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K˜pnn̄ and high precision determinations of the CKM matrix
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We investigate the future determination of the CKM matrix using theoretically clean quantities, such as
B(K1→p1nn̄), B(KL→p0nn̄) or sin 2b, sin 2a as extracted fromCP violation studies inB physics. The
theoretical status ofK→pnn̄ is briefly reviewed and their phenomenological potential is compared with that
of CP asymmetries inB decays. We stress the unique opportunities provided by measuring theCP-violating
rare decayKL→p0nn̄. It is pointed out that this mode is likely to offer the most precise determination of
Im Vts*Vtd and the Jarlskog parameterJCP , the invariant measure ofCP violation in the standard model.
@S0556-2821~96!03523-0#

PACS number~s!: 12.15.Hh, 13.20.Eb
-

I. INTRODUCTION

The standard model~SM! provides an economical and
elegant description ofCP violation. Within the Cabibbo-
Kobayashi-Maskawa~CKM! framework@1#, the violation of
CP symmetry is accounted for by a single phase, natura
emerging in the three-generation model, andCP violation is
intimately connected with the physics of quark mixing. Unt
today, this theoretical ansatz has been consistent with
known weak decay phenomena, but some of the CKM p
rameters are only rather loosely constrained and the inform
tion onCP violation is limited to theK0-K̄0 system.

One of the most important goals of particle physics in th
coming years will be to precisely determine all parameters
the CKM matrix and to check the SM picture for consistenc
by using as many independent observables as possible.

In the standard parametrization of the CKM matrix@2#,
the four basic parameters ares12, s23, s13 and the phased. A
convenient alternative representation uses the Wolfenst
parametersl, A, %, andh @3#, which can be defined by@4,5#

s125l, s235Al2, s13e
2 id5Al3~%2 ih!, ~1!

Here us13u5uVubu and, to an accuracy of;1025, s125Vus ,
s235Vcb . In the Wolfenstein parametrizationl50.22 can be
used as an expansion parameter to simplify expressions
CKM elements. The representation is particularly convenie
for the unitarity triangle, which graphically displays the un
tarity relation

11
VtdVtb*

VcdVcb*
52

VudVub*

VcdVcb*
[ %̄1 i h̄ ~2!

in the (%̄ , h̄) plane~Fig. 1!. To an accuracy of better than
0.1%, one has

%̄5%S 12
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The difference between the Wolfenstein parameters~%,h!,
defined in Eqs.~1!, and the vertex of the normalized unitarity
triangle (%̄ , h̄) in Fig. 1 is about 2.4%, which will have to
be taken into account in future high precision studies. It is
customary to denote the angles of the unitarity triangle bya,
b, andg as shown in Fig. 1.

In general,l andA can be determined from decays al-
lowed at the tree level. The parameterl is measured in
K→pen or hyperon decays, andA5Vcb/l

2 can be ex-
tracted from either exclusive or inclusiveb→c transitions.
On the other hand, determinations of% andh have to rely
largely on rare processes, which are typically loop induced
and may involveCP violation. Observables that have been
used so far to constrain these parameters, such as«K ,
b→uln, andDmBd

, suffer from considerable theoretical un-
certainties. These will ultimately limit the accuracy of CKM
determinations, even with continuing progress on the experi-
mental side. In order to achieve decisive tests, it is manda-
tory to consider observables where theoretical uncertainties
are very well under control.

Among the quantities best suited for this purpose are the
CP-violating asymmetry inBd(B̄d)→J/cKS , measuring
sin 2b, and the branching ratio ofKL→p0nn̄, determining
h. These observables have essentially no theoretical uncer
tainties and can be pursued at futureB factories and at dedi-

FIG. 1. Unitarity triangle.
6782 © 1996 The American Physical Society
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54 6783K→pnn̄ AND HIGH PRECISION DETERMINATIONS OF . . .
cated kaon experiments, respectively.
Some other processes, such asK1→p1nn̄, the ratio of

mixing parameters,x5Dm/G, in theBs and theBd system
xs/xd , and, potentially, alsoCP asymmetries inBd→pp,
have only slightly larger theoretical ambiguities. Still the
are extraordinarily clean and therefore prime candidates
precisely testing the CKM paradigm.

The purpose of this article is to discuss the prospects
high precision determinations of the CKM matrix usin
clean observables with very small theoretical uncertain
We consider various strategies that will measure the CK
parameters and allow unambiguous standard model tests.
compare the potential ofCP violation measurements inB
physics with that ofKL→p0nn̄ andK1→p1nn̄. Both ways
allow one to determine the unitarity triangle with comparab
accuracy. A combination of these complementary resu
promises detailed insight into the physics of quark mixin
andCP violation.

