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Color-singlet cQ production at e1e2 colliders
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We calculate in closed form the completeO(as
2) color-singlet differential cross section for

e1e2→g*→cQ1X scattering. The cross section reduces at high energies to a heavy quark fragmentatio
form. We find that the energy scale at which the approximate fragmentation result becomes reliable exceeds t
cQ mass by more than an order of magnitude. We also discuss the color-singlet model’s predictions fo
direct J/c angular and energy distributions at CLEO.@S0556-2821~96!00623-6#

PACS number~s!: 14.40.Gx, 13.87.Fh
I. INTRODUCTION

During the past few years, there has been renewed inte
in the study of heavy quarkonium systems. Much of the
cent work on this subject has been stimulated by large
crepancies between old predictions and new observation
c andY production at several experimental facilities. Orde
of magnitude disagreements between theory and data h
seriously undermined the conventional ‘‘color-singl
model’’ ~CSM! picture of quarkonia formation@1–5#. In this
model, charmonia and bottomonia mesons are presume
exclusively originate from short distance processes that
ate heavy quark-antiquark pairs in colorless configuratio
The quantum numbers of pairs produced in high energy c
lisions on time scales short compared toLQCD are required
to precisely match those of the final state hadrons into wh
they nonperturbatively evolve. Although this CSM picture
simple, it does not explain several gross features of rec
charmonia and bottomonia data collected at the Ferm
Tevatron @6–8#. It consequently must be abandoned as
complete theory.

A new framework for treating quarkonia systems call
nonrelativistic quantum chromodynamics~NRQCD! has
been developed within the past few years@9#. This effective
field theory generalizes and improves upon the CSM in s
eral regards. It allows for short distance processes to cr
heavy quark-antiquark pairs in color-octet configuratio
which can hadronize over much longer length scales i
colorless final state quarkonia. Calculations which inclu
this color-octet mechanism appear to successfully desc
Tevatron measurements@10–13#. But in order to establish
the validity of this new paradigm, it is necessary to consid
quarkonia production in other experimental situations.

Braaten and Chen have suggested that a clean signatu
the color-octet mechanism may be observable incQ produc-
tion at electron-positron colliders@14#. These authors have
noted that the angular distribution of coloredQQ̄ pairs near
the end-point region may qualitatively differ from those
their colorless counterparts. If this effect could be observ
it would support the color-octet production picture. It mig
also permit an independent determination of the numer
values for certain NRQCD matrix elements.

Before the search for color-octet quarkonia production
e1e2 annihilation can begin, one must first know the prec
CSM prediction. Within the NRQCD framework, the colo
542821/96/54~11!/6690~6!/$10.00
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singlet cross section is also expected to be quite accurate for
all energies except near the end-point region@14#. In this
paper we therefore build upon previous studies reported in
the literature @15–18# and calculate the completeO(as

2)
color-singlet cross section fore1e2→g*→cQ1X scatter-
ing. We examine the contribution tocQ production from the
short distance modese1e2→QQ̄@3S1

(1)#1g1g and
e1e2→ QQ̄@3S1

(1)#1Q1Q̄,1 and we derive a closed form
expression for the differential cross section. We then discuss
the implications of the CSM result for directJ/c observa-
tions at CLEO. Finally, we compare heavy quark fragmenta-
tion predictions with the color-singlet cross section and de-
termine the energy scale at which fragmentation
approximations become reliable.

II. INCLUSIVE ANGULAR DISTRIBUTIONS
IN ELECTRON-POSITRON COLLISIONS

It is useful to note some general features of inclusive,
unpolarizedcQ production ine1e2 annihilation. Unitarity,
parity, and angular momentum considerations restrict the
form of the differential cross section expression

d2s

dE3dcosu3
@e1~p1!e

2~p2!→g*→cQ~p3!1X#

5S~E3!@11a~E3!cos
2u3#. ~2.1!

In particular, the allowed range for the angular coefficient
function is constrained to lie within the interval
21<a(E3)<1. We sketch a derivation of this result below.

It is instructive to consider the subprocess
g* (P)→cQ(p3)1X(P2p3) where the intermediate photon
is either longitudinally or transversely aligned. The squared
amplitude for this decay

uAu25(
l

«m~P;l!«n~P;l!*Fmn ~2.2!

