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Radiative decay of the massive neutrino in external electromagnetic fields
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The radiative decay of the massive neutrinon i→n jg is investigated in the framework of the standard model
in external electromagnetic fields of various configurations: constant crossed field, constant uniform magnetic
field, plane monochromatic wave’s field. The effect of significant enhancement of the neutrino decay prob-
ability by the external field~electromagnetic catalysis! is discussed. An especially strong enhancement occurs
in the case of the ultrarelativistic neutrino decay, since in this case the decay probability does not contain
suppression caused by the smallness of the decaying neutrino mass. The ultrarelativistic neutrino decay ca-
talysis is significant even in a relatively weak external field (F/Fe!1, whereFe is the critical Schwinger
value!. The expression for the photon splitting probability into a neutrino pairg→n i n̄ j in the wave field is
given. The estimations of a number ofg quanta produced in a volume filled with an electromagnetic field and
the neutrino lifetime in a strong magnetic field are presented.@S0556-2821~96!02519-2#

PACS number~s!: 13.35.Hb, 14.60.Pq
.
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I. INTRODUCTION

For quite a long time we have seen intensive theoreti
studies of flavor-changing processes caused by the phen
enon of fermion mixing. The description of this phenomen
in the quark sector goes back to the pioneer work by Cabib
@1# and presently is put into practice by introducing the un
tary 333 matrix Vi j ~the so-called Cabibbo-Kobayash
Maskawa matrix@2#!. It should be noted that qualitative
progress has been observed in experimental investigatio
quark-mixing parameters. Except for a detailed examinat
of the ‘‘old’’ mixing angles related to the first two quark
generations, important information has been obtained fr
the decays ofb-quark-containing particles~ARGUS Col-
laboration@3#, CLEO Collaboration@4#!. On the other hand,
thus far there is no experimental evidence in favor of t
analogous mixing phenomenon in the lepton sector. This
be accounted for in a natural way by the fact that, becaus
the insufficiently high precision achieved in experiment
studies of neutrino-involving processes, the neutrino m
spectrum appears degenerate~the neutrinos manifest them
selves as massless particles@5#!. The neutrino mass spectrum
being degenerate, lepton mixing is known to be purely fo
mal and unobservable. At the same time, with a mass
neutrino the absence of lepton mixing seems unnatural an
virtually incompatible with attempts to somehow extend t
standard model. Notice that lepton mixing may lead to so
interesting physical phenomena such as~1! charged lepton
radiative decays with lepton number violation of the typ
m→eg, m→3e @6,7#, andm→egg @8#, ~2! neutrino radia-
tive decaysn i→n jg @6# andn i→n jgg @9#, ~3! neutrino os-
cillations @10#, and ~4! the possible effect of massive neu
trino mixing on the spectrum ofb-decay-produced electron
@11#.
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Even such a short review of lepton-mixing effects shows
that most of these are associated with the massive neutrino
Nowadays, the physics of the massive neutrino is becoming
a vigorously growing and prospective line of investigation at
the junction of elementary particles physics, astrophysics,
and cosmology. It will suffice to mention the well-known
problem of the solar neutrino@12# and the possibility of solv-
ing it ~the mechanism of resonance enhancement of neutrino
oscillations in substance@13#!, the effect of the massive neu-
trino radiative decay on the spectrum of the relic radiation
@14#, and so on. The above-mentioned way of solving the
solar neutrino problem using the Mikheyev-Smirnov-
Wolfenstein ~MSW! mechanism1 shows that the massive
neutrino’s properties are sensitive to the medium it propa-
gates through. Substance is usually considered as the me
dium. We note, however, that the medium can also be rep-
resented by an external electromagnetic field, which can
significantly influence both the properties of the massive
neutrino itself@16# and the process of its decay@17# and even
induce novel lepton transitions with flavor violationn i↔n j
( iÞ j ) @18#, forbidden in vacuum. In our preliminary com-
munication@17# we pointed out the probability of the mas-
sive neutrino radiative decayn i→n jg ( iÞ j ) being consid-
erably enhanced in a constant uniform magnetic field. Such
an enhancing influence of an external field can be illustrated
with the straightforward example of a neutrino radiative de-
cay in a weak~as compared with the Schwinger value
Fe5me

2/e.4.4131013 G! electromagnetic field. To this end
we use the amplitude of the Compton-like process
n ig*→n jg* with virtual photons@19#, which, in particular,
allows one to obtain the first term of the expansion of the
radiative decayn i→n jg amplitude in a weak external field.
In the expression for the amplitude of the process

1About the current situation around the solar neutrino problem
see, for example, Ref.@15#
5674 © 1996 The American Physical Society
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n i(p1)1g* (q1)→n j (p2)1g* (q2) it is sufficient to con-
siderg(q2) as a real photon, and to replace the field tensor
the virtual photong* (q1) by the Fourier image of the exter
nal electromagnetic field tensor. Below we shall give t
expression obtained in this way for the radiative decay a
plitude in the simplest case of a uniform electromagne
field, in which the decay kinematicsp1105p21q2 is the
same as in vacuum. The external-field-induced contribut
DM to the amplitude of the decayn i→n jg can be repre-
sented in the form

DM.
e

48p2

GF

A2
~ jq !@F f̃ * ~q!#K 1

F l
L , ~1.1!

where j m5 n̄ j (p2)gm(11g5)n i(p1), i , j51,2,3, enumerate
the definite mass neutrino species,p1, p2, and q are the
four-momenta of the initial and final neutrinos and the ph
ton, respectively,Fmn is the external uniform electromag
netic field tensor,f̃ ab(q)5eabmnqmen(q), en(q) is the po-
larization four-vector of the photon, andF l 5ml

2 /e is the
critical value of the strength of the electromagnetic field f
the charged lepton with the massml . We have introduced
the designation

^A~ml !&5 (
l 5e,m,t

Ki l Kj l* A~ml !, ~1.2!

whereKi l (l 5e,m,t) is the lepton-mixing matrix of the
Kobayashi-Maskawa type. For the sake of comparison
write the known expression for the amplitude of the neutri
radiative decay in vacuum@6# which can be represented as

M0.2 i
3e

32p2

GF

A2
@ j f̃ * ~q!p#K ml

2

mW
2 L , ~1.3!

where p5p11p2 and ml and mW are the masses of the
virtual lepton andW boson, respectively. In analyzing th
amplitudes~1.1! and~1.3! in the case of the neutrino decay a
rest, it is necessary to take account ofp1, p2, q, and j being
of order of the mass of the decaying neutrinomn . In this
case, the expressions for the amplitudes~1.1! and ~1.3! can
be easily estimated~it is sufficient to allow for the order of
the dimensional quantities!:

DM;GFmn
3~F/Fe!, ~1.4!