This paper is organized as follows. Theoretical uncerta
ties are discussed and summarized in Sec. II. Section
reviews briefly the theoretical status ofCP asymmetries in
Bd→J/cKS andBd→pp in the context of measuring sin2b
and sin2a. Various strategies to determine the unitarity tr
angle (%̄ , h̄) are considered and compared in Sec. IV. F
nally, Sec. V contains our conclusions.

II. THEORETICAL UNCERTAINTIES IN K˜pnn̄

The rare decaysK1→p1nn̄ and KL→p0nn̄ are loop-
induced flavor-changing neutral current~FCNC! processes in
the standard model. Being semileptonic and short-distan
dominated, these channels are theoretically exceptiona
well under control. They are therefore sensitive probes of t
physics at high energy scales and allow in particular to a
cess the CKM couplings of the top quark in a very clea
way. In the present section we shall briefly review the the
retical status of theK→pnn̄ decay modes.

A. K1
˜p1nn̄

The branching fraction ofK1→p1nn̄ can be written as

B~K1→p1nn̄!5kF S Iml t

l5 X~xt! D 21SRelc

l
P0~K

1!

1
Rel t

l5 X~xt! D 2G , ~4!

k5r K1

3a2B~K1→p0e1n!

2p2sin4QW
l854.11310211. ~5!

Herext5mt
2/M W

2 , l i5Vis*Vid , andr K150.901 summarizes
isospin-breaking corrections in relatingK1→p1nn̄ to the
well-measured leading decayK1→p0e1n. In the standard
parametrizationlc is real to an accuracy of better than 10

23.
The functionX is given by

X~x!5hX•
x

8 Fx12

x21
1

3x26

~x21!2
lnxG , hX50.985, ~6!
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wherehX is the next to leading order~NLO! correction cal-
culated in@6#. With mt[m̄t(mt) the QCD factorhX is prac-
tically independent ofmt . Next,

P0~K
1!5

1

l4 @ 2
3XNL

e 1 1
3 XNL

t # ~7!

represents the charm quark contribution withXNL
l calculated

in @7#. The central value ofP0(K
1) for LMS

(4)
5325 MeV,

mc5m̄c(mc)51.3 GeV, and the renormalization scale
mc5mc is P0(K

1)50.400. We remark that in writing
B(K1→p1nn̄) in the form of Eq.~4! a negligibly small
term ;(XNL

e 2XNL
t )2 has been omitted~0.2% effect on the

branching ratio!.
In general, a measurement ofB(K1→p1nn̄) alone

yields a constraint on Relt and Imlt according to Eq.~4!.
This relationship is very clean and uncertainties arise only
from the branching fraction, the charm quark contribution,
and the top quark mass, where the latter error is almost neg
ligible.

Using in addition information fromA ~or Vcb!, the rela-
tion between Relt and Imlt can be translated into a con-
straint in the (%̄ ,h̄) plane. For fixed input parameters this
constraint is approximately an ellipse centered at%̄
511P0(K

1)/[A2X(xt)], h̄50, which is shifted from
( %̄ ,h̄)5~1,0! by the presence of the charm contribution as
indicated in Fig. 1.

To learn more about the CKM parameters from
B(K1→p1nn̄) requires additional input. One suitable fur-
ther piece of information, such asuVub/Vcbu or
B(KL→p0nn̄), is, however, sufficient to determine the
CKM matrix completely. All CKM elements are then given
in both magnitude and phase, in particularVtd .

In the following we briefly address the most important
uncertainties in the theoretical treatment ofK1→p1nn̄.

The top quark contribution is characterized by high en-
ergy scales ofO(mt) where QCD perturbation theory is a
very reliable tool. The inclusion ofO~as! corrections essen-
tially eliminates the sizable renormalization scale depen
dence of the leading order result. This analysis indicates tha
the residual uncertainty inX(xt), for fixedmt , is merely at
the level of;1% and thus practically irrelevant.

For the charm quark contribution the situation is less fa-
vorable, since QCD perturbation theory cannot be expecte
to be as accurate at the rather low scale ofmc . This case
further requires the resummation of large logarithms
lnMW/mc using renormalization group methods. Still the re-
liability of the calculation can be much improved by per-
forming a next-to-leading logarithmic analysis where, in ad-
dition to the leading logarithms ofO(xca s

nlnn11xc!, the
terms ofO~xca s

nlnnxc! are included in the charm quark func-
tion Xc5XNL . The calculation of the NLO corrections al-
lows a better assessment of the applicability of perturbation
theory. In fact, the NLO correction turns out to be suffi-
ciently small for this approach to make sense in the presen
context. Furthermore, the sensitivity to the unphysical renor
malization scalemc5O(mc) is reduced at NLO. The remain-
ing ambiguity is to be interpreted as a theoretical uncertainty
due to the use of a truncated perturbation series, and is abo
610% inP0(K

