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Constraints on the spectral index from primordial black holes
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We construct the mass spectrum of primordial black h@®&H's) using the Press-Schechter formalism and
study the contribution of PBH’s to the density of the univerék;,, when the power spectrum of the density
fluctuation is a simple power-law spectrum. From the conditidg,<1, the constraints on the spectral index
n are found for both cases of possible end states of black hole evaporation, one in which black holes evaporate
completely without relics and the other in which black hole evaporation ends with relics with mass of the order
of Mp,. With the normalization of the fluctuation amplitude to COBE'’s quadrupole anisotropy measurement,
we find that the upper limit oh is somewhat largely deviated from the Harrison-Zel'dovich spectrum.
[S0556-282(96)05122-3

PACS numbes): 97.60.Lf, 98.70.Vc, 98.80.Cq

. INTRODUCTION candidate provided)g,~1. If the PBH formation lasts un-
til the matter-radiation equal timig,,, very large PBH’s can
To explain how the large scale structures today such age formed during this period Nlgy~10"M at teg). SO
galaxies, clusters, superclusters, etc., can be formed, somigey can bound a large region of surrounding matter through
kinds of density fluctuations in the early homogeneous isothejr gravitational forces. For example, a PBH with

tropic universe are needed to offer seeds for those structurg, s~ 10’"M ¢ can bound the mass of a typical galaxy since
formations. Needless to say, overdense regions in the ﬂucub’ecoupling[4].

ated universe are responsible for the structure formation. aq mentioned above. PBH's have many interesting roles
They can grow via the gravitational instability into the Iargein very broad mass ranges, so it is important to know the

e b topes s specium of PEH', hat s, how many PBHS wit
9 P what masses can be formed. If the PBH formation is due to

mordial black holegPBH’s) [1]]. . S .
If PBH formation is due to the density fluctuations at thethe density fluctuation in the early universe, the mass spec
radiation-dominated era, PBH’s form when the evolved sizd™im largely depends on the power spectrum of the density

of the overdense regions is about the horizon size at that timgUctuation.  The first work on the mass spectrum  of
PBH’s in relation with the power spectrum was done by

so PBH'’s have masses about the horizon nhaksSince the | X
initial horizon mass when the density fluctuations develop i€ar[5]. He considered the simple power-law spectrum hav-
very small, PBH formation can offer the possibility of small ing a horizon crossing amplitudg,<k"~ 2 wheren is the
black holes with masses far less thih,~10°3g that is  spectral index ané is the comoving wave number. He then
about the lower limit of the masses of the black holes whictshowed that, fom=1 (the Harrison-Zel'dovich spectrum

are formed by ordinary stellar collapses. Specially,the mass spectrum falls off as a power of mass and it is
PBH’s with Mgy=10'®g are interesting. Because of the possible that some large PBH’s withl 5;;= 10" g exist to-
black hole evaporation suggested by Hawkif®], such day in some significant amount. However, with the ampli-
black holes have evaporated away by the present. But theide 84,~5X%10 8 which is obtained from the anisotropy
particle emission by such black holes can cause many intemeasurement of CMBR by the Cosmic Background Explorer
esting phenomena in the early universe. Of course, such ph¢€OBE), PBH formation is practically impossible when
nomena should not violate the well-founded theoretical anch=1. With such a value, PBH formation needs so#e
observational results, and many have investigated the uppéecreasing with increasing mass scale corresponding to the
limit of the density fraction of PBH’s to the critical density n>1 spectrum which is called “blue perturbation spec-
of the universe,Qgy, by considering the roles of the par- trum.” Recently, some have derived inflationary potentials
ticle emission in relations with the nucleosynthesis, baryofor which this kind of power spectrum is producé@,7].
genesis, cosmic microwave background radiati@MBR) Specially in Ref.[7], constraints on the inflationary model
distortion, entropy production, diffusive-ray background, from PBH formation have been studied. Also, Carr, Gilbert,
and so on[3]. Their results showQ gy should be far less and Lidsey[8] have studied the constraint on the spectral
than 1 in order that PBH formation do not hamper the his-index for the case where PBH’s that are produced under the
tory of the universe. FoM g;=10% g, the black hole evapo- blue spectrum do not completely evaporate but leave stable
ration is not efficient and such PBH's can remain todayrelics with masses aboi ,, and found that the upper limit
without significant mass losses. So they can contribute to thef n is about 1.4 if PBH’s form with a hard equation of state
density of the present universe and can be a dark mattet T=10'°® GeV. On the other hand, inspired by the ob-
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served massive compact halo obje@4$ACHQO’s [9]) with xk~1, we will useM, R, andk interchangeably in represent-
masses~0.1M,, PBH formation also has been studied in ing the initial mass, size or comoving wavelength. Since a
the case of inflationary potential having a plateau in soméBH that forms at the timet has a mass about
rangeq 10], and in the inflationary model with multiple sca- p;(t/t;) 2R3, wherep; is the background density &, its
lar fields[11]. mass Mgy can be written as
In this paper, we will review the mass spectrum of
PBH's with a somewhat different view than Carr's. We
adopt the Press-Schechter formali$h®] which is widely
used in calculating the number density of bound objects such
as galaxies. Then, we calculaf®g, from the mass spectrum Sometimes, we shall us#l g, as denoting the time. Also,
and find the constraint on the spectral index from the condi-Mgy is related withM as
tion Qpgy<1 when the power spectrum is simple power law.

