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Unitarity triangle and quark mass matrices on the nearest-neighbor interaction basis
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We examine the unitarity triangle of the KM matrix, which is derived from the general quark mass matrices
in the NNI basis. The FritzscAnsadzeare modified by introducing four additional parameters. The KM matrix
elements are expressed in terms of quark mass ratios, two phases, and four additional parameters. It is found
that the vertex of the unitarity triangle is predicted to be almost in the second quadrant@mthkane as far
asV,y=— Jmy/mee'®+ Jm, /m.e'9. [S0556-282(97)05303-4

PACS numbgs): 12.15.Ff, 12.15.Hh

I. INTRODUCTION II. QUARK MASS MATRIX IN THE NNI BASIS
AND KM MATRIX

One C.)f the most Important unsolved _p_roblems of flavor As presented by Branco, Lavoura, and Mota, both up and
physics is the understanding of flavor mixing and the ferm-

ion masses, which are free parameters in the standard moddpwn quark mass matrices could always be transformed to
' parame MOUHe non-Hermitian matrices in the NNI basis by a weak-basis
The observed values of those mixing and masses provide

with clues of the origin of the fermion mass matrices. One Olrf?ansformation for the three and four generation cgSedn
9 i this basis, the KM matrix elements are expressed generally in

the most strict methods to test quark mass matrices is givet%rms of mass matrix parameters due to eight texture zeros
by investigating the so-called unitarity triangle of the . . a
Kobayashi-MaskawéKM ) matrix [1]. At present, the unitar- In particular, phases of the mass matrices can be easily iso

ity triangle in thep- » plane[2] is determined by the experi- lated as shown later. The famous Fritzskhsaze are the
y 9 P ”,,,p— ) y P special ones in the NNI basis. Therefore, the discrepancy
mental data o0B—X/v,, e parameter in the neutr&l me-

from the FritzschAnsdze can be simply estimated in this

son system an8.-By mixing. However, the experimentally p55is. We begin with discussing general quark mass matrices
allowed region is too wide to determine the position of thej, the NNI basis as follows:

vertex point in thep-» plane. The unitarity triangle is ex-
pected to be determined precisely by the experimental data 0 A O 0
from theB factory at KEK and SLAC in the near future. On
the other hand, one needs the experimental information of My=| B 0 CJ, Mg=|GC
the six quark masses to estimate the KM matrix elements in 0 D E 0
the quark mass matrix models. The discovery of the top
quark[3,4] provides us with the chance of the precise studywhere A~J are ¢ numbers. The matriced, and Uy are
of quark mass matrices phenomenologically. Thus, we ardefined as the unitarity matrices which diagonalize the Her-
now in the epoch of examination of quark mass matrices bynitian matricesH = Mquj andHy= MdMg, respectively:
focusing on the unitarity triangle.

In this paper, we examine the unitarity triangle of the KM U/H,U,=D,, UJHU4=Dy, 2
matrix, which is derived from the quark mass matrices in the
nearest-neighbor interactiosINI) basis[5]. Any up- and  where
down- 3X 3 quark mass matrices can always be transformed

to those in this basis by a weak-basis transformation. We m2 0 0 m; 0 O
present general discussions of the unitarity triangle in con- _ 2 2

text with quark mass matrices in the NNI basis. It is likely D,=| 0 mc 0], Dg= ms 0 3)
that the vertex of the unitarity triangle almost lies on the 0 0 m 0 m

second quadrant of the- » plane.