1).
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This ambiguity corresponds to part of the neglecte
higher order corrections and thus provides a quantitative
timate for their order of magnitude. Of course, knowledge
the completeO~xca s

n11lnnxc! terms, appearing at the orde
beyond next-to-leading logarithms, could, strictly speakin
give a more rigorous estimation of the residual error. Th
order has, however, not yet been fully calculated. Given th
the perturbative expansion forXNL appears rather well be-
haved after renormalization group improvement and t
NLO value is within the range obtained by varying the sca
~1 GeV<mc<3 GeV! in the LO result, we expect the error
estimate based on the scale dependence to give a fair acc
of the actual uncertainty. In fact, additional support for th
procedure comes from considering the termO(xcas) in the
charm quark functionP0(K

1) @7#. This term is a contribu-
tion beyond NLO and therefore not included inXNL . It is,
however, known from the calculation ofX(xt). It provides
another, independent estimate of the typical size of neglec
higher order terms. Quantitatively, its size is;10% in
P0(K

1), compatible with the error estimate based on themc
dependence.

Besides through top and charm quark loops, which a
short distance in character due tomt , mc@LQCD,
K1→p1nn̄ may also proceed through second order we
interactions involving up quarks. This mechanism is th
source of long-distance contributions toK→pnn̄, which are
determined by nonperturbative low energy QCD dynami
and difficult to calculate reliably. Of crucial importance fo
the high accuracy that can be achieved in the theoreti
treatment ofK→pnn̄ is the fact that such contributions are
very small. The reason for this is a hard Glashow-Iliopoulo
Maiani ~GIM! suppression of the electroweaks̄d→nn̄ am-
plitude. This means that the charm contribution behaves
mc

2lnMW/mc for mc→0, rather than, say, just logarithmically
;lnMW/mc . Hence the size of the short-distance-dominat
charm quark sector is essentially determined bymc

2, while
the long-distance up quark contribution is characterized
the QCD scaleLQCD

2 ~the up quark mass being negligible!.
The long-distance part is therefore suppressed byLQCD

2 /mc
2

relative to the charm quark amplitude. Detailed estimat
@8–11# quantify this general suppression pattern. Using ch
ral perturbation theory the authors of@10# find
XLD&(g8p

2/3)( f p/MW)
2, with g855.1. This estimate is

based on the amplitude involving oneW-boson and one
Z-boson exchange, which is enhanced by theDI51/2 rule
and can be expected to be dominant. The result is less t
about 5% of the charm quark contribution and negligible
view of the perturbative uncertainty in the charm quark se
tor. A further long-distance mechanism, involving tw
W-boson exchanges, isK1→n l l

1*→n lp
1n̄ l , l5e, m, cal-

culated in@9#. It amounts to'2% of the charm quark am-
plitude and is likewise negligible. Similar conclusions on th
long-distance contribution have been reached in@8,11#.

To eliminate the hadronic matrix element^pu( s̄d)VuK& in
the calculation of K1→p1nn̄, the branching ratio
B(K1→p1nn̄) can be related toB(K1→p0e1n) using
isospin symmetry. Corrections to the strict isospin limit hav
been considered in@12#. They arise from phase space effec
due to differences in the mass ofp1 andp0 ~or K0 andK1

for the neutral modeKL→p0nn̄!, isospin violation in the
K→p form factors, and electromagnetic radiative correctio
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that affect thes̄→ūe1n transition, but nots̄→d̄nn̄. Ulti-
mately, these effects stem from the usual sources of isos
breaking, the electromagnetic interaction, or theu-d mass
difference. For the correction factorr K1 in Eq. ~5! @12#, ob-
tain r K150.961430.957430.97950.901, where the first
factor is from phase space, the second from theK→p form
factors, and the last from QED radiative corrections. Sin
the meson masses are known precisely, the phase spac
fect has essentially no uncertainty. The QED correction fa
tor is calculated in the leading logarithmic approximatio
and given by@112a/pln(MZ/mh)#

2150.979 for a51/137
andmh5mp50.938 GeV. Taking into account the variou
ambiguities in this calculation, from nonlogarithmicO~a!
corrections, the fact thata could be a(MZ) rather than
a(me), replacingMZ byMW , or varyingmh between 0.5 and
2 GeV, one finds typically an uncertainty of60.5%. Finally,
the expression forB(K1→p1nn̄) receives a small error
from the use ofB(K1→p0e1n)50.0482, which is currently
measured to 1% accuracy.

To summarize, the theoretical uncertainty inK1→p1nn̄
is dominated by the charm quark contribution. The latter
estimated to beP0(K

1)50.4060.047, where the error bar
represents the symmetrized range obtained by varying
renormalization scalemc between 1 and 3 GeV. This uncer
tainty translates into a65% variation of the branching ratio.
The other errors, such as those from the scale dependenc
the top quark sector or from the long-distance contributio
are small in comparison and can be neglected.

