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Orbitally excited and hybrid mesons from the lattice
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We discuss in general the construction of gauge-invariant nonlocal meson operators on the lattice. We use
such operators to study the and D-wave mesons as well as hybrid mesons in quenched QCD, with quark
masses near the strange quark mass. The resulting spectra are compared with experiment for the orbital
excitations. For the states produced by gluonic excitatitiybrid mesonswe find evidence of mixing for
nonexotic quantum numbers. We give predictions for masses of the spin-exotic hybrid mesons with
JPC=1"*, 0%, and 2" . [S0556-282(96)00123-3

PACS numbegps): 12.38.Gc, 11.15.Ha

[. INTRODUCTION study has been conducted in the context of the static quark
potential. A determination of spin-spin and spin-orbit poten-
A guantitative determination of the hadronic spectrum oftials has enabled the fine and hyperfine structure to be under-
QCD has been one of the major goals of physics for the pasitood quantitatively. One of the successes has been the lat-
20 years or so. A way to determine the spectrum from firstice identification[1] of the nature of the long-range spin-
principles was first made possible in lattice gauge theoryorbit potential which is responsible for the correct

and much effort has been invested to obtain the spectrudescription of the splitting of th&- and D-wave mesons.
using lattice techniques. Another important input from lattice QCD has been the de-

Up until now, most effort has gone into the determinationt€rmination[2] of the ordering and energy of the hybrid lev-

of the masses of states that are accessible through the use%?‘. This apprpach USes tge ﬁcﬂﬁrtge;gquatiqn inhthe idit?-'d
spatially local operators, i.e., states with quantum numberQatIC approximation and the prediction_is that hybri

that can be constructed using quark and antiquark propag_gjgsonic states will Iie.close to theD andBB thresholds. It

tors from a common point. This is mainly due to practical is important for experimental searches to decide more accu-

considerationge.g., limited computer-time resourgesiow- rately whether these hybrids are above or below these thresh-

ever, extending these studies to include states with excite(alds' This requires a determination for hybrid mesons of.the
effects of mixing with other levels and the effects of spin-

orbital mo.me.ntum_ is of importance in o_rder to gain a more orbit contributions. These are expected to be quite large and
complete insight and better understanding of the QCD SP€Giave not been evaluated by lattice methods. As well as the
trum. . . . . static quark lattice work described, the effective Lagrangian
From a theoretical point of view, the-excited quark ot honrelativistic QCD(NRQCD) would also be able to ex-
model gives a very good qualitative description of the Ob'plore the hybrid spectrum fds-quark systems.
served meson spectrum. The low-lying mesons are the Here we wish to pursue these studies of spectroscopy for
S-wave 7 and p multiplets, next come th&-wave states: |ighter quarks. This is of great experimental interest since the
by (B), ao (6), a1 (A1), andf, (fo) multiplets, where we heavy quark results described above are only of qualitative
give the historic name of the isovector member of the mulrelevance to lighter quarks. We shall proceed by using ex-
tiplet in brackets. Some of thig-wave states are also recog- plicit quark propagators to construct mesonic states. Thus we
nizable:m, andps (g). This classification incorporates most shall directly obtain the masses of the mesons with the quan-
of the prominent low-lying mesons. As the orbital angulartum numbers constructed. We show how to studyJ&ff
momentumL is increased, linear Regge trajectories arestates which allows an investigation of hybrid mesons in this
found with m? approximately linear ir_. States which lie way.
outside the naive quark model, glueballs and hybrid mesons, We make a first step by using the quenched approxima-
are not clearly seen in experimental analyses of the spectrurtion to explore these states from first principles. The quark
It is important to understand these salient features of thenass used here is comparable to the strange quark mass. We
meson spectrum directly from QCD. It is also necessary tare able to explore thé-excited spectrum foP and D
guide experimental searches for hybrid mesons by establislivaves. We also explore hybrid mesons and look explicitly at
ing the nonperturbative QCD predictions for them. states withJPC, values not allowed in the quark model.
Lattice gauge theory provides a way to achieve this. In-Theseexotic mesons are an important signal experimentally
deed the static quark approximation has provided informaof gluonic excitations in the meson spectrum.
tion on both theL excitations_and hybrid levels of heavy  The P- and D-wave excited mesons have been explored
quark systems such ax andbb mesons. This program of previously using either local operatdthis only gives access
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to the P-wave 1" 7, 0**, and 1" meson} [3-5] or by  arbitrary: one could just as well have chosen the one- or two-
using explicit nonlocal operatof§]. The work by DeGrand directions.
and Hecht[6] used Coulomb gauge fixing and explidt Both sets of propagators were calculated on &x48
andD-wave nonlocal operators which were motivated by thelattice at3=6.0 using a tadpole improved clover actid].
spherical harmonics. This pioneering stud;7] has been In this exploratory study we use one hopping parameter
extended to include a classification of tRewave states un- Vvalue ofK=0.137, which corresponds roughly to the strange
der the lattice symmetrigis]. Compared to previous work, duark mass. Thus our study directly bears on slsespec-
we are able to get good signals at lower quark mass, we haJgim. In this first stu_dy, we use 70 conflgu_ratlons and we set
reduced finite size effects, and we are able to study a verf'® Source separation=6. Our results will enable us to
wide range of states using the full classification under th&l€cide if this was a good choice of Since the static quark
symmetries of the lattice. The additional advantage of ouiStUdIeS show that_a large fuzzing Ie_vel IS optimum, we
approach is that we can study this wide range of quan'[un‘fh.Oose as our fu;zmgllevel to use 18 lterations W'th.a coef-
numbers with only two quark propagator inversions per Con-fICIent of the straight I|_nk3:_:2.5. We did explore using a
figuration. smaller fuzzing leve(5 |tgrat|ons withc=2) and found that
The motivation for the construction of our mesonic opera-CUr results were essentially unchanged.
tors is to follow similar ideas to those found to be successful FOr the study ofS-, P-, and D-wave states, we use
[2] for the analysis of the ground state potential and excitetraight paths to create the mesonic operators at both source

potential between static quarks. Even though we work wiﬂ?m_d sink. For st_raight paths al_ong_ the Iattiqe axes, the appro-
much lighter quarksnear the strange quark masge expect priate combinations of paths in different directions are used
similar methods to be promising. Thus we use nonlocal meat the sink which allows a study of the states discussed in the

son operators which are gauge invariant with a path of link¢\PPendix. Here we choose to use the large component Dirac
joining the quark and antiquark. A spatial fuzzing algorithm COUPIings to the quarkg.e., (1+ y,)/2 projectior}. We fol-

was found to be very efficient for improving the overlap with |0W the convention of using the historical name of the is-
the ground state for static quark stud[& and, moreover, ovector meson to label the state we are discussing, although

using fuzzed links was found to be succesg@i for the it is the strange isoscalar that we are effectively creating. To

construction ofS-wave meson states. Hence we choose t&XPlore the optimum choice of operator, we use straight
use fuzzed links to construct the path here too. paths of lengtiR at the sink and sum over all spatial sites to