M0;GFmn
3~mt /mW!2. ~1.5!

It follows here from that, given the condition

~F/Fe!
2@~mt /mW!4 ~1.6!

@here F stands for the strengths of the magnetic (B) and
electric (E) fields#, the probability of the decayn i→n jg
in an external field is much greater than that in vacuu
even for a relatively weak electromagnetic fie
(1023!F/Fe!1). The catalyzing effect of an external fiel
becomes even more substantial in the case of the ultrar
tivistic neutrino decay (En@mn). With the amplitudes~1.1!
and ~1.3!, being Lorentz invariant, the analysis can be co
veniently carried out in the rest frame of the decaying ne
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trino. In this case the the electromagnetic field in Eq.~1.4! is
obtained by the Lorentz transformation from the laboratory
frame, in which the external fieldF is given, to the rest
frame of the decaying neutrino:

F8;
En

mn
F@F. ~1.7!

Comparing expressions~1.4! and~1.5!, in view of Eq.~1.7!,
we notice that the catalyzing effect of the external field be-
comes appreciable under a much weaker condition, as com-
pared to Eq.~1.6!:

~p1FFp1!

mn
2Fe

2 @S mt

mW
D 4. ~1.8!

In this case the ratio between the probabilities of the ul-
trarelativistic neutrino decayw(F) and the decay in vacuum
w(0) is of the order

w~F !

w~0! ;S FFe
D 2S En

mn
D 2SmW

mt
D 4@1. ~1.9!

Expression~1.9! shows that in the ultrarelativistic neutrino
decay the enhancement is mainly due to a decrease in the
decay probability suppression by the smallness of the neu-
trino mass@w(F);mn

4 w(0);mn
5(mn /En)#. It is natural to

expect that in taking the account of further terms in the ex-
pansion of the amplitude of the radiative decayn i→n jg with
respect to the external field, the suppression mentioned
above can be fully canceled. All this makes it interesting to
calculate the amplitude with the external electromagnetic
field taken into account exactly. An expression thus obtained
will be valid in the case of the neutrino radiative decay
n i→n jg in an external electromagnetic field, which has not
to be weak as against the Schwinger valueFe .

II. CROSSED FIELD

At present the experimentally accessible strengths of elec-
tromagnetic fields are significantly below the critical strength
(F/Fe!1, F5B,E, Fe5me

2/e.4.4131013 G!. Because of
this, field-induced effects are especially marked in the ul-
trarelativistic case with the dynamic parameter

x25
e2~pFFp!

m6 , ~2.1!

being not small even for a relatively weak field (Fmn is the
external field tensor,pa is the four-momentum, andm is the
mass of the particle!. This is due to the fact that in the rela-
tivistic particle rest frame the field may turn out to be of
order of the critical one or even higher, appearing very close
to the constant crossed field. Thus, the calculation in a con-
stant crossed field (EW'BW , E5B) is the relativistic limit of the
calculation in an arbitrary weak smooth field, possesses a
great extent of generality, and acquires interest by itself. We
note that, as (FF5FF̃50) in a crossed field, the dynamic
parameterx2, Eq. ~2.1!, is the single field invariant, by
which the decay probability is expressed. Furthermore, the
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calculation in crossed field is the least cumbersome a
therefore, we consider this case first just to outline the c
culation technique.

In the lowest order of the perturbation theory, a mat
element of the radiative decay of the massive neutr
n i→n jg ( iÞ j ) in the Feynman gauge is described by t
diagrams, represented in Figs. 1~a! and 1~b! where double
lines imply the influence of the external field in the propag
tors of intermediate particles. A summation is made over
virtual lepton l in the loop (l 5e,m,t). Under the condi-
tionsml

2 /mW
2 !1 andeF/mW

2 !1 the field-induced contribu-
tion DM(F)5M2M(0) to the decay amplitude can be ca
culated in the local limit, in which the linesW and w are
contacted to a point. It is most easily seen, ifDM(F) is
expanded into a series in terms of the external field, a
shown in Fig. 2, where the dotted lines designate the exte
electromagnetic fieldAex. We note that the first seven dia
grams in Fig. 2 coincide with the diagrams describi
Compton-like processn ig*→n jg* and, as was pointed ou
in @19#, this process amplitude is reduced to the contribut
of the first two diagrams in the local limit. With the orthogo
nality of the mixing matrixKi j taken into account, this is due
to the fact that the main contribution to the integral ov
momentum in the loop gives from the region of the virtu
momentap;ml !mW . We recall that we are investigatin
flavor-violating processes (iÞ j ), and, hence,̂A&50, if A is

FIG. 1. Feynman diagrams of a matrix element of the radiat
decay of the massive neutrinon i→n jg ( iÞ j ).
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independent ofml . Thus, the dominant contribution of order
1/mW

2 ;GF only comes from the diagrams with oneW
propagator in Fig. 2.

Even such a simple analysis shows the following.
~1! The predominant contribution to the amplitude is

made by the diagram~a! in Fig. 1. This diagram in the local
limit of a W-boson propagator being contacted to a point,
transforms to the diagram shown in Fig. 3.

~2! Since in calculatingDM the mass of theW boson in
the local limit appears in the weak interaction constant
GF5g2/8mW

2 only, the amplitude does not contain the
known Glashow-Iliopoulos-Maiani~GIM! suppression factor
of the decayn i→n jg in vacuum;ml

2 /mW
2 !1 @see Eq.

~1.3!#.
The expression for the amplitude, corresponding to the

diagram in Fig. 3, can be represented in the form

ive

FIG. 2. Feynman diagrams ofDM(F) expanded into a series in
terms of the external field.

FIG. 3. Feynman diagram 1~a! transformed in the local limit of
aW-boson propagator being contacted to a point.
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DM5
ieGF

A2
j bea* ~q!^Jab~q!&2M~0!, ~2.2!

Jab~q!5E d4XSp@gaŜ~X!gb~11g5!Ŝ~2X!#eiqX, ~2.3!

where X5x2y and Ŝ(X) is the propagator of a charge
lepton in the crossed field@see Appendix A, Eqs.~A1! and
~A2!#. All the other quantities in Eq.~2.2! are defined above
@see Eqs.~1.1!–~1.3!#. The details of the tensorJab(q) cal-
culation may be found in Appendix A, while here we on
give the result of the calculation:

DM5
eGF

4p2A2K e~ F̃ f * !
~qFF j !

