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Form factor relations for heavy-to-heavy and heavy-to-light meson transitions
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Relations between the form factors that parametrize the hadronic matrix elements, in spectator decays of
heavy mesons, have been derived by Stech within the constituent quark model. In this paper, we examine these
relations using a slightly modified description of the meson states. We find new and very general relations for
some of the form factors. For the other form factors, we obtain small modifications to the relations previously
derived by Stech, in the case of heavy-to-light transiti§86556-282(196)00323-2
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I. INTRODUCTION Il. FORM FACTOR RELATIONS

. . A. Hadronic matrix elements in the constituent quark model
In Ref. [1], Stech derives a set of relations between the
form factors that parametrize the hadronic matrix elements, 1he hadronic matrix elements of interest, in spectator de-
in the weak decays of heavy mesons. These relations follo@yS 0fB mesons, are of the form

from the constituent quark picture for the hadronic transi- o -

tions, whenever spectator effects can be ignored, and they (X(p")la T'bIB(p)),

are independent of the particular model that is chosen for the _ . N ,

wave functions of the mesons. For heavy-to-heavy meson F=v% 7"y, 10" (p=p)y 1o (p=p)uys. (D
transitions, the relations are consistent with those obtainegh here, the mesoiX will be a pseudoscalaP or a vector
from the heavy quark symmetry limi2]. For heavy-to-light  mesonv. It can be a heavy meson such aB ar D*, or a
meson transitions, the relations obtained by Stech are impofight meson such asa or p. In the constituent quark model,
tant new results. For example, they can be useful in extracthe B and X mesons are the quark-antiquark bound states
ing the Cabibbo-Kobayashi-Maskaw&KM) matrix ele-  (bqgy) and (@dsp), respectively. For a spectator decay, the
ments |V, (from the exclusive semileptonic decays operatorg I'b annihilates thé quark in the initial state, and
B—mwly,, ply,, etc), or |V, (from the exclusive radiative creates the constituent quagkin the final state. It does not
decayB—pvy); or they can help us understand better theact on@p, which behaves as a spectator: its momentum and
color-suppressed hadronic decays, such aBtbdecays into  spin remain unchanged in the decay process.

the charmonium states. The B meson state in Eq1) is
In this paper, the derivation of the relations between the
form factors is revisited, along steps similar to those in Ref. |B(|5)>= / 2E f 43K (|IZ|) [Msp /My
[1] (however, we adopt a slightly different description of the (2m)® B Esp ¥ Ep
kinematics of the constituent quarks inside the mesdne e -
| i | X XgolA(Psp, @) b(Pp ) )
will show that new and very general relations can be derived X ool A(Psp: Pb.0)),

for some of the form factors; they follow from the constitu-
ent quark description and the constraint of a spectator deca¥, — * . _ _ o e
but with no further assumptions. Additional relations be-function ¢g(k|) (with L=0) describes the distribution in
tween the other form factors are obtained in two limiting internal momenturk. It favors small values ofk| (of the
cases. For heavy-to-heavy transitions, we obtain the san@rder of a typical hadronic mass scalegcp), and falls off
results as Stech. For the heavy-to-light case, we analyze ifapidly for large values of the internal momentyBi. The
more detail the conditions under which the approximationsspin wave function is(%z(|m>—|m>)/\/§.
already used by Stech are valid. Using our description of the The hadronic matrix element of E¢l) is then[3]
constituent kinematics, we confirm the surprising result that
the static heavy quark approximation remains valid, even for e > - . -
decays with large recoil. On the other hand, we find that the (X(p")]a T'b[B(p))= \/E\/Ef d*ke"5(IK)) g ([K'])
approximation of a massless recoiling constituent is valid in
a more restricted region of recoil momentum. When both % /ﬂ /%XJmJ 00—

Ep Y Eq

?nd similarly for theX meson state. The momentum wave

approximations are used, the results of Stech are recovered, oroXaaUq(Pq.0")
up to differences of the order of the ratio of the light to heavy .
meson masses. XT'uy(py,o), 3

The derivation is presented in some detail, although part _
of the results can already be found in Reff]. For definite- ~Where the condition that the spin of the spectaigyis not
ness, we shall refer to the heavy decaying meson & a affected by the decay has been included. The condition that
meson, although part of the results may also applyDto its momentum remains unchanged leads to a relation be-

decays. tween the internal momentaandk’, respectively of thed
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and X mesons For definiteness, we work on tBerest
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constant, and a parameter of the model; its maximum-

frame,p=0, and choose the axis along the momentum of allowed value is determined by Eq4.2) and(13).