1We indicate the angular momentum and color-singlet quantum
numbers of theQQ̄ pair which hadronizes into the final statecQ

meson inside square brackets.
6690 © 1996 The American Physical Society
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involves a form factorFmn which can be decomposed in
terms of tensors that respect parity and gauge invariance

Fmn52F1S gmn2
PmPn

P2 D1
F2

P2 S p3m2
P•p3
P2 PmD

3S p3n2
P•p3
P2 PnD . ~2.3!

Working in theg* rest frame where thecQ four-momentum
looks like p35(E3 ,pW 3)5(E3 ,upW 3usinucosf, upW 3usinusinf,
upW3ucosu), we find that the squared decay amplitude for
longitudinally polarized virtual photon reduces to

uAuL
25F1@11aLcos

2u#, ~2.4a!

with

aL5
upW 3u2

P2

F2

F1
. ~2.4b!

For a transverseg* , the squared amplitude takes the form

uAuT
25S 2F11

upW 3u2

P2 F2D @11aTcos
2u#, ~2.5a!

where

aT52
upW 3u2F2

2P2F11upW 3u2F2

52
aL

21aL
. ~2.5b!

Since bothuAuL
2 and uAuT

2 are nonnegative, Eqs.~2.4! and
~2.5! imply aL>21 and21<aT<1.

Helicity conservation requires the intermediate photon
e1e2→g*→cQ1X to be transversely aligned relative t
the beam axis in theme50 limit. The cQ meson’s angular
distribution is therefore significantly restricted by simp
symmetry considerations. In fact, the inclusive angular d
tribution of any unpolarized particle which is produced i
electron-positron colliders operating well below theZ pole
goes as 11aTcos

2u with 21<aT<1. So while observation
of a pure sin2u distribution for a lepton or hadron at a col
lider such as CLEO is possible, a pure cos2u distribution is
not. As we shall see, all color-singletcQ predictions are
consistent with these general considerations.

FIG. 1. Leading order Feynman graphs which media
e1e2→g*→QQ̄@3S1

(1)#1g1g→cQ1X scattering.
:
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III. COLOR-SINGLET cQ PRODUCTION

The simplest parton level process which mediates color-
singlet production ofJPC5122 quarkonia is given by
e1e2→QQ̄@3S1

(1)#1g1g. Color, parity, and charge conju-
gation conservation require two gluons to appear in the final
state along with the colorlessQQ̄@3S1

(1)# pair. This channel
consequently contributes to thecQ cross section starting at
O(as

2). Color-singlet production also proceeds at the same
order in perturbative QCD through the mode
e1e2→QQ̄@3S1

(1)#1Q1Q̄. These two distinct reactions
have been considered separately in the literature@15–18#.
We will reexamine their joint impact uponc andY produc-
tion and derive a closed form analytic expression for
d2s/dE3dcosu3. We can then compare the relative magni-
tudes of the gluon and quark processes as a function of
center-of-mass energyAS.

The leading order diagrams which mediate
e1(p1)e

2(p2)→QQ̄@3S1
(1)#(p3)1g(p4)1g(p5) and

e1(p1)e
2(p2)→QQ̄@3S1

(1)#(p3)1Q(p4)1Q̄(p5) scattering
are illustrated in Figs. 1 and 2. The hard collisions pictured
in the figures form on short time scales a heavy quark and
antiquark which fly out from the primary interaction point in
nearly parallel directions and almost on shell. TheQQ̄ pair
then evolves over a much longer time interval into a physical
cQ bound state. Working within the NRQCD framework and
using computational methods discussed in Refs.@4,12,13#,
one can straightforwardly calculate the amplitudes for these
processes. Their squares factorize into products of short dis-
tance coefficient functions and long distance NRQCD matrix
elements.