~qFFq!
I 11

e

8ml
2 ~F f̃ * !(q j)I 2

1
e2

24ml
4 ~F f̃ * !~qF̃j !I 31

e2

48ml
4 ~F f * !~qF j !I 4L ,

~2.4!

f ab5qaeb2qbea ,

f̃ mn5
1

2
emnab f ab ,

where Fmn and F̃mn5emnabFab /2 are the tensor and th
dual tensor of a constant field,e.0 is the elementary charge
and GF is the Fermi constant. In Eq.~2.4!, I a
(a51, . . . ,4) areintegrals of the known Hardy-Stokes func
tions f (u):

I 15E
0

1

dtu f~u!,

I 25E
0

1

dt~12t2!u f~u!, ~2.5!

I 35E
0

1

dt~12t2!~32t2!u2
d f

du
,

I 45E
0

1

dt~12t2!~31t2!u2
d f

du
,

f ~u!5 i E
0

`

dzexp@2 i ~zu1 1
3z

3!#, ~2.6!

u5@e2~qFFq!/16ml
6 #21/3~12t2!22/3.

As can be readily checked, the amplitude~2.4! is evidently
gauge invariant, as it is expressed in terms of the tensor
the external fieldFmn and the photon fieldf mn . In the weak
field limit (F/Fe!1) the predominant contribution to th
amplitude is made by the second term in expression~2.4!.
The integralsI a can be easily evaluated in this limit, takin
into account the orthogonality of the lepton-mixing matr
Ki l :

^I 1&5^11O@~F/Fe!
2#&5O@~F/Fe!

2#,
d

ly

e
,

-

s of

e

g
ix

I 2.2/3,

I 3.28/15,

I 45O@~F/Fe!
4#. ~2.7!

As expected, the amplitude~2.4! in view of Eq. ~2.7! in the
weak field limit coincides with expression~1.1!. The ampli-
tude of the processn i→n jg in a crossed field~2.4! is sim-
plified substantially in two cases: that of the decay of a ne
trino at rest (En5mn) and that of the decay of an
ultrarelativistic neutrino (En@mn).

A. Neutrino at rest „En5mn…

In this case, the dynamic parameter~2.1!,

x l
25

e2~p1FFp1!

ml
6 5Smn

ml

eF

ml
2 D 2,

is obviously small even when the field strength exceeds t
critical values (F>ml

2 /e, mn!ml , x l !1). The decay am-
plitude ~2.4! and ~2.5! can then be reduced to the form

DM.
eGF

60p2A2
$~F f̃ * !@~ jFFq!1 5

4 ~ jq !2 7
6 ~qF̃j !#

2 19
24 ~Ff * !~qFj !%~KieK je* !. ~2.8!

Here we have introduced the dimensionless field tens
Fmn5Fmn /Fe , whereFe5me

2/e is the critical strength value
andme is the electron mass. It is clear from Eq.~2.8! that the
decay probability is represented by a polynomial of the six
degree in field strength. In the limitF!Fe ~a weak field
limit !, the expression for the decay probability is determine
by the lowest power ofF and has the form

wweak.
a

18p

GF
2

192p3mi
5S 12

mj
2

mi
2D 5S FFe

D 2uKieK je* u2, ~2.9!

wheremi andmj are the masses of the initial and final neu
trinos. In the opposite case,F@Fe ~a strong field limit!, we
have

wst.
a

4p

GF
2

~15p!3
mi
5S 12

mj
2

mi
2D 5S 115

mj
2

mi
2D S FFe

D 6uKieK je* u2.

~2.10!

Expressions~2.9! and ~2.10! should be compared with the
well-known probability of the decayn i→n jg in vacuum@6#:

w0.
27a

32p

GF
2

192p3mi
5S mt

mW
D 4S 11

mj
2

mi
2D S 12

mj
2

mi
2D 3uKi tKj t* u2.

~2.11!

The comparison demonstrates the catalyzing effect of t
external crossed field on the decay probabilities, as there
no suppression;(ml

2 /mW
2 ) in Eqs. ~2.9! and ~2.10!. Actu-

ally, the enhancement influence of the external field tak
place in the weak field limit (F!Fe) under the condition
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F.231023Fe . Besides, the decay in the strong cross
field ~2.10! is catalyzed by an additional factor of the form
;(F/Fe)

6@1.

B. Ultrarelativistic neutrino „En@mn…

Notice that in the ultrarelativistic limit the kinematics o
the decayn i(p1)→n j (p2)1g(q) is such that the momentum
four-vectors of the initial neutrinop1 and the decay products
p2 and q are almost parallel to each other. Therefore, t
current four-vectorj a5 n̄ j (p2)ga(11g5)n i(p1) is also pro-
portional to these vectors (j a;p1a;qa;p2a). In this case,
the expression for amplitude~2.4! can be simplified and re-
duced to the form

DM.
e2GF

p2 ~e* F̃p1!F ~12x!1
mj
2

mi
2 ~11x!G1/2^I 1&, ~2.12!

wherex5cosq; q is the angle between the vectorspW 1 ~the
momentum of the decaying ultrarelativistic neutrino! and
q8W ~the photon momentum in the decaying neutrinon i rest
frame!. The argumentu of the Hardy-Stokes functionf (u)
in the integralI 1 @see Eq.~2.5!# in the ultrarelativistic case
has the form

u54F ~11x!~12t2!S 12
mj
2

mi
2D x l G22/3

. ~2.13!

The Lorentz-invariant decay probabilitywEn can be ex-
pressed in terms of the integral of the squared amplitude o
the variablex:

wEn.
1

16pS 12
mj
2

mi
2D E

21

11

dxuDMu2

5
a

4p

GF
2

p3me
6xe

2S 12
mj
2

mi
2D E

21

11

dx

3F ~12x!1
mj
2

mi
2 ~11x!G u^I 1&u2. ~2.14!

For small values of the dynamic parameter (x l !1), the in-
tegral I 1(x l ) is expanded into the series

I 1.11 1
15 x̃ l

21 4
63 x̃ l

41•••,

x̃ l 5
11x

2 S 12
mj
2

mi
2D x l , ~2.15!

and the probability~2.14! can be represented in the form

w.
a

4p

GF
2

~15p!3
me
6

En
xe
6S 12

mj
2

mi
2D S 115

mj
2

mi
2D uKieK je* u2.

