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Scale dependence of quark mass matrices in models with flavor symmetries
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Numerical correlations between fermion masses and mixings could indicate the presence of a flavor sym
metry at high energies. In general, the search for these correlations using low energy data requires an estim
of leading-log radiative corrections. We present a complete analysis of the evolution between the electrowea
and the grand unification scales of quark mass parameters in minimal supersymmetric models. We tak
Mt5180 GeV and consider all possible values of tanb. We also analyze the possibility that thetop and/or the
bottomYukawa couplings result from an intermediate quasifixed point~QFP! of the equations. We show that
the quark mixings of the third family donot have a QFP behavior~in contrast with the masses, the renormal-
ization of all the mixings is linear!, and we evaluate the low energy value ofVub which corresponds to
Vub(MX)50. Then we focus on the renormalization-group corrections to~i! typical relations obtained in
models with flavor symmetries at the unification scale and~ii ! a superstring-motivated pattern of quark mass
matrices. We show that in most of the models the numerical prediction forVub can becorrected in both
directions~by varying tanb) due totop or bottomradiative corrections.@S0556-2821~96!00923-X#

PACS number~s!: 11.10.Hi, 11.30.Hv, 12.15.Ff
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I. INTRODUCTION

The recent observation of thetop quark, with a mass
around 180 GeV@1#, allows a more complete analysis of th
Yukawa sector of the standard model. In particular, it allow
an evaluation of the running to higher energy scales of
parameters in that sector. The perturbative unification of
gauge couplings obtained in minimal supersymmet
~SUSY! scenarios suggests that the~nonsinglet! matter and
gauge contents do not change up to energies around16

GeV. If that is the case, the first step to understand the fla
structure of the standard model is to evolve it up to tho
energies. We present in the first part of this article an upda
and complete analysis of the evolution from low energies
the unification scaleMX of the ten physical parameters in th
quark mass matrices@six masses, three mixing angles, an
the complex Cabibbo-Kobayashi-Maskawa~CKM! phase# in
the minimal SUSY extension of the standard model~MSSM!
@2#. We will study in detail the behavior of the mixing angle
when thetop and/orbottomYukawa couplingsht,b are large
atMX . In this regime@3# the renormalization-group correc
tions focusany initial value of the coupling atMX to a nar-
row interval dht @around ht(MZ)'1.2# at low energy:
(dht /ht)(MX)@(dht /ht)(MZ). We will analyze how this
nonlinear evolution of the couplings@quasifixed point~QFP!
behavior# affects the mixings with the third generation; i
particular, we will find the low energy value of the mixin
s13 ~with Vub5s13e

2 id13) that corresponds tos1350 at
MX .

On the other hand, the observed pattern of fermion mas
and mixings does not look accidental, and suggests a s
metry in the Yukawa matrices as the origin of the hiera
chies. Obviously, such a flavor symmetry should be form
lated at the unification scale. Although the Yukawa matric
contain more free parameters than physical observables,
not easy to find simple structures that are able to accomm
date without need of fine tuning the measured values
masses and mixings. As a matter of fact, the authors of R
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@4# classify the symmetric quark mass matrices with a max
mal number of texture zeros, and find that only five texture
are acceptable experimentally. These matrices predict cor
lations between mass parameters that can be expressed
simple ~approximate! form; we will analyze how the corre-
lations run fromMX to low energies. We will also analyze a
particular scenario@5# derived from the heterotic string
which has been recently proposed as the only realistic po
sibility among the models within its class. In this scenari
~and also in the model proposed in@6#, with one more texture
zero than those in the cases in@4#!, the renormalization-
group corrections could be essential to obtain a predict
mixing Vub within the experimental limits.

II. EVOLUTION OF QUARK MASSES AND MIXINGS

The quark Yukawa sector of the MSSM can be express
in terms of the superpotential

P5hi j
u HQiuj

c1hi j
d H8Qidj

c ~1!

with H[(H1H0), H8[(H80H82), andQi[(uidi). In that
sector there are ten independent physical parameters: o
the Yukawa matrices are diagonalized, only the eigenvalu
~three in the up and three in the down quark matrices! and
the CKM matrix ~with three mixing angles and a complex
phase! appear in the Lagrangian. The procedure to obta
these parameters atMX from the pole masses and the low
energy mixings is the following. For the heavier quarks, th
perturbative pole massMi is related to the running mass
mi(Mi) in the modified minimal subtraction (MS! scheme
by a simple expression@7# ~this change of scheme is numeri-
cally important due to the large size ofas). Taking
Mt5180 GeV andMb54.7 GeV we obtain

mb~Mb!50.880Mb , mt~Mt!50.946Mt ~2!

