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Average kinetic energy of a heavy quark in semileptonicB decay
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Within the ACCMM model the average kinetic energy of the heavy quark in a heavy-light meson is

calculated aŝp2&5
3
2 pF

2 solely from the fact that the Gaussian momentum probability distribution has been
taken in the ACCMM model. Therefore, the Fermi momentum parameterpF of the ACCMM model is not a
truly free parameter, but is closely related to the average kinetic energy of the heavy quark, which is theoreti-
cally calculable in principle. In this context, we determinepF by comparing the theoretical prediction of the
ACCMM model with the model-independent lepton energy spectrum ofB→enX from the recent CLEO
analysis, and find thatpF50.54 6 0.15

0.16GeV. We also calculatepF in the relativistic quark model by applying
the quantum mechanical variational method, and obtainpF50.5–0.6 GeV. We show the correspondences
between the relativistic quark model and the heavy quark effective theory. We then clarify the importance of
the value ofpF in the determination ofuVub /Vcbu. @S0556-2821~96!02221-7#

PACS number~s!: 12.39.Ki, 12.39.Pn, 13.20.He
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I. INTRODUCTION

In the standard SU(2)3U(1) gauge theory of Glashow
Salam, and Weinberg the fermion masses and hadro
flavor-changing weak transitions have a somewhat less
cure role, since they require a prior knowledge of the ma
generation mechanism. The simplest possibility to give m
to the fermions in the theory makes use of Yukawa intera
tions involving the doublet Higgs field. These interactio
give rise to the Cabibbo-Kobayashi-Maskawa~CKM! ma-
trix: Quarks of different flavor are mixed in the charge
weak currents by means of an unitary matrixV. However,
both the electromagnetic current and the weak neutral cur
remain flavor diagonal. Second-order weak processes suc
mixing andCP violation are even less secure theoretical
since they can be affected by both beyond the stand
model virtual contributions and new physics direct contrib
tions. Our present understanding ofCP violation is based on
the three-family Kobayashi-Maskawa model@1# of quarks,
some of whose charged-current couplings have phases. O
the past decade, new data have allowed one to refine
knowledge about parameters of this matrixV.

In the minimal standard modelCP violation is possible
through the CKM mixing matrix of three families, and it i
important to know whether or not the elementVub is nonzero
accurately. Its knowledge is also necessary to check whe
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the unitarity triangle is closed or not@2#. However, its ex-
perimental value is very poorly known presently and its bet
ter experimental information is urgently required. At present
the only experimental method to measureVub is through the
end-point lepton energy spectrum of the inclusiveB meson
semileptonic decays, e.g., CLEO@3# and ARGUS@4#, and
their data indicate thatVub is nonzero. Recently it has also
been suggested that the measurements of hadronic invari
mass spectrum@5,6# as well as hadronic energy spectrum@7#
in the inclusiveB→Xc(u)ln decays can be useful in extract-
ing uVubu with better theoretical understandings. In future
asymmetricB factories with vertex detector, the hadronic
invariant mass spectrum will offer alternative ways to selec
b→u transitions that are much more efficient than selectin
the upper end of the lepton energy spectrum, with much le
theoretical uncertainties.

The simplest model for the semileptonicB decay is the
spectator model which considers the decayingb quark in the
B meson as a free particle. The spectator model is usua
used with the inclusion of perturbative QCD radiative cor-
rections@8#. Then the decay width of the processB→Xqln is
given by

GB~B→Xqln![uVqbu23G̃B~B→Xqln!

.Gb~b→qln!

5uVqbu2S GF
2mb

5

192p3D f S z5
mq

mb
D

3F12
2

3

as

p
gS z5

mq

mb
D G , ~1!
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wheremq is the mass of the finalq quark decayed from the
b quark. Here f (z) is the phase-space factor, an
g(z)5(p2231/4)(12z)211.5 is the corresponding single-
gluon QCD correction@9#. As can be seen, the decay widt
of the spectator model depends onmb

5 therefore a small dif-
ference ofmb would change the decay width significantly
The model of Altarelli, Cabibbo, Corbo`, Maiani, and Marti-
nelli @10# ~ACCMM model! is an improvement on the naive
free-quark decay spectator model, but at the cost of introd
ing several free parameters: the final~charm! quark mass
mc , the spectator massmsp, and the most important Fermi
momentum functionf(p;pF) that includes both binding and
final state interaction effects.