t
M= y>M . (4
I

M BH= ,yl/ZM 2/3M il/3 ) (5)

IIl. PBH FORMATION AND THEIR MASS SPECTRUM As the universe expands, larger PBH can be formed, so

First, we briefly introduce the mechanism and criteria of PBH'S with mass less thaMpgy coexist in the universe at
PBH formation by reviewing Ref.5] in which most of the - _
equations can be found. If the universe experiences the adia- 10 90 to the next stage of constructing the mass spectrum,
batic density fluctuations, there exist overdense regions withe assume the density fluctuation has a Gaussian distribu-
various sizes which are larger than the horizon size at thdon. If one surveys the universe with the window having a
time. In the Friedmann universe, regions separated by dissizeR, the smoothed density fieldz(x) is defined by
tance larger than the horizon size behave just like parts of
different Friedmann universgl3]. So, the evolutions of 5R(X):j d3yS(x+y)Wr(y). (6)
overdense regions can be deduced from the locally closed
Friedmann model. If we consider a spherical overdense r
gion with the initial radiusR when the background universe
has a hard equation of stape= yp with the sound velocity
vs=+y~1, for the region to collapse by overcoming the
pressure forces, the radius at their maximum expanBion
should be larger than the Jean’s lendRh=vR,,, where , 1 o2
Ry, is the horizon size at that time. Als&. has an upper UR:V—2<5R(X)>: V_zf (ZT)3.|5K| Wi(R), (7
limit of the order of the horizon length in order that the w w
overdense region should not be disconnected from the uniynerev,,~R3 is the effective volume filtered bWy, and

verse. So, the size of the region at the moment of recollapsg, andw, are the Fourier transforms af(x) and Wi(x),

must be of order of that of the horizon. The condition that the,egpectively. Then, the probability that the region wRihas
region should be within its Schwarzchild radius requires thagne density contrast in the rangé-ds, 8) is

the size of the region should be larger than the order of the
horizon length, so a black hole forms at about the time when 1 52
the region begins to recollapse and the black hole mass is of P(M,6)dé= —ex% - —2) dé. 8
the order of the horizon mass. V2moq 207R
Now, we can set the conditions for PBH formation as

eF|ere,5(x)=(p(x)—pb)/pb wherep, is the background en-
ergy density andVg(x) is the window function of sizeR.
And the dispersiofrg which is the standard deviation of the
density contrast of the regions wiR is defined by

3

Carr's mass spectrum was initiated by the integration of the
BR.,=<R.=<aR, (1)  above equation in the range given in K@), and he inter-
preted it as the probability that the region with collapses
where« and B are constants of the order qfy. From the to a black holePgy:
calculations in the evolution of a spherical overdense region

with t.he radiusR and.the initial dengty contrag; , the size PBH(M):J P(M,5)ds, 9)
and time at the maximum expansidr, andt., are related B
with &; as
where
— —1/2 4 51
R. R5I N S t,5l , (2 , M\~ (23 , M\ (23
wheret; is the time when the density fluctuations develop A=a M, . B=8 M, (10

