forB→D transition and for spacelike
values ofq2, here the Isgur-Wise function is obtained in the
infinite quark mass limit and calculated directly forq2>0.
Within the specific model we have taken, our result is exact.

In the limit of heavy-quark symmetry, form factorsF1
andF0 are related to the Isgur-Wise function via

j~v1•v2!5
2AM1M2

M11M2
F1~q

2!

5
2AM1M2

M11M2

F0~q
2!

@12q2/~M11M2!
2#
. ~3.12!
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Hence theq2 dependence ofF1 is different from that ofF0
by an additional pole factor.

B. P˜V transition in heavy-quark limit

There are four HQS relations given in Eq.~2.51! for
P→V form factors. We shall first focus onã6 ~or a6!. As
m1 , m2→`, we can show that

QV~x8,k'!→Q~X8,k'!, QP~x,k'!→Q~X,k'!,
~3.13!

with QV being defined in Eq.~2.61!. The P→V transition
amplitudeI (r ) @see Eqs.~2.64! and ~2.65!# reduces to

I ~r !5 Ĩ ~z!52
1

Am1m2
E dXd2k'

2~2p!3
@X8A~X!

1X8~X2X8!Q~X8,k'!k'
2 # f ~X! f ~X8!

52
1

Am1m2
E dX8d2k'

2~2p!3
@XA~X8!

2X~X2X8!Q~X,k'!k'
2 # f ~X! f ~X8!, ~3.14!

where f (X)5F(X,k')/AA2(X)1k'
2 , X85X/z, and all

terms proportional to 1/WV have been neglected in the
heavy-quark limit. It is evident thatĨ (z) satisfies the relation

Ĩ ~z!5 Ĩ ~1/z!. ~3.15!

Therefore, from Eq.~2.54!,

ã11ã25
2MP

2

AMPMV

r1r2 Ĩ ~z1!2r1r2 Ĩ ~z2!

r12r2
50,

~3.16!

and

ã12ã252AMPMV

2r1 Ĩ ~z1!1r2 Ĩ ~z2!

r12r2

522AMPMVĨ ~z!. ~3.17!

Comparing this with Eq.~2.51! yields the Isgur-Wise func-
tion

z~v•v8!52E
0

`

dXE d2k'

2~2p!3
F~X8,k'!F~X,k'!

AA2~X!1k'
2AA2~X8!1k'

2

3$X8A~X!1X8~X2X8!Q~X8,k'!k'
2 % ~3.18!

with X8/X51/z. It remains to show thatz(v•v8) is indeed
the same as the Isgur-Wise functionj(v•v8) found inP→P
transition~3.11!. We will address this issue later in Sec. IV.
After showing the HQS relations~3.16! and ~3.17! for form
factorsã6 , we turn to the vector form factor. One can easily
show from Eq.~2.78! that, indeed,

g̃~q2!5AMPMVg~q2! ——→
HQ limit

22AMPMVĨ ~z!5z~v•v8!,
~3.19!

in accord with Eq.~2.51!.
Using the results~3.16! and ~3.17! for form factorsã6 ,

we are ready to prove the remaining HQS relation forf (q2).
It follows from Eqs.~2.45!, ~2.68! and~2.69!, and~2.70! that

f̃ ~q2!5
f ~q2!

AMPMV

52
1

2

X22X82

XX8
z

1E dX d2k'

2~2p!3
F~X8,k'!F~X,k'!

AAP
21k'

2AAV
21k'

2 S x8MV

m1
cD ,
~3.20!

where terms proportional to 1/WV vanish in the limit of
heavy-quark symmetry. We find form Eq.~2.70! that

x8MV

m1
c ——→

HQ limit

22
X8

X
~APAV1k'

2 !, ~3.21!

hence

f̃ ~q2!52
1

2

X22X82

XX8
z~v•v8!2

X8

X S 11
X

X8D j~v•v8!,

~3.22!

where use of Eq.~3.11! has been made. Then, using
X8/X51/z and Eq. ~3.7!, we are led to the desired HQS
relation given in Eq.~2.51!:

f̃ ~q2!52~11v•v8!j~v•v8!, ~3.23!