The intrinsic theoretical uncertainties we have discuss
so far should be distinguished from uncertainties in bas
standard model parameters. Among these are the errors
Vcb andmt that will be specified later on. In the charm quar
sector one has the charm quark mass and the QCD scale
which we shall takemc5m̄c(mc)5(1.3060.05) GeV ~the
running MS mass! and LMS

(4)
5(325675) MeV. Here we

have anticipated that by the timeK1→p1nn̄ will be mea-
sured, the precision inmc should have improved over the
current status. Combining the uncertainties from theory,mc
andL, we finally obtain

P0~K
1!50.40060.047~ th!60.035~mc!60.026~L!

50.4060.06, ~8!

which we will use in the analysis below.

B. KL˜p0nn̄

Because of theCP properties ofKL , p0, and the relevant
hadronic, short-distance transition current, the mo
KL→p0nn̄ proceeds in the SM almost entirely through di
rect CP violation. In explicit terms the branching fraction
per neutrino flavor is given by

B~KL→p0n l n̄ l !5r KL

tKL
tK1

a2B~K1→p0e1n!

2p2sin4QWuVusu2

3
1

2

uj2j* ~12 «̄ !/~11 «̄ !u2

11u~12 «̄ !/~11 «̄ !u2
. ~9!



.
n

-
-

,

-

s

-

54 6785K→pnn̄ AND HIGH PRECISION DETERMINATIONS OF . . .
Herej5S i5u,c,tl iXi andr KL50.944 is the isospin-breaking
correction @12# from relating KL→p0nn̄ to K1→p0e1n.
The factor

12 «̄

11 «̄
5

M12* 2 iG12* /2

~Dm2 iDG/2!/2
~10!

derives fromuKL&;(11 «̄)uK0&1(12 «̄)uK̄0&, with M12 and
G12 denoting the off-diagonal elements in the neutral ka
mass and decay constant matrix, respectively.Dm5mL2mS
~DG5GL2GS! is the difference in mass~decay rate! between
the eigenstatesKL andKS . We use theCP phase conven-
tions CPuK0&52uK̄0&, CP(d̄s)VCP

2152( s̄d)V . ~The
neutral pion has negativeCP parity CPup0&52up0&.!

In principle, arbitrary phases could be introduced in t
CP transformation ofK0 and the current (d̄s)V . These
phases would multiply the factorj* in Eq. ~9!. However,
compensating phases would then be present in the hadr
matrix elements ofM12 and G12, assuring that the physics
remains unchanged. Note further that the expression in
~9! is manifestly invariant under rephasing of the qua
fields, since (12 «̄)/(11 «̄);l i

2. In particular, one has
(lu* /lu)(12 «̄)/(11 «̄)51 up to a few times 1023, which is
independent of the CKM matrix phase convention. It th
follows that

Uj2j*
12 «̄

11 «̄U
2

5Uj2j*
lu

lu*
U254

~ Iml tlu* !2

uluu2
~Xt2Xc!

2,

~11!

where we have neglected long-distance contributions. T
expression is manifestly rephasing invariant.

Neglecting the charm quark contribution, which affec
the branching ratio by only 0.1%, specializing to the standa
CKM parametrization wherelu*5lu , and summing over the
three neutrino species, one obtains the familiar result

B~KL→p0nn̄!5kLS Iml t

l5 X~xt! D 2, Iml t5hA2l5,

~12!

kL5r KL

tKL
tK1

3a2B~K1→p0e1n!

2p2sin4QW
l851.80310210.

~13!

Equation~12! provides a very accurate relationship betwe
the observableB(KL→p0nn̄) and fundamental SM param
eters. The high precision that can be achieved in the theo
cal calculation of this decay mode is rather unique amo
rare decay phenomena.

KL→p0nn̄ shares many features with the charged mo
K1→p1nn̄, which make it already a very clean proces
This situation is still improved considerably by theCP-
violating nature ofKL→p0nn̄, since here only the top quark
contribution is significant and all the uncertainties associa
with the charm quark sector are eliminated. After includin
NLO corrections, the intrinsic theoretical uncertainty
X2(xt) from truncating the perturbation series is estimated
be61%.

Long-distance contributions toKL→p0nn̄ are still further
suppressed compared to the case ofK1→p1nn̄ due to the
on
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CP-violating property of the neutral mode. They are like-
wise completely negligible@8#.

The factorB(K1→p0e1n)tKL /tK1 serves to eliminate
the hadronic matrix element required for the calculation of
KL→p0nn̄. The combined experimental error in this quan-
tity is 61.5%, dominated by the uncertainty in
B(K1→p0e1n) @2#. This error can be further reduced by
improved measurements in the future.

