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In the PQCD analyses of the exclusive production of higher generation hadrons, the quark distribution
amplitude of the heavy quark system has often been approximated by ad function from the nonrelativistic
consideration. Going beyond the peaking approximation, the factorization of the covariant hard scattering
amplitude from the nonperturbative quark distribution amplitude is no longer valid. We therefore use the
light-cone time-ordered perturbation theory which is the step prior to the usual factorization formula and
calculate the form factor of a pseudoscalar meson composed of a heavy quark and antiquark. However, we find
that the numerical results for the cross section of exclusive heavy meson pair production ine1e2 annihilation
are not much different from those of the peaking approximation.@S0556-2821~97!00103-3#
PACS number~s!: 13.65.1i, 12.38.Bx, 14.40.Nd

I. INTRODUCTION

It has been pointed out@1# that exclusive pair production
of heavy hadrons,uQ1 ,Q̄2& and uQ1 ,Q2 ,Q3&, consisting of
higher-generation quarks (Qi5t,b,c) can be reliably pre-
dicted within the framework of perturbative QCD~PQCD!.
In this framework, the invariant amplitudeM for exclusive
processes factorizes into the convolution of the valence-
quark distribution amplitudesf(xi ,q

2) with the hard scatter-
ing amplitudeTH @2#:

M5E @dxi #E @dyi #f~xi ,q
2!TH~xi ,yi ,q

2!f~yi ,q
2!,

~1!

where [dxi ]5d(12( k51
n xk)P k51

n dxk and n52,3 is the
number of quarks in the valence Fock state. Since the collin-
ear divergences are summed inf(xi ,q

2), TH can be system-
atically computed as a perturbation expansion inas(q

2). The
distribution amplitude

f~xi ,q
2!5EkW '

2
,uq2u

@d2kW' i #c
~q2!~xi ,k' i !, ~2!

where

@d2kW' i #52~2p!3dF (
j51

n

kW' j G)
i51

n
d2kW' i

2~2p!3

is computed from the valence wave function of the hadron at
equal timet5t1z/c on the light cone and gives the prob-
ability amplitude for the constituents with light-cone mo-
mentum fractionxı5(k i

01k i
z)/( i51

n (k i
01k i

z) to combine
into the hadron with relative transverse momentum up to the
scaleq2. Although there have been efforts to calculate the
distribution amplitude using nonperturbative methods such
as the QCD sum rule@3# and lattice calculation@4#, it is not
yet well known for systems made of light quarks (u,d,s).
However, for heavy quark systems it can be essentially de-

termined by nonrelativistic considerations; i.e., ad function
was used for the distribution amplitude of the heavy meson,
uQ1 ,Q̄2&:

f~xi ,q
2!5

f M

2)
dFx12 m1

m11m2
G , ~3!

wheref M is the meson decay constant andm1 andm2 are the
masses of the quarks. Most of the works including some
recent calculations involving heavy quark systems employed
a similar peaking approximation@5–8#.

In the example of meson form factor calculations, the
following procedure was taken. At leading order ofas , the
contribution to TH is dominated by the single-gluon-
exchange diagrams shown in Fig. 1. To calculateTH , each
hadron is replaced by its collinear on-shell constituents. It is
common to assign thei th constituent’s momentumki ( l i) by
ki5xiP ( l i5yiP8), wherexi (yi) represents the longitudinal
momentum fractions of the total momentumP ~P8! of the
hadron in the initial~final! state. However, it can be easily
seen from the on-mass-shell conditions

mi
25ki

25xi
2P25xi

2MH
2 ,

mi
25 l i

25yi
2P825yi

2MH
2 ,

which lead toxi5yi5mi /MH . If one can neglect the masses
mi andMH , then these constraints on the values ofxi andyi
may not play any role. On the other hand, if one cannot
neglect the masses as in heavy hadron production processes,
then these constraints restrict the choice of the quark distri-
bution amplitude, and the only consistent quark distribution
amplitude would be given byd(xi2mi /MH) @Eq. ~3!# @9#.