provided thatz(v•v8)5j(v•v8).
Is the functionz(v•v8) given by Eq.~3.18! identical to

the Isgur-Wise functionj(v•v8)? While j~1!51 is always
valid irrespective of the details of the light-front amplitude
used, the normalization ofz(v•v8) at zero recoil is non-
trivial. In fact, we find thatz~1! depends on the choice of the
light-front model wave function. We find numerically~see
Sec. IV A! that the HQS requirementz~1!51 is fulfilled by
the Gaussian-type wave function~2.15!, but not so by the
BSW-type wave function~2.14!. In other words, the normal-
ization of the Isgur-Wise function at zero recoil inP→V
transition puts a severe restriction on the phenomenological
light-front wave functions. Since we are not able to solve the
light-front QCD bound-state equation to obtain the momen-
tum distribution amplitudef(x,k'), we see that heavy-quark
symmetry is helpful in discriminating between different phe-
nomenological amplitudes. As will be shown in Sec. IV A,
z(v•v8) is numerically equal toj(v•v8) if the Gaussian-
type wave function is used.

The P→V form factors in the heavy-quark limit are all
related to the Isgur-Wise function via

z~v•v8!5
2AMPMV

MP1MV
V~q2!5

2AMPMV

MP1MV
A0~q

2!

5
2AMPMV

MP1MV
A2~q

2!

5
2AMPMV

MP1MV

A1~q
2!

@12q2/~MP1MV!2#
. ~3.24!
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That meansV, A0 , A2 all have the sameq
2 dependence and

they differ fromA1 by an additional pole factor.

IV. NUMERICAL RESULTS AND DISCUSSIONS

To examine numerically the form factors derived in the
last section, we need to specify the parameters appearing in
the phenomenological light-front wave functions. We shall
use the decay constants to constrain the quark massmq and
the scale parameterv. The decay constants of light pseudo-
scalar and vector mesons are3

f p5132 MeV, f K5160 MeV,

f r5216 MeV, f K*5210 MeV. ~4.1!

The decay constants of heavy mesons are unknown experi-
mentally, so we have to rely on model calculations and lat-
tice results. To be specific, we take

f D5200 MeV, f B5185 MeV,

f D*5250 MeV, f B*5205 MeV,
~4.2!

where the estimates forf D* and f B* are relatively more un-
certain. The parametersmq andv in the Gaussian-type and
BSW-type wave functions fitted to the decay constants via
Eqs. ~2.21! and ~2.24! are listed in Table I. Note that the
quark masses given in Table I are fixed to the commonly
used values, and the other fitted values are by no means
unique. Presumably, other hadronic properties, for example
the light-meson elastic form factor measured at a wide range
of momentum transfer, would be helpful in fixing the light-
front parameters.

A. Results for the Isgur-Wise function

Before proceeding to numerically evaluate theP→P and
P→V form factors, it is important to check the Isgur-Wise
function to ensure that model calculations do respect heavy-
quark symmetry in the infinite quark mass limit. With the
Gaussian-type~3.4! and BSW-type~3.2! wave functions
given in the limit of heavy-quark symmetry, the Isgur-Wise
function j(v•v8) for P→P transition calculated from Eqs.
~3.11! and ~3.10! is shown in Fig. 2 usingvD5vB50.55.
We see that the Isgur-Wise function obtained from Gaussian-
type and BSW wave functions is very similar. The slope of
j(v•v8) at the zero-recoil point is

r2[2j8~1!51.24. ~4.3!

Recent theoretical estimates and experimental analyses favor
r2&1. The slope parameterr2 is subject to constraints from
Bjorken and Voloshin sum rules~for a review, see@2#!. A
tight bound is derived to be 0.5,r2,0.8 @21#. QCD sum-rule
results range from 0.70 to 1.00@21#. It thus appears that our
slope parameter~4.3! is too large. This may be attributed to
the fact that the Gaussian-type amplitude does not have
enough amount of high-momentum components at largek' .
It has been shown in@19# that the one-gluon-exchange inter-
action can generate high-momentum components in the me-
son wave function and reduce the value ofr2 significantly.