The essence of our method is that at the source the quafidVe Zero momentum. The dependence of the mesonic cor-
is fixed at x,;=(0,0,0,0) while the antiquark is fixed at relation onR gives direct information on the Bethe-Salpeter
x,=(0,0,0). This implies that only two quark propagator wave function of the meson. This has already been studied

inversions are needed. One of them is the usual local propdy €ssentially our present methods for tBevave mesons

gator from the origin and the other is just the same local 7 @ndp) [9,11.

propagator but from a local source shiftedbjn the three- To study the mesons most accurately, we use as many
direction. The choice of path to join these sites is then quitd?PErators as possible in order to make the most constrained
flexible—no additional quark matrix inversions are needed't {0 the measured correlations versusThus we can use

for different choices. We find that a straight path is appro-€Sults for several values @t together. Moreover, we can
priate for a study ofP- and D-wave excitations, while a include correlatlons- from additional operators for thqse
U-shaped path gives access to a study of hybrid mesons. W&rWave mesons which can be created by the small Dirac
are then able to construct and measure correlations of the§@mPonents of the quark bilinednamely 5, A;, and B)
sources with operators at the sink that allow a wide range of°9ether with an isotropic spatial operator. Since we have
quantum numbers to be studied. The construction and cla&ccess to local-local and fuzzed-local correlations from 375

sification of these mesonic operators on a lattice is discussegPnfigurationg 10}, we are able to use these data to improve
in detail in the Appendix. In particular we show how, in the mass determination substantially for those three mesons.

principle, mesons with anyC value can be studied using . Because t_he correlations dec_rease rapidly with increasing
lattice methods. time separation, we choose to fit to as low @alue as pos-

In the next section we present our results for Eheand siple with a two-state _fit(note that we only _meas_ured the
D-wave excited mesons. We then discuss the hybrid mesopfifted-source correlations up {6/ =10). Fitting simulta-
spectrum and wave functions. In this work we have limitedN€0USly as many different types of correlation as possible, an
statistics so we concentrate on presenting the method and Agcurate determination of the grqund state mass is obtained
analysis of the construction of the most efficient operators t$Nce the approach to a plateau is well modeled. Fordthe

use in such a study. We also give a first estimate of the madd1: ahdB, we usedP-wave operators with sizes=6 at the
spectrum using our methods. source andR=6 and 2 at the sink, an&-wave operators

using the small Dirac components with sizes0 and 6 at
the source an®=0 at the sink. Thus we fit data from seven
different correlations of combinations of source and sink
PePs, SoPe: PsP2, SoP2, PeSo, SoSo, andSsS,. The effec-
Our numerical results for quenched &Y gauge theory tive masses for these correlations are illustrated forBhe
are obtained using quark propagators with a local source aheson in Fig. 1. From the constraints of factorization, we
the origin and a further set of propagators in the same condeduce that at least two excited states., a three-state fit
figurations with a local source displaced bynits from the would be needed to describe all the data down=t@ be-
origin in the three-directior(the choice of spatial axes is cause thd?cPg andS,S, effective masses show excited state

Il. ORBITALLY EXCITED MESONS
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w wr A L L LN B eling the correlations among the data to be fitted by retaining
i the eight largest eigenvalues and averaging the remainder
[13]. The statistical errors on these fits are taken from a full
bootstrap and a systematic error is estimated from varying
the fit region int, the data set fitted, and the type of fit. We
illustrate in Fig 1 a nonfactorizing fit witht=3 for the B
meson. Similar results for the ground state mass are obtained
from a factorizing fit witht=4. The ground state mass val-
ues are shown in Table I.

For thef, meson, we have access to it via two different
cubic group operators. Fits to these operators separately
show that they are consistent with having equal correlations.
Our results are presented from fits assuming this. In this case
only P-wave operators are available, so we use a simulta-
neous fit withR=6, 4, and 2. The ground state mass is given
4 6 8 10 in Table I.

t The results, shown in Fig. 2 and listed in Table I, suggest
that thef,, A;, andB members of thé>-wave multiplet are

FIG. 1. The two-state fit to the effective mass for the"1me- d(.agene.rate. within errors. The=0 state, s, is consistent
son vs timet. We usedP-wave operators with size8=6 and 2,  With being lighter than the othd?-wave states by & where,
andS-wave operators using the small Dirac components with sized order to investigate the fine structure splitting in the
R=0 and 6. Effective mass results shown are from correlations oP-wave meson multiplet, we perform correlateglfits to the
combinations of source and sinRgPg (+), SyPs (X), PsP,  data using the same bootstrap samplestainterval (3-10),

(0), SyP, (octagon, PeSy (O), SpSy (*), and S¢Sy (fancy  the results are shown in Fig. 2.

square. The D-wave mesons withi’¢=2"" and 2~ can be
studied using the straight paths along the lattice axes. We

contributions which are not present f&Pg. Our fitting  make similar fits as for th&é, meson(using two exponentials

strategy is to determine the ground state mass by fitting theo fit simultaneouslyR=6, 4, and 2. A typical fit (to the

largest sample of data simultaneously, consistent with an a2~ * meson is shown in Fig. 3. Our results for the masses

ceptable estimate fop?. This x? estimate comes from mod- using straight paths are shown in Table I. However, the
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TABLE I. The masses of the mesons wik, P-, andD-wave excitationgwith ss quarks but labeled by
the name of thd =1 particle in the multiplet The JP€ values are the lowest two values allowed by the
lattice cubic symmetry. The angular momentlmof the operator is shown similarly. For those and
D-wave mesons which are comparatively well determined in mass, the second error shown is an estimate of
the systematic error from different fits. The last two rows are from “diagonal straight paths” as described
in the text (with lower statistick More details of the construction of the operators used are given
in the Appendix. The experimental masses of $fsestates are given, as an educated guess in some cases

(see Sec. V.
Meson Mass Expt. 9
multiplet JrPc t range ma mm(¢) (GeV)
L=04
T 0 *t,4 " 5,23 0.4181) 0.76(1) 0.68
p 17,37 5,23 0.5402) 1.00 1.02
L=13
b, (B) 17,3+ 3,10 0.7978)(10) 1.482) 1.42
a, (0) 0t*,4%" 3,10 0.73716)(10) 1.363) 1.21
a; (A 144,37+ 3,10 0.7898)(10) 1.46(2) 1.43
fsy 2t 3+ 3,10 0.81737)(30) 1.51(7) 1.52
f, 2% 47 3,10
L=24
Ty 2t 47 3,10 1.0715)(15) 1.9828) 1.81
p 17,37 3,10 0.5483) 1.01(1) 1.02
o' 1.2513) 2.31(24) 1.68
P2y P3 27,3 3,10 1.196) 2.20(11)
L=2,3
ps (Q) 3,5 2,8 0.8619) 1.5935) 1.85

P2 277,47 2,8 0.7912) 1.4622)
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FIG. 2. The differences of the masm lattice unitg for the

P-wave triplet states relative to the singlet. . .
P 9 FIG. 4. The Bethe-Saltpeter wave functions obtained from our

fuzzed straight paths of lengtR for S- (¢), P- (O), and
straight-path operator does not allow thewave mesons p.wave (x) spin-singlet mesons. The results f&>6 have

with J°¢=2"" and 3"~ to be separated. As discussed in thesmaller statistics. Her® is in lattice units &~0.5 GeV~1). The
Appendix, L-shaped paths can be used to achieve this. W@ormalizations of the wave functions are arbitrary.

explored this using local sources at (0,0,0,0) and (6,0,6,0)

and were able to determine the masses separately. The
sults, also shown in Table I, from 20 configurations are con-
sistent with these two states being degenerate within our er
rors.