In Sec. II, we determine the Fermi momentum parame
pF by comparing the theoretical prediction of the ACCMM
model with the model-independent lepton energy spectru
of B→Xcln for the whole region of electron energy, which
has been recently extracted by CLEO@11#. Previously, the
comparison had been hampered by the cascade deca
b→c→sln, and only the part of lepton energy spectrum
(El.1.8 GeV! could be compared to givepF;0.3 GeV.
However, we argue that the valuepF;0.3 GeV, which has
been commonly used in experimental analyses, has no th
retical or experimental clear justification. Therefore, it
strongly recommended to determine the value ofpF more
reliably and independently, when we think of the importanc
of its role in experimental analyses. A better determinatio
of pF is also interesting theoretically since it has its ow
physical correspondence related to the average kinetic
ergy (̂ p2&) of a heavy quark inside a heavy meson. In th
context we calculate theoretically the value of^p2& in the
relativistic quark model using a quantum-mechanical var
tional method in Sec. III. We also compare our model wi
the heavy quark effective theory~HQET! in expansion of
1/MQ . The value ofpF is particularly important in the de-
termination of the value ofuVub /Vcbu, as we explain in Sec.
IV. Section V contains our conclusions.

II. DETERMINATION OF pF FROM THE EXPERIMENTAL
SPECTRUM

Altarelli et al. @10# proposed for the inclusiveB-meson
semileptonic decays their ACCMM model, which incorpo
rates the bound state effect by treating theb quark as a
virtual state particle, thus giving momentum dependence
theb quark mass. The virtual stateb quark massW is given
by

W2~p!5mB
21msp

2 22mBAp21msp
2 ~2!

in theB meson rest frame, wheremsp is the spectator quark
mass,mB is theB meson mass, andp is the momentum of
theb quark inside theB meson.

For the momentum distribution of the virtualb quark,
Altarelli et al. considered the Fermi motion inside theB
meson with the Gaussian momentum probability distributio

f~p;pF!5
4

AppF
3
e2p2/pF

2
, ~3!
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where the Gaussian width,pF , is treated as a free parameter.
Then the lepton energy spectrum of theB-meson decay is
given by

dGB

dEl
~pF ,msp,mq ,mB!

5E
0

pmax
p2 dp f~p;pF!

dGb

dEl
~mb5W,mq!, ~4!

wherepmax is the maximum kinematically allowed value of
p5upu. The ACCMM model, therefore, introduces a new
parameterpF for the Gaussian momentum distribution of the
b quark insideB meson, instead of theb quark mass of the
spectator model. In this way the ACCMM model incorpo-
rates the bound state effects and reduces the strong depen
dence onb quark mass in the decay width of the spectator
model.

The Fermi momentum parameterpF is the most essential
parameter of the ACCMM model, as we explained in the
above. However, the experimental determination of its value
from the lepton energy spectrum has been very ambiguous,
because various parameters of the ACCMM model, such as
pF , mq, andmsp, are fitted all together from the limited
region of end-point lepton energy spectrum (El.1.8 GeV!
to avoid the cascade decay ofb→c→sln, and because the
perturbative QCD corrections are very sensitive in the end-
point region of the spectrum. Recently, CLEO@11# extracted
the model-independent lepton energy spectrum ofB→Xcln
for the whole region of electron energy from 2.06 fb21 of
Y(4S) data, which is shown in Fig. 1, with much smaller
uncertainties compared to the previously measured results of
ARGUS @12#. Now we compare the whole region of experi-
mental electron energy spectrum of CLEO with the theoreti-
cal prediction of the ACCMM model, Eq.~4!, to derive the