Although j is independent of heavy quark masses, it is
interesting to see if it can be fitted to a simple pole behavior
for a specific transition, e.g.,B→D:

j~q2!5
j~0!

~12q2/Mpole
2 !a , ~4.4!

where v•v85(M B
21M D

2 2q2)/(2MBMD). We find that
j(q2) is fitted very well over the entireq2>0 region with a
dipole behavior~one cannot tell the difference between fitted
and calculated curves! with

a52, Mpole56.65 GeV. ~4.5!

Indeed, this pole mass is close to the mass 6.34 GeV of the
11 vector meson with (bc̄) content.

The most interesting and striking results are shown in Fig.
3 for the functionz(v•v8) @see Eq.~3.18!# for P→V transi-
tion obtained by taking the heavy-quark limit of the form
factor A2(q

2) or V(q2). For the Gaussian-type wave func-
tion, we find thatz~1!51 at zero recoil, and that numerically

3The decay constantf r is obtained from the measured decay rate
of r0→e1e2, while f K* is determined fromt→K* nt .

TABLE I. Parametersmq ~in units of GeV! andv in the Gaussian-type and BSW-type wave functions
fitted to the decay constants given by Eqs.~4.1! and ~4.2!.

Wave function mu,d vp vr ms vK vK* mc vD vD* mb vB vB*

Gaussian 0.25 0.33 0.30 0.40 0.38 0.31 1.6 0.46 0.47 4.8 0.55 0.55
BSW 0.25 0.30 0.29 0.40 0.34 0.30 1.6 0.46 0.46 4.8 0.58 0.57

FIG. 2. The Isgur-Wise functionj(v•v8) for P→P transition
calculated using Gaussian-type~solid line! and BSW-type~dashed
line! light-front wave functions. For comparison, a curve for 1/v•v8
is also shown.
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z(v•v8) is identical toj(v•v8).4 In contrast, the curve com-
puted using the BSW amplitude deviates consistently from
j(v•v8); in particular,z~1!50.87 at zero recoil. That means,
for reasons not clear to us, the overlapping of the BSW wave
functions forP→V transition at zero recoil is not complete
in the heavy-quark limit. This in turn implies that the light-
front amplitudeFBSW is inconsistent with heavy-quark sym-
metry forP→V transition.

We note that the presence of theQ term in Eq.~3.18! is
crucial in obtaining the numerical equivalence ofz(v•v8)
and j(v•v8) for Gaussian wave function. Hence the form
factorsV(q2), A1(q

2), A2(q
2) obtained previously in@6,10#

are incomplete since theQ terms are not taken into account
there.

B. P˜P form factors

Since the BSW wave function fails to give a correct nor-
malization at zero recoil for the Isgur-Wise function in
P→V transition, the ensuing calculations are all carried out
using the Gaussian-type wave function. Theq2 dependence
of the form factorsF1(q

2)5 f1(q
2) andF0(q

2) for B→D

weak transition computed using Eqs.~2.28!, ~2.35!, and
~2.43! are shown in Fig. 4~we have neglected the nonva-
lence contributions!. At q250, we obtain
F 1

BD(0)5F 0
BD(0)50.70. From Fig. 4 we see thatF 1

BD(q2)
can be fitted by a dipole approximation in the entire timelike
q2 region with a pole massMpole56.59 GeV, consistent with
the pole mass 6.65 GeV fitted to the Isgur-Wise function@cf.
Eq. ~4.5!#, while F 0

BD(q2) at low q2 ~0<q2&6 GeV2! ex-
hibits a monopole dependence withMpole57.90 GeV. This
monopole behavior forF 0

BD at low q2 is consistent with Eq.
~3.12!.

The q2 dependence of the form factorf1(q
2) for the

transitionsB→p, B→K, D→p, andD→K are shown in
Fig. 5. Since nonvalence contributions are expected to be
important for heavy-to-light form factors, especially for
B→p transition, a comparison with data at largeq2 would
not be meaningful until these effects are included.5 However,

4Since numericallyz(v•v8) is equal toj(v•v8) up to six digits
for the Gaussian-type amplitude, we believe that this equivalence is
exact, although bothMAPLE andMATHEMATICA fail to give an ana-
lytic result for Eq.~3.18!.