For the vector meson, there are bofwave and i
D-wave couplings. We made a simultaneous fit to the J
S-wave andD-wave operator$10 types of correlation in all
of which theS-wave local-local and fuzzed-local correlations
come from 375 configurationgo determine the first excited
state. The ground state was found to couple weakly to the
D-wave operator whereas the excited state was found t
couple strongly to théD-wave operator but weakly to the
S-wave operator foR=6. The latter fact is a confirmation

'S our previous[9] observation that the excited state had a
node atR=6. The systematic errors on the excited state
determination are relatively large because the ground state
dominates at large Our result with statistical errors only is
ven in Table I.

Our results forP- and D-wave mesons are considerably
more accurate than those obtained [BY for light quarks.
Indeed, we are able to see a signal for the splitting of the
P-wave multiplet.

The extraction of the ground state as outlined above also
Qllows the wave function to be obtained Rss varied. Re-
sults are given for th&-, P-, andD-wave spin-singlet states
in Fig. 4. These show clearly the expected functional behav-
ior with R of Rt for S-, P-, andD-wave mesons. Our use of
A L B I B U I a gauge-invariant path description allows us to probe this
wave function out to beyond half the spatial lattice size—
] T 4 unlike the case where a gauge-fixed method is used
2 — [7]—results forR>6 were obtained with less statisti¢20
L . configurationg and show plausible behavior with no disrup-

! i tion from finite spatial size effects.
Wave functions for thé>- andD-wave mesons have been

%
i i obtained by DeGrand and Heché]. The Bethe-Salpeter
e o ﬁ 7 wave function depends on the method used to construct it.

-—

86 oM et

— Their method uses a Coulomb gauge fixing and so is not
g directly comparable to our determination. Qualitative fea-
i tures are in full agreement, however. Thewavep operator

= has also been studidd1] by a method similar to ours and
the result is consistent.

Our choice ofr =6 to use as a source separation is seen to
be a reasonable compromise for the studies at different or-
2 4 6 8 10 bital momentumL. The original choice of =6 was moti-
vated by the discovery that the radial excitation of the
S-wave mesons has a node at this val@& The orbital

FIG. 3. The two-state fit to the effective mass for the'2me-  excitations have no such node as we see in Fig. 4. Since we
son vs timet. Correlations for sink sizeR=2 (¢), 4 (X), and 6 measure correlations for differeRtat the sink, we can con-
(O) are shown, where the source has6. struct optimum operator@n a variational sense that any ex-

O\l\\\l\‘l\\>1\\l\I\I+g\\
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cited state is minimizedat the sink. 4
Our choice of source operator is a “white source.” It has
contributions to nearly all quantum numbers. This is an ad-
vantage in allowing a comprehensive study of the meson
spectrum without extra quark matrix inversions. It is a dis- 3
advantage, however, in that the signal in any given quantum
number will be noisier because of the poor overlap of the
source operator with that quantum number. This dilemma
was discussed by DeGrand and Hef6} who concluded
that a rather high symmetry was needed at the source. We
find that the fuzzed construction allows our rather “white”
source to give a reasonable signal-to-noise ratio. Of course it
could be improved for any particular state by using a quark
propagator from a more symmetric fixed soufeqy., a suit-
able sum/difference of sources at (@;@,), (*+r,0,0) and/or ﬂ
(0,=r,0)]. The increase in signal to noise would be compen- 0 . L
sated by decreased flexibility since only specific quantum 5
numbers would be created. A compromise is possible, t
namely retaining flexibility by using inversions from several
sources separately so that they can be combined with differ- FIG. 5. The lattice effective mass for thE=1"" hybrid
ent coefficients as needed. However, because propagatorgson vs time separatidn The source used wasléshaped path
from sources that are near to each other are strongly corref size 6x6, while the sinks were combinations dfshaped paths
lated to each other, it may be more efficient to increase thef size 6x6 (<), 3X3 (X), and X1 (1). The two-state fit is
number of configurations studied rather than construct sucBhown.
multiple sources.
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sink operators to maximize the signal to noise ratid-ap
Ill. HYBRID MESONS and 3. There_ is an advantage in using the same operator at
source and sink because the effective mass is strictly an up-
The lowest-lying hybrid levels for static quarkd] come  per bound in this case. The best sigfia., lowest effective
from an interquark potential in which the color flux from mass within errors from the ratio 6= 3 to 2 for the effec-
quark to antiquark is excited in a transverse spatial plane atve mass for such a diagonal case came with
M—u (cf. Appendix for notations Excitations of this kind (r,d)=(R,D)=(6,6) although th&6,3) case was very simi-
are clearly nontrivial gluonic contributions and the mesoniclar. For off-diagonal correlations, the optimum signal to
states in such excited potentials include exdfi€ values. noise for the correlation at=3 was for ¢,d)=(6,6) and
As discussed in more detail in the Appendix, the same statq®RR,D)=(1,1). Taking into account the above, we consider
can be accessed using propagating quarks by using a nonlde combinationsd=6; (R,D)=(6,6), (3,3), and(1,1) in
cal mesonic operator in which the quark and antiquark ar¢he analysis below.
joined by such a difference of paths. This construction has Since the construction of correlators involving the hybrid
the advantage that it does not require any more quark propaeson operators can be quite computer-time intensive, we
gator inversions than those needed in the above studd+ of choose to include only the large components of the Dirac
and D-wave mesons. Indeed, since tbeshaped paths can propagators, that is we effectively multiply the correlators
be transverse in either of two spatial directions, we havewith a factor of(1+ v,)/2 (cf. the Appendix. Compared to
more operators available. Using eigenstates of the latticéhe results obtained in the standard case of summing over all
symmetry at the sink, we are able to explore a wide range dfiour components of the Dirac spinor we find that the signal,
guantum numbers of interest. and thus both the correlation averages and errors, are
We first address the issue of creating optimum operatorsmaller, but the physical results.g., ratios like the effective
(in the sense of best signal to noise for the ground state of mas$ are consistent in the two cases. However, even though
given quantum numbgr Even with our fixed choice of there is no gain in statistical accuracy, the resulting speed up
r=6 in the three-direction as source separation, we can vargf the analysis code is quite substantial. Similar behavior is
the transverse extent of the U-shaped path at the source found for theP- and D-wave case.
and we can explore at the sink a range of valueRaind For the hybrid operators we fitted simultaneously the
D describing théJ-shaped paths there. We expect the signathree sink sizes discussed above and found acceptable fits for
to increase with the aredR(< D) of the U-shaped path but the t-range 2-10, using two exponentials. To stabilize the
the noise will increase too. The static quark res[#ksug- fits we fixed the mass difference to the first excited state at
gest that the hybrid mesons have very extended wave fund-.5 in lattice units. Statistical errors were estimated by jack-
tions in theR direction while the best signal comes from knife. To establish the systematic errors to the ground state
D~2 for R=6. Another clue is that, foS-wave mesons masses determined by the fits, we varied fits by allowing the
made from propagating quarks, a smaller sink extent gives minimumt value to be 3 or by allowing the first excited state
less noisy signal than a smaller source size. mass to be free. In Figs. 5—7 we show the effective mass plot
To investigate the optimum operators, we used the exotior theJ?°=1"", 0% ~, and 2" ~ exotic states with the fits.
state withJP=1"" as a probe and varied the source andNote that the mesonic correlation data was fitted directly
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TABLE Il. The masses of the hybrid mesons created by opera-