The running masses of the lighter quarks are given at 1 Ge
@8#: mu50.0056 GeV; md50.0099 GeV; ms50.199
6903 © 1996 The American Physical Society
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GeV;mc51.35 GeV. The masses evolve up to the lighte
Higgs scalemh'MZ due to gauge interactions only. Fo
aem(0)51/137 andas(MZ)50.1165@8# this gives a factor
0.58 for the values at 1 GeV and 0.75 formb(Mb). It will be
also convenient to run thetopquark mass down to that scale
we obtainmt(MZ)51.05mt(Mt).

At MZ we find the Yukawa couplings to the lightest neu
tral Higgs bosonh, which correspond to the Yukawas in th
standard model~we assumemh5MZ!mSUSY5250 GeV!

h̃i j
u5

mui

174 GeV
d i j , h̃i j

d5
mdi

174 GeV
Vi j* , ~3!

Vi j being the CKM matrix atMZ . From MZ to Mt these
Yukawas evolve due to the gauge and the Yukawa inter
tions of the light quark and leptons~all of them included in
our equations!; betweenMt andmSUSY the topYukawa cor-
rections are also important. FrommSUSY up to MX'1016.2

GeV ~the unification scale that corresponds
sin2uW50.23195) we include the interactions of the SUS
particles and the extra Higgs scalars~the standard model and
MSSM renormalization group equations can be found
Refs.@9,10#, respectively!. The Yukawa couplings to the two
Higgs doublets are~atmSUSY)

hi j
u5

h̃i j
u

sinb
, hi j

d5
h̃i j
d

cosb
, ~4!

where tanb is the ratio of vacuum expectation value
~VEV’s! giving mass todown and up quarks. AtMX we
diagonalize the Yukawa matrices~we express the eigenval
ues ashi , with i5u,d, . . . ) and find the CKMmatrix. We
will neglect corrections to mixing angles and light qua
masses@11# proportional to thesoftSUSY-breaking param-
eters, although these corrections can be significant in
large tanb regime@12#.

We present in Figs. 1 and 2 the evolution of masses a
mixings for values of tanb between 1.29 and 67.7, which
correspond, respectively, toht/4p andhb/4p equal to 0.25 at
MX ~we analyze below in detail the quasifixed point r
gions!. In Fig. 1 we plot r i[mi(MX)/mi(MZ) for
the six quarks ~note that the ratios of masses an

FIG. 1. Ratiosr i5mi(MX)/mi(MZ) ( i5u,c,t,d,s,b) for differ-
ent values of tanb.
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Yukawas coincide!, whereas Fig. 2 expresses
the ratios r i j[Vi j (MX)/Vi j (MZ) ( i j5us,cb,ub) and
r d[arg@Vub(MX)#/arg@Vub(MZ)# ~in the Maiani parametri-
zation!. In order to compare the relative renormalization
of the mixings and different ratios of masses,
we also plot Ru

1/3, Rd in Fig. 2, where Ru

[@mu,c(MX)/mt(MX)#/@mu,c(MZ)/mt(MZ)# and Rd[
@md,s(MX)/mb(MX)#/@md,s(MZ)/mb(MZ)#. We take all the
masses and mixings at MZ in their central
value (Vus50.22160.003, Vcb50.04060.008, and
uVubu50.003560.0015), with Mt5180 GeV and
arg(Vub)52p/2.

We observe the following behavior.
~i! The evolutions ofmu andmc coincide at the 0.04%;

the same happens formd andms ~0.06%! and for uVubu and
Vcb ~0.05%!.

~ii ! The running of the Cabibbo mixingVus and of the
CKM phase~in Vub) are smaller than the 0.03% and 0.07%,
respectively. The evolution of masses and mixings is insen-
sitive to the value of the complex phase.