5In @11# form factors atq2<0 are reformulated as a double dis-
persion integral representation, which allows one to perform an
analytic continuation to time-like momentum transfer. The Landau
singularity there corresponds to our valence-quark contribution,
while the non-Landau singularity to the non-valence configuration.
However, the contribution of the Landau singularity in this ap-
proach vanishes at the ‘‘quark zero recoil’’ point~see Fig. 14 of
@11# for D→K transition!, a phenomenon not seen in our direct
light-front calculations.

FIG. 3. The Isgur-Wise functionz(v•v8) for P→V transition
calculated using Gaussian-type~solid line! and BSW-type~dashed
line! light-front wave functions.

FIG. 4. Form factorsF1(q
2)5 f1(q

2) and F0(q
2) for B→D

transition arising from the valence-quark configuration. Dashed
curves are fits toF1 in a dipole form withMpole56.59 GeV and to
F0 in a monopole form withMpole57.90 GeV.

FIG. 5. The form factor
f1(q

2) for B→p, B→K, D→p,
and D→K transitions arising
from the valence-quark configura-
tion.
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as explained earlier, the nonvalence configuration does not
contribute at theq250 point. The numerical results for the
form factors atq250 are

f1
Bp~0!50.26, f1

BK~0!50.34,

f1
Dp~0!50.64, f1

DK~0!50.75. ~4.6!

We see that while the predictedf 1
DK(0) is in nice agreement

with experiment,f 1
DK(0)expt50.7560.03 @23#, f 1

Dp(0) and
the ratioR5 f 1

Dp(0)/ f 1
DK(0)50.87 are too small compared

to the measured valuesR51.2960.2160.11 @24# and 1.01
60.2060.07 @25#. It has been pointed out in@26# that the
unexpected large decay rates of Cabibbo-suppressed decay
D1→p1p0 and doubly-suppressed decayD0→K1p2 ob-
served experimentally imply a sizable SU~3!-breaking effect.
This effect can be explained in the factorization approach
only if f 1

Dp(0). f 1
DK(0) or R.1. We find that explanation

of the observed ratioR remains an unsolved issue in the
light-front quark model.

Not shown in Fig. 5 is the heavy-to-light form factor
f2(q

2), which is expected to satisfy the heavy-quark-
symmetry relation atq2 near zero recoil@22#: ( f11 f2)

Bp

;1/AmB and (f11 f2)
Dp;1/AmD. Our light-front calcula-

tion shows that in generalf2(q
2);2 f1(q

2) is a good ap-
proximation forB(D)→p transitions even whenq2 is not
close to qmax

2 , but it is only a rough approximation for
B(D)→K transitions.

C. P˜V form factors

The q2 dependence of the form factorsV(q2), A0,1,2(q
2)

for B→D* transition is depicted in Fig. 6. We see that the
valence-quark contribution toV, A0 , andA1 depends on the
choice of the ‘‘1’’ or ‘‘ 2’’ reference frame, corresponding
to r (q2)5r1(q

2) or r (q2)5r2(q
2). In general, the form

factor in the ‘‘1’’ frame is larger than that in the ‘‘2’’
frame, but they become identical at zero recoil where
r1(qmax

2 )5r2(qmax
2 )5MD* /MB @see Eqs.~2.31!–~2.33!#. At

maximum recoilq250, we find

VBD* ~0!50.78, A0
BD* ~0!50.73,

A1
BD* ~0!50.68, A2

BD* ~0!50.61, ~4.7!

in the ‘‘1’’ frame wherer (0)5r1(0)51, and

VBD* ~0!50.62, A0
BD* ~0!50.58,

A1
BD* ~0!50.59, A2

BD* ~0!50.61, ~4.8!

in the ‘‘2’’ frame where r (0)5r2(0)5(MD* /MB)
2 @see

Eq. ~2.33!#. As discussed in Sec. II D, no firm predictions for
V, A0 , A1 can be made unless theZ-graph contributions are
included so that they are independent of the ‘‘6’’ frames.
Although we do not have a reliable estimate for theZ-graph
contribution, we know that it is more important for ther5r2

curve than ther5r1 one. This is because form factors at
q250 do not receive the nonvalence contribution in the
‘‘ 1’’ frame becauser1(0)51. Therefore, Eq.~4.7! gives
the complete results forB→D* form factors atq250. Con-
sequently, the difference between Eq.~4.7! and Eq. ~4.8!
must be equal to the nonvalence contribution in the ‘‘2’’
frame, namely,

ṼBD* ~0!50.16, Ã0
BD* ~0!50.15,

Ã1
BD* ~0!50.08, Ã2

BD* ~0!50. ~4.9!