~2.16!

As the dynamic parameterx l ;(En /ml )(F/F l ) is propor-
tional to the neutrino’s energy, it is clear from Eq.~2.16!
that, with increasing the energy of the decaying neutrino,
decay probability increases as;En

5

For great values ofx l @1, using the asymptotic behavio
of the Hardy-Stokes function both at large and at small v
d

f

e

ver

he

l-

ues of the argument and also the unitarity of the mixing
matrix Ki l , one can represent Eq.~2.14! in the form

w.
a

4p

GF
2

p3

me
6

En
xe
2S 12

mj
4

mi
4D

3H uKieK je* u2, xe@1, xm,t!1,

uKi tKj t* u2, xe@xm@1, xt!1.
~2.17!

In this way, the decay probability increases linearly;En

(xe@1, xt!1) and finally (xt@1) becomes a constant:

w.
21.7a

p

GF
2

p3

mt
6

En
xtuKi tKj t* u2,

xtS 12
mj
2

mi
2D @1. ~2.18!

Comparing the decay probabilities~2.16!–~2.18! in the
crossed field with the vacuum decay probability~2.11!, we
notice that the catalyzing effect of the field on the ultrarela-
tivistic neutrino decay becomes even more substantial com-
pared to the situation with the neutrino at rest, because there
is no suppression caused by the smallness of the mass of the
decaying neutrino. Recall also that none of the expressions
for the decay probability in the crossed field contain the
well-known suppression GIM factor (ml /mW)

4 characteris-
tic of the probability of the decayn i→n jg in vacuum. The
probability of neutrino decay at rest in a strong crossed field
@see Eq. ~2.10!# is enhanced by the additional factor
;(F/Fe)

6@1.
Here we estimate a number ofg quanta which can be

result as the decay product from a neutrino beam of a high
energy accelerator in a volume filled with an electromagnetic
field. As the experimentally accessible strengths of electro-
magnetic fields are significantly below the critical strength
(F!Fe) in the laboratory conditions we can use the expres-
sion ~2.17! for the decay probability of a high energy neu-
trino (En@meF/Fe , xe@1).

The number ofg quanta,DNg, which are produced in a
volume filled with a magnetic field of the strengthB trans-
versal to the neutrino beam can be presented in the form

DNg;107S BBe
D 2S L

1mD S W

1019 GeVD uKieK je* u2, ~2.19!

whereL is a longitudinal dimension of the volume. The pa-
rameterW has a simple meaning of a full energy of neutrinos
passed through a ‘‘target’’ during the experiment. It can be
presented as

W5E E
dNn

dE
dE,

where dNn/dE is the energy distribution of the neutrino
beam. One can estimate this parameter from a numberNCC

of nm8 s charge current~CC! events in detector with known
design parameters during the time of neutrino experiment.

With the expected data onNCC from CERN Super Proton
Synchrotron~SPS! neutrino beam, which is presented, for
example, in Ref.@20#, one can estimate
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W;1019 GeV.

As one can see from Eq.~2.19!, DNg;1 requiresB;1010 G
in a volume;1 m3.

III. CONSTANT MAGNETIC FIELD

The probability of the massive neutrino decayn i→n jg in
a constant magnetic field having the strengthBW is described
by two invariant parameters~1! the above-mentioned dy
namical parameter

x l
25

e2~p1FFp1!

ml
6 5

B2

Bl
2

p1'
2

ml
2 , ~3.1!

whereBl 5ml
2 /e is the critical magnitude of the magneti

field andp1' is the initial neutrino’s momentum componen
normal to the magnetic field, and~2! the external magnetic
field intensity parameter

h l
252

e2~FF !

2ml
4 5

B2

Bl
2 , ~3.2!

where Fmn is the constant uniform magnetic field tenso
(FF)522B2. Since magnetic fields in up-to-date superco
ductive magnets range up to strengthsB<105 G, the hope of
obtaining marked quantum effects induced by a magn
field, as it seems, should be related only to the ultrarela
istic neutrino decay, when the dynamic parameterx l may be
not small, while the intensity parameterhe!1. In this case
we have the crossed field limit which was considered in
tail in the preceding section. The decay in a strong magn
field (B>Be54.4131013 G! is probably of interest in astro
physics or in early Universe cosmology. By mentioning a
trophysics, we, first of all, mean intensive magnetic field
‘‘frozen-in’’ neutron star substance. The primordial magne
fields, ‘‘frozen in’’ the cosmological plasma, could also ha
had the strenghtsB>Be at some stages of the early Univers
evolution @21#.

The amplitude of the decayn i→n jg in a magnetic field is
described by the same effective Feinman diagram as
shown in Fig. 3. The expression for the lepton propaga
and the calculation details are given in Appendix A; here,
only present the external-field-induced contributionDM(B)

to the decay amplitude:

DM~B!.
e

~4p!2
GF

A2
@ i ~ f w̃ !~q j !^Y1&1~ f w̃ !~qw̃ j !^Y2&

1~ fw!~qw j !^Y3&1 i ~ f w̃ !~qL j !^Y4&#. ~3.3!

We recall that herej m5 n̄ j (p2)gm(11g5)n i(p1) is the neu-
trino current,

^Y~ml !&5 (
l 5e,m,t

Ki l Kj l* Y~ml !, ~3.4!

p1, p2, andq are the four-momenta of the initial and fina
neutrino and the photon, respectively, andf ab
5qaeb2qbea is the photon field tensor. We have intro
duced the dimensionless tensors of the external magn
-
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l

-
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field wab5Fab /B, w̃ab5eabmnwmn /2, andLab5(ww)ab .
The double integralsYi ( i 5 1, 2, 3, 4!, entering Eq.~3.3!,
have the form

Yi5E
0

1

dtE
0

` dz

sinz
e iV~z,t !yi~z,t !,

y15~12t2!sinz1tsinzt2
12coszcoszt

sinz
,

y25coszt2~12t2!cosz2
tsinzt

tanz
,

y352coszt1
tsinzt

tanz
12

coszt2cosz

sin2z
,

y452y12~12t2!sinz,

V~z,t !5
1

2 S z~12t2!

2
1

1

tanz
2
coszt

sinz D ~qLq!

eB
2

z

h l
.

~3.5!