Integrating the squared amplitudes over the three particle
phase space factor,

dF35~2p!4d4~p11p22p32p42p5!)
i53

5
d3pi

~2p!32Ei
,

~3.1!

te

FIG. 2. Leading order Feynman graphs which mediate
e1e2→g*→QQ̄@3S1

(1)#1Q1Q̄ →cQ1X scattering.
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6692 54PETER CHO AND ADAM K. LEIBOVICH
is somewhat involved. As a simplifying measure, we resca
all dimensionful quantities relative to the beam energyE and
work with the dimensionless variableszi5Ei /E, qW i5pW i /E,
xi5cosui , andd52MQ /E. The phase space factor for the
reaction with gluons in the final state can then be reduced
the form

dF35
~2p!24

8
E2

dz3dx3dz2dw

A~12K2!~12x3
2!2w2

, ~3.2!

where

z25z42z5 , ~3.3a!

uqW 2u5A424z31d21z2
2 , ~3.3b!

uqW 3u5Az322d2, ~3.3c!

K5
z2~22z3!

uqW 2uuqW 3u
, ~3.3d!

w5x21Kx3 . ~3.3e!

The same result holds for the quark process with the sim
alterationuqW 2u5A424z31z2

2 .
The available phase space volume clearly depends u

the masses of the final state bodies. For th
e1e2→QQ̄@3S1

(1)#1g1g channel, the limits of integration
for the remaining energy and angular variables in Eq.~3.2!
are given by

d<z3<11
d2

4
, ~3.4a!

21<x3<1, ~3.4b!

2Az322d2<z2<Az322d2, ~3.4c!

2A~12K2!~12x3
2!<w<A~12K2!~12x3

2!.
~3.4d!

The corresponding limits for thee1e2→QQ̄@3S1
(1)#

1Q1Q̄ mode

d<z3<1, ~3.5a!

21<x3<1, ~3.5b!

2A~424z3!~z3
22d2!

424z31d2
<z2<A~424z3!~z3

22d2!

424z31d2
,

~3.5c!

2A~12K2!~12x3
2!<w<A~12K2!~12x3

2!
~3.5d!

are more tight due to the additional heavy quark and an
quark in the final state.

After inserting the averaged squared amplitudes and
duced phase space factors into the formula

ds5
1

8E2 S̄uAu2dF3 , ~3.6!
le
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we can analytically integrate overw andz2 and obtain dif-
ferential expressions of the form~2.1!. We display the result-
ing S(z3) and a(z3) functions for thee1e2→QQ̄@3S1

(1)#

1g1g ande1e2→QQ̄@3S1
(1)#1Q1Q̄ processes in the ap-

pendix. As a check, one can verify thatua gluonu and
ua quarku do not exceed unity within their allowedz3 ranges as
required by the general constraints discussed in Sec. II. T
totalO(as

2) angular coefficient function

a total 5
Sgluona gluon1 Squarka quark

Sgluon1 Squark
~3.7!

also respects the bound21<a total< 1.
Another important check can be performed by conside

ing the high energy behavior of theS(z3) anda(z3) func-
tions. In thez3@d limit, the color-singlet cross section re-
duces to

d2s

dz3dcosu3
~e1e2→cQ1X!

5
4p

243

~asaEMQQ!2

mQ
3E2 ^0uO1

cQ~3S1!u0&@11cos2u3#

3
z3~12z3!

2~16232z3172z3
2232z3

315z3
4!

~22z3!
6 .

~3.8!

After integrating over cosu3 and recalling the relation
^0uO1

cQ(3S1)u0&59uR(0)u2/2p between the color-singlet
NRQCD matrix element and thecQ wave function at the
origin @9#, we can write thecQ energy distribution as

ds

dz3
~e1e2→cQ1X!52s~e1e2→QQ̄!DQ→cQ

~z3!,

~3.9!

whereDQ→cQ
(z3) denotes the heavy quark fragmentatio

function calculated in Ref.@19#. The completeO(as
2)

color2singlet cross section thus correctly reproduces know
fragmentation results at high energies.

IV. DIRECT J/c PRODUCTION AT CLEO

J/c production is currently under study at CLEO@20,21#.
Charmonia observed at thise1e2 facility mainly come from
B meson decays. However, a clean sample ofc ’s originating
from continuum production can be obtained by imposing
lower momentum cut on their dilepton decay products. Va
ous characteristics of the resulting directJ/c data sample
can then be compared with predictions based upon col
singlet and color-octet production mechanisms. Such expe
mental investigations are underway@22#.