This implies that for heavy-to-heavy transition, form factors
calculated from the valence-quark configuration alone and
evaluated in the ‘‘1’’ frame should be reliable in a broad
kinematic region and become most trustworthy in the close
vicinity of maximum recoil. A generic feature of theZ-graph
effect is illustrated in Fig. 7 by considering the form factor

A0
BD* . Assuming that the fullA0

BD* has a dipole behavior
shown in Fig. 7 with a pole massMpole56.73 GeV~dash-

FIG. 6. Form factorsV(q2), A0(q
2), A1(q

2),
andA2(q

2) for B→D* transition. Solid lines are
the valence contributions evaluated in the ‘‘1’’
frame wherer (q2)5r1(q

2), and dashed lines in
the ‘‘2’’ frame wherer (q2)5r2(q

2). The con-
tribution to the form factorA2 is independent of
the choice of the ‘‘1’’ or ‘‘ 2’’ frame.

FIG. 7. An illustration of the nonvalence contribution to the

form factor A0
BD* , whose general feature applies toA1

BD* and

V0
BD* as well. Valence-quark contributions toA0

BD* evaluated in the
‘‘ 1’’ frame ~solid line! and in the ‘‘2’’ frame ~dashed line! are the
same as in Fig. 6. The corresponding nonvalence contributions are

extracted in respective frames by assuming that the fullA0
BD* has a

dipole behavior withMpole56.73 GeV~dash-dotted line!.
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dotted curve!, the difference between the ‘‘full curve’’ and
the valence contribution should give the nonvalence contri-
bution. It is clear that theZ-graph effect in the ‘‘2’’ frame
~dashed curve! is sizeable in the entire kinematic region,
whereas it is important in the ‘‘1’’ frame ~solid curve! only
whenq2 is close to the zero-recoil point.

For a broad range ofq2, we find thatA0
BD* , A2

BD* , VBD*

can be fitted to a dipole form andA1
BD* to a monopole form,

in accord with the HQS relations given in Eq.~3.24!. Experi-
mentally, two form-factor ratios defined by

R1~q
2!5F12

q2

~MB1MD* !2G V
BD* ~q2!

A1
BD* ~q2!

,

R2~q
2!5F12

q2

~MB1MD* !2G A2
BD* ~q2!

A1
BD* ~q2!

, ~4.10!

have been extracted by CLEO@27# from an analysis of an-
gular distribution inB̄→D* l n̄ decays with the results

R1~qmax
2 !51.1860.3060.12,

R2~qmax
2 !50.7160.2260.07. ~4.11!

Equation~3.24! implies that, irrespective of the values ofq2,
R1(q

2)5R2(q
2)51 in the heavy-quark limit. Our light-front

calculations yieldVBD* (qmax
2 !51.14,A1

BD* (qmax
2 )50.83, and

A2
BD* (qmax

2 )50.96, hence R1(qmax
2 !51.11 and

R2(qmax
2 !50.92, in agreement with experiment. The predic-

tions of HQET are similar @2#: R1.1.360.1 and
R2.0.860.2.

As shown in Figs. 8–11, we have also computed theq2

dependence of the form factors forB→K* , B→r, D→K* ,
andD→r decays. The numerical results of the form factors
at q250 are~in the ‘‘1’’ frame!:

B→K* : A0
BK* ~0!50.32, A1

BK* ~0!50.26, A2
BK* ~0!50.23, VBK* ~0!50.35,

D→K* : A0
DK* ~0!50.71, A1

DK* ~0!50.62, A2
DK* ~0!50.46, VDK* ~0!50.87,

~4.12!