FIG. 1. The normalized lepton energy spectrum ofB→Xcln for
the whole region of electron energy from the recent CLEO mea-
surement@11#. Also shown are the theoretical ACCMM model pre-
dictions, Eq.~4!, usingpF50.44, 0.51, 0.59 GeV, corresponding
to the dashed, full, and dotted lines, respectively. The minimum
x2 equals to 1.00 withpF50.51 GeV. We fixedmsp50.0 GeV and
mq5mc51.5 GeV.
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value ofpF usingx2 analysis. WithpF , mc , andmsp as free
parameters, for ones standard deviation we obtain

pF50.5460.15
0.16 GeV. ~5!

In Table I, we show the extracted values ofpF ~in GeV!
andxmin

2 /NDF for the fixed input values ofmsp50, 0.15 GeV
andmq5mc51.4, 1.5, 1.6, 1.7 GeV, which are the value
commonly used in experimental analyses. As can be notic
these results are strongly dependent on the input value
mc : if we use smallermc , the best fit value ofpF increases,
andvice versa. In Fig. 1, we also show the theoretical AC
CMM model spectrums withpF50.44, 0.51, 0.59 GeV
~with mc51.5 GeV, msp50.0 GeV!, corresponding to
dashed, full, and dotted line, respectively. The experimen
data and the theoretical predictions are all normalized to
semileptonic branching ratio,B(B→Xcln)510.49%, fol-
lowing the result of CLEO@11#. Previously, we extracted
similarly pF by comparing the theoretical prediction with th
experimental spectrum of ARGUS@12#, and we obtained
@13# pF50.2760.27

0.22 GeV for the fixed input values of
mc51.5 GeV andmsp50.15 GeV. As can be seen from
Table I, if we fixmc51.5 GeV andmsp50.15 GeV, then we
obtain from the new CLEO spectrum@11# pF50.5560.07

0.09

GeV with the minimumx2 being about 1.0. We note tha
two results are apart each other within ones standard devia-
tion, but the new result from CLEO has much smaller unc
tainties. In Secs. III and IV, we give in detail the relate
physics of this unexpected large value of the parame
pF .

III. AVERAGE KINETIC ENERGY OF HEAVY QUARK
INSIDE HEAVY MESON

Recently considerable progresses have been achieve
the relation of the ACCMM model with QCD@14–16#. Es-
pecially Bigi et al. @14# derived an inequality between th
expectation value of the kinetic energy of the heavy qua
inside the hadron and that of the chromomagnetic opera
which gives1

^p2&>
3

4
~MV

22MP
2!. ~6!

The experimental value of the right-hand side of Eq.~6! is
0.36 GeV2 for theB meson system@18#. This bound corre-
sponds topF>0.49 GeV for theB meson, because in the
ACCMM model the average kinetic energy,^p2&, can be
calculated from

^p2&5E dp p2f~p;pF!5
3

2
pF
2 . ~7!

This relation~7! was obtained solely from the fact that th
Gaussian momentum probability distribution was taken
the ACCMM model, and therefore the lower boun

1This theoretical lower bound could be significantly weakened,
shown in @17#, with inclusion of theas corrections as well as
1/MQ corrections.
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pF>0.49 GeV is independent of any other input parameter
values of the ACCMM model, and is much larger than the
commonly used valuepF;0.3 GeV. Ballet al. @16# also
calculated^p2& using the QCD sum rule approach, and ob-
tained^p2&50.5060.10 GeV2 for theB meson, correspond-
ing to pF50.5860.06 GeV from Eq.~7!. We note that the
heavy quark inside the hadron possesses more kinetic energy
than the value one might expect naively from the nonrelativ-
istic consideration. We also note that the Fermi momentum
parameterpF of the ACCMM model is not a truly free pa-
rameter, but is closely related to the average kinetic energy
of heavy quark, which is theoretically calculable in principle.