the X meson,p’ =|p’|Z. In the absence of internal momen-

The transverse component of the internal momerkus

tum, the constituents are at rest in the meson c.m. frame; but, =0, whereas the longitudinal componégtis more sen-

in general,
pb,L:kL ’ pb,Z:kZ! (4)

PspL =~ kL v Pspz™— I(z (5)

for the B meson, and

PaL=Kl, Pg.= ¥k, +BVmMa+k'?), (6)
—K,  Psp,=y(—ki+BVMEHK'D)  (7)

for the X meson, withB=|p’|/E’ and y=1/y1— 2. This
gives

PspL=

!

E
k. =k k, ——k’—m\/msp+k’2 (8)

which is the relation between the internal momektand
k’, that is implicit in Eq.(3).

As in Ref.[1], we assume that the wave functions of the
B andX mesons are strongly peakéat |k|,|k’|=0). Then,

the overlap of the wave functions in E3) will also be
strongly peaked; and so, to a good approximation,

(X(p")a TbIB(p))= \/4mBE'E E“Rsﬁxf U

X (Pq " )T Up(Pp,0), (9)

Jm; 00

o' o’too

with Rg_x=[dk’ ¢g(|Kl)¢%(Ik']) and f, ,=x

sitive to the relative shape of tH& and X wave functions.

For B and X wave functions that are simildscenarioA),

both mesons share the internal momentum that is required
for the spectator transition. Then,

2my

1 |p
Ak, Ermy

___mS_
= 2 Pmy

(14)

If the B wave function has a much narrower spread in inter-
nal momentun(scenarioB), then

B:k,=0. (15)

If, on the contrary, theX wave function is much narrower
(scenarioC), then

C:k,= Pl 16
Rz mspm_x . (16)
B. Form factor relations

The hadronic matrix elements in E({.) are parametrized
in terms of Lorentz invariant form factors as

(P(p")[qy*b|B(p))=(p+p")“f1(q?)
m2 — m?2
+iq2—Pqﬂ[fo<q2>—fl<q2>],

17
wheref(0)=1,(0),

This is the expression for the hadronic matrix elements that

we will use to derive the form factor relations, in the next

section.

In order to determine the range of recoil momentum
|p’| where the form factor relations are valid, we will need

to compare the quark momerj@,| and|p,| with the corre-
sponding quark masses, andm,. The quark momenta in

Eq. (9),

pb,L:EL ’ pb,Z:EZ! (10)

pq,J_:lfJ_ ) pq,z:|5|,+ﬁz (11

are determined by the locatigof the peak in the overlap of

the meson wave functions. The quark massgsind m, are
effective masses determined by the relations

Mg = \/m§+EZ+ \/m§p+E2, 12

My = \/m§+E’2+ \/m§p+E’2, (13

and they too depend dzcl [the corresponding value dif’ is
given by the relations in Ed8)]. On the other handn,is a

(P(p")[aio*"q,b|B(p))=s(q)[(p+p’)“q>
—(m3—m3)g*], (18

N 1 ,
(V(p".&)[ay*bIB(p)) = [ -2ie**7el b, V(A%

(19
(V(p',&)[qy“ysb|B(p))
=(mB+mV)sﬂ*A1(q2)
(PP Aol a?)
£*-q P 2 2
_2mv?q [A3(0°)—Aq(g9) ], (20)

where  2nyA3(g?)=(mg+my)A.(g%) — (mg—my)Ax(g?)
and A0(0)= A3(O) ’

<V<5',5>|ao-qub|B<5>>=ieﬂ“ﬁysi.ip;;pywq%,( )
21
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(V(p',&)[aia*"q, ysb|B(p))

=[(m3—mZ)e* —e*-q(p+p’)“IF2(4?)