B→r: A0
Br~0!50.28, A1

Br~0!50.20, A2
Br~0!50.18, VBr~0!50.30,

D→r: A0
Dr~0!50.63, A1

Dr~0!50.51, A2
Dr~0!50.34, VDr~0!50.78.

FIG. 8. Same as Fig. 6 except forB→K*
transition.

FIG. 9. Same as Fig. 6 except forB→r tran-
sition.
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Experimentally, onlyD→K* form factors have been mea-
sured with the results@23#

VDK* ~0!51.060.2, A1
DK* ~0!50.5560.03,

A2
DK* ~0!50.4060.08, ~4.13!

obtained by assuming a pole behavior for theq2 dependence.
Our predictions for theD→K* form factors are consistent
with experiment.

Form factors for B→r and D→r transitions at
q250 predicted in various approaches~lattice simulations,
QCD sum rule, quark model, light-front quark model,
and heavy quark effective theory together with chiral
perturbation theory! are summarized in Table II. We have to
await further experimental studies in order to test various
models. TheB→K andB→K* transitions arise from flavor-
changing neutral currents induced by QCD corrections.
It has been found recently that there are two experimental
data for B→J/cK (* ) which cannot be accounted
for simultaneously by all commonly used models@45#.
Hence it is important to have a reliable estimate of the
B→K (* ) form factors at q25mJ/c

2 in order to
test the validity of the factorization approach. Our calcula-
tion gives

F1
BK~mJ/c

2 !50.66, VBK* ~mJ/c
2 !50.42,

A0
BK* ~mJ/c

2 !50.63, A1
BK* ~mJ/c

2 !50.37,

A2
BK* ~mJ/c

2 !50.43, ~4.14!

from valence-quark configuration.

As for theq2 dependence of heavy-to-light form factors,
we see from Figs. 8–11 that, except forVBr, they all increase
with q2, thoughA1 is flatter thanA0 , A2 , andV. As we have
argued before, the valence-quark contribution evaluated in
the ‘‘1’’ frame should be reliable whenq2 is close to maxi-
mum recoil. For smallq2, we have a dipole behavior forA0 ,
A2 , V ~except forVBr andVBK* ! and a monopole behavior
for A1 ; that is,A0 , A2 , andV increase withq2 faster than
A1 . The form factorV for B→r andB→K* in the ‘‘1’’
frame does not have a dipole behavior at smallq2 mainly
because of the large destructive contributions from the
QVk'

2 /WV terms in Eq.~2.78!. As a result, the form factorV
in B→r andB→K* decays evaluated in the ‘‘1’’ frame is
smaller than that in the ‘‘2’’ frame. Theq2 dependence of
the P→V form factors have also been studied in the QCD-
sum-rule approach with some contradicting results. For ex-
ample, whileA 1

Br is found to decrease fromq250 toq2515
GeV2 in @46# ~see also@35,37,42#!, such a phenomenon is not
seen in@36,38# ~see also Sec. 5.3 of@44#!. The sum-rule
results of@38# show that the form factorsA0 , A2 , V all have
a dipole form whileA1 has a monopole form, in accord with
our observation. The same conclusion is also reached in@9#
based on the scaling behavior of heavy-to-light form factors
in themQ→` limit. A recent lattice study of the axial form
factorsA 0

Br, A 1
Br, andA 3

Br @32# is consistent with theq2

behavior we have obtained in the light-front quark model.

V. SUMMARY

The heavy-to-heavy and heavy-to-light form factors in
P→P andP→V transitions are studied in the present paper.
In the light-front relativistic quark model, the decay form

FIG. 10. Same as Fig. 6 except forD→K*
transition.

FIG. 11. Same as Fig. 6 except forD→r
transition.
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factors are evaluated in a frame whereq1>0 andq'50, so
that it covers the entire physical range of momentum transfer
and no extrapolation assumption fromq250 or from
q25qmax

2 is required. In previous works usingq150, one
can only calculate form factors atq250; moreover, the form
factors f2(q

2) in P→P decay anda2(q
2) in P→V decay

cannot be studied. For the first time, we have calculated the
P→V form factors directly at timelike momentum transfers.
The main results of this paper are as follows.