(from here, we take the radiation equation of state, i.e.,
y=1/3). So, we can convert Eql) into the form of the After further consideration on the case where the regions

initial density contrast as containing the small black holes collapse to larger black
holes at later times, he found the final mass spectrum of

o[ M 7(2’3)< _ oM 29 ultimate PBH's (PBH’s not included in other PBHJsfor
B M, =éi=a M, ' C -] power spectrum. For other cases of power spectrum,

however, the mass spectrum was not shown explicitly and
whereM is the mass contained in the region with radtiat  Pgy(M) is regarded as the density fraction of PBH'’s with
t;, andM; is the horizon mass d. SinceM=R® andR Mgy to the background density of the universe in some
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papers by neglecting the probability that small PBH’s areFrom the above procedure, we conceive that the mass spec-

included in larger PBH’s at later times. trum of PBH’s can be given by
With a more rigorous view, howeveRg, does not rep-
resent the probability that the region wiM collapses to a Ngy(M)dM=n(M,B)dM—n(M, A)dM. (19

black hole. There are contributions from PBH'’s larger than . . .
Mgh in Pgy(M). Because the filtered density contrast under” IS0, N(M.,.A) can be ignored because it experiences more

the windowWp, does see fluctuations larger thRnsome of ~ €xPonential damping than(M,B). So, the mass spectrum
the points satisfyingsg>B lie in the fluctuated regions can be approximated a@H(M)szn(M,B)dM. .
larger tharR. So, they should be substracted. Substraction olH Fo_r the actual calculatlon_, we should f:hoose the window
such parts is the main step of the Press-Schechter formalist{Ction.  But whatever window functions we choose,
and we will briefly introduce this formalisnjl4]. Since 7R~ &(k) where
Sr(X) see structures larger thé) the integration of Eq(8)

3/2
from some critical values, to infinity 8(k) = K

V2

% 1 S,
F(Mﬁc):L P(M,8)dé= Eerfc( \E—c) (1D we therefore setrg=45(k). From the linear perturbation
¢ IR theory, we know that(k)=a?(t) in the radiation-dominated
era, where(t) is the cosmic scale factor. S¥k) is related
to 8y, which is the amplitude when the fluctuation wktor
M enter into the horizon, as

|8 (16)

where erfck) is the complementary error function, repre-
sents the fraction of regions having scales larger Rand
6>6.. Substraction can be done by differentiating
F(M, ;) with M. So, the fraction of regions with> &, in

—(213)
the rangeM +dM,M is 5(k)=5(M)=<M— Sy - (17
i
aF 1 68, dog 52 .
- dM= —_ ¢ °F < Thus,ngy(M) can be rewritten as
f(M,6.)dM ﬁMdM \/EUZR oM ex;{ 20% dM. BH
(12) pi |1 06y 265"
Nen(M)AM==2Img Y 2 5m 3 ™
Then, the number density of regions with masses between H
M andM +dM, that is, the mass spectrum¢M, 5.)dM can V2
be found by multiplyingf(M, 8.) by p;i/M: xex;{ - ﬁ)dM. (18
H
n(M, 8;)dM= ﬂf(M)dM_ (13 Finally, from Eqg.(5), the mass spectrum can be expressed as
M a function of the PBH mas#Mgy as
- 2 . _
So, for given power spectrum 68,/ and the window func- Nen(Mer) dMap= — v 27y o, M¥2M 5372

tion, one can calculate the number density of the regions

with M and 6> 8,. When &, is the value of which the re- 1 96y  6n*

gions evolve into the nonlinear regimg,M, 6.) can be used X Z oM M

to find the number density of gravitationally bound objects. H BH BH

However, this expression is not complete. The integral of 2

f(M,é8.) over all M does not give unity but a half. This ><exp( - %a)dMBH- (19

arises because the fraction of the underdense region is not

considered correctly. If a point in space has 6. when | carr's approach, there are some difficulties in formulating
filtered at scaleR, then that point should correspond t0 a ihe mass spectrum for which the power spectrum is scale-