~iii ! The approximation@4#

Vi j ~MX!

Vi j ~MZ!
5x ~ i j5us,cb,ub!, ~5a!

mu,c~MX!/mt~MX!

mu,c~MZ!/mt~MZ!
5x3, ~5b!

md,s~MX!/mb~MX!

md,s~MZ!/mb~MZ!
5x, ~5c!

is excellent~error smaller than 1%! for tanb<5. These ex-
pressions, withx5(MX /MZ)

(ht/4p)2, are obtained assuming
that thetop Yukawa coupling is dominant and constant be-
tweenMZ andMX .

As showed in@3#, the low energy value of a large Yukawa
coupling could be related to an intermediate QFP~previous
to the Pendleton-Ross infrared fixed point@13#! of the
renormalization-group equations. The effect of the QFP

FIG. 2. Ratios r i j5Vi j (MX)/Vi j (MZ) ( i j5us,cb,ub),
r d5argVub(MX)/argVub(MZ), Ru5@mu,c(MX)/mt(MX)#/
@mu,c(MZ)/mt(MZ)# and Rd[@md,s(MX)/mb(MX)#/@md,s(MZ)/
mb(MZ)# for different values of tanb.
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would be to focus any large initial value~at MX) of the
coupling to a narrow region atMZ . In the MSSM, thetop
coupling approaches a QFP value for tanb'1, and thebot-
tomcoupling may approach a QFP value for large tanb. For
a top mass on its upper experimental limit,both couplings
would be attracted to QFP’s@14# of the equations. The first
case @large ht(MX) and low or moderate tanb# has been
analyzed in@15#, where an approximate expression is foun
for the QFP value of thetop quark mass:

mt~Mt!5196 GeV$112@as~MZ!20.12#% sinb. ~6!

For as(MZ)50.1165 this expression givesht(MZ)51.18.
In Tables I–III we show in some detail the behavior o

quark masses and mixings near the QFP. Table I expre
the initial values~atMZ) of masses and mixings, whereas
Table II we write the values atMX for different values of
tanb–which correspond to ht(MX)5(2, 8) @i.e.,
ht(MX)/4p5(0.16,0.64)# and hb(MX)5(2, 8) –for
Mt5180 GeV. In Table III both couplings are equal to
and/or 8 at MX ~this implies Mt5190–220 GeV and
tanb560–69!. In all cases, the largetop ~and/or bottom!
Yukawa coupling atMX is attracted to a QFP value aroun
1.2: (dht /ht)(MZ)'0.06 for any value ofht/4p(MX) larger

TABLE I. Experimental value atMZ of quark mass ratios~the
central values! and CKM mixings~lower and upper limits!.

Vus(MZ) 0.218–0.224
Amu /mc(MZ) 0.0609
Amd /ms(MZ) 0.224
Vub(MZ) 0.002–0.005
Amu /mt(MZ) 0.0040
Amd /mb(MZ) 0.043
Vcb(MZ) 0.032–0.048
Amc /mt(MZ) 0.066
Ams /mb(MZ) 0.193
d
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d

than 0.32. Although for such large values of the couplings
this attraction is quite effective, it is notcomplete; ht(MZ)
has some dependence on the initial~large! value of
ht(MX), giving variations that can increase its actual value
by 10% with respect to the~approximate! QFP value given
above. A more effective attraction would be obtained for
smallerht(MX) or largerMX . The evolution of the mixing
angles for Yukawa couplings near the QFP value presents
the following features.

~i! The running of the mixings with the third family~and
also the Cabibbo mixing! is highly linear, in the sense that
(dVi j /Vi j )(MX)5(dVi j /Vi j )(MZ), with i j5us,ub,cb.
This fact means that the angles do not have a QFP behavior.
For example, forht(MX)58 the intervalVub(MZ)50.002–
0.005 evolves toVub(MX)50.00135–0.00337.

The evolution ofVus is still smaller than 0.04%. The dif-
ference between the running ofVcb andVub and of theup
andcharm~downandstrange! Yukawas, smaller than 0.02%
and 0.04%~0.03%!, respectively, do not grow when increas-
ing the Yukawa couplings atMX .