It should be noted that in Eqs.~3.5! the integration with
respect toz is performed over the complexz plane. The
integrand’s singularities are bypassed in a usual way@30# in
the lower semiplane ( Imz,0) of the complexz plane. In
the weak field approximationB!Bl (h l !1) the integrands
in Eqs.~3.5! become rapidly oscillating functions of the vari-
ablez @since atz.1 we haveV(z,t).1/h l @1#. Therefore,
the predominant contribution to the integrals comes from a
narrow region of smallz.h l , in which the integrals can be
considerably simplified. By straightforward calculation, it
can be shown that the amplitude~3.3! in this limit
@h l 5B/Bl !1; however,x l 5(B/Bl )(p' /ml ) has not to
be small#, as should be expected, coincides with the ampli-
tude of the neutrino radiative decay in the crossed field~2.4!.
Note that this is the necessary~but, certainly, not sufficient!
condition for our combersome calculations of the magnetic
field-induced amplitudeDM(B) to be correct.

In the strong field approximationB@Bl (h l @1), to
evaluate the integrals~3.5!, it is convenient to rotate the in-
tegration loop clockwise byp/2 in the complexz plane. In
this case the amplitudeDM(B), Eqs.~3.3! and ~3.5!, is sig-
nificantly simplified and can be represented as

DMst
~B!.

e

24p2

GF

A2
~ f w̃ !@~ jq !1~ j w̃q!1~ jLq!#

3^h l H~4ml
2 /q'

2 !&, ~3.6!

whereq'
25(qLq) is the square of the photon momentum,

which is normal to the magnetic field,

H~x!5
3

2
xS x

Ax21
arctan

1

Ax21
21D , x.1,
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H~x!52
3

4
xF x

A12x
lnS 11A12x

12A12x
D 121 ip

x

A12x
G ,

x,1. ~3.7!

Note that, ifq'
254ml

2 (x51), the amplitude~3.6! has a
root singularity associated with the known root singularity
the probability of thee1e2 pair generation by a photon in an
external magnetic field@22#. Such a behavior of the deca
amplitude in the vicinity ofq'

2→4ml
2 exactly corresponds to

the singularity of the imaginary part of the photon polariz
tion operator in a magnetic field@23#.

On the basis of the expression~3.6! for the amplitude we
obtained the following expression for the probability of th
ultrarelativistic neutrino of a moderate-energy (p'

2,4ml
2 ) in

a strong magnetic field (h l @1):

wst.
2a

p

GF
2

p3

me
6

En
S BBe

D 2uKieK je* u2J~z!,

J~z!5E
0

z

dy~z2y!F 1

yA12y2
arctan

y

A12y2
21G 2,

z5
Ensinu

2me
. ~3.8!

To estimate the enhancement of the decay by the exte
magnetic field numerically, it is sufficient to compare expre
sion ~3.8! for the decay probability in a magnetic field with
expression~2.11! for the probability of the decay of the mas
sive neutrino in vacuum.

As we can see, in the relativistic neutrino decay probab
ity ~3.8! there is no suppression caused by the smallnes
the neutrino mass, because the probability is virtually ind
pendent of the neutrino mass~if mj

2/mi
2!1). Finally, the

decay in a strong field is also catalyzed by a fact
;(B/Be)

2. Especially impressive is the comparison of th
moderate energy (En

2,4me
2) relativistic neutrino’s lifetime

t (B) in the radiative decayn i→n jg in a strong magnetic field
(B@Be),

t~B!.
23107

uKje* Kieu2
SBe

B D 2S 1 MeV

En
D sec, ~3.9!

and the lifetimet (0) in the radiative decay in vacuum:

t~0!.
1050

uKj t* Ki tu2
S 1 eV

mn
D 6S En

1 MeVD sec. ~3.10!

So the magnetic catalysis of the massive neutrino radia
decay might solve the problem of whether a heavy enou
(mn>20 eV! neutrino exists in the Universe. In fact, if th
magnetic field fluctuations in an early enough (t>1 sec!
Universe would, for some reasons, reach such values
B;103Be , the massive neutrino’s lifetime under such field
could, according to Eq.~3.9!, reduce to values of order of 1
sec.
of
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IV. PLANE MONOCHROMATIC WAVE

The development of intensive electromagnetic field gen
eration techniques and the current possibility to obtain wave
of high strength of electromagnetic field, namely,E;109

V/cm, have stimulated the investigation of quantum pro
cesses in strong external wave fields. Indeed, the so-call
wave intensity parameter

æl
252

e2a2

ml
2 ~4.1!

~wherea is the amplitude of wave,ml is the lepton mass, and
e is an elementary charge!, characterizing the effect of the
electromagnetic wave, should not be neglected. It is als
worth noting that the energy-momentum conservation law
for the radiative decay in the wave also contains, along wit
the four-momentap1, p2, andq, the four-wave-vectork. The
process amplitude is calculated by standard Feynman rule
in which for the propagators of intermediate fermions~see
Appendix B! exact solutions are used of the correspondin
wave equations. In this section we consider the external fie
of a monochromatic circularly polarized wave with the four-
potential

Am5a1mcosw1ja2msinw, w5kx, ~4.2!

where km5(v,kW ) is the four-wave-vector,k25(a1k)
5(a2k)5(a1a2)50, and a1

25a2
25a2; the parameter

j561 indicates the direction of the circular polarization
~leftward or rightward!. Note that vectorsaW 1, aW 2, andkW form
a right-handed coordinate system. TheS-matrix element of
the given process, just as previously, can be represented
the form

S5S01DS, ~4.3!

whereS0 is the matrix element of the radiative decay of the
massive neutrino in a vacuum andDS is the contribution
induced by the wave field:

DS5
i ~2p!4

A2E1V2E2V2q0V
(

n522

12

M~n!d~4!~nk1p12p22q!.

~4.4!

Herep1, p2, q andE1, E2, q0 are the four-momenta and the
energies of the initial and final neutrinos and the photon
respectively, andn50,61,62 is the difference between the
numbers of absorbed and emitted photons of the wave fiel

Note that the matrix element of some process in the fiel
of an electromagnetic wave has usually the form of summa
tion of n type ~4.4!, where2`,n,` @24#. That only five
values ofn in our case are possible is extraordinary and i
due to the following reasons. The processn i→n jg is local
with the typical scaleDx<1/mf (mf is the mass of the vir-
tual fermion!. In this case the angular momentum conserva
tion degenerates to spin conservation. Since the total spin
the particles participating in this process is no greater than
unumax52 is the maximum difference between the numbers o
absorbed and emitted photons of the external field~the pho-
tons of a monochromatic circularly polarized wave have
definite spinj561). The direct calculation supports this
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conclusion. A similar phenomenon has been discovered
fore @18# in studies of the effect of a circularly polarize
wave on flavor, changing transitions of the massive neutrin
n i↔n j ( iÞ j ) with unumax51.