region with mass greater than. However, for those points  gependentrf+1) but we can obtain rather simply the mass
having §< &, under this filtering, there is a nonzero probabil- spectrum under the given power spectrum. Incidentally, if
ity that such a point will havé> ., when the density field is n=1, the mass spectrum is the same as Carr's mass spec-
filtered with a radiusR;>R. Many intensive works have {yym of ultimate PBH’s except for the numeric factor. How-
been done to count correctly those underdense regions emayer, there is one more complication to be considered, that is
bedded within overdense regions and have given some modinat the condition on the initial density contrasitfor PBH
flc_atlons to the or_|g|n_al Press-Schechter formgl[ﬂrﬁ]. The formation, Eq.(3) depends on the magBuctuation scalgof
failure of normalization can be cured by using the sharpne region. Therefore there is the possibility that some small
k-space filterind 16] but the result may change when differ- gjzed plack holes are eventually trapped into a larger region
ent window functions are considered. In this paper, we simynose average density contrast lies outside the condition for
ply use the number density which is obtained by multiplyingthe original small sized black hole formation but which still
Eq. (13) by 2 for normalization. Them(M, &) is given by develops into a larger size black hole. The above substrac-
> tion procedure does not treat this case properly. But, this
n(M,5.)dM= — Pi o i % p( _ i) process is highly nonlocal and very difficult to treat analyti-
,Oc = T ex = | dM.
M or IM 20 cally. For n>1 power spectrum that we have a concern,
(14 however, the large PBH formation is suppressed due to the
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exponential term in Eq(19), so, we will not consider it anisotropy but considering the tensor perturbation does not
further, assuming the modification caused by it is not veryalter significantly the mass spectrum of PBH if the fraction
significant, but only take mass spectrum given in @9) in of tensor perturbation is not dominant, so we assume the
calculating Qg . anisotropy is only due to the scalar fluctuation. If we repre-
Since PBH’s with the masses from rough¥; to Mgy  sentdy as a function ofMgy, then

given in Eq.(4) coexist in the universe at the timeand the

. 3 . Moy, | (104
number density falls off aa™ >, the cumulative number den- Sum D( BH (24)

H_ L)

sity n¢(t) and energy densityBH(t) can be obtained from M;
a(t) |\ =7 (Men ) , where
ne(t)= Ner(Mgy)dMgy (20)
a(t) M; M, | (L6
D=5 <”1>’8(—) 25
and oY Mo (25
And the mass spectrum is given by
per(t) = a(t ) J M(MBH Hnen(Mg)dMgy,.
(21 Mpgn)dM N3 2wy oMM P2 5t
NeH(Mgn)dMpgy 4 i VMpH Oy
Here M(m,t) is the mass of PBH at time whose initial 2
massm and it is dependent on the details of evaporation ><exp( _ 7_2>dMBH' 26)
effects. Then, the density fraction of PBH’stat g, can be 26
found from . . :
What we determine next is the epoch that density fluctua-
pen(t) tions develop. In noninflationary cosmology,is the time
Qpp= oo(t) (22) when the adiabatic fluctuations take place in the early radia-
¢ tion era. On the other hand, if the universe fall into the in-
wherep, is the critical density of the universe. flating phase, the expansion effect is so large that PBH for-
mation is impossible. PBH’s begin to form only after the
lIl. CONSTRAINTS ON THE SPECTRAL INDEX universe return to the ordinary radiation-dominated era. This