The angular distribution of directJ/c mesons represents
one observable which can be measured at CLEO. In Fig.
we plot the CSM prediction for the angular coefficient func
tion a. The results displayed in the figure are based upon t
input parameter valuesE55.29 GeV, mc51.48 GeV,
as(2mc)50.28, aEM(2mc)50.0075, Qc52/3, and
^0uO1

J/c(3S1)u0&51.2 GeV3. The dashed curve illustrates the
function a gluon associated withe1e2→cc̄@3S1

(1)#1g1g
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scattering. The shape of this curve agrees with numer
results of Driesenet al. reported in Ref.@17#. The dotted line
in Fig. 3 depicts the functiona quark originating from the
e1e2→cc̄@3S1

(1)#1c1 c̄ mode. The shape ofa quark is
clearly quite different from that ofa gluon. But sinceSquark is
substantially smaller thanSgluon at CLEO energies, it has
only a small impact upon the total color-singlet functio
a total which is represented by the solid curve in Fig. 3. It
important to note thata total is predicted within the CSM to
be negative at the largest allowed values forz3. On the other
hand, color-octet effects may rendera total positive in the
end-point region@14#. The angular distribution of the mos
energeticJ/c ’s at CLEO can therefore provide a valuab
test of the color-octet mechanism.

The energy distribution of directJ/c ’s is another quantity
which can be used to probe theories of quarkonia product
In Fig. 4, we display the separate contributions tods/dz3
from the e1e2→cc̄@3S1

(1)#1g1g and e1e2→cc̄@3S1
(1)#

1c1 c̄ channels along with the total CSM prediction. Th
sensitivity of this energy observable to the charm mode
more pronounced than that of the angular coefficient fu
tion. The areas underneath the dashed, dotted, and
curves, respectively, equal 0.74 pb, 0.07 pb, and 0.81
The quark process thus contributes at the 10% level to di
J/c production at CLEO.

Thee1e2→cc̄@3S1
(1)#1c1 c̄ mode is significantly phase

space suppressed compared toe1e2→cc̄@3S1
(1)#1g1g at

CLEO energies. As a result, its impact upon charmonia
servables is minor. However, it is interesting to examine
relative importance of these two color-singlet channels a
function of center-of-mass energy. We plot in Fig. 5 t
modes’ separate contributions to the integratedJ/c cross
section along with their sum vsAS52E. We also display the
integral of the charm quark fragmentation approximati
~3.8!. At low energies, the charm quark mode is negligib
compared to its gluon counterpart. At larger values ofAS, it

FIG. 3. Angular coefficient functionsa gluon ~dashed line!,
a quark ~dotted line!, anda total ~solid line! plotted against dimen-
sionless energy variablez3.
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becomes relatively more important. Finally, in the charm
fragmentation limitAS@mc , the quark mode dominates.

As can be seen in Fig. 5, the charm quark fragmentation
curve rapidly asymptotes to thee1e2→cc̄@3S1

(1)#1c1 c̄
cross section. But it is important to note that the crossover
point at which the rates for the charm and gluon modes be-
come equal occurs aroundAS.50 GeV. Consequently, the
fragmentation approximation doesnot accurately reflect the
total color-singlet cross section untilAS exceeds 2mc by

FIG. 4. Contributions tods/dz3 from the gluon~dashed line!
and quark~dotted line! modes plotted againstz3. The CSM predic-
tion for the total directJ/c energy distribution is represented by the
solid curve.

FIG. 5. Integrated cross sections for the gluon~dashed line! and
charm quark~dotted line! modes plotted as a function ofAS. The
sum of the two is shown by the solid curve. The approximate charm
quark fragmentation cross section is depicted by the dot-dashed
curve.



o
r

h
u

nt

.