We consider the relativistic potential model with the
quantum-mechanical variational technique to theoretically
calculate the average kinetic energy of theb quark inside the
B meson, and to compare the results with the predictions of
the HQET. The potential model has been successful to de-
scribe the physics ofc andY families with the nonrelativ-
istic Hamiltonian@19,20#. However, for theB meson it has
been difficult to apply the nonrelativistic potential model be-
cause of the relativistic motion of the light quark inside the
B meson. In this work, we study theB meson system with a
realistic Hamiltonian, which is relativistic for the light quark
and nonrelativistic for the heavy quark, and adopt the varia-
tional method to solve it. We take the Gaussian function as
the trial wave function, and obtain the ground state energy
and wave function by minimizing the expectation value of
the Hamiltonian.

For theB meson system we start with the Hamiltonian

H5M1
p2

2M
1Ap21m21V~r !, ~8!

whereM[mb is the heavy quark mass andm[msp is the
u or d quark mass~which corresponds to the spectator light
quark mass in the ACCMM model!. We apply the variational
method to the Hamiltonian~8! with the trial wave function

c~r !5S m

Ap
D 3/2

e2m2r2/2, ~9!

where the parameterm is a variational parameter. The Fou-
rier transform ofc(r ) gives the momentum space wave
functionx(p), which is also Gaussian,

x~p!5
1

~Apm!3/2
e2p2/2m2

. ~10!

We note here that the Gaussian momentum probability dis-
tribution of the ACCMM model equals f(p;pF)
54pux(p;m)u2. See Eqs.~3! and ~10!. The ground state is
given by minimizing the expectation value ofH,

^H&5^cuHuc&5E~m!,
d

dm
E~m!50 at m5m̄,

~11!

and then the valueĒ[E(m̄) approximates theB meson mass
MB , and at the same time we getm̄[pF , the Fermi momen-
tum parameter in the ACCMM model. As is well known, the

as
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TABLE I. The values ofpF ~in GeV! andxmin
2 /NDF for the fixed input parameter valuesmsp andmc ~in

GeV!. We derived the values usingx2 analysis by comparing the whole region of experimental electron
energy spectrum of CLEO@11#, which is shown in Fig. 1, with the theoretical prediction of the ACCMM
model, Eq.~4!, usingpF as a free parameter.

msp50.00 msp50.15
mc51.4 1.5 1.6 1.7 mc51.4 1.5 1.6 1.7

pF 0.6460.09 0.5120.07
10.08 0.4020.05

10.07 0.2920.06
10.07 0.6960.10 0.5520.07

10.09 0.4420.06
10.09 0.3220.03

10.08

xmin
2 1.09 1.00 1.41 2.05 1.44 1.05 1.09 1.47
value ofm̄ or pF corresponds to the measure of the radius
the two-body bound state, as can be seen from the rela
^r &52/(Ap m̄) or ^r 2&1/253/(2 m̄).

We now take in Eq.~8! the Cornell potential, which is
composed of the Coulomb and linear potentials with a co
stant term:

V~r !52
ac

r
1Kr1V0[2

4

3

as

r
1Kr1V0 . ~12!

The additive constantV0, which is related to the regulariza
tion concerned with the linear confining potential@21#, is
usually known as flavor dependent:V050 for the heavy-
heavy meson system,V0520.2 GeV for theB meson sys-
tem @22#. We use the value ofK50.19 GeV2 @23# for the
string tension, and for the parameterac ([4/3as) we will
consider two valuesas50.35 and 0.24 separately. The firs
choiceas50.35 is the value which has been determined
the best fit of (cc̄) and (bb̄) bound state spectra@23#, and
as50.24 is that given by the running coupling constant f
the QCD scale atMB .

With the Gaussian trial wave functions, Eqs.~9! and~10!,
the expectation value of each term of the Hamiltonian~8! is
given as follows:

K p2

2M L 5 K x~p!U p22M Ux~p!L 5
3

4M
m2,

^Ap 21m2&5^x~p!uAp 21m2ux~p!&

5
4m

Ap
E
0

`

e2x2Ax21~m/m!2 x2dx,

^V~r !&5 K c~r !U2 ac

r
1Kr1V0Uc~r !L

5
2

Ap
~2acm1K/m!1V0 . ~13!