FIG. 1. Leading-order one-gluon-exchange diagram toTH .
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However, it may be important to investigate the case that
f(x) is not an exactd function even though it is a highly
peaked function atxi5mi /S imi . The contributions from the
end-point regions could be significant in exclusive form fac-
tor calculations. More importantly, as we illustrated in the
previous paragraph, the factorized formula given by Eq.~1!
is no longer valid whenf(x) is not an exactd function. We
thus use light-cone time-ordered perturbation theory which is
the step prior to Eq.~1! in order to consider the case beyond
the peaking approximation; e.g., the invariant amplitudeM
involving two mesons is given by

M5E dx dy d2kW'd
2lW'c~x,kW'!T~x,y,kW' ,lW' ,qW'!c~y,lW'!,

~4!

wherec(x,kW') is the light-cone wave function of the two-
body Fock state andT(x,y,kW' , lW' ,qW') is obtained by the
two-body irreducible diagrams. The same step was taken in
recent pion form factor calculations@10#. An analogue of Eq.
~4! was also used in the recent analyses ofB meson decays
@11#. In this paper, using Eq.~4!, we present the analysis of
the pair production of heavy pseudoscalar mesons with a
light-cone wave function that is not exactly ad function.
Then we compare our results with the previous peaking ap-
proximation results using Eq.~1!. In Sec. II, the formulation
used in this work is detailed and the results of the light-cone
time-ordered diagram calculations are presented. The nu-
merical results are presented in Sec. III and the summary and
conclusions are given in Sec. IV.

II. FORMULATION

The electromagnetic interaction vertex of a pseudoscalar
meson is determined by the Lorentz- and gauge-invariant
form factorS(q2):

Gm~q2!5~Pm1Pm8 !S~q2!. ~5!

In terms ofS(q2), the cross section of the pseudoscalar me-
son pair (MM̄ ) production in unpolarizede1e2 annihilation
is given by@1#

ds

dV
~e1e2→MM̄ !5

3b3

32p
se1e2→m1m2sin2uuS~q2!u2,

~6!

whereb5A124MH
2 /q2 andMH is the meson mass.

In order to calculate the form factorS(q2), we use the
ordinary Drell-Yan frame~i.e.,q150! and setM5S(q2) in
Eq. ~4! @12#. For the calculation ofT in Eq. ~4!, one cannot
assignki5xiP because( ik i

2ÞP2. Instead, we determine
k i

2 from the on-mass-shell conditionk i
25mi

2. In the leading
order of the light-cone PQCD,T is given by six light-cone
time-ordered diagrams shown in Fig. 2: i.e.,T5A1
1A21A31B11B21B3 . In each diagram, the instantaneous
diagrams for the intermediate quark and gluon are included
using the technique shown in Ref.@13#. In the light-cone
gaugeA150, the gluon propagator is given by

dmn52gmn1
~kg!mhn1~kg!nhm

kg
1 , ~7!

whereh151, h250, andhW'50. In the leading twist, the
light-cone gauge parts proportional to 1/k g

1 in Eq. ~7! explic-
itly cancel out among six diagrams and the sum of six dia-
grams is identical to the usual covariantTH . Beyond the
leading twist, the cancellation between the light-cone gauge
part ~1/k g

1 terms! and the higher Fock-state contribution has
been discussed in Ref.@10#. With these considerations, we
calculated all six diagrams and the results are summarized as
follows:

A15
u~y22x2!N

~y22x2!$M
21q'

22@~k'1q'!21m1
2#/x12~k'

21m2
2!/x2%

3
1

$M21q'
22@~y1q'1 l'

2 !21m1
2#/y12~k'

21m2
2!/x22~y2q'2 l'1k'!2/~y22x2!%

, ~8!

A25
u~x22y2!N

~x22y2!$M
21q'

22@~k'1q'!21m1
2#/x12~k'

21m2
2!/x2%

3
1

$M21q'
22@~k'1q'!21m1

2#/x12~y2q'2 l'1k'!2/~x22y2!2@~y2q'2 l'!21m2
2#/y2%

, ~9!

FIG. 2. Leading-order light-cone time-ordered diagrams for the
T. In each diagram, the instantaneous diagrams for the intermediate
quark and gluon are implicitly included by using the technique
shown in Ref.@13#.
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A35
u~x22y2!N

~x22y2!$M
22~k'

21m1
2!/x12@~y2q'2 l'!21m2

2#/y22~y2q'2 l'1k'!2/~x22y2!%

3
1

$M21q'
22@~k'1q'!21m1

2#/x12@~y2q'2 l'!21m2
2#/y22~y2q'2 l'1k'!2/~x22y2!%

, ~10!

B15
u~x22y2!N

~x22y2!$M
22~k'

21m1
2!/x12@~y2q'2 l'!21m2

2#/y22~y2q'2 l'1k'!2/~x22y2!%

3
1

$M22@~y2q'2 l'!21m1
2#/y12@~y2q'2 l'!21m2

2#/y2%
, ~11!

B25
u~y22x2!N

~y22x2!$M
22@~y2q'2 l'!21m1

2#/y12~k'
21m2

2!/x22~y2q'2 l'1k'!2/~y22x2!%

3
1

$M22@~y2q'2 l'!21m1
2#/y12@~y2q'2 l'!21m2

2#/y2%
, ~12!