In Sec. Il, we give the expression of the KM matrix ob- In the NNI basis, we can extract phases from each quark
tained from general quark mass matrices in the NNI basisnass matrix by the use of the diagonal phase matrices. Then,
The KM matrix elements are expressed in terms of quarkve can write
mass ratios, two phases, and four additional parameters
which stand for the discrepancy of our matrix elements from U,=¢,0,, Uyg=¢40q4, 4
those of the FritzsciAnsdze[6]. We show the vertex of the o -
unitarity triangle on thep-7 plane related with the param- where ¢,=diag(€'Pv,e'9%,1), ¢y=diag(e'?d,e'%,1) and
eters of the quark mass matrices in Sec. Ill. A summary i©,, Oq4 are orthogonal matrices. We define the phase matrix
given in Sec. IV. d as
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FIG. 1. The unitarity triangle in th&nsatzby

0.5 Brancoet al.
4 '[
1 h
: :
0 -OL.S * 0 0.5 1 4
Ver= \/ gia— /e (10)
D=y Py ) cb my, my’
e?P 0 0 as far aan,=100 GeV. So this simpleginsatzseems to be
-l o €9 0 ©6) ruled out since the observed top-quark mass is larger than
’ 160 GeV[3,4]. On the other hand, anoth&nsatzproposed
0 0 1 by Brancoet al.[7],
where p=pyg—p, and g=qyq—q,. So the KM matrix is 0 a, O 0 ag O
iven b
J Y Mu: ay 0 bu , Md: aq 0 bd (11)
Viw=0[®O0y. (7) 0 ¢ c 0 ¢y Cg
The FritzschAnsatzof the quark mass matrix is to take the js successful not only for the, element,
simplest form in the NNI basis:
0 a, O 0 ag O Vys=— \/_ elP+ 4\/_\/ el (12
Mu: a, 0 bu , Md: ay 0 bd (8)
0 b, c 0 by cqg but also forVgy:
Although thisAnsatzis successful for th&/ ¢ element like mg me
Vcb_ m—e'q— H (13)
b t

9

My i my i
Vis=— \/ =€P+\/ €9,
mS mC

it fails for V.,

Although thisAnsatzovercomes the fault of the Fritzsétn-
satz it cannot reproduce the observed ratd,,|/|V |
=0.08t0.02[8]. If we describe the unitarity triangle which
is obtained by using thAnsatzby Brancoet al, the vertex

FIG. 2. The relation betweex and y at
gq=0°. The solid line is the case of
|Vcp|=0.040. The uppeklower) dashed line is
the case ofV,|=0.035 (V| = 0.045).
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of the triangle is plotted outside of the experimentally al- m,M. 1+x2m,
lowed region on the- » plane, as shown in Fig. 1. Here, in a,= z 1+ I m) (23
order to describe the experimental allowed region, we used t
the recent JLQCD resu[®] of the lattice calculation for the 1472
theoretical parametei8, anded as follows: by= \ /mcmt( 1— z ﬂ) (24)
X 4z m,
Bk=0.76-0.04, 5,=0.19v0.01 GeV. (14 1pen the matrix elements @, are written as
Therefore we should consider more general mass matrices (Oy)11=1N (25)
in order to study the unitarity triangle. We adopt a weak Wit Uy’
hypothesis for the matrix in Eq1): the generation hierarchy
of the matrix elements, which was guaranteed in the Fritzsch 1 /m, oty et .uc
Ansatzdue to the observed mass hierarchy, Ou)1z=— Pz V Hc(lJr Ri+ri+r)/Ny, (26
M2~ M2 <Mz~ M3;<Mgs, (15 v
ct_ puc
for both up- and down-quark sectors. The quark mass matri- )13~ \[ \/ (1+R Ry )/Nu ' (27)
ces are parametrized in general as
1 /m
0 a 0 0 a 0 (Owo=—"=\/—(L—RE+r¥)N,, (28
M,=|az 0 by|, Myg=[aw 0 bygl, Vz ¥ me
0 byx c 0O b C
u u dy d (16) (OU)ZZZ 1/N u, (29)
wherex, y, z, andw are parameters that stand for discrep- 1 /m,
ancies from the Fritzsch mass matrix. Because of the hierar- (Ou2z=—F+= H(l—Rﬂchrﬁt)/Nuy (30
chy of mass matrix elements, we may restrict the parameter Vx ¢
region:
1 My ct uc_ ,uc
0.1=x,y,z,w=10. (17 (Oy)a1=— \/72 (R R Ty )Ny, (3D
C
We comment on the number of parameters. There are twelve
parameters in the mass matrices because there are two phase v ot
parameters in addition to the parameters in B). Since u)32__ (1 Ry +Trg)/Ny,, (32
the number of the physical parameters is (®Rr masses and
four KM mixing parameters the basis in Eq(16) is the
general one. (Ou)ag=1MN,, (33
In order to obtain the elements @, in Eq. (4), we
expressau(d)' bu(d)’ and Cu(d) in terms of quark masses WhereN (l 1,2 3) are normalization factors, and
from eigenvalue equations &f,q . For the parametec,,
the equation is given as followsy, is written as uc 1+2°my ot 1+x° m
U4z my) U m, (34
, (1+x3)%(1+2?) , (1+ x) ‘ ‘
—2M;c+ —\/ 3CytMi————M,
o 1=Z2mg 1P mg
ry= —, I;= — (35
=0, (18 u 2z m, U2x m;
where The matrix elements oDy are given analogously. Here we
P neglect the terms of order afh,/m;, my/my, and higher
Mi=mg+mg+mg, (190 order corrections. Thus the KM matrix elements are given in
terms of quark mass ratios, two phases, and four additional
M, =m2mZ+ m2ZmZ+m2m? (200 parameters, y, z, andw as
M= mZm2m?. 21 1
3 3 @D Vug= 1€ (36