T ] tors with spatial excitatioh"°=1*~and 1" *. TheJP° values are
: the lowest two values allowed by the lattice cubic symmetry. More
) details of the construction of the states are given in the Appendix.
] The masses are given in lattice units and are appropriate testhe
- . states.
= - T 7 Meson Mass
g — multiplet Jre t range ma
© . L=1*"
T i p 177,377 2,10 0.539)
| T 0-*,4 " 2,10 0.402)
1 Ty 2=t 4 2,10 1.5676)
- i 5 27*3° " 2,10 1.4053)
il p 1-*3°* 2,10 0.99298)
oo L=1""
. 10 A, R 210  0.9956)
a, 0*t-,4%" 2,10 1.0%18)
FIG. 6. The lattice effective mass for thREC=0"" hybrid . a 217’4; 2,10 1.2¢44)
meson Vs time separatidn Other details as in Fig. 5. az, bs 27,3 2,10 1.1726)
b, (B) 177,37~ 2,10 0.8431)

(accounting for the correlations among data points in the

same way as for the fits to the orbital excitatipreher than resent statistical sample allows some estimate of possible
the effective mass, which is plotted. The effective mass pIoP o P . P
plittings among these exotic states. The commonly held

tends to misrepresent the errors when the errors are largab. " i ) : :
Even though tt?e error bars are indeed quite large, the f?t few is that theJ”®=1 _State W'" b? the lightest exotic
indicate that an acceptable plateau is reached fot theer- and our rgsults are consistent W'ﬁg@t@'s- . .

val considered. The results for the ground state masses ob- In p”nc'p'e’ states V.V'th 'ghe_ sa and_dlfferent inter-
tained from the fits for the hybrid states are summarized ir{1a| spatial structure will mix in quantum field theory. Here
Table Il and Fig. 8. The systematic errors on the ground stat e are able to explore these mixing possibilities in full by

masses are consistent with being smaller than the quot 8ok|ng dl_rectly at the meson spectrum_wnh propagatmg
statistical errors. quarks. Figure 8 clearly shows that mixing of the hybrid

The spin-exotic mesons cannot mix wigig mesons and states with nonhybrid ones for vector and pseudoscalar me-

. sons is quite significant. Indeed our hybrid operators for
so the ground state masses will be relevant to spectroscop%ﬁ tates h bstantial | ithaiha d
The lattice values we find all have large errors and are com- ese states have a substantial overlap withghegroun
patible with being equal. The mass in physical units corre-
sponds to 1.81) GeV. A further increase in precision will

follow from the increase in statistics planned. Even our 1
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e FIG. 8. Results for the ordering of the hybrid meson levels for
10 strange quarks. The states with burst symbolsJ&feexotic. The
t ) dashed lines represehtexcited quark model states as determined
on the lattice. The strong mixing of the states created by our hybrid
FIG. 7. The lattice effective mass for thE“=2%" hybrid operators with these is apparent for the pseuodoscalar and vector
meson vs time separatidn Other details as in Fig. 5. meson cases.
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state mesons. The quantitative strength of this mixing is re3~~ mesons, such a mass spectrum is close to that observed
lated to the lattice operator construction we use. Relating thiand we compare our results with the0 state assigned as
to Minkowski wave function mixing is not straightforward. ss(¢, f,, and ¢, respectively.

The subjective impression, howeyer, is that the mixing is  \ithin the quenched approximation, one can study dis-
larger than expected. Moreover, in the case of the groundonnected quark loops to estimate the strength of the mixing
state vector mesofi.e., ¢), we can compare the surprisingly offects. For the pseudoscalar mesons, this apprdadh
small mixing of theD-wave operator found above with the giye 4 reasonable explanation of thenass. Because these
large mix".‘g of the _hybrid _operatorfound here. Th@s SUggestyicconnected loop contributions affelct0 only, we esti-
that gluonic excitations mix more readily than orbital exc'ta'mate the mass of the pseudoscadarstate as 0.68 GeV,

tions. : . L .
The 0"~ exotic meson can be studied in principle usingassumlng magic mixing, from the experimental masses of
I=1 andl =1/2 states.

an isotropic spatial operator with @, coupling between Charge conjugatiorC is not a good guantum number

quark spins. With our larger statistics of 375 configurations : . .
for local-local and fuzzed-local meson correlations, we ex-When the quark and antiquark have different masses. This

plored this usingy, at source and sink but found no signal. implies that, for the axial and 2mesons, the strange part-

I = + 1 + i I
An investigation of correlations with a hybrid operator at the €S withC=£1 mix. For the I'* meson we identify the