can be achieved by some kinds of thermalizations called re-

Qualitative behavior of mass spectrum is largely depenheating[20]. After reheating, the universe reaches the equi-
dent on the exponential factor in Eq19). Thus, with  I|ibrium temperatureTgy and then evolves as the standard
Sy~5x10 6 at the quadrupole scale, PBH formation in the model. So, we can s¢t as
early universe can be realized only in the cases of the power
spectrum withn>1 or §, decreasing as the fluctuation scale U2 TrH
increases. This spectrum has not been widely studied be- 1;=0.301g, T2 (Mev) Sec, (27)
cause it has rare theoretical foundations. In the inflationary
model it is generally predicted th&, is nearly scale inde- whereg, ~100 is the degrees of freedom of the constituents
penden{17] or occasionally decreases as a powek 18].  in the early universe. Actual value Gfgy is very model-
In the hybrid inflation mode[19], however, the spectral in- dependent, so we do not take the specific value but tyest
dex is generically larger than 1. Some have investigated tha free parameter. There may exist a dust phase by coherent
inflationary potential which results in the exact power-law oscillations of inflation field after the inflating phajszl] and
spectrum with constant and showed that it can be realized PBH formation under such an equation of state can con-
approximately in the hybrid inflatiof6,8]. On the observa- strain the power spectrufi]. In the recent reheating theory
tional grounds, even though the Harrison-Zel'dovich spec{22], it is shown that the equation of state of the universe
trum is well fitted to the COBE data, the spectral index is notchanges instantaneously into the radiation type due to the
definitely determined. And there are some new observationgarametric resonance after the inflating phase. In this view,
which are in better agreement witt»> 1 spectrum(for more  we do not consider the dust stage after inflation.

details, see Refd.6,8]). On this ground, we will find the Now, with two parameters; and n, we will calculate
constraint on the spectral indexfrom the PBH overproduc- Qg and find the constraint on the spectral index from the
tion constraints by taking>1 power-law spectrum. condition Qguy<1 during the evolution of the universe.
Under the power-law spectrum, the horizon crossing am¥irst, we consider the standard black hole evaporation sce-
plitude & is given by nario in which black holes evaporate completely with no
M | (-6 relics (case ). In this case, the mass loss rate is given by
O4= 6o _> ) (23
Mo dl\o/lltBHz—eM‘F‘,lM e (28)

where Mq~10°" g is today’s horizon mass which corre-

sponds to the quadrupole scale afd-5x10 ° is the am- wheree~3.6x 10" is the numerically determined constant
plitude at the quadrupole measured by the COBE. In generd]23]. From Eq.(28), the evaporated PBH masé,,.,at the
tensor perturbationgravitational wavesare also produced timet>tg, wheretgy is the time when the black hole forms,
in the inflationary scenarios and contribute to the CMBRIis easily shown to be
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FIG. 1. Evolution of Qg when PBH's leave no relickase ):
(@ Qpgy for Try=10" GeV; (b) Qgy for Try=10"* GeV with
My=10°"g and §,=3.6x 107 5.

Mevapz(lvI %i_ 36')’_3/2M |23I Mgn) 1/31 (29
whereM,,; is the initial PBH mass andMgy is PBH mass
formed att. So, PBH’s with the mass below

M =(ey ¥M Mgp) ™" (30)
have evaporated away and do not exist tat Then,
M(Mgy,t) in Eq. (21) can be set as

M(MéH,t):(Mé,?’_'—Sey’?”ZMaMBH)1’30(M{3H—M*() )
31

where 6(x) is the step function.

We performed the numerical calculations 6fg,, using
Egs.(26) and(31). Figure 1 shows the evolution dR g, for
some parameters. Sing® is very small, the exponential
factor in the mass spectrum decreases very rapidiag

increases and most of PBH’s form during a very short pe-
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FIG. 2. The upper limits of against the initial fluctuation time
ti: The solid line shows the upper limit of in the case where
PBH'’s leave no relics, obtained bf)zy<1 at all times in the
history of the universe. The dotted line shows the upper limit of
obtained by the condition that the today’s relic density fraction
0,<1 in the case where PBH’'s leave stable relics with
M= Mpy. Figures are obtained fag,= 10'° sec,M,=10*" g, and
50=3.6x10°,

riod of time aftert;. So, the mass spectrum is nearly
s-function type. Qg roughly grows asa(t)«<tY? because
pen effectively falls off asa™3(t) whereagp.>a (1) in the
radiation-dominated era. Therf) g, goes to zero very rap-
idly after PBH's formed at the first stage have evaporated
away. We follow the evolution of} 5, for given parameters

t; andn, and find the upper limit of satisfying Qgy<<1 for

a givent; (the solid line in Fig. 2 So, the upper limit of the
spectral index corresponds to the valuenofor which the
peaks in Fig. 1 coincide with zero. One can see that the
constraint is generally very small. Since the reheating tem-
perature is constrained to be less than abot 1BeV from

the CMBR anisotropy, we take 10 GeV as the initial re-
heating temperature. Smallness of the exponential factor also
causes fine-tuning in constraint valuerofwith n somewhat
below the constraint value, PBH formation is insignificant
and withn above the line, PBH density easily overcloses the
universe.