Neglecting the third term of Eq18), which is very small,
we obtainc,:

1+x2 mc)

cu:mt(l— o H (22

Fora, andb,, we get

1
V= N—[ \/ (1+R'°'b+r§b+rds)e'p
~|—\/ mc 1-RS4ru%)eld |,

(37

N
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FIG. 3. The vertices of the unitarity triangle in
the case oz=w=1. Each dotted line is the case
of g=+60°, +30°, +10°, 0°, —10°, —30°,
—60° from the upper side, respectively. The dots
of g=0° and=10° lines correspond tg=0.5,
0.6, 0.7, 0.8, 0.9, 1.0, 2.0, 4.0, 6.0, 8.0, 10.0 in
order from the right hand side. The dots of
g=*=30° lines correspond tx=1.0, 2.0, 3.0,
4.0, 5.0, 6.0, 7.0, 8.0, 9.0, 10.0 in order from the
right hand side. The dots @f=*+60° lines cor-
respond tx=4.0, 5.0, 6.0, 7.0, 8.0, 9.0, 10.0 in
order from the right hand side.

1
Nub

m
Vup=

er“n(1+ RS- Rﬂ°+rﬂ°)},

1 m, .
Vea= N—Cd[ - \/zm(1+ RyHrg+rye’®

My .
+ ) (1— RSP+ 5Pyl
Wms( 3

V= ieiq
e NCS '

1 mg sb .
~_ _ + shy 4iq
Veb Ncb[ \/ymb(l Ritrg)e
Mme
= V(LRI
1 [ my
~ + sh__ ds+ ds
th Ntd |: nyTb( 1 Rd Rd r.d ’
1

m )
ol Vama- R e
_ Mg __ pds, ,sb
\/ymb(l Ry+ra) |,

Vis

(39)

(39

(40)

(41)

(42

(43

1

Vip= Ny’

(44)
whereN's are normalization factors such &g s=Ny Ng,,
etc.