~1! We have investigated the behavior of heavy-to-heavy
form factors in the heavy-quark limit and found that the re-
quirements of heavy-quark symmetry~2.29! for P→P tran-
sition and Eq.~2.51! for P→V transition are indeed fulfilled
by the light-front quark model provided that the universal
function z(v•v8) obtained fromP→V decay is identical to
the Isgur-Wise functionj(v•v8) in P→P decay.

~2! Contrary to the Isgur-Wise function inP→P decay,
the normalization ofz(v•v8) at zero recoil depends on the
light-front wave function used. We found that the BSW am-
plitude correctly givesj~1!51, but z~1!50.87. Therefore,
this type of wave function cannot describeP→V decays in a
manner consistent with heavy-quark symmetry.

~3! Using the Gaussian-type amplitude, the Isgur-Wise
function z(v•v8) has a correct normalization at zero recoil
and is identical toj(v•v8) numerically up to six digits. It
can be fitted very well with a dipole dependence with

Mpole56.65 GeV forB→D transition. However, the pre-
dicted slope parameterr251.24 is probably too large. This
may be ascribed to the fact that the Gaussian-type wave
function does not have enough high-momentum components
at largek' .

~4! The valence-quark and nonvalence contributions to
form factors are in general dependent on the recoiling direc-
tion of the daughter meson relative to the parent meson, but
their sum should not be. Although we do not have a reliable
estimate of the pair-creation effect, we have argued that, for
heavy-to-heavy transition, form factors calculated from the
valence-quark configuration evaluated in the ‘‘1’’ frame
should be reliable in a broad kinematic region, and they be-
come most trustworthy in the vicinity of maximum recoil.

~5! The form factorsF1 , A0 , A2 , V ~except forVBr and
VBK* ! all exhibit a dipole behavior, whileF0 andA1 show a
monopole behavior in the close vicinity of maximum recoil
for heavy-to-light transition, and in a broader kinematic re-
gion for heavy-to-heavy decays. Therefore,F1 , A0 , A2 , V
increase withq2 faster thanF0 andA1 .
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TABLE II. Form factors forB→r andD→r transitions atq250 in various models.

Reference A 1
Br(0) A 2

Br(0) VBr(0) A 1
Dr(0) A 2

Dr(0) VDr(0)

Lattice BES@28# 0.65215223
115124 0.59231225

131128 1.0760.4960.35

LMMS @29# 0.4560.04 0.0260.26 0.7860.12

ELC @30# 0.2260.05 0.4960.22 0.3760.11

APE @31# 0.2460.12 0.2760.80 0.5360.31

UKQCD @32# 0.272423
1713 0.282625

1914

GSS@33# 0.1624216
14122 0.7223527

135110 0.6122326
12319 0.592726

1718 0.8322028
120112 1.31225213

125118

Sum Slobodenyuk@34# 0.9660.15 1.2160.18 1.2760.12

rule Ball @35# 0.560.1 0.460.2 0.660.2 0.560.2 0.460.1 1.060.2

ABS @36# 0.2460.04 0.2860.06

Narison@37# 0.3860.04 0.4560.05 0.4560.05

YH @38# 0.0760.01 0.1660.01 0.1960.01 0.3460.08 0.5760.08 0.9860.11

QM ISGW @39# 0.05 0.02 0.27

BSW @18# 0.28 0.28 0.33 0.78 0.92 1.23

Stech@40# 0.30 0.33 0.35

FGM @41# 0.2660.03 0.3160.03 0.2960.03

IV @42# 0.50 0.51 0.70 0.55 0.45 1.08

LFQM This work 0.20 0.18 0.30 0.51 0.34 0.78

OXT @9# 0.21 0.18 0.32

Jaus@10# 0.26 0.24 0.35 0.58 0.42 0.93

Melikhov @11# 0.17–0.26 0.16–0.24 0.22–0.34

HQET CDDGFN@43# 0.21 0.20 1.04 0.55 0.28 1.01

1ChPT CDDGFN@44# 0.28 0.19 0.50

1576 55HAI-YANG CHENG, CHI-YEE CHEUNG, AND CHIEN-WEN HWANG



@1# N. Isgur and M. B. Wise, Phys. Lett. B232, 113 ~1989!; 237,
527 ~1990!.