-

6694 54PETER CHO AND ADAM K. LEIBOVICH
more than an order of magnitude. This result forJ/c produc-
tion at lepton colliders is quite different from that for hadr
accelerators. Previous investigations have found that f
mentation approximations are reasonably trustworthy
production ofc ’s at the Fermilab Tevatron withp'*10
GeV @12,13#. The moral we thus draw from this study is th
the validity of fragmentation predictions must be carefu
checked on a case-by-case basis.
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APPENDIX

We list here the color2singlet functions S and a
which enter into the differential cross section~2.1! at lead-
ing order in both the perturbative QCD and NRQCD vel
ocity expansions. The contributions from the
e1e2→QQ̄@3S1

(1)#1g1g and e1e2→QQ̄@3S1
(1)#1Q1Q̄

channels are separately displayed.
e1e2→QQ̄@3S1
~1!#1g1g mode:

Sgluon5
p

216

~asaEMQQ!2

dE5

^0uO1
cQ~3S1!u0&

~z322!2~2z32d2!3~z3
22d2! H 4@2d2~41d2!~48148d2113d4!132d2~41d2!~413d2!z3

1 8~32256d2224d41d6!z3
2216~3214d213d4!z3

31 112~41d2!z3
42128z3

5#~2z32d2!Az322d2

1@d4~42d2!~48196d2113d4!232d4~2823d223d4!z31 8d2~16240d2227d41d6!z3
2

116d2~56114d223d4!z3
32 16~42d2!~415d2!z3

4#~4z3242d2!ln
2z32d212Az322d2

2z32d222Az322d2
J , ~A1a!

agluon~z3!5
p

216

~asaEMQQ!2

dE5

^0uO1
cQ~3S1!u0&

~z322!2~2z32d2!3~z3
22d2! H 4@d2~64180d2176d417d6!296d4~41d2!z3

28~32240d2244d42d6!z3
2216d2~2813d2!z3

31 16~2017d2!z3
42128z3

5#~2z32d2!Az322d2

2@d4~42d2!~41d2!~417d2!232d4~12d2!~413d2!z32 8d2~16140d2157d41d6!z3
2

116d2~8158d213d4!z3
31 16~16232d225d4!z3

4#~4z3242d2!ln
2z32d212Az322d2

2z32d222Az322d2
J 1

Sgluon~z3!
;

~A1b!

e1e2→QQ̄@3S1
~1!#1Q1Q̄ mode:

Squark~z3!5
p

3888

~asaEMQQ!2

d3E5

^0uO1
cQ~ 3S1!u0&

z3
3~z322!6~z3

22d2!

3H 4z3A~12z3!~z3
22d2!

41d224z3
@232d4~41d2!~48122d213d4!132d4~7681400d2166d413d6!z3

216d2~38411920d21556d4129d622d8!z3
218d2~17921128d22568d4280d62d8!z3

3

12~2048211008d2110752d413176d6198d813d10!z3
424~409627808d213424d41600d6117d8!z3

5

1~38912220608d214544d41508d623d8!z3
624~133122800d21120d423d6!z3

7

18~4512220d2215d4!z3
8232~3362d2!z3

911280z3
10#2[8d4~48122d213d4!

232d4~2415d2!z322d2~448116d218d423d6!z3
2116d2~56210d225d4!z3

3

1d2~11521272d223d4!z3
418~32292d215d4!z3

5256~161d2!z3
61512z3

7]

3d2~z3
222!4ln

z3A41d224z312A~12z3!~z3
22d2!

z3A41d224z322A~12z3!~z3
22d2!J , ~A2a!
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a quark~z3!5
p

3888

~a sa EMQQ!2

d3E5

^0uO1
cQ~3S1!u0&

z3
3~z322!6~z3

22d2!

3H 4z3A~12z3!~z3
22d2!

41d224z3
@32d4~41d2!~1612d213d4!232d4~256148d2122d413d6!z3

116d2~115211024d22140d4253d622d8!z3
22 8d2~53761128d221576d42240d62d8!z3

3

1 2~20482768d2219968d426968d62350d823d10!z3
42 4~4096220096d2211168d421208d6243d8!z3

5

1~38912275392d2216960d42996d623d8!z3
62 4~1331226304d22872d423d6!z3

7

18~45122500d2215d4!z3
82 32~3362d2!z3

911280z3
10#1@8d4~1612d213d4!232d4~82d2!z3

2 2d2~3202272d2164d423d6!z3
2116d2~40254d225d4!z3

32~10242720d423d6!z3
418~96236d225d4!z3

5

1 8~8017d2!z3
62512z3

7#d2~z3
222!4ln

z3A41d224z312A~12z3!~z3
22d2!

z3A41d224z322A~12z3!~z3
22d2!

J 1

Squark~z3!
. ~A2b!
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