. .
source(from 20 configurations with_-shaped pathsand a Ss state asf12(1427)2wh|le for the 1"~ meson we use the
va sink also showed no clear signal with this statistical2nSatz thaMgs—Mqg=~0.5 GeV? to set thess state at 1.42
sample. These negative results could be explained if th&€V using the+observekil mass. Similarly we estimate the
spin-exotic state was indeed a hybrid with excited gluonicSS State for 27" at 1.81 GeV using the observerh mass.
fields and so would have a small overlap with the isotropic For the scalar mesons, the experimental situation is com-
operator considered here which has the gluonic fields in theipl€X, Possibly owing to mixing with glueballs and meson-
ground state. meson thresholds. As an estimate of #emass we again
We have also investigated the possibility of using a gluort!Se the prescription of adding 0.5 GéMo the a, mass
flux loop to construct the meson operator with an excitedsduared yielding an estimate of 1.21 GeV. _
gluonic component, but with the quark and antiquark at the We have presented an estimate of the experimental spec-
same site. This would allow correlations involving the opera-trum for ss quarks. We now need to justify that this is ap-
tor to be explored using local propagators from one site onlyPropriate for our lattice study. We measure the vector to
which avoids the need for extra shifted-source inversion$seudoscalar mass ratio 8, /Mp=1.31(1) and use the
when studying hybrid states. The gluon flux loop shouldvalue ofJ=%dM\2,/dM§ to relate this ratio to the experi-
have similar features to that used in the heavy gquark case fonental K* to K mass ratio. The average quark mass in a
a static adjoint sourcgl2]: for example an antisymmetrized pseudoscalar meson is then assumed to be proportional to
clover shapdi.e., clover paths minus their Hermitean conju- M%. Values ofJ from quenched latticep4] are near 0.37,
gate which has the quantum numbers corresponding to gvhile the observed meson spectrum vyields values of 0.44—
magnetic gluonL”“=1%". The electric gluonic excitation 0.48. This uncertainty leads to an estimate of our quark mass
can be created easily too, sg€2]. Thus, using differenty-  as 1.3-1.5 times the strange quark mass. We present our
matrix combinations, all hybrid states can, at least in printesults as ratios to the vector meson mass and the systematic
ciple, be produced at source and sink. We studied severagkror from treating our quark mass as that of the strange
cases and were able to extract a signal from such closed-loquark is quite small for thé.-excited and hybrid mesons
gluonic excitations for a vector meson treated as a hybrid¢ompared to other sources of error.
(using a closed magnetic gluon loop with singlet quark spin  Since the experimental states are for full QCD, they in-
combination. However, since we have already found largeclude decay effects which may also shift the mass somewhat
mixing between hybrid operators and the vector mesofrom the quenched value. Some evidence for departures of
ground state, this case does not confirm that, in general, sughe quenched meson spectrum from that of experiment has
a closed loop gluonic excitation is a useful way to createglready been claimef#] from studying the quark mass de-
hybrid states. This lack of success is perhaps a consequenggndence. Here we are able to extract masses for a wide
of the hybrid wave function being small for quark-antiquark range of mesons. In this initial study, we use a fixed lattice
separation of zero, as is known to be the case for heav§pacing so we are unable to extract continuum limits. Nev-
quarks[2]. ertheless, the splittings between similar staf@sch as the
P-wave mesonswould be expected to be reliably given at
our lattice spacing. We work with quarks of fixed mass
(close to thes quark maspsand present our lattice results as
The mesonic spectrum in the quenched approximation hastios of masses to the vector meson magg As shown in
only been studied in detail on the lattice for some of theTable I, our overall spectrum is close to that of experiment
lowest states. Here we extend this study to considerablyas interpreted above, see TableWe now discuss various
more states. The quenched approximation does not includepics in more detail.
effects from mixing of theqq system withqq of different We are able to measure a nonzero mass difference among
flavor quarks, withggqq or with purely gluonic components. the P-wave states: thd=0 member of the spin triplet is
Thus a “magic mixing” is expected in the quenched ap-found to be lighter. The sign of this splitting is the same as
proximation with thess, sg, andqq members equally splitin that found experimentally focc mesons where thd=0
m?, whereq meansu or d. For theJ?°=1"", 2** and state is significantly lighter than the otherwave states. The

IV. DISCUSSION
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magnitude of the splitting of the®0” meson from the center ingly strong. This would imply that hybrid levels with pseu-
of gravity of the P-wave mesons is somewhat smaller thandoscalar and vector quantum numbers would be unlikely to
our estimate from experiment fars quarks. As discussed €xist unmixed in nature.
above, the experimental scalar meson spectrum is difficult to There have been several experimental claims for hybrid
interpret and our quenched results can act as a guide to ph&esons, for a review s¢é@5]. Our results suggest that non-
nomenological quark models. spin-exotic candidates may need reappraisal since big mixing
For theD-wave states, we are able to estimate the masse’ffects are possible. For the exotic mesons, the favored can-
but with quite large statistical and systematic errors. Thelidate to lie lowest will have®©=1"" and several experi-
mass values we obtain appear to be somewhat higher thdnental hints of such states have been reported.
those expected experimentally. Bearing in mind the need to If our discussion of the quark mass dependence of states
extrapolate tea=0, the corrections could be large since, atin the quenched approximation applies to hybrid mesons,
our lattice spacingma>1 for these states. Another possible then we may use the ansatz thmﬁs; Méqu.S GeV?
problem is that, sincena is large, the signal disappears where g meansu or d. This suggests that hybrid mesons
quickly with increasingt and so excited state contributions composed ofu and d mesons will be approximately 150
may not be completely removed. Our method does, howeveMeV lighter than thess mesons for masses around 1.8 GeV.
enable us to get meaningful signals and a route to more prd=or strange mesons, the lack ©finvariance will mask the
cision is available using higher statistics and a smaller latticexperimental identification of spin-exotic states.
spacing. We have presented methods which enable the meson
Previous to this work, the only lattice determination of thespectrum to be fully explored for all”® values using non-
hybrid meson spectrum has been that obtaif@din the perturbative lattice methods. The results we have obtained
static limit of the quenched approximation. The static quarkshow that accurate determinations of masses are possible by
analysis showed that the lowest-lying gluonic excitation ofthese methods. We intend to extend this approach by using
the potentialV(R) has the symmetry1—U. Assuming the more statistics, several quark mass values, and a range of
adiabatic approximation, the bound states in this potentialattice spacings so as to get precise continuum masses in the
will have a lowest excitation energy with one unit of angularquenched approximation.
momentum about the quark-antiquark separation axis. These
excitations then correspond t6°¢=1%" and 1" * spatial

wave functions and are degenerate in energy, as described in ACKNOWLEDGMENTS
the Appendix. Thus all eight hybrid mesons would be degen-
erate in this approach. We acknowledge support from EPSRC Grant No. GR/K/

Within the static quark framework, this degeneracy will 41663 to the UKQCD Collaboration. We thank David Rich-

be broken by spin-orbit effects which shift the spin-exoticards for his help in setting up the inversion codes for the
levels and cause mixing of the nonexaotic levels with ordinaryshifted local propagators.

qq states. One clue to the sign of this effect for static quarks

comes from considering the limit of zero separation. In this

case ofr=0, the symmetry classification of the gluonic APPENDIX: CONSTRUCTION

states is different from that for#0, and the energies of OF MESONIC OPERATORS

these states have also been measured on a latitevith
the result that the 1~ gluonic mode is several hundred MeV
lighter than the T * mode. This, in turn, suggests that hybrid
states with the 1~ spatial wave function are likely to be