~ii ! The mixings with the third familyVib and the ratios
Amu,c /mt andAmd,s /mb tend to zero atMX whenht(MX)
and/orhb(MX) increase. However, when increasing for ex-
ampleht , the three quantities decrease at different rates. As
a consequence, it will be always possible tocorrecta relation
between masses and mixings by varying tanb and going to
the adequate~top or bottom! QFP region~see next section!.

~iii ! To illustrate the size of the nonlinear effects~first
point above!, we will consider the case whenVub vanishes at
MX . The running fromMX to MZ generates then a nonzero
mixing. In Fig. 3 we plotVub(MZ) for tanb between 1.29
and 67.7, with the fermion masses and the rest of mixings in
their central values. We find a value much smaller than the
experimentally preferred, although it grows when tanb de-
creases@i.e., for a fixedmt , ht(MX) increases#. We also
show in Table II the low energy value ofVub which corre-
sponds in each case to a vanishing mixing atMX . Note that
13

1

TABLE II. Value atMX of quark mass ratios and CKM mixings for values of tanb which correspond to
largeht or hb atMX (Mt5180 GeV!. In the last line we write the value ofVub(MZ) which would correspond
to Vub(MX)50. We include the value ofht .

tanb 1.22 1.44 65.0 69.5
ht(MZ) 1.33 1.25 1.03 1.03
hb(MZ) 0.028 0.031 1.16 1.24
ht(MZ) 0.016 0.018 0.653 0.697
ht(MX) 8 2 1.17 1.51
hb(MX) 0.024 0.021 2 8
ht(MX) 0.013 0.015 1.13 2.65
Vus 0.218–0.224 0.218–0.224 0.218–0.224 0.218–0.224
Amu /mc 0.0609 0.0609 0.0609 0.0608
Amd /ms 0.224 0.224 0.224 0.224
Vub 0.00135–0.00337 0.00178–0.0042 0.00156–0.00390 0.00125–0.003
Amu /mt 0.00223 0.00310 0.00325 0.00289
Amd /mb 0.0355 0.0396 0.0325 0.0236
Vcb 0.0216–0.0324 0.0269–0.0403 0.0249–0.0374 0.0200–0.030
Amc /mt 0.0366 0.0509 0.0533 0.0474
Ams /mb 0.159 0.177 0.146 0.106
Vub(MZ) 6.5631026 3.5431026 1.3731026 1.2831026
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TABLE III. Value at MX of quark mass ratios and CKM mixings for largeht andhb couplings atMX

(Mt not fixed!. We include the value ofht .

Mt 203 220 193 214
tanb 63.5 59.8 68.8 66.8
ht(MZ) 1.17 1.27 1.10 1.24
hb(MZ) 1.13 1.07 1.23 1.19
ht(MZ) 0.638 0.600 0.691 0.671
ht(MX) 2 8 2 8
hb(MX) 2 2 8 8
ht(MX) 1.06 0.89 2.56 2.15
Vus 0.218–0.224 0.218–0.224 0.218—0.224 0.218–0.224
Amu /mc 0.0609 0.0609 0.0609 0.0609
Amd /ms 0.224 0.224 0.224 0.224
Vub 0.00146–0.0036 0.0012–0.00301 0.00121–0.00303 0.00101–0.00251
Amu /mt 0.00276 0.00191 0.00264 0.00183
Amd /mb 0.0317 0.0295 0.0233 0.0218
Vcb 0.0234–0.0352 0.0192–0.0289 0.0194–0.0292 0.0161–0.0242
Amc /mt 0.0453 0.0315 0.0435 0.0301
Ams /mb 0.142 0.132 0.104 0.098
er
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,

o

Vub , the smallest mixing in the CKM matrix (s13 in the
Maiani parametrization!, is a physical parameter whose ze
value at one loop is not protected by any symmetry. A fla
structure givingVub50 at MX would be characterized b
Vub(MZ)'1025.

Although we do not intend to discuss here the lepton s
tor ~the possiblebottom–tauunification has been analyzed
great detail in@16#!, we include thetau Yukawa coupling at
different scales in Tables II and III~as mentioned in the
Introduction, a complete analysis of the large tanb regime
requires an evaluation of soft SUSY-breaking correcti
@12#!.