@2# M. Neubert, Phys. Rep.245, 261 ~1994!.
@3# M. V. Terent’ev, Sov. Phys. J.24, 106 ~1976!; V. B. Berest-

etsky and M. V. Terent’ev,ibid. 24, 547 ~1976!; 25, 347
~1977!.

@4# P. L. Chung, F. Coester, and W. N. Polyzou, Phys. Lett. B205,
545 ~1988!.

@5# W. M. Zhang, Chin. J. Phys.31, 717 ~1994!; Report No. IP-
ASTP-19-95, hep-ph/9510428~unpublished!.

@6# W. Jaus, Phys. Rev. D41, 3394 ~1990!; 44, 2851 ~1991!; Z.
Phys. C54, 611 ~1992!.

@7# P. J. O’Donnell and Q. P. Xu, Phys. Lett. B325, 219 ~1994!.
@8# P. J. O’Donnell and Q. P. Xu, Phys. Lett. B336, 113 ~1994!.
@9# P. J. O’Donnell, Q. P. Xu, and H. K. K. Tung, Phys. Rev. D

52, 3966~1995!.
@10# W. Jaus, Phys. Rev. D53, 1349~1996!.
@11# D. Melikhov, Phys. Rev. D53, 2460~1996!; Phys. Lett. B380,

363 ~1996!; Report No. hep-ph/9607216, 1996~unpublished!.
@12# C. Y. Cheung, C. W. Hwang, and W. M. Zhang, Z. Phys. C~to

be published!.
@13# N. B. Demchuk, I. L. Grach, I. M. Narodetskii, and S. Simula,

Report No. INFN-ISS 95/18, hep-ph/9601369~unpublished!.
@14# I. L. Grach, I. M. Narodetskii, and S. Simula, Phys. Lett. B

385, 317 ~1996!.
@15# A. Dubin and A. Kaidalov, Yad. Fiz.56, 164~1993! @Phys. At.

Nuclei 56, 237 ~1993!#.
@16# M. Sawicki, Phys. Rev. D44, 433 ~1991!.
@17# C. Y. Cheung, W. M. Zhang, and G. L. Lin, Phys. Rev. D52,

2915 ~1995!.
@18# M. Wirbel, B. Stech, and M. Bauer, Z. Phys. C29, 637~1985!;

M. Bauer, B. Stech, and M. Wirbel,ibid. 42, 671 ~1989!.
@19# S. Simula, Phys. Lett. B373, 193 ~1996!.
@20# M. Neubert and V. Rieckert, Nucl. Phys.B382, 97 ~1992!.
@21# M. Neubert, Int. J. Mod. Phys. A11, 4173~1996!.
@22# N. Isgur and M. B. Wise, Phys. Rev. D41, 151 ~1990!.
@23# Particle Data Group, L. Montanetet al., Phys. Rev. D50, 1173

~1994!.
@24# CLEO Collaboration, M. S. Alamet al., Phys. Rev. Lett.71,

1311 ~1993!.

@25# CLEO Collaboration, F. Butleret al., Phys. Rev. D52, 2656
~1995!.

@26# L. L. Chau and H. Y. Cheng, Phys. Lett. B333, 514 ~1994!.
@27# CLEO Collaboration, J. E. Duboscqet al., Phys. Rev. Lett.76,

3898 ~1996!.
@28# G. Bernard, A. El Khadra, and A. Soni, Phys. Rev. D43, 2140

~1992!.
@29# V. Lubicz, G. Martinelli, M. S. McArthy, and C. T. Sachrajda,

Phys. Lett. B274, 415 ~1992!.
@30# A. Abadaet al., Nucl. Phys.B416, 675 ~1994!.
@31# APE Collaboration, C. R. Alltonet al., Phys. Lett. B345, 513

~1995!.
@32# UKQCD Collaboration, D. R. Burfordet al., Nucl. Phys.

B447, 425 ~1995!; J. M. Flynnet al., ibid. B461, 327 ~1996!;
J. M. Flynnet al., ibid. B476, 313 ~1996!.
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