To study spectroscopy in lattice gauge theory, one needs
operators at fixed time which create and destroy a mesonic
state. By considering the correlation of such operators at
lighter: so thatJ”©=1"* would be the lightest spin-exotic time_separatiort in the vacuum, the masses of .the transfer
hybrid. matrix eigenstates can be extrac_ted. We _conS|der the con-

We are able to explore this splitting of the degeneracy bys”‘!C“O” of bosonic operators which contain a quark anq an

antiquark. The case we shall explore is where the quark is at

a completely different method, explicitly studying each statexSl and antiquark ax, and they are joined by a product of

on a lattice using propagating quarks. We construct operatof . ) . .
with 17~ and T * spatial wave functions, couple them to links along a pattP. This is a gauge-invariant construction.
Tgwe general form of the operator is then

quark bilinears, and measure the masses of the meson

states. Our present results for the masses of the spin-exotic L

states are not sufficiently accurate to indicate the level order- Y(X)TpUT ¢h(X4),

ing unambiguously. One theoretical clue is that as0, our

1~ spatial wave function decouples faster than the'1 where[l is one of the 16 independentmatrix combina-

spatial wave function. This analysis e 0 implies in turn  tions. We shall be concerned with constructing operators

that hybrid states with a1~ gluonic mode are likely to be at With a given set of quantum numbers by taking linear com-

lower energy, resulting in a splitting of the hybrid states withbinations with different paths and different expressions

JPC=1"" being the lightest exotic meson, as argued abovdor I'.

for the case of static quarks. Our results are consistent with For orientation, we first consider the case where there is

this scenario. no pathP and the local operator has=Xx,. Then in the
We are also able to measure matrix elements between ogentinuum such a bilinear can ha¥8® values as listed. The

hybrid operators and the ground state mesons for the nonekistoric name of the isovector nonstrange meson with those

otic JPC states. Our conclusion is that the mixing is surpris-quantum numbers is also added for convenience:
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r Jre name Thus, for example, as the lattice spacing is decreased, a
o J=2 state will be recognized by degenerate massé&sand
1 0 Y ) T, representations. This is indeed observed in glueball stud-
pZ! 0"~ exotic  jes[18,17. Conversely, a state observed in thgrepresen-

Vi 1 P tation on a lattice could havé=2 or 3 and this choice can
Vi Ya 1 p only be resolved by observing the degenerate partfeegs,
Vs o+ s E for J=2 or A, and T, for J=3). In this way, with suffi-
YeVa 0+ - C|ent_ly accurate I.att|ce spectra in &), representations, the
iy 1+- B rotationally invariant continuum levels can be constructed
7' 7’J 1+ A for any J value in principle.

57i

1 Optimal signal to noise comes from constructing opera-
tors on a lattice which create states of giv@p representa-
tion. This has been well documented in glueball studies
where the appropriate observables are closed Wilson loops,
ee[19]. In the present study, the appropriate lattice con-
tructs are the pathB from x; to x, along the links of the
attice. These paths must then be classified according to the

Note that the nonrelativistic limit of these 16 bilinears, which
corresponds to projecting the quark spinor with- 4y,
leaves four combinations which have threand p quantum
numbers only, as in the naive quark model. Note also that
when the quark and antiquark have different masses, the m

son will not be an eigenstate of charge conjugatiorThus, representations of the cubic gro@,. The most powerful

z i A
for example, the 1 ar_1d.1 aX|a.I mesons will mix. . _method is to use the projection tabl&9] which directly
The general case will involve discussion of the properties .

of the pathP under rotations. reflections. and charge coniu3'VeS the relevant combination of paths with different cubic
ne pat . ’ L 9€ oMU~ tations for each representation.
gation. Since the spinor structure is in a fixed basis, it is . : .
. . : -~ As well as the spatial patR, the mesonic operator will
sufficient to consider separately the transformation propertie . . .
ave a spin component coming from the quark spinors. On a

of the pathP and then_ _combme t_he re_su_lt W't.h that given lattice, where the spatial symmetryQ@y,, the only change in
above for the quark bilinears. With this in mind, we now e y : .
the classification of these bilinears is that the singlets

consider the classification of the pafhunder the symme- e(‘JZO) becomeA, while the triplets 0= 1) becomeT,. This

tries of the lattice: rotation, reflection, translation, and charg thange has one implication which has not been discussed
conjugation. o et e i
before. The ‘p” bilinear on a lattice is in theT, represen
tation and so allowg=1 and 3. Thus the excited state of the
1. Discrete group theory p meson seen in lattice studies could be ¢§8~ ) rather
The group of rotations and inversions for a three-than a heaviep(l ) as usually assumed,
group We need to combine th®,, representation of this quark

dimensional spatial lattice is the cubic gro@p,. This is o ; !
thus the appropriate classification group for bosonic transfel?'“ne‘?lr with that of the spgtlgl patﬁ (from x, to .XZ)' The
combined operator thus will lie in a representation given by

malrix eigenstates with momentum zero. For nonzero MO%he Clebsch-Gordan decomposition of the product of repre-
mentum the space group needs to be used insteadl18ke P b P

Here we gather together some o the appropriate propefS RS, Bl (8 AUt LUERE B R 08 B R e
ties of this group and its representations. The representatioﬁg S ' gnt pre
are labeled by paritp and charge conjugatio® in the same tion is just.t'hat of the spatial path. For the .r_epresentatlon
way as bosonic representations of the(3Uotation group of quark bilinears, we need the decomposition
appropriate to the continuum formulation. Thus the essential

difference between the lattice eigenstates and continuum Ti®A =Ty,
eigenstates lies in the “spin.”

Whereas a state of spid has 2+1 spin components T1©A=T,,
which are degenerate in mass and formJa2 dimensional
representation in the continuum, fO, there exist only one-, T,QE=T18T,,
two-, and three-dimensional representations. The one-
dimensional representations are labefgdandA,, there is a T,.®T;=A06T,6T,8E,

two-dimensionaE representation, and the three-dimensional
representations arg; andT,.

The relationship of these representations to those ¢25U
can be derived by restricting the &) representations to the
rotations allowed by cubic symmetry and classifying them
underOy,. This procesgcalled subducingyields the results
(tabulated ta)=4):

T1®T2=A2€BT1@T2® E.

As well as the Clebsch-Gordan decomposition, we will
need the Clebsch-Gordan coefficients to construct the ex-
plicit operators required. These will be given later for the
cases of most interest.

Since the general path with no symmetry will contribute

J=0 Ay to all O, representations in principle, one can create opera-
J=1 T tors with all quantum numbers. Since it is practical to start
J=2 ET, with simpler cases, we now discuss the states that can be
J=3 A, T, Ty constructed from more symmetric paths: straighthaped,
J=4 ALET, T, andU-shaped.
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22. Orbitally excited mesons A;). These extra operators allow a fuller variational basis to

A full study of mesons with orbital angular momentum P& used in the study of these particular states.