The isospin-breaking correctionr KL is here r KL5

1.052230.916630.97950.944@12#. The first factor comes
from the difference in phase space betweenK0→p0 and
K1→p0 decay and does not introduce any significant error
The short-distance QED correction 0.979 is the same as i
the case ofK1→p1nn̄ and has an uncertainty of probably
below60.5%.

From the full expression given in Eq.~9!, one can derive
the contribution of indirectCP violation toB(KL→p0nn̄).
For this purpose it is convenient to use the CKM phase con
ventions of the standard parametrization. We further ap
proximate

«̄'«5
11 i

&
u«u, u«u5~2.28260.019!31023, ~14!

where« is the parameter describing indirectCP violation in
K0→pp decays@2#. Expanding to first order inu«u, one finds
that the effect of indirectCP violation in KL→p0nn̄ is to
multiply the branching ratio in Eq.~12! by a factor of

11&u«u
Rej

Imj
where

Rej

Imj
52

11P0~K
1!/A2X~xt!2%

h
.

~15!

Since Rej/Imj is typically24, we find that indirectCP vio-
lation reduces the branching fractionB(KL→p0nn̄) by
'1%. We shall neglect this small correction for simplicity.
The effect can of course be taken into account in the future
should such a high precision be required.

III. CP ASYMMETRIES IN Bd DECAYS

The observation ofCP-violating asymmetries in neutral
B decays toCP eigenstates will test the standard model and
allow one to determine angles of the unitarity triangle in Fig.
1. Among the most promising candidates for these experi
ments are the decay modeBd(B̄d)→J/cKS and, to a lesser
extent, alsoBd(B̄d)→p1p2, which will be pursued in par-
ticular at the upcomingB factories. The corresponding time-
dependent or time-integrated~at hadron colliders! CP asym-
metries in the decay of taggedBd , compared toB̄d , measure
sin2b and sin2a, respectively. This subject has been exten-
sively discussed in the literature. Here we content ourselve
with recalling a particular aspect, the effect of penguin con-
tributions, which is important for the theoretical accuracy in
inferring sin2f, f5a,b, from measured asymmetries. In the
absence of a penguin amplitude, the time-dependent asym
metry oscillates as sinDmBd

t with an amplitude given by
sin2f. When a small penguin contribution is present in ad-
dition to the dominant tree-level amplitude, the amplitude of
sinDmt does not in general measure sin2f alone, but the
combination@13#
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TABLE I. Illustrative example of the determination of CKM parameters fromK→pnn̄ and fromCP-
violating asymmetries inB decays. The relevant input is as described in the text. Shown in parentheses are
the errors one obtains usingVcb50.04060.001 instead ofVcb50.04060.002.

K→pnn̄ B→pp, J/cKS ~I! B→pp, J/cKS ~II !

uVtdu/10
23 10.361.1~60.9! 8.860.5~60.3! 8.860.5~60.2!

uVub/Vcbu 0.08960.017~60.011! 0.08760.009~60.009! 0.08760.003~60.003!

%̄ 20.1060.16~60.12! 0.0760.03~60.03! 0.0760.01~60.01!

h̄ 0.3860.04~60.03! 0.3860.04~60.04! 0.3860.01~60.01!
sin2b 0.6260.05~60.05! 0.7060.06~60.06! 0.7060.02~60.02!
Imlt/10

24 1.3760.07~60.07! 1.3760.19~60.15! 1.3760.14~60.08!
.
sin2f22UA2

A1
Ucos2fcos~d12d2!sin~f12f2!, ~16!

whereAi , di , andfi are the amplitude, the strong phase, a
the weak phase, respectively, of the tree~i51! and the pen-
guin contribution~i52! for Bd→ f . The strong phases ar
unknown, and cos~d12d2! could be one in the worst case.

The ratio of uA2/A1u is expected to be typically;3–5%
for Bd→J/cKS and;10–20% forBd→p1p2. The penguin
amplitude is slightly enhanced in the latter case through
ratio of CKM angles, uVtb* Vtd /(Vub* Vud)u;3, whereas in
Bd→J/cKS this factor isuVtb* Vts /(Vcb* Vcs)u;1. It should be
remarked that these estimates ofuA2/A1u are highly uncertain
due to the poor knowledge of hadronic matrix elements.

ForBd→J/cKS this potential problem is, however, prac
tically eliminated since the tree and the penguin amplitud
have almost identical weak phases. More quantitative
sin~f12f2!.l2h'0.02 and the penguin contamination
Eq. ~16! is estimated to be below60.002.

The situation is not as fortunate forBd→p1p2, where
sin~f12f2!5sina. As pointed out in@14#, if a'p/2, which
cannot be excluded at present, sin2a'0. However, the asym-
metry coefficient~16!, which is supposed to measure sin2a,
could at the same time be as large as;0.4 due to penguin
effects. For larger sin2a the impact of the penguin contribu
tion is smaller. A detailed discussion can be found in@14#.
More recently, this problem has also been addressed in@15#.