Notice that in the uniform constant fields the deca
n i→n jg with mi.mj is valid only. This is due to the fact
that the energy-momentum conservation law in this fie
coincides with the one in vacuum. On the other hand,
follows from Eq. ~4.4!, the external electromagnetic wav
field can also induce radiative transition withmi<mj forbid-
den without the field. Indeed, from the energy-momentu
conservation law in the wave field,

nk1p15p21q,
be-
d
os

y

lds
as
e

m

the relation

mi
22mj

2>22n~kp1!

follows. In such a manner, the radiation decayn i→n jg with
mi<mj is possible on condition thatn.0.

In the lowest order of perturbation theory, a matrix ele-
ment of the radiative transitionn i→n jg is described by the
effective diagram represented in Fig. 3, in which not only the
W boson, but also~for i5 j ) theZ boson is exchanged at the
point x. The expressions for the fermion propagator in the
wave’s field, as well as some details of the awkward calcu
lation of the invariant amplitudesM(n), are given in Appen-
dix B. Here we only present the final result:
M~0!52
e

16p2

GF

A2
4

~kq! H(l ~Ki l Kj l* 1 1
2d i j gl !æl

2ml
2 @~ j f k !J1~ml !1~ j f̃ k!J2~ml !#

2 3
2d i j(

q
Qqgq æq

2mq
2@~ j f k !J1~mq!1~ j f̃ k!J2~mq!#J ,

M~s!52
e

16p2

GF

A2
es~ f̃ Fs!

~kq! H(
l

~Ki l Kj l* 2 1
2d i j !F @~p12p2! j #J3

~s!~ml !18
ml
2æl

2

~kq!
~ jk !J4

~s!~ml !G
1 3

2d i j(
q

~2T3qQq
2!F @~p12p2! j #J3

~s!~mq!18
mq
2 æq

2

~kq!
~ jk !J4

~s!~mq!G J ,
M~2s!52

e

16p2

GF

A2
e2~ f Fs!~ jF sq!

~kq!2 H(
l

~Ki l Kj l* 1 1
2d i j gl !J5

~s!~ml !2 3
2d i j(

q
~Qq

3gq!J5
~s!~mq!J ,

Fmn
~s!5kman

~s!2knam
~s! , am

~s!5~a11 i jsa2!m ,

gf52T3 f24Qfsin
2uw , f5l ,q. ~4.5!
Here s is the sign of the summation indexn in Eq. ~4.4!
(s561), the index l indicates charged leptons
(l 5e,m,t), the index q indicates quark flavors
(q5u,c,t,d,s,b), T3 f is the third component of the weak
isospin,Qf is the electric charge in units of the elementar
charge,ml andmq are the masses of the virtual leptons an
quarks, andKi j is the unitary lepton mixing matrix,

J1~mf !5E
0

1

dyE
0

`

dtFtS j 121 31y2

12y2
j 0
2D

2
4y2

12y2
j 0 j 1GeiF~mf !,

J2~mf !5E
0

1

dy
11y2

12y2E0
`

dtt j 0 j 1e
iF~mf !,

J3
~s!~mf !5E

0

1

dyE
0

`

dt~ j 02 is j 1!e
i [F~mf !2st] ,
y
d

J4
~s!~mf !5E

0

1 dy

12y2E0
`

dtt2 j 0~ j 0
21 j 1

2!ei [F~mf !2st] ,

J5
~s!~mf !5E

0

1

dyE
0

`

dtt~ j 0
21 j 1

2!ei [F~mf !22st] ,

F~mf !52
4t

12y2
mf
2

~kq!
@11æf

2~12 j 0
2!#,

æf
252Qf

2e
2a2

mf
2 . ~4.6!

Here j 05sint/t, j 152d j0 /dt are so-called Bessel spherical
harmonics; the other denotations and quantities in Eqs.~4.5!
and ~4.6! have been introduced above. It is easy to see that
the amplitudesM(n) are explicitly gauge invariant and do
not contain divergences. Note that the expressions we have
obtained for the amplitudesM(n) of the radiative transition
n i→n jg in the field of a monochromatic wave allow a
simple check. Indeed, if in Eqs.~4.5! and ~4.6! the wave
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frequencyv tends to zero~i.e., km→0), the strengthsEW and
BW of the electric and magnetic fields being fixed, then in th
limit the amplitude of the decayn i→n jg in crossed field
must be obtained@see Eqs.~2.4!–~2.6!#:

DM@Eq. ~2.4!#5 (
n522

12

M~n!U
km→~0,0W !

E,B,fix

. ~4.7!

To prove the conclusion~4.7!, it is necessary to take into
account that~1! in the above limit, the tensorFmn

(s) is ex-
pressed in terms of the strength tensorFmn and dual tensor
F̃mn of the crossed field,

Fmn
~s!u k→0
E,B,fix5 is~Fmn1 isjF̃mn!. ~4.8!

~2! If we take advantage of the identity

~A1Ã2!ab1~A2Ã1!ab5 1
2 ~A1Ã2!gab ,

~A1Ã2!ab5A1arÃ2rb , ~A1Ã2!5A1arÃ2ra ,

where A1mn and A2mn are arbitrary antisymmetric four-
tensors, then the wave intensity parameter æl

2 Eq. ~4.1!, can
be related to the dynamic parameterx l

2 Eq. ~2.1!, by the
expression

Fæl2 S p1kml
2 D 2GU

k→0

5x l
2 . ~4.9!

~3! To remove the undeterminacy arising atk→0 in expres-
sions~4.5! forM(n) it is useful to take advantage of the limi
relationship

ka

~ka!
U
k→0

5
~bFF!a

~bFFa!
, ~4.10!

wherea and b are arbitrary four-vectors~however,b is a
timelike vector!, and ~4! in the crossed field limit the terms
in M (n), Eq. ~4.5!, proportional tod i j do not make any con-
tribution ~because of kinematics reasons!. In passing to the
limit using Eqs.~4.8!–~4.10! the result~4.7! is reproduced
immediately.