Ill. THE UNITARITY TRIANGLE AND PARAMETERS
OF QUARK MASS MATRICES

In order to estimate the absolute values of KM matrix
elementgV;;|, we use the values of the masses of six quarks
on the same energy scale. There are many studies for the
values of quark massg¢40—16. Since Koide[17] has dis-
cussed those works recently, we follow his summary. For the
light quark masses, we take the results by Dominguez and
Rafael[11] since themg/my ratio is in good agreement with
the one in Ref[13]:

m,=0.00560.011, my=0.0099+0.0011,
ms=0.199+0.033 (GeV), (45

at 1 GeV scale. For the heavy quarks, we adopt the running
masse$3,4,16

me(m,)=1.2370.018, my(m,)=4.273+0.064,
m(m,) = 166.2+12.4 (GeV), (46)

which correspond to the following masses at 1 GeV scale:

FIG. 4. The vertices of the unitarity triangle in
the case ofz=w=1.3. Each dotted line is the
case ofg=+60°, +30°, +10°, 0°, —10°,
—30° from the upper side, respectively. The dots
of g=0° and = 10° lines correspond ta=0.5,
0.6, 0.7, 0.8, 0.9, 1.0, 2.0, 4.0, 6.0, 8.0, 10.0 in
order from the right hand side. The dots of
gq==*=30° lines correspond tx=1.0, 2.0, 3.0,
4.0, 5.0, 6.0, 7.0, 8.0, 9.0, 10.0 in order from the
right hand side. The dots @f=60° lines corre-
spond tox=4.0, 5.0, 6.0, 7.0, 8.0, 9.0, 10.0 in
order from the right hand side.
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FIG. 5. The vertices of the unitarity triangle in
the case ofz=w=0.7. Each dotted line is the
case ofg=+60°, +30°, +10°, 0°, —10°,
—30°, —60° from the upper side, respectively.
The dots ofg=0° and=10° lines correspond to
x=0.7, 0.8, 0.9, 1.0, 2.0, 4.0, 6.0, 8.0, 10.0 in
order from the right-hand side. The dots of
q==*=30° lines correspond tx=1.0, 2.0, 3.0,
4.0, 5.0, 6.0, 7.0, 8.0, 9.0, 10.0 in order from the
right-hand side. The dots af=*=60° lines cor-
respond tx=4.0, 5.0, 6.0, 7.0, 8.0, 9.0, 10.0 in
order from the right-hand side.

P

m,=1.316-0.024, m,=5.934-0.101, x=y=1, which leads us to the unsuccess of the Fritzsch
Ansatz In Fig. 2, the allowed lines fofV.,| are shown on
m,=349.5+27.9 (GeV). (47  thex—y plane in the case af=0. We find that the phase

g is restricted to be-60°<q=<60° due to the condition
Here, we used 2-loop renormalization group equations witlp.1<y<10. Next we obtain the value of the phasdrom
A% 0.195 GeV. Eg. (39). Sincep is a real number, the value of is also

Now we can estimate the KM matrix elements. At first, restricted for each value af. Thus ifx andq are fixed, we
we setz=w=1, which corresponds to the Fritzsénsatz ~C¢an calculate the KM matrix elements. Furthermore, we re-
for the first- and second-generation mixing sector, since thi§trict the parameter region &ffor eachq value due to fitting
Ansatzworks well for |V, 4. It is remarkable that the follow- With experimental data diVq|, [Vug, and|V4:
ing results are available for all models which expr¥gs as
—Jmg/mee'P+ m,/m.e'%, because our KM matrix ele-
ments in Eq(37) are most generally expressed.

Since we study the unitarity triangle which is normalized q=0%:0.5=x=<10.
by V§,Vceq, parameters should be constrained to reproduce
the values of V| and|V.4 in PDG[8], as well as|V,4,
|V.d, and|V.4, which do not appear explicitly in the uni-
tarity triangle. We use the valu¢8]

g=*60°:2.0sx=<10, g==*=30°:1.0sx=10,

Let us present the unitarity triangle. If the phageis
fixed, the vertex point of the triangle moves on the 7
plain according to the change of parametetWe show in
Fig. 3 the changes of the vertex points by the dotted lines for