As shown in@16,17#, the penguin contamination could b
eliminated in principle by an isospin analysis. This, howev
requires the measurement of the rates forB1→p1p0 and
Bd→p0p0, and theirCP conjugates, which will be difficult
to achieve, in particular in view of the fact that the branchi
ratio for Bd→p0p0 is expected to be below 1026 @18#.

In summary, whileCP asymmetries inBd→J/cKS are a
very clean measure of sin2b, the extraction of sin2a from
Bd→p1p2 is somewhat more problematic. If the difficultie
related to penguin contributions can be overcome, also
channel will be a very useful observable for CKM matr
determinations. A recent discussion of alternative meth
for the extraction ofa can be found in@19#.

IV. DETERMINATIONS OF THE UNITARITY TRIANGLE

We shall now describe several applications of the obse
ables we have discussed above for precise determination
the CKM matrix. Four independent pieces of information a
needed to fix the four parameters of quark mixing,l, A, %,
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andh. This determination is the necessary first step towards
a comprehensive test of this important standard model sector
Those physical quantities should be chosen for this purpose
that allow one to define the most accurate set of CKM pa-
rameters and therefore constitute a firm basis for any further
tests and comparisons. Which observables will eventually
turn out to provide the optimal set of CKM matrix input is
not yet completely clear at present, but theoretically clean
processes such asK→pnn̄ and theCP asymmetries, both
time dependent and time integrated, in the ‘‘gold-plated’’
modeBd→J/cKS are certainly prime candidates.

In the following we illustrate several scenarios for deter-
mining the CKM matrix and show what degree of accuracy
can be expected in the future.

A. Unitarity triangle from K˜pnn̄
and from sin2a and sin2b

The most obvious source for two of the parameters is
weak decays allowed at the tree level:K→pen and hy-
peron decays givel, andA5Vcb/l

2 can be extracted from
exclusive and inclusive semileptonicb→c transitions. Mea-
suring sin2a and sin2b from CP asymmetries inB decays
allows one, in principle, to fix the remaining two parameters
h̄ and %̄ , which can be expressed as@20#

h̄5
r2~sin2a!1r1~sin2b!

11r1
2 ~sin2b!

, %̄512h̄r1~sin2b!,

~17!

wherer6(z)5(16A12z2)/z. In general, the calculation of
%̄ andh̄ from sin2a and sin2b involves discrete ambiguities.
As described in@20#, they can be resolved by using further
information, e.g., bounds onuVub/Vcbu, so that eventually the
solution ~17! is singled out.

Alternatively, %̄ and h̄ may also be determined from
K1→p1nn̄ and KL→p0nn̄ alone @21,22#. An interesting
feature of this possibility is in particular that the extraction of
sin2b from these two modes is essentially independent ofmt
andVcb @22#. This fact enables a rather accurate determina-
tion of sin2b from K→pnn̄.

A comparison of both strategies is displayed in Table I,
where the following input has been used:

Vcb50.04060.002, mt5~17063! GeV, ~18!
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TABLE II. Imlt/10
24 as determined fromCP asymmetries inB decays. Scenario I assumes sin2a50.40

60.10, sin2b50.7060.06. For scenario II we take sin2a50.4060.04, sin2b50.7060.02. We use
Vcb50.04060.002 and, for the results in square brackets,Vcb50.04060.001.

D~sin2a! D~sin2b! D(Vcb) Dtotal

I 1.370 60.030 60.131 60.137@60.069# 60.192@60.151#
II 1.370 60.012 60.044 60.137@60.069# 60.144@60.083#
-
-

-

f

n
e
-

B~KL→p0nn̄!5~3.060.3!310211,

B~K1→p1nn̄!5~1.060.1!310210. ~19!

The charm quark contribution inK1→p1nn̄ is assumed to
be known to615%,P0(K

1)50.4060.06.
The measurements ofCP asymmetries inBd→pp and

Bd→J/cKS , expressed in terms of sin2a and sin2b, are
taken to be

sin2a50.4060.10, sin2b50.7060.06 ~scenario I!
~20!

sin2a50.4060.04, sin2b50.7060.02 ~scenario II!.
~21!

Scenario I corresponds to the accuracy being aimed for aB
factories prior to the LHC era. An improved precision can
anticipated from LHC experiments, which we illustrate wi
our choice of scenario II.

As can be seen in Table I, the CKM determination usi
K→pnn̄ is competitive with the one based onCP violation
in B decays, except for%̄ , which is less constrained by th
rare kaon processes. On the other hand, Imlt is better deter-
mined in the kaon scenario. It can be obtained fro
KL→p0nn̄ alone and does not require knowledge ofVcb ,
which enters Imlt when derived from sin2a and sin2b. We
have displayed the extraction of Imlt from CP asymmetries
in B decays in more detail in Table II.