The probability of the transitionn i→n jg in the wave field

w5 (
n522

12

w~n! ~4.11!

is, in general, rather awkward. We shall give it only in th
most interesting, from the physical point of view, case of t
transitionn i→n jg with the initial neutrinon i being ultrarela-
tivistic (En@mn). Despite the fact that the wave intensit
parameter æl

2 Eq. ~4.1!, under laboratory conditions canno
be great ~e.g., for laser fieldsv;1 eV, E<109 V/sm,
æe
2<1023), substantial enhancement of the transition pro

ability is possible. The main effect of the enhancement co
nects with the decrease and even complete disappear
~for n.0 as we shall see below! of the suppression factor
caused by the smallness of the neutrino mass. Recall tha
analogous result was obtained for uniform and const
is

t

e
e

y
t

b-
n-
nce

t an
nt

fields and was discussed in the above sections@see Eqs.
~2.16!–~2.18! and ~3.8!#. In the ultrarelativistic limit, the
probabilitiesw(n) at n<0 remain suppressed:

Enw
~22!5OS a

GF
2mn

10

me
4 æe

4D ,
Enw

~21!5OS a
GF
2mn

8

me
2 æe

2D
Enw

~0!5O~aGF
2mn

2me
4æe

4!. ~4.12!

The other probabilitiesw(n) (n 5 11, 12) in the limit
En@mn are substantially simplified to be represented in the
form

Enw
~11!.

4a

p

GF
2

p3me
6æe

6uKieK je* 2 1
2d i j u2

3E
21

11

dx
12x

~11x!2
uJ4

~11!~me!u2,

Enw
~12!.

a

4p

GF
2

p3 ~p1k!me
4æe

4uKieK je* 1 1
2d i j geu2

3E
21

11 dx

11xF ~12j!

2
1

~12x!2

4

~11j!

2 G
3uJ5

~11!~me!u2. ~4.13!

Here, the integration is performed with respect tox5cosq,
q being the angle between the photon momentumqW and the
wave vectorkW in the center of mass of the final neutrinon j
and photong. Consequently, in the ultrarelativistic case in
the integralsJ4

(11) andJ5
(11) @see Eqs.~4.6!# the substitution

(qk).(11x)(p1k)/2 is needed. The comparison of the
probabilitiesw(n), Eqs. ~4.12! and ~4.13! of the transition
n i→n jg in the wave field and the probabilityw0 Eq. ~2.11!,
of the decayn i→n jg in vacuum shows that the probabilities
w(n) at n511,12 do not contain suppression associated
with the smallness of the neutrino mass~recall that the prob-
ability of the decay of an ultrarelativistic neutrino in vacuum
is w0;mn

6/En). Below we estimate the ratio of the probabil-
ity w, Eq. ~4.11!, of the transitionn i→n jg for a neutrino
from a high energy accelerator in the wave field of the laser
type and the probabilityw0, Eq. ~2.11!, of the decay in
vacuum:

R5
w

w0
;1033S 1eVmn

D 6SEnv

me
2 D 5~103 æe

2!2, ~4.14!

where the wave intensity parameter æe
2 for the laser type

fields is

æe
2.1023S E

109 V/smD 2S 1eVv D . ~4.15!

Such a strong enhancement of then i→n jg transition prob-
ability, even at relatively small wave intensity (æe

2<1023),
appears rather impressive.
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The results obtained in this section may be of interest
astrophysics and cosmology. In particular, in the wave fi
the process of the photon splitting into the neutrino p
g→n i ñ j becomes possible. This process probability has
form

wg→n i n̄ j.
a

3p

GF
2

8p3

me
4

q0
æe
4$8me

2 æe
2uKieK je* 2 1

2d i j u2

3uJ4
~11!~me!u21~qk!uKieK je* 1 1

2d i j u2uJ5
~11!~me!u2%.

~4.16!

As is easily seen from Eq.~4.16!, this process probability, in
the same way, is not suppressed by the smallness o
neutrino mass. It can be treated as an additional mecha
of the energy loss by stars.

V. CONCLUSION

In this work, in the framework of the standard model w
fermion mixing, we have investigated the effect on the p
cessn i→n jg of the massive neutrino radiative decay of e
ternal electromagnetic fields of various configurations: c
stant crossed field~Sec. II!, constant uniform magnetic fiel
~Sec. III!, and plane monochromatic wave’s field~Sec. IV!.
The analysis of the decay amplitudes and probabilities
tained leads to the following conclusion, which is the sa
for all the field configurations covered: An external elect
magnetic field catalyses the massive neutrino radiative
cay. An especially strong enhancement occurs in the cas
the ultrarelativistic neutrino radiative decay, since in t
case the decay probability does not contain suppres
caused by the smallness of the neutrino’s mass.

In Sec. II @see Eq.~2.19!# we estimated a number ofg
quanta which could be resulted as the neutrino decay
volume filled with a magnetic field. Let us give here t
estimation in the case of limiting in the laboratory conditio
values ofB andW (B;109 G,W;1019 GeV!:

DNg;1022S B

109 GD 2S L

1mD uKieK je* u2.

It is worth noting that the estimation we have presente
numerically small and seems likely that there is no poss
ity to carry out such neutrino experiment in the near futu

Nevertheless, the mentioned above mechanism of
electromagnetic catalysis of the massive neutrino radia
decay is of interest in astrophysics where gigantic neut
fluxes and strong magnetic fields can take place simu
neously~a process of a coalescence of neutron stars@25#, an
explosion of a supernova of the type SN 1987A@26#!. Let us
estimate a relative flux ofg quanta which traverses a doma
filled with a strong magnetic field (B@Be):

Fg

Fn ;10212S BBe
D 2S L

10 kmD uKieK je* u2,

where Fn is the neutrino flux with the average ener
En;1 MeV transversal to the magnetic field strength a
L is the characteristic dimension of the domain.g quanta
for
eld
air
the

f the
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ns
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ibil-
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produced from the neutrino decay can be observed in astr
physical experiments provided that the domains with suc
strong magnetic fields exist.