PC -
needs non-local operators. The simplest case to consider js 1N€ lowest)™ states created are just those of the con-
that of a straight line fromx, to x, joining the quark and tinuumL-excited naive quark model f@ andP waves with

antiquark. If this straight line is along the lattice axis then the2" INCOMpletd) wave in the sense that ti-wave mesons
result is that there ar@,, T;, and E representations. In a With J7~=2"" and 3"~ will both be created by th&,
notation where the directed path is labeled by the axis of it§Perator above. In order to separate these states, one needs to

orientation these representations are given explicitly by ~ Use operators in thE™ ~ andA;, ~ representations. One way
in which these are accessible is by using a “straight diagonal

path” from quark to antiquark. Such a path is the sum of the
Af* S;+S,+5S; two L-shaped paths going to the far corner of a square via
T~ P1.P2,P the sides. It acts, in some way, as a lattice opportunity to
1 1:P2,P3 o .

E++ Si—S, 2S.—S—S study operators at 45° to the lattice axes and_so helps to

SR explore higher spin. The 12 such paths contribute to the
AT ETT T, T, ,T{ representations. Using a nota-
tion [ij ] to describe such a path to thie { j) diagonal cor-
ner from the origin, etc., then appropriate combinations for
the T, * spatial operator are

where p;=(j—j) ands;j=(j+]j) and where lis the path
directed along the negativeaxis, for example. The conven-
tional normalization factors have been omitted to simplify
the notation.

These three representations correspond partly taSthe
P-, andD-wave orbital excitations of the naive quark model.
The path combinations given play the role of the spherical . . . . - L _ .
harch))nics in S(R). A dis%ussiorl)w cx‘the construction Fé))f op- with ') -k cyclic. Cpmblnmg this with thel;, — quark bilin-
erators in thel; ~ representation has also been given 5y ear gives the required operators

te=[ij1-[ij1-[ji 1+ j1

in their study ofP-wave states. — PC
Considerynow the states that can be constructed by comt! F'q  Path State Operator J
bining these path representations with the quark bilinearsy - TS5 AT yitityatat yats 37,5~
For the “large components” which survive in the nonrela- - - 7 E T oyt ot 2= 4=~
tivistic limit, the bilinears are in representatiodg © and 2 2yt —7’1t,1—7’2t2 ’
T, . Combining these with the above straight-path repre~p—- T+ T ?’Tij et 1-— 3 -
sentations yields Ti__ Ti” T;" )th— yktf 2,,’3,,
I I ’
qI'q Path State Operator Jpe
. . - . This illustrates that the 2~ and 3"~ states can be sepa-
Al AT AT ys(sitsptsg) 07,4 rated and thus explored from these operators. This discussion
T, AT Tr y(s1+5,+Sy) 177,377 of straight paths completes the construction of operators
which allow a full study of theD-wave mesons. Our results
ArT Ty TD sk 1*7,3*~  for the lattice operators needed to construgt-wavep me-
T T AFT yipit yaPa+ y3ps 0**,47*+  son are similar to those presented iri].
T, T, T{ v %P 1+ 3t Itis _possmle to study some aspectsFof/v:_ive mesgns on
T T T DI+ 7D ot gt the _Iatt|_ce fairly simply. qu example, con3|d_e( the “straight
oot 2 YR YiPk PR cubic diagonal” paths which go from the origin to the cor-
To To B0 yiPa—vapa, 27,4 ners of a cube centered at the origin. Paths with this symme-
2¥3P3~ Y1P1~ ¥2P2 try can be defined on a lattice as a sum over the six equiva-

lent shortest routes to a corner along the links in each case.
AlT ETT ETT ys(s1-52),75(2s3—s1—52) 277,477 From such path combinations, tAg ~ representation can be
T, ETT T, ¥i(2s;—si—s)) 1,37~ constructed as a sum of these paths to each of the eight
T, E'" T,° ¥i(si—sK) 2-°,37~ corners of the cube with a sign that alternates between adja-

cent corners. This represents a spdtial3 excitation. When

combined with theA; * quark bilinear, this yields &, ~

wherei,j,k are cyclic and there is no implied summation. state which enables study of the’ 3 F-wave spin-singlet

The two lowest) values corresponding to th@, represen- eson

tation are also given for convenience. The above operators

have the same quantum numbers when multipliedhy

indeed projection with (% y,)/2 is useful to reduce compu-

tation. Note that while operators with different quantum  Hybrid mesons are defined as having the gluonic field

numbers are orthogonal to each other, the Two operators  excited in a nontrivial way. In the case of static quarks, this

will mix through spin-orbit interactions. is a very clear prescription and a thorough study has been
Note that with an isotropic spatial distribution, the quark made of the excited gluonic energy levgl§. Solving for the

bilinear can create, through the “small” spinor components,meson spectrum in this excited static potential in the adia-

the P-wave state®\; ©, T; ~, andT; © (particless, B, and  batic approximation then gives eight degenerate lowest-lying

3. Hybrid and exotic JFC states



54 ORBITALLY EXCITED AND HYBRID MESONS FROM . .. 7007

hybrid states. One of the consequences of these excited glu-

onic modes is that hybrid mesons can haVé& values not r—:l _ I:—} ﬂ ~ VZJ
allowed to mesons which have their gluonic degrees of free- I:_J L_] W ] Ll%

dom in the ground state. We are particularly interested in T~ I+

constructing mesonic operators wii values which are

not present in the naive quark model since these have a clear FIG. 9. Combinations of spatial paths used to create hybrid
signature experimentally. These hageotic quantum num- states.

bers which are 07,07 7,17 %,2" 7, etc. Because of the

many-to-one map fror®,, representation td°C, it is neces- operators shc_;wn in Table Ill. The mesonic quantum numbers
sary in principle to study alD,, representations as discussed f these hybrid states are exactly the same as those produced
above. Nevertheless, promising representations to study afy the lowest gluonic excitation for static quarks|. This

A7, Af~, Tr*, andE*~ since they only have a non- includes most of the exotic possibilities.
eioti,c céntr’ibu%ion, at) values 3 or more higher than the As a further support for this identification of the lowest-

) ) . X lying hybrids, we can compare with hybrid operators con-
exotic one, unlike the case of tfig  representation where gy cted using_-shaped paths instead bf-shaped. Consid-
the exoticJ=2 state may be contaminated by contributionsgying this time the difference of the twio-shaped paths to

from a nonexoticJ=3 meson. the opposite corner of a square via the edges, this combina-
For straight paths., none of the s_tates ir} the table above afg)n contributes tcE*f,Az*’ ,Tf’ ,TI+ ,T;* spatial repre-

of the required exotic representation. This is to be expectedentations. This set of hybrid spatial excitations is very simi-

since the straight path corresponds to the ndivexcited | (g that fromU-shaped paths. In particular the excitations

quark model and so should not generate exdfi€ states. of lowestL (T, with L=1) are the same. For completeness

