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U A(1) symmetry restoration in QCD with N; flavors
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Recently, there have been reports that the chirally restored phase of QCD is effectively symmetric under
U(Ng) X U(Ny) rather than SU{;) X SU(N¢). We supplement their argument by including the contributions
from topologically nontrivial gauge-field configurations and discuss how the conclusions are modified. General
statements are made concerning the particle spectrum of QCD withNigfiavors in the high-temperature
chirally restored phas¢S0556-282(96)50215-§
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In relation to the exciting possibilities of probing the  The configuration with nonzerp is always accompanied
QCD phase transition in relativistic heavy-ion collisions, by n,(n_) number of right-handedleft-handed fermion
there have been an increasing number of studies on the naero mode satisfyin@® ,=0. Furthermore, the index theo-
ture and physical consequence of chiral symmetry restoratiorem tells thatv=n_—n_. Our arguments below are not
in QCD [1]. Of particular interest is the possible changes inlimited to specific gauge configurations such as the Belavin-
meson properties such as masses, decay width, or the spé@lyakov-Schwartz-TyupkinBPST) instanton [5]. Topo-
tral density in general as they might be observed directljogical gauge configurationsvé 0) have zero measure in
through particle multiplicity or dilepton spectrufg]. the chiral limit J=0) as can be seen from the fermion de-

Recently, there have been reports that the chirally reterminant in Eq(2). However, in the presence of an external
stored phase of QCD is effectively symmetric undersource or finite quark mass, these zero-mode configurations
U(Ns) X U(Ny) rather than SU{;) X SU(N¢) [3,4]. In par-  can have nontrivial contributions.
ticular, Coherj4] has shown, from a general consideration of In the presence of one topological charge, the zero-mode
the QCD partition function, that the two-point function of the contribution can be separated out from the fermion determi-
spin-zero multiplet of UN¢) XU(N;), namely, mw,0,6,7',  nant, and thev=1 sector of the partition function becomes
etc., becomes degenerate if the spontaneously broken chirfa]
symmetry is restored at high temperature. However, it should
be noted that the argument in RE4] is not complete in the
sense that it does not take into account contributions from Z[J]Vzlzf D[A],_,e SvDet' [D +J]
topologically nontrivial gauge-field configurations. In this
Rapid Communication, we supplement the work[4#] by o
including the contributions from the nontrivial topological xdegt( J d*x (%) Isitho(X) | 4
sectors and give general statements on the nature of chiral
symmetry restoration of QCD with light; flavors.

Let us start with the Euclidean partition function of QCD:  Here, de; stands for the determinant in the flavor space

that is denoted by the indexf=1, ... N¢. The rest of the
_ R _ T fermion determinant is denoted by Detvhich now does not
21 f DIAIDY W ]exd = Socp—¥IV], @ have a zero-mode contributiogl, corresponds to the zero-
_ mode solution in the presence of a nontrivial gauge field
where Socp=3F?+WDW. J could represent an external configuration ofr=1. The explicit form of the functional
source or the mass matrix. Here we will neglect the gaugeintegral for the case of the BPST instanton solution has been
fixing and ghost terms that will not be relevant for our dis-worked out by 't Hooft[7]. A similar study for the periodic

cussion. Consider integrating out the quark fields, instanton relevant to the finite temperature system is given in
[8].
Z[‘]]:f D[Ale  SmDef{ D +J], 2 (_Biven the tools, we wil[ now stgd}n—point_ functions at _
arbitrary temperature, paying special attention to the contri-

) ) ] ] butions from the nontrivial topological sector and its relation
where Sy =(1/4)F<. The integration over gauge fields 5 chiral symmetry restoration.

can have topologically nontrivial configurations with the to- g4, simplicity, let us choosdl;=2. The case with more

pological charger=(g?/32m?) fd*xFF#0: flavors can be easily generalized, although they have impor-
tant differences as we will show later. We will also restrict
Z[J]=E VAR (3 our formulas to include onlw=0,+1 to clarify the role
v g played by the nontrivial topological sector.
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To begin with, the formula for the quark condensate reads(ﬁx)q(x),ao)q(o»_ (q(x) r3q(x),a0)r3q(0)>

1
= Zf D[A],_oe SmDet [ D + m]tr[ S(x,x)]tr[S(0,0)]

_ _ — -1 oz
<C]C]>=<ULI-|—dd>=m(guu +(U—>d))