III. EVOLUTION OF FLAVOR RELATIONS

We proceed now to study how the evolution fromMX to
MZ affects the relations between quark mass parameters

FIG. 3. Value ofVub(MZ) that would correspond to a zero valu
of Vub(MX), plotted for different values of tanb. The masses an
the mixingsVus , Vcb are taken at their central values.
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tained in models with flavor symmetries at the unification
scale. First we will consider the five symmetric patterns with
a maximal number of texture zeros found in Ref.@4#. These
patterns depend on seven complex parameters which, aft
phase redefinitions, are reduced to seven moduli and tw
phases~three phases in solution 2 in@4#!. The approximate
analysis shows that it is possible to adjust the experimenta
masses and mixings without need of fine tuning. In particu-
lar, the absence of significant cancellations implies that th
only role of the 2 complex phases in each pattern is to gen
erate the CKM phase. As a consequence, the seven moduli
the six quark masses and three mixings giving two relations
One relation@17# is shared by all the cases~solutions 1–5 in
@4#!:

Vus5Amd

ms
~7!

~with complex corrections of modulusAmu /mc in solutions
1, 2, 4, 5!. The second relation is

Vub

Vcb
5Amu

mc
~8!

for solutions 1, 2, 4 and

Vub5Amu

mt
~9!

for solutions 3 and 5@in the last case there are complex
corrections of order (mt/2mc)Vcb

2 '20%]. The masses and
the rest of the mixings can be adjusted to their central values
with an arbitrary CKM phase.

Relations~7!–~9! are established atMX , and one has to
evolve the experimental quantities up to that scale in order t
decide if they are acceptable. The running of the first two
relations, however, is just a 0.2%~smaller than corrections to
the approximate diagonalization of the matrices!. Taking the

e
d
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masses in their central values we haveAmd /ms50.223 and
Amu /mc50.064, which compare well with the dat
(V1250.22160.003 andVub /Vcb50.0860.02 @8#!. The re-
lation Vub5Amu /mt suffers sizable renormalization-grou
corrections. At MZ we have Vub50.003560.0015 and
Amu /mt'0.76Amu(1 GeV)/Mt50.0040. The running from
MZ to MX can be expressed in terms of the ratio

r5
Amu /mt~MX!

Amu /mt~MZ!
Y Vub~MX!

Vub~MZ!
~10!

that we plot in Fig. 4 for different values of tanb. Note that
for tanb,62, V13 diminishes less thanAmu /mt ~i.e.,
r,1), while for larger values of tanb we observe the oppo
site behavior. If the masses and mixings were known w
more accuracy, this fact could be used tocorrect the predic-
tion

Vub50.0040r ~11!

in the preferred direction.
The different running of the mixings and the ratios

quark masses involving the third family would also affect t
symmetric texture proposed in@6# ~with one more zero than
the textures in@4#!. Those matrices predictVcb5Amc /mt, a
value that seems too large: the values of the masses atMZ

suggestVcb'0.76Amc(1 GeV)/Mt50.066, while the ex-
perimental upper bound is 0.048. Since the evolutions
Vub (mu) andVcb (mc) coincide, the running fromMX will
be simply expressed by the same factorr in Fig. 4:

Vub50.066r ~12!

and the relation would be experimentally acceptable
tanb<1.4 ~with Mt5180 GeV!.

We will finally analyze a pattern of quark matrices d
rived from the heterotic string. The matrices have been p
posed@5# as the only realistic possibility in a class of mode

FIG. 4. Ratio r defined in Eq.~10! for different values of
tanb.
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compactified in the Tian-Yau manifold. Their structure is1

Mu5S 0 D0 C0

D0 0 B0

C0 B0 A0

D , Md5S D08 0 0

0 C08 B09

0 B08 A08
D .

~13!