The exception is that there are relativistic couplings to quark, o give the construction of these hybrid spatial paths, using

bilinears which do allow exotic representations. If one has iy iation that thé.-shaped path first in thedirection and

[Jne”r]sd g;eaﬁ';:]urefrg]:na hlﬁzg?cS;iieit;\t';(t)hnsxfgg:nq:&nﬁuomer:::g}then in thej direction is (j) with i representing the negative
9 9 ' b irection, etc., with,j,k cyclic:

with no gluonic excitation are not particularly promising in

;ﬁa;ep”esjg;‘ﬁofgg iﬁ";‘ggt‘%e'f”ay be very small and henc?lj =G =D+ D= D+ =(])

The more direct way to create exotic states is to use d1 (ki) + (ki) +(kj) +(kj) = (ki) = (k i) = (kj) = (k ])
path from x; to X, which is not straight. The evidence +([iK)+ (i K)+(jk)+( k)= (k)= (k)= (jk)
from a lattice study of hybrid mesons formed from static —(jk)

quarks [2] is that the lowest energy excitation comes
from U-shaped paths. In our case,Urshaped path will
have 24 different orientations and will contribute to the

; P N ;

follt_)wmg_ Ee;prefntatl?ns._ +A1 ’AZb_ E h (tW'Ce)’_ | one can explore its creation and annihilation using either the
T T Ty7Tp T, T, °. Combining these spatial jsotropic operatorslocal or S wave or the nonlocal opera-
representations with the quark bilineas * andT; ~ then  tor5 (U- or L-shapedl Again the isotropic spatial construc-
gives access to most of the exotic states discussed above @$h does not have an excited gluonic field and so may not
well as many copies of the nonexotic ones. give good signal to noise for an exotic hybrid meson.

The static quark results shol2] that the lowest energy ~ oy one exotic representatioA] ) cannot be obtained
hybrid states come from an operator which is the differencging the paths discussed above. To create this state needs

of U-shape_d paths. fror_n quark to antiqqark of the formpaths with even less symmetry than the platsr and
M—Lu. We find that in this study also, exotic states are only

created from this difference of paths and so we specialize to TABLE I11. Hybrid meson operators, wheigj,k are cyclic and
this case. Thé& component of the representation of the spa-factors ofy, can be included too.

tial paths is given by the followingwhereij refers to the
path combinatiom — U from x; to x, along thei axis with qT'q Path State Operator Jre
transverse extent in thiedirection);

One exotic state which is of particular interest is the
Al "~ state since it can also be created from an isotropic
spatial construction by a quark bilinear usihg y,. Thus

T TR ATYOTT T ysU; 177,37~

- ik Tk e IR LT AT ety 04

T, Uo=ii+ii—ii—ii T T1+7 E7+ Y1U1— ¥2Uz, 273Uz~ ¥1U1— ¥2Uz 27+,47+

2, k .J J_ _J J_ T, T T, YkUi — ¥ilk 13

TZ Vk:|k+|k_Jk_Jk T57 T17 T£+ VUit vjUg 27+,37+

with i,j,k cyclic. TheT; spatial path combinations are illus- A;* T; " T;* Vs 1++,3%
trated in Fig. 9. T,” T{T AT YiU1+ YoUs, + Y3V 0" ~,47~
The T, spatial representations correspond.tel and so  T;~ T;' E™" yw,1— y,05,2y503— yiv1— yav, 277,477
should lie lower in energy than thie, cases. Thus we expect 17, T, T/~ YiVi— ViV 1+t-,3*~
the lowest-lying hybrid mesons to be obtained by combiningr; - 1% T/ YVi+ Yivk 2% 3t

theT, spatial behavior with the quark bilinear. This gives the
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L-shaped cases we have discussed in detail. Because such a 4. Mesonic correlations

complex path shape is necessary, one expects that the statérne mesonic operators we have discussed are of the form
will be relatively high lying in mass.

. For completeness, we point out that g!uonlc excitations of Pa(X2) P(Xo X)) T by (Xy),

light quarks can be studied in principle in the limif— X,

where only local quark propagators will be needed. Thewherel is one of the 16 independemtmatrix combinations
aboveU- and L-shaped paths are then not appropriate andgnd P is a product of links. The subscripts on the spinors
the simplest choice is a square path with one corner at theefer to the possibility of different masses for quark and an-
quark and antiquark source. The construction of combinatiquark. A sum ovex; andx, with appropriate path combi-
tions of such paths in appropriate representations of the cubigations is needed to project out the quantum numbers of
group is discussed ifl2] where they were used with a static interest as discussed above. We consider the operator defined
adjoint color source. Here the same construction is needeigh a time slice at time.

and the quark and antiquark &=x, are joined by the The mesonic state can be explored on a lattice by measur-
square paths. The lowest gluonic excitations are expected ing the correlation of this operator a=0 with a similar
come from theT; ~ andT; © spatial operators again, just as operator at time:. Allowing for different operators at source
for X, # X,. These spatial operators are then to be combinedA, x with t=0) and sink B, y with time t) then gives the
with quark bilinears just as above. correlation to be measured

Coa()=(1(Y1) a(PPTB) T yatha(Y2) ha(X2) PAT Ay (x1)).

In the quenched approximation, for a Wilson-like fermionic action, the quark propadaimae be explicitly introduced to
reexpress this as

Cea()=—{¥5SH(Y1,X1) ¥57a( PPTB) Ty,4S,(y2,X2) PATA).

For A=B, this correlation is positive definite. to combine measurements of the correlation=at- |t| using
This expression for the correlation has the color structureCg,(—t) = = Cga(t) with the appropriate sign coming from
of two propagators connected by pat® and PE. commutingy,ys pastl' andI'8.

The symmetries of the lattice can be used to increase the In practice we construct the sink operat&) (to have the
precision of a measurement by combining it with the correrequired quantum numbers but employ a source operator
lation measured on lattices reflected in the time or spac¢A) which has less symmetry but a nonzero overlap with the

directions using the identity for the propagators that sink operator. In this situation, it is useful to use the symme-
) U tries of the lattice under space reflections to eliminate terms
S(x,y;U) =7 ysSOXLY 5 UD) vsvi s in the correlation which have zero expectation value. This

reduces the statistical noise of the measurement.

Note that for theU-shaped paths, even though we use a
fixed source direction, we measure correlations of source and
sink operators for 64 different combinations of orientations

S(%,Y;U) = 7472 75S* (X,Y;U* ) ¥5 7274 and y matrices. After averaging equivalent cases, these cor-
relations allow a reconstruction of the mesonic quantum
Note that the identity for inversion with=4 can be used numbers of the hybrid states tabulated above.

where the superscript refers to the lattice coordinates and
links after inversion in the direction(wherei=1, 2, 3, or
4). Charge conjugation provides another relation since
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