This should be compared with the results for Imlt that
could be obtained using B(KL→p0nn̄). Taking
B(KL→p0nn̄)5~3.060.3!310211, mt5~17063! GeV @case
~a!# and B(KL→p0nn̄)5~3.060.15!310211, mt5~17061!
GeV @case~b!#, we find

Iml t/10
2451.36860.06960.02851.36860.074 ~a!,

~22!
t
be
th

ng

e

m

Iml t/10
2451.36860.03560.00951.36860.036 ~b!.

~23!

The comparison suggests thatKL→p0nn̄ should eventually
yield the most accurate value of Imlt . This would be an
important result since Imlt plays a central role in the phe-
nomenology ofCP violation inK decays and is furthermore
equivalent to the Jarlskog parameterJCP @23#, the invariant
measure of CP violation in the standard model,
JCP5l~12l2/2!Imlt .

B. Unitarity triangle from KL˜p0nn̄ and sin2a

Next, results fromCP asymmetries inB decays could
also be combined with measurements ofK→pnn̄. As an
illustration, we would like to discuss a scenario where the
unitarity triangle is determined byl, Vcb , sin2a, and
B(KL→p0nn̄) ~see Fig. 2!. In this caseh̄ follows directly
from B(KL→p0nn̄), Eq. ~12!, and%̄ is obtained using@20#

%̄5 1
22A 1

42h̄21h̄r2~sin2a!, ~24!

wherer2(z) is defined after Eq.~17!. The advantage of this
strategy is that most CKM quantities are not very sensitive to
the precise value of sin2a. Moreover, a high accuracy in the
Jarlskog parameter and in Iml t is automatically guaranteed.
As shown in Table III, very respectable results can be ex
pected for other quantities as well, with only modest require
ments on the accuracy of sin2a. It is conceivable that theo-
retical uncertainties due to penguin contributions could
eventually be brought under control at least to the level as
sumed in Table III. As an alternative, sin2b from
Bd→J/cKS could be used as independent input instead o
sin2a. Unfortunately, the combination ofKL→p0nn̄ and
sin2b tends to yield somewhat less restrictive constraints o
the unitarity triangle. On the other hand, it has of course th
advantage of being practically free of any theoretical uncer
tainties.
-

e

FIG. 2. Constraints in the (%̄ ,h̄) plane from
sin2a50.460.2 ~‘‘half moon’’ ! and from
B(KL→p0nn̄) @horizontal band, input as speci-
fied in Eqs.~18! and ~19!#. The dashed curves
illustrate the discrete ambiguities involved in de

termining %̄ and h̄ from sin2a for the central
value sin2a50.4. They can be elminated by in-
formation on«K and uVub/Vcbu. Note that even
for a quite loosely determined sin2a, as in the
present example, the resulting constraint in th

( %̄ , h̄) plane is rather tight.
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C. Unitarity triangle and Vcb from sin2a, sin2b,
and KL˜p0nn̄

In @20# an additional strategy has been proposed t
could offer unprecedented precision for all basic CKM p
rameters. Whilel is obtained as usual fromK→pen, %̄ and
h̄ could be determined from sin2a and sin2b as measured in
CP-violating asymmetries inB decays. Givenh, one could
take advantage of the very clean nature ofKL→p0nn̄ to
extractA or, equivalently,Vcb . This determination benefits
further from the very weak dependence ofA on the
KL→p0nn̄ branching ratio, which is only with a power o
0.25. Moderate accuracy inB(KL→p0nn̄) would thus still
give a high precision inVcb . As an example, we take sin2a
50.4060.04, sin2b50.7060.02, and B(KL→p0nn̄)
5~3.060.3!310211, mt5~17063! GeV. This yields

%̄50.0760.01, h̄50.3860.01, Vcb50.040060.0013,
~25!

which would be a truly remarkable result.

D. B˜Xd,snn̄, Bd,s˜m1m2, and xd/xs

Finally, we would like to mention a few additional ob
servables that are theoretically very well under control a
which are therefore also potential candidates for prec
CKM determinations. These are the ratios

B~B→Xdnn̄!

B~B→Xsnn̄!
5UVtd

Vts
U2, ~26!

B~Bd→m1m2!

B~Bs→m1m2!
5

tBd
tBs

mBd

mBs

f Bd
2

f Bs
2 UVtd

Vts
U2, ~27!

xd
xs

5
tBd
tBs

mBd

mBs

BBd

BBs

f Bd
2

f Bs
2 UVtd

Vts
U2, ~28!

which all measure

UVtd

Vts
U25l2

~12 %̄ !21h̄2

11l2~2%̄21!
. ~29!