B35
u~y22x2!N

~y22x2!$M
22@~y2q'2 l'!21m1

2#/y12~k'
21m2

2!/x22~y2q'2 l'1k'!2/~y22x2!%

3
1

$M21q'
22@~y1q'1 l'!21m1

2#/y12~k'
21m2

2!/x22~y2q'2 l'1k'!2/~y22x2!%
, ~13!

where

N5
8

x1x2y1y2
@x2

2y1y2q'
21y1y2k'

21x1x2l'
2

12x2y1y2q'•k'1x2~x1y11x2y2!q'• l'

1~x1y11x2y2!k'• l'1x1y1m2
21x2y2m1

2

2~x12y1!~x22y2!m1m2#. ~14!

As we mentioned before, the sum ofAi andBi ~i51,2,3!
is same with the usualTH given in the literature@13# if and
only if all the masses (M ,m1 ,m2) and transverse momenta
(k' ,l') are neglected. Also, if we keep the masses as
mi5xiM andM5m11m2 , but neglectk' and l' ~i.e., the
peaking approximation!, then the sum of Eqs.~8!–~14! is
identical to our previous result shown in Ref.@1#. However,
in this paper, we include all the mass terms and thek' andl'
terms as shown in Eqs.~8!–~14! and usec(x,kW'), which
leads to a highly peaked quark distribution amplitude, but
not exactly ad function. Then we compare the cross section
for pair production of the heavy meson with our previous
result @1# in the peaking approximation.

III. NUMERICAL RESULTS

For comparison with our previous result, we use the two-
body light-cone wave function, frequently used in the litera-
ture @14#,

c~x,kW'!5N expF SM22
kW '

21m1
2

x
2
kW '

21m2
2

~12x!
D Y ~8b2!G ,

~15!

whereb25(M2m12m2)
2. If we neglect the binding energy,

i.e., b50, then Eq.~15! becomes thed function peaking at
x5m1/(m11m2) andkW'50, which is ultimately equivalent
with the peaking approximation given by Eq.~3!. However,
in this paper, we vary the value ofb and investigate the
difference of the result from our previous result of the peak-
ing approximation.

The cross section for the pair production of the heavy
mesonBc(bc̄) with differentMH values~i.e., different bind-
ing energies! are predicted in Fig. 3 using our formula given
by Eqs.~6! and ~15!. The results for the cross sections are
given in units ofR with them1m2 rate as reference. As had
been discussed in Ref.@1#, the form factors for the heavy
hadrons are normalized by the constraint that the Coulomb
contribution to the form factor equals the total hadronic
charge atq250. Further, by the correspondence principles,
the form factor should agree with the standard nonrelativistic
calculation at small momentum transfer. In Ref.@1#, all of
these constraints are satisfied by introducing a parameter
g5vmt , which sets the scale for capture into the wave func-
tion in relative transverse momentum. However, in our case,
the higher-twist terms in the energy denominators ofT play
the role of this parameter and, in principle, we do not need
any extra parameter to fix the normalization. Since we are
interested in comparing with thed-function result shown in
Ref. @1#, we setg5m2 for theb50 limit and neglect thee2
contribution@15#. Then, our result withMH5m11m2 , i.e.,
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b50, in Fig. 3 reproduces the zero-binding result of Ref.@1#.
As we can see in Fig. 3, for binding energy up to 100 MeV,
our results are very close to the results from the peaking
approximation. Even if we increase the binding energy, we

did not find any large deviation from the peaking approxi-
mation and the qualitative feature remained the same.

IV. SUMMARY AND CONCLUSIONS

The peaking approximation has been used frequently in
PQCD analyses involving heavy quark systems. We have
investigated the validity of the peaking approximation for
heavy quark systems by analyzing the pseudoscalar heavy
meson pair production process ine1e2 annihilation. We
found that in the PQCD analysis, using the assignment of
k i

m5xiP
m, thed function is the only valid quark distribution

amplitude to be consistent with the Lorentz and gauge invari-
ance of the hard scattering amplitude. Thus, we used Eq.~4!
instead of Eq.~1! as our starting point. We have computed
all the light-cone time-ordered diagrams in the leading order
of as , but including the higher-twist effects arising in the
lowest Fock component of the hadron. The analytic results
were summarized in Sec. II. However, the numerical results
indicate that the peaking approximation may not be a bad
approximation after all in the calculations involving heavy
quark systems. Although we have focused on pseudoscalar
heavy meson pair production processes, the same features
should apply to other types of heavy mesons~vector, axial
vector, etc.!. We also expect that the general features of our
discussion apply to other heavy hadron processes including
heavy meson decay.
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