1 o +%f D[A],- .6 SMDet' [D+m]
= 7] D[A],-oe S™Det [ D+ m]tr[S(0,0)] o -
X 4o(X) ho(X) ho(0) #ho(0) +O(m). (8)

- 71f D[A],-1e”S"'Det [ D +m]
Again, the first term comes from the=0 sector and the
— e second from theo=*1. In this case, the contribution from
1,00(0)1,//0(0)J’ d®y oY) Mgiho(y) +(u—d) |, the v=+1 part remains even in the chiral limit. At high
temperature when chiral symmetry gets restor8gk,x)
(5) xp(A=0)~0(m). (A more detailed proof of this is given in
Ref.[4].) From this, Cohen concludes that, when chiral sym-
metry gets restored, the above difference vanishes and the
o and § become degenerate. However, as can be clearly seen
in Eq. (8), the nontrivial topological configurations do not
vanish and the difference remains. This result is quite gen-
eral. Consider taking the difference between two point func-
(ag)=—m(p(A=0)), (6)  tions such agJ;(x),J1(0)) = (Jx(x).J5(0)). Whenever we
need a chiral rotation and a U(4 yotation to go from the
spin-zero currend, to J,, nontrivial topological configura-
if one uses the identity tions contribute even in the chiral limit, and the difference
does not vanish even when chiral symmetry gets restored at
high temperature.
2m  m—0 It should be noted, however, that for genexgl, effects
tr[S(0,0)]=f d)‘p()‘)m—’ mp(A=0), () of ,£0 sector would be ofo(mVi~2) and vanish in the
chiral limit for Ny=3. For QCD in the real world, it is pro-
portional tomg(~150 MeV) and the effect may not be neg-
with p(\) being the density of fermion states with eigen- ligible.
value A (DW¥=i\V) in the presence of the gauge field When the currend; andJ, have spin-1 or 2, nontrivial

X

whereS(x,y)=(x|(D+m) " 1|y).
One finds that the first term in E@5) gives the Casher-
Banks formulg[9]

A,. topological contributions vanish due to the chirality of the
The second term of E@5) is from thev=*+1 sector and fermion zero mode irrespective df; [11].
gives a correction ofd(m) to (qq). Terms with highery For generah-point functions =3) or their differences,

have higher powers of. For generalN;, the topological there again is going to be a nontrivial contribution from the
correction starts a©(mMNt~1). Thus, in the chiral limit, all »#0 sector. Generalization to highbi; in this case is also
contributions from ther#0 sector vanish and the Casher- easy. One immediately finds that the topologically nontrivial
Banks formula becomes exact. Specifically, the Cashereonfigurations start to contribute from-point functions
Banks formula links chiral symmetry breaking to the statewheren=N;.
density of fermions with nearly zero virtuality\¢~-0) com- Let us now summarize our main conclusions.
ing only from ther=0 gauge configurations. However, the (1) »# 0 sectors do not contribute to two-point functions
fact that the exact zero modesii= 0 sector cannot contrib- for Ny= 3 in the SUQN;) symmetric chiral limit. In this
ute to the formula in the chiral limit does not imply that the case, the physical spectrum will effectively be multiplets of
topological configurations are irrelevant to the chiral symme-4U(N;) X U(N;), as was claimed if4].
try breaking. In thev=0 sector, there exists many instanton  (2) If Ny=2, »# 0 sectors do contribute differently to the
+ anti-instanton pairs that could cause nearly zero modegwo-point functions ofwr, 8,0,  even in the chiral limit and
this can be explicitly seen in the chiral symmetry breaking ineven when chiral symmetry is restored at high temperature.
the phenomenological instanton-liquid modi#0]. In this case, the argument j4] does not apply.

One should note here that the weighting function (3) In the real world, SU(3) is not exact and,~150
e SmDet'[D+m] is positive semidefinite. Hence, E¢p) MeV. In this casep+#0 sectors do contribute with possible
implies that the restoration of chiral symmetry at high tem-non-negligible effects even at high temperature.

perature( i.e., vanishing of(qq)) is possible only when Quantitative estimates of the magnitude:of 0 sectors
p(A=0) vanishes before averaging over the gauge configuin cases 2 and 3 at high temperature depend on the density of
rations[4]. topological configurations at high temperature. Although

A similar analysis with Eq(5) can be made for two-point such density could be highly suppressed andlly symme-
functions and higher. Let us concentrate on the differencéry could beeffectivelyrestored at high temperature, our ar-
betweeno— o and 6— & two-point functions: guments in this letter show that there is always a finite
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