2

+e*-q Q" (p+p")*

mg—my

whereF ;(0)=2F,(0). In all of theabove,q=p—p’.
From the result in Eq(9), we obtain, for each one of the
form factors,

with

Fa(g?),

(22

) mg—E’
fl(q ): |57| P++Q+ NRB—)Pa (23)
mg—E’
fo(qz):{( >, P.+Q.
lp'|
@ [metE, Q ) NR
mZB_mlzv |5,| + + B—P
(29
) 1
S(q ): |5,| P—NRB—>P1 (25)
mg+ my
V(@)= = 5= P-NRe v, (26)
2 mB_E’
AO(q ): |5—,|P++Q+ NRB—>V1 (27)
2 Mg
Al(q ): mB_’_mVQ*NRB*)Vl (28)
mg+my | MgE’' —m2
AZ(qz): — >, —
mg|p’| |
mg—E’
—my| Po+ |F—)>,| Q+ | INRg_y, (29
) mg—E’
F1(9%)= WP++Q+ 2NRg_,y, (30
B|5,| mg—E’
Fz(q2)=—2_—z( ++—=—Q4|NRg_v, (3D
mg—my P’
my(mz—mg
F3(q2): m |5,|2 —
B
mgE’ +m? mg—E’
+— = L P+ Be, Q+ | [NRg_v,
mg|p’| lp’|
(32

pq zPb,z
L=1= — , 33
Q7 (Eq+mq)(Eb+mb) ( )
_ pb,z pq,z
Pi_ Eb+ mbiEq+ mq. (34)
The factorN is defined by
E' Eq+my E,+m
N= \/—M b (35)

mg 2E, 2E,

The overlap integralfRg_,x, as well as the values of the
quark momentg, , and p, , that appear iQ., P., and

N, depend on the detailed shape of Bi@nd X wave func-
tions. We are interested in deriving relations between form
factors that are independent of these quantities, and thus free
of the model dependence associated with them. From Eqgs.
(23)—(32), we have

F1(9%)=2Aq(q?), (36)
Fa(0?)= melp’| | Mo’ —my (99
2 my(Mg—my) | mg|p’| '
2mB|5’| 2
_WAZ(q )| (37)
mg+my gE’+md
2\ 2 2
F3(q )_ 2mV Al( m (mB+m ) Z(q )
(38

These relations follow from our initial assumption that spec-
tator effects can be neglected, but no other approximations
are necessary.

We now analyze the two special cases of heavy-to-heavy
and heavy-to-light transitions; approximations for thend
g quark momenta will lead to additional model-independent
relations between the form factors.

C. Heavy-to-heavy transitions

WhenX is a heavy meson such a$aor D*, the internal

momentak| and|k’[, in theB andX mesons, are at most of
order mg= A gcp<mg,My . This is true for any of the sce-
narios A, B, or C, and for the entire range of the recoil

momentum: [p’'|=0 — (m3—m32)/2mg or equivalently,
g°=0 — (mg—my)?2. Then,

Ipp|<<my,my=mg, (39
|Pol=p’I,mg=my, (40
and s0,Q.=1, Pi=t|§’|/(E’+mX). Using these results

in the expressions for the form factors gives the additional
relations

2 -1
f1<q2>:fo<q2>[1— W} (@1

= —s(g%)(mg+mp), (42)
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V(g%)=Ao(q%) (43 0.1
=A(0?) (44) 0.08
q2 -1 0.06
- 2y 1 LI Z
=A,(q )[1 (Mot )2 |75}/ o oz
(45)
0.02
These, together with the results in Eq86)—(38), are the
same results that follow from the heavy quark symmetry 0 0.2 0.4 0.6 0.8 1
limit [2-5]. In that limit, the spin symmetry givesi,=my @ ¢/ (mp — ma)?
and soRg_,p=Rg_,y (since theP andV wave functions are
then identical; then 0.1
f1(9%)=V(d?). (46) 0-08
Moreover, the flavor symmetry gived®g_.x=1 for zero re- oL/ 0-06
coil (since theB andX wave functions are identicaland so 0.04
Mg 4 my 0.02
Fa(Oa) = V(Uiad = —— 47
m 2 MMy 0 0.2 0.4 0.6 0.8 1
Both results are well-known consequences of the heavy ® ¢*/(mp —m,)*
guark symmetry, that can be derived independently of the
constituent quark picturg2]. FIG. 1. Momentum vs mass of thequarks(a) in B— 7 and(b)
in B—p, for mg, maximum(full line) and minimum(dashed ling
D. Heavy-to-light transition -,
o _ slp’| (a?) mv(mB+mv)A( 2. (53
WhenX is a light meson, such asmaor ap, there are two —mBE,_m\zl 2(q —mBE’ _m\zl olg”).