|V,ql =0.9753-0.0006, |V,J=0.221+0.003, the fixed values ofy suph asq=—60°, —30°, —10°, 0°,
10°, 30°, and 60°. It is found that the triangle vertex is
|Veq|=0.2210.003, |V,,|=0.040+0.008, sensitive to the value of in thex<1 region, but insensitive
to x in the largex region. If —60°<q=<15°, a part of the
|V.4 =0.9745+0.0007. (48 dotted line comes into the experimentally allowed region. All

of the triangle vertices are found to be on the second quad-
In the numerical analyses, we take the central values forant of thep— » plane. It is to be emphasized that, if we
[Veql @and| V| in Eq. (48). The ambiguity of our predictions assume the generation hierarchy of the quark mass matrices,
due to experimental errors is rather small. For the given valthe vertex of the unitarity triangle is on the second quadrant
ues ofx andq, we can obtain the value of parameteby as far as z=w=1, namely, as for as Vg
using Eq.(41). In order to reproducéV,,|, we cannot set =—my/mse'?+ \m,/m.'".

FIG. 6. One case in which the vertex of the
unitarity triangle comes on the center of the first
quadrant of thep— » plane.
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Next, we consider the cases ofw+ 1. Due to the con- IV. SUMMARY
dition thatp is a real numberz andw are restricted to be
z=w=1.3. In the case of £z=w=1.3, each dotted line of
Fig. 3 moves down to the right side. So, in this case, th
possible predicted region of the vertex in the first quadran
appears unlike the case a=w=1. While in the case of

In this paper, we examined the unitarity triangle, which is
derived from general quark mass matrices in the NNI basis.
or quark mass matrices, we introduced four additional pa-
rametersx, y, z, and w, which are restricted to be
! . . . 0.1=x,y,z,w=<10 due to the assumed generation hierarchy.
z=w=1, each line of Fig. 3 moves up to the left side. In theThen the KM matrix elements have been written in terms of

;ﬁg\?\l:&cz;v‘ililblﬁ :EZ :i?;nghea&/farrt:fesi nljer\gzr A?C;TS énstr?: V\(/quark mass ratios, two phases, and four parameters. In the
9 q - 19 . case ofz=w, the vertex of the unitarity triangle almost
the cases of=w=1.3 andz=w=0.7, respectively. Thus,

we conclude that the vertex of the unitarity triangle almostlcz?grzezozth;nzegoqg t?}gasgltnetxog’?tehg plﬁ?tZri?/ S{:g\g&éﬂis
appears In the SeCOP_d quadrant under the assur PHOM jotermined to be in the neighborhood of the vertex of Fig. 6
What is the condition that the vertex of the unitarity tri- by the B f . h K : del
angle appears in the first quadrant? As seen in B.and y .t N ac_tory experiment, the quark mass matrix models
which predict V= — \ymy/mee®+ \m,/m.e'9 should be

(42), Vup andVyg are written roughly as ruled out as far as the generation hierarchy of the quark mass
[ m, my matrices is assumed. Thus, the determination of the unitarity
Vir=\/ == V=1V . (490  triangle will give the important impact on the study of the
xzm ywim quark mass matrix model.

Due tom,~my andm;>my, |V4| is expected to be larger
than |V, in the case ofx~y as well asw~z. This fact
suggests that the conditioms>1 andz<1 are necessary in
order to move the vertex of the unitarity triangle into the first  We would like to thank Professor Y. Koide for helpful
quadrant. Actually, we get the vertex in the first quadrant forcomments. We also thank Professor T. Hayashi and Profes-
some cases ofi>1 andz<1. For example, we show one sor M. Matsuda for carefully reading the manuscript. This
case in Fig. 6 in whichx=1.0, y=2.8, z=0.4, w=2.0, research was supported by the Grant-in-Aid for Science Re-
p=128.2°, andy=0° are taken. TherV,s is no longer ex- search, Ministry of Education, Science and Culture, Japan
pressed in the simple form as E®). (No. 07640413
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