The cleanest quantity is Eq.~26!, which is essentially free of
hadronic uncertainties. Next comes Eq.~27!, involving
SU~3!-breaking effects in the ratio ofB meson decay con-

TABLE III. Determination of the CKM matrix froml, Vcb ,
KL→p0nn̄, and sin2a from the CP asymmetry inBd→p1p2.
Scenario A~B! assumesVcb50.04060.002 ~60.001! and sin2a
50.460.2 ~60.1!. In both cases we take
B(KL→p0nn̄)3101153.060.3 andmt/GeV517063.

A B

h̄ 0.380 60.043 60.028

%̄ 0.070 60.058 60.031

sin2b 0.700 60.077 60.049
uVtdu/10

23 8.84 60.67 60.34
uVub/Vcbu 0.087 60.012 60.007
hat
a-

f

-
nd
ise

stants. Finally, SU~3! breaking in the ratio of bag parameters,
BBd

/BBs
, enters in addition in Eq.~28!. These SU~3!-

breaking effects should eventually be calculable with reason-
able precision from lattice QCD.

In order to extractuVtdu from either of the quantities in
Eqs. ~26!–~28! with an accuracy competitive to the one in
the first column of Table I, the combined theoretical and
experimental uncertainty foruVtd/Vtsu

2, as determined from
Eqs.~26!–~28!, should be brought below620%.

V. CONCLUSIONS

We have discussed the phenomenological potential of
theoretically clean observables that promise to provide pre-
cise determinations of the CKM matrix and detailed tests of
standard model flavor dynamics.CP violation experiments
at e1e2 B factories and hadron colliders will pursue the
measurement of sin2b and sin2a. The former is essentially
free of theoretical uncertainties, and the latter will also give
important and rather clean information, provided the penguin
contributions can be sufficiently well controlled.

Besides this class of phenomena, the following, theoreti-
cally very clean processes can give additional pieces of in-
formation that will be crucial for concise tests of the CKM
description of quark mixing: ~a! B(KL→p0nn̄); ~b!
B(B→Xdnn̄)/B(B→Xsnn̄); ~c! B(K1→p1nn̄); ~d!
B(Bd→m1m2)/B(Bs→m1m2); ~e! xd/xs . This list is es-
sentially ordered according to increasing theoretical uncer-
tainties. In principle, quantity~b! has basically, like
B(KL→p0nn̄), no such uncertainties, but is presumably
even more difficult to measure.

We have considered several strategies to determine the
CKM matrix. In particular, we have pointed out that a mea-
surement of sin2a with only rather moderate precision com-
bined withB(KL→p0nn̄) could give a very respectable de-
termination of CKM parameters. This emphasizes the great
importance to also succeed in measuring sin2a.

Since the number of theoretically clean processes is quite
limited, it is mandatory that all of them be pursued experi-
mentally as far as possible, irrespective of which quantities
will ultimately turn out to give the best determination of
CKM parameters. After all, the goal is not just to measure,
but eventually to overconstrain the CKM matrix.

We stress that the rare decaysK1→p1nn̄ and
KL→p0nn̄ are excellent probes of flavor physics. They are
not only clean measures of CKM parameters in their own
right, but in addition complementCP violation studies inB
decays due to, in general, different sensitivity to new physics
and entirely different experimental systematics. In particular,
we emphasize the unique role that can be played by
KL→p0nn̄. This decay probes directly and unambiguously
the nature ofCP violation. Its branching fraction is one of
the best measures of CKM parameters. Especially, Imlt and
the Jarlskog parameterJCP can be determined from a610%
measurement ofB(KL→p0nn̄) with a precision that cannot
even be achieved fromCP violation studies inB decays in
the CERN Large Hadron Collider~LHC! era. Of course, the
detection ofKL→p0nn̄ is experimentally very challenging,
but it is not unrealistic. The current upper limit on the
branching fraction is 5.831025 @24#. Possibilities for future
experiments have been discussed in@25,26#. Recently, a very
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interesting proposal has been made, aiming at a;10% mea-
surement ofB(KL→p0nn̄) at the Brookhaven Alternating
Gradient Synchrotron~AGS! by the year 2000@27#. These
developments are rather encouraging. The theoretical m
vation clearly warrants all efforts necessary to reach th
goal. It can be expected that further progress will also
achieved for other quantities, such asCP asymmetries inB
decays at the LHC@28# andB(K1→p1nn̄) @29,30#, where
the current upper limit of 2.431029 @31# is already rather
close to the standard model expectation of~1.060.4!310210

@5#.
The combined use of all available processes will then im

prove considerably our understanding of quark mixing a
oti-
is
be

-
nd

lead to new, and possibly unexpected, insights into this im-
portant area of high energy physics.
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