Next, we consider the cagease 1) where black holes
leave relics with masses abdt,,=M p~10°Mp, as is pre-
dicted in many non-Einstein gravity modedieferences are
in Ref.[8]). Of course, black hole relics, if any, can contrib-
ute to the density of the universe and play a role in dark
matter[24,25. Specially, in Ref[8], the constraints om
have been studied on the assumption thig,~=Pgy .

It is convenient to consider today’s relic density fraction
Q, to find the upper limit ofn. Since the number density
and evaporation of PBH’s heavier than'1g are negligible,
Qg is dominated by() which is given by

1

rel=
Pc

a(to)

_3 M*
a(t;) fM Mrenen(Man)dMay,  (32)
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where be largely blue-shifted from the Harrison-Zel'dovich spec-
trum for significant amount of PBH formation and the mass
spectrum is nearly-function type. So, with such normaliza-
tion and power spectrum, it is generally difficult to achieve
PBH formation which needs to explain the astrophysical ef-
fects. In the range, Mgy=<10°g corresponding to
Tre=10' GeV, our results show that PBH relics give the
The Constraints on from the Condition that tOday’S reliC most severe Constraint on the Spectral index‘ For
density should be less than the critical densi€y,<1, are 105 g< Mg,<10'°g, however, some cosmological and as-
ShOWI’] as the dOtted “ne in F|g 2. The I‘esultS are not mucﬂophysica| effects of partic'e emission from PBH'’s may
different from those of Refl8] because our mass spectrum constrain the spectral index more. Since the upper limit of
also becomes effectively-function-like under the normal- p in this range is obtained by the condition that the density
ization of fluctuation amplitude to the COBE. With fraction of PBH's at their end stage of evaporations should
Mo=10""g and5,=3.6x 10" °, the limit on the spectral in- pe |ess than one, the constraint given in this range means that
dex is n=1.43 for Tey=10'" GeV, and n=1.48 for the density fraction of PBH withMgy at their formation
Try=10" GeV. The upper limit for the spectral index  should be less than about Mg /Mp) L. This limit
increases af and more easily blows up than in case I. And generally gives stronger or same amounts of constraints than
this upper limit line coincides well with the plots of Ed. those given from the particle emission effects from

a(to)

at) (33

to) \ i

andt, is the present time anill, =10 g.

(4.10 in Ref.[8]. After Tr=<10'* GeV, the relic constraint

PBH’s except for the rangesyl g~ 10'° g (photodissocia-

becomes weaker than the constraint of case I. However, thgon of deuterium by photons emitted from PBH26]) and

effect of PBH relics will appear only aftef)zy has a peak
as shown in Fig. 1. The evolution d gy in case Il will not

M gy~ 10" g (diffusive y-ray background27]). In these re-
gions, the effects of particle emission is’2A0* times stron-

be much different with that of case I until the relic massger than the constraint given b§g,<1. Therefore, the

makes Qg increase again afte)g, falls off for some

effects of black hole evaporations give stronger constraints

period. So the spectral index above the upper limit in case n the spectral index. However, since the spectral index is
means that the PBH’s overclose the universe not dependinghe-tuned with very small fluctuation amplitude, the upper

on whether PBH's leave relics or not. Therefore, in the reqimit on n does not change significantly under such consid-
gion bounded by both upper limit lines in the ranges oferations.

Try=10" GeV in Fig. 2, the parametersand Ty, are not
allowed because PBH'’s with them overclose the universe in
the past even though they do not lead to the case where the

today’s relic density exceeds the critical density.
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