On the other hand, the results presented in the Sec. III ar
in our opinion, of interest in the cosmology of the early
Universe. Indeed, in recent papers the possibility of the gen
eration of primordial strong magnetic fields through therma
fluctuation in the primordial plasma with magnetic field
strengths of order of 1012–1015 G @27# or 1013–1018 G @28#
and coherence lengths of order of 10–100 cm was pointe
out. Let us estimate the neutrino lifetime in the case of the
existence of primordial small scale magnetic field strength
of order of;1017–1015 G. For this purpose we use expres-
sion ~3.9! we obtained for the moderate energy neutrino
(En;kT;1 MeV! lifetime t (B) in a strong magnetic field
(B@Be) and get the following estimation:t (B);0.1–100
sec. This may be of interest in connection with the cosmo
logical problem, concerning the contradiction between the
Cosmic Background Explorer~COBE! data on the cosmic
microwave background anisotropies and the observed pow
spectrum of the large-scale structure@29#.
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APPENDIX A: Jab CALCULATION
IN CONSTANT ELECTROMAGNETIC FIELD

The amplitude corresponding to the diagram in Fig. 3 is
calculated according to the conventional Feinman rules. I
doing so, for propagators of intermediate charged lepton
exact solutions are used of the corresponding wave equatio
in the constant electromagnetic field. With the crossed field
the propagator of the charged leptonŜ(F)(x,y) in the proper
time formalism@30# has the form

Ŝ~F !~x,y!5eiF~x,y!Ŝ~X!, ~A1!

Ŝ~X!52
i

16p2E
0

`ds

s2 F 12s ~Xg!1
ie

2
~XF̃g!g5

2
se2

3
~XFFg!1m2

sme

2
~gFg!G

3expS 2 i Fm2s1
1

4s
X21

se2

12
~XFFX!G D ,

~A2!

whereXm5(x2y)m , Fmn and F̃mn are the field tensor and
field dual tensor,e.0 is the elementary charge,gm andg5
are Diracg matrices~the metric, the convensional represen-
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tation of Diracg matrices, etc., correspond to the book@24#!,
m is the mass of the charge lepton, and the phaseF(x,y) is
determined in the following way:

F~x,y!5eE
y

x

djmKm~j!,

Km~j!5Am~j!1 1
2Fmn~j2y!n . ~A3!

Owing to ]mKn2]nKm50, the path of integration from
y to x in ~A3! is arbitrary and, therefore,

F~x,y!1F~y,x!50. ~A4!

Using ~A4!, the integration ofJab with respect tox and y
~see Fig. 3! can be easily redused to an integration w
respect toX5x2y @see Eq.~2.3!#. From Eqs.~2.3! and~A2!
it is clear that the integrals with respect toX are Gaussian, so
that they can be readily calculated:

G5E d4Xe2 i ~XRX/41qX!52~4p!2~detR!21/2e~ iqR21q!,
ith

Gm5E d4XXme
2 i ~XRX/41qX!5 i

]G

]qm ,

Gmn5E d4XXmXne
2 i ~XRX/41qX!52

]2G

]qm]qn . ~A5!

In the remaining double integral with respect to the prope
timess1 ands2, it is convenient to pass to the dimensionless
variablesz and t:

z5m2~s11s2!, t5
s12s2
s11s2

, ds1ds25
1

2m4 zdzdt,

0<z<`, 21<t<1. ~A6!

The substitution into the amplitude~2.2! of the expression
for Jab in the form of a double integral with respect toz and
t results in the final expression~2.4! and ~2.5!.

In the case of a constant uniform magnetic fieldBW the
propagator of the charged leptonŜ(B)(x,y) in the proper time
formalism has the form
Ŝ~B!~x,y!52
ib

2~4p!2
eiF~x,y!E

0

` ds

ssin~bs!H 1s @cos~bs!~XL̃g!1 isin~bs!~Xw̃g!g5#

2
b

sin~bs!
~XLg!1m@2cos~bs!2sin~bs!~gwg!#J expS 2 i Fm2s1

XL̃X

4s
2

b

4tan~bs!
~XLX!G D , ~A7!
where wmn5Fmn /B and w̃mn5F̃mn /B are the dimension-
less field tensor and dual field tensor of the consta
magnetic field, Lab5(ww)ab , L̃ab5(w̃w̃)ab , b5eB,
Xm5(x2y)m , and the phaseF(x,y) is described in Eq.
~A3!. Note that the propagator~A7! can be represented in a
fully covariant form, because the parameterb in a purely
magnetic field can be rewritten asb5eB5A2F2/2. The
calculation procedure for the tensorJab Eq. ~2.3!, in the case
of a constant magnetic field, though more awkward, do
not, in principle, differ from the case of a crossed field.

APPENDIX B: ON THE CALCULATION
OF THE S-MATRIX ELEMENT IN THE FIELD

OF A MONOCHROMATIC CIRCULARLY
POLARIZED WAVE

The propagator of the charged fermion in the field of
plane wave with a four-potentialAm5Am(w) of the general
form can be obtained by method, given in@31#, and has the
form
nt

es

a

Ŝ~x,y!5E d4p

~2p!4S 12
ef k̂Â8

2~kp! D p̂1mf

p22mf
2S 12

efÂk̂

2~kp! D
3expH i F2p~y2x!1

1

~kp!

3E
w

w8
dw~ef~pA!1 1

2ef
2A2!G J , ~B1!

whereAm5Am(w), w5kx, Am8 5Am(w8), w85ky, k is the
four-wave-vector (k250) andef andmf are the charge and
the mass of fermion, respectively.

In the case of the circularly polarized wave with four-
potential

Am~w!5a1mcos~w!1a2msin~w!, ~B2!

where four-vectorsa1m anda2m are orthogonal to the four-
wave-vectorkm ,

~a1a2!5~a1k!5~a2k!50, ~B3!
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the expression for propagator may be represented in the f

Ŝ~x,y!5E d4p

~2p!4
S 12

ef k̂Â8

2~kp!
D p̂1mf

p22mf
2S 12

efÂk̂

2~kp!
D

3expH i F2p~y2x!2
ef~a1p!

~kp!
@sin~w8!2sin~w!#

2
ef~a2p!

~kp!
@cos~w8!2cos~w!#2

ef
2a2

2~kp!
~w82w!G J .

~B4!

Since the power of the exponent of the propagator~B4!
contains nonlinear functions of coordinatesx andy @sin(w),
sin(w8), cos(w), and cos(w8)], it is convenient to expand the
corresponding part of an exponent in the Fourier expans
with the coefficients of expansion been proportional to t
Bessel functions@24#.
orm

ion
he

Given the integration over one of the momenta in the loo
d4q it is convenient to use the basispm , hmnpm , h̃mnpn ,
hmnhnbpb , where

hmn5kma1n2kna1m , h̃mn5kma2n2kna2m . ~B5!

By using the known relation

J0~Ab222bccosa1c2!

5J0~b!J0~c!12(
s51

`

Js~b!Js~c!cossa, ~B6!

one can reduce the remaining infinite series to five term
which may be brought to the form~4.4!.
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