approximations that lead to model-independent relations be-
tween form factors. The first is that of a staticquark, i.e., The region of validity of this approximation is more re-

|* |<m,. In that caseQ. =1 andP_=—P_, which gives stricted than that of a statie quark: the approximation is
Pb b - + ) g ) . X . .
valid at high recaoil, but it breaks down close to lowest recoil;

5 5 mz—ma 5 5 it is worse(in particular for scenari€) for a lower choice of
2mgs(q°)=—f41(q%) + 7 [fo(a) —f1(a%)], ms,. For a very light meson, such &=, the validity
(48) region expands to most of the kinematic range. In Fig. 2, we
(g )2 e show the value ofn,/|p,| for the B—  [Fig. 2@)] and the
s+ my s+ my - X e . . ¢
V(g?) = Ay (q?) + Ao(?) B—p [Fig. 2(b)] transitions, in scenariéd. Again, the two

2mg(mg—E’) mg—E’ curves correspond to the maximum and minimum values for
(49 the parametems,.
m We have shown separately the consequences of the two
A(g%)— _BAZ(qZ)_ (50) approximations, given that they have different regions of va-
my lidity. The overlap between the two regions is, however, sig-

nificant, and in there we have

_ (mg+my)®
" 2mgmy(E’ +my)

We have found, as in Ref1], that a statid quark is a very

good approximation over the entire range of the recoil mo- q> mg+ E’—|f)’| -1
. . 2\ — 2 _

mentum. The only exception is in the extreme case of sce-  f1(qd%)=fo(q%)| 1 -2 m—E +|5

nario C, and for large recoil. There, the validity of the ap- B P Mg Pl

proximation depends significantly on the choicenad,. In = —(mB—E’+||5’|)s(q2), (55)

Fig. 1, we show the value dfpy|/my, for the B— = [Fig.

(54)

1(a)] and theB— p [Fig. 1(b)] transitions, in scenarié. The V(g?) = (mg+ mV)zAl(qz) (56)
two curves correspond to the maximum and minimum values 2mg| 5'|
for the parametemg,.
The second approximation is that of a nearly massless mg+ my, 5
recoiling quark i.e.J|5q|>mq. Then,Q.==P., and so - Ao(a7) (57)

mg—E'+[p'|

2 >\ 1 -
q mg+E'—[p’] =mg|p’|[E'(mg+my)
Mg—mp mg—E'+|p’|

f1(g®)="fo(g?)| 1—
(51) —my(mg+my+|p')]7*Axq?). (59

A (02 (52) These reproduce the heavy-to-light relations of R&f, up
2mg|p’| to differences in the terms of ordemy/mg [6].

_ (mg+my)?

V(g?)
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mq /|5l y/
0

Mg/ 1Pyl o — -~

0.2 0.4 0.6 0.8 1
(b) ¢*/(mp —m,)?

FIG. 2. Mass vs momentum of tliequarks(a) in B— 7 and(b)
in B— p for mg, maximum(full line) and minimum(dashed ling
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more detail, and using a slightly different description of the
meson states. We found that the form factors for the
(V|qia*"q,b|B) and (V|qic*"q,ysb|B) matrix elements
are related to the form factors for tk¥|qy*ysb|B) matrix
element[see Eqs(36)—(38)]. These relations are indepen-
dent of any assumptions, other than that no significant spec-
tator effects are at play in the hadronic transition. Such rela-
tions can be used to study exclusive radiative decays, such as
B—K*y, but also semileptonic decays such as
B—K*e"e™, or color-suppressed hadronic decays such as
B—J/yK*.

The form factor relations for heavy-to-heavy transitions,
in Egs. (41)—(45), are those expected from the heavy quark
symmetry limit, and they were also found in REf]. In the
heavy-to-light case, we derived form factor relations that do
not depend on the specific details of the meson wave func-
tions. This is done with either one of two distinct approxi-
mations: that of a statib quark[see Eqs(48)—(50)], and
that of a nearly massless recoiling quarfsee Eqs(51)—
(53)]. In each case we have discussed the regions where the
approximations are expected to hold. In particular, we have
confirmed the result of Refl], that the statid quark ap-
proximation remains valid throughout the entire kinematic
range. For the case where both approximations are {/sdie
Egs.(54)—(58)], our results differ from those of Reff1], by
terms of ordemy/mg.
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