By a redefinition of the quark fields we can put these matri
ces in a more convenient form:

Mu5S 0 D̃ C

D̃ 0 B

C B A
D , Md5S D8 0 0

0 C8 0

0 B̃8 A8
D , ~14!

whereD̃ and B̃8 are complex and the rest of the parameters
are real and positive. As we will see, these eight moduli an
two phases can fit all the masses and the larger mixings
their central values and predict acceptable~but large! values
for Vub and a nonzero~but small! complex CKM phase. The
approximate diagonalization gives

mt5A, mc5
B2

A
, mu5u

2ABCD̃2A2D̃2

AB2
u, ~15!

mb5A8, ms5C8, md5D8, ~16!

and a CKM matrix~in the Maiani parametrization! with

Vus5U BC2AD̃

B2 U, ~17a!

Vcb5U B̃8

A8
2
B

A
U, ~17b!

uVubu5U ~BC2AD̃!B̃8

AB2
2
D̃

B
U. ~17c!

In terms of physical quantities we have

Vub5SVusVcb1V12Amc

mt
eia2

muVcb

2mcV12
eibD , ~18!

wherea andb are independent complex phases~the domi-
nant phasea is related to the phase ofB̃8). At MZ , for
masses and mixings in their central values, the relation read
V1350.008810.0146eia20.0004eib. Then it seems that the
small value ofVub requires a cancellation between the first
two terms, with a best valueuVubu.0.0054 ~for a5p).
Renormalization-group corrections affect this relation due to
the different running ofVcb andAmc /mt, with the total ef-
fect captured again by the factorr plotted in Fig. 4:

Vub50.00881r 0.0146eia20.00034eib. ~19!

For low values ofr , the lower bound for the predicted value
of uVubu decreases. For example, for tanb51.5 we have

1We suppress an antisymmetric entry proportional to the VEV’s
of an extra Higgs doublet present in the model@5# since its presence
would require a detailed analysis of flavor-changing neutral cur
rents.



6908 54J. A. AGUILAR-SAAVEDRA AND M. MASIP
uVubu.0.002 and a CKM phasep/2<d13<3p/2, whereas
uVubu,0.005 would imply tanb<30 ~for all the quark
masses and the rest of mixings in their central values!. Note
that for smaller values ofVcb , these bounds are relaxed.

IV. CONCLUSIONS

The observed value ofMt implies thatht is the dominant
term in the renormalization-group equations at large sca
As a consequence, the corrections to the quark masses
universality and there appear nontrivial corrections to t
CKM mixings of the light quarks with the third family. In
addition, the low energy value ofht could be related to a
QFP of the equations: anylarge value ofht(MX) seems to
converge to a narrow interval around 1.2 atMZ . In the
MSSM withMt5180 GeV this forces a low value of tanb,
whereas an analogous situation occurs forhb in the large
tanb regime. ForMt around 200 GeV and large tanb, both
low energy Yukawa couplings would result from any larg
value of the couplings atMX ~a large value of tanb could be
also motivated by the possibility to relax theRb anomaly
@18#!. In this framework, we perform an updated~with the
new data forMt) and complete~all values of tanb) analysis
of the evolution fromMZ andMX of all the physical observ-
ables in the quark Yukawa sector of the MSSM. We study
detail the behavior of the smallest CKM mixingVub in the
top and/orbottomQFP regions, and we show that the evol
tion is linear:dVub /Vub(MX)'dVub /Vub(MZ). To illustrate
les.
lose
he

e
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the size of the nonlinear corrections we analyze the value of
Vub(MZ) which corresponds toVub(MX)50; we obtain
Vub(MZ)<1025 ~this value increases going to nonperturba-
tive values ofht atMX , i.e., lowering tanb).

Then we analyze the renormalization-group corrections to
fermion mass relations which appear in models with flavor
symmetries atMX . In particular, we discuss the relations
obtained for symmetric mass matrices with a maximal num-
ber of zeros and in a superstring-motivated model. We show
that in some relations the corrections can be numerically im-
portant~they are essential in some of the cases! and that they
depend quite strongly on tanb. In particular, for the relations
analyzed the corrections can be expressed in terms of the
ratio r in Eq. ~10!. We find it remarkable that, for a fixed
Mt , r goes to zero decreasing tanb and grows (r.1) for
tanb large (tanb>62). If the masses and mixings were mea-
sured with more accuracy, this fact could be used to conve-
niently correct the relations by varying tanb, whereas if the
Higgs sector of the MSSM were observed and tanb fixed, it
could be used to exclude some of the quark mass matrix
models.
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