Then we have

E~m!5^H&5M1
1

2M S 32m2D1
2

Ap
~2acm1K/m!1V0

1
4m

Ap
E
0

`

e2x2Ax21~m/m!2 x2dx. ~14!
of
tion

n-

-

t
by

or

In our previous study@24#, we obtained the last integral in
Eq. ~14! as a power series of (m/m)2. And when we write up
to the order of (m/m)4, we now get

E~m!5M1
3

4M
m21

2

Ap
~2acm1K/m!1V0

1
2m

Ap
F11

1

2
~m/m!21S 53222c1D ~m/m!4

1
1

4
~m/m!4ln~m/m!G1O„~m/m!6…, ~15!

wherec1.20.0975. Up to the order of (m/m)2, E(m) be-
comes

E~m!5M1
3

4M
m2

1
2

Ap
@~12ac!m1~K1 1

2 m
2!/m#1V0 , ~16!

and the next-order terms@O„(m/m)4…# contribute only less
than 1%. Then, we find the minimum value ofE(m) in Eq.
~16! by the variational method, and the minimum point is
given by

]

]m
E~m!5

3

2M
m1

2

Ap
~b2g/m2!50, ~17!

where

b[12ac512
4

3
as and g[K1

1

2
m2. ~18!

We rewrite Eq.~17! as

~bm22g!1
b

M
m350, ~19!

whereb53Ap/4 is a constant. Then, we expandm̄, which
satisfies Eq.~19!, as a power series of 1/M ,

m̄5a01a1
1

M
1a2

1

M2 1•••, ~20!

and by matching the order by the order in Eq.~19!, we get
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a05Ag

b
, a152

b

2 S g

b2D ,
~21!

a25
5b2

8
Ag

bS g

b3D , . . . .

As can be easily seen, sinceb/M!1, Eq. ~19! has an ap-
proximate solutionm̄.Ag/b5a0.

Using Eqs.~20! and ~21!, we can obtain the numerica
values of the coefficientsa0, a1, a2, and that ofm̄ which
minimizesE(m) in Eq. ~16!, for as50.35 and 0.24 sepa-
rately. We also considered three different values of the lig
quark massm([msp)50.00, 0.15, 0.30 GeV, in order to
see the dependence of the results on the light quark m
m. As we can see from Eqs.~17! and ~18!, the effect ofm
comes in only through the little modification ofg, because
g[K1m2/2'K. The results of this calculation for
a0 , a1 , a2, andm̄ with the input values ofas and the light
quark massm([msp) are presented in Table II. As previ
ously explained, we fixed2 K50.19 GeV2 and V0520.2
GeV. However, the exact value ofV0 is irrelevant in our
calculations ofm̄, Eqs.~20! and ~21!, but it is necessary for
the calculation ofL̄ in Eq. ~23! below.

With m̄ of Eqs. ~20! and ~21!, we can get the following
expectation values of the terms in the Hamiltonian~8!:

T

2M
[

^p2&~m̄ !

2M
5
3m̄2

4M

5
1

2M F3g

2b
2
3b

2
Ag

bS g

b2D 1

M
1
9b2

4 S g2

b4D 1

M2G
1OS 1

M3D , ~22!

2The numerical value ofm̄ is fairly insensitive to the potential we
choose. In Ref.@25#, m̄ has been calculated numerically from si
different potential models, and found to bem̄50.5660.02 GeV,
where the error is only the statistical error of the six different r
sults.

TABLE II. The numerical values of the coefficientsa0, a1, a2 in
the 1/M expansion ofm̄, Eq. ~20!, and the values ofm̄ which
minimizesE(m) in Eq. ~16!. We variedas50.35, 0.24 and the light
quark massm([msp)50.00, 0.15, 0.30 GeV.

a0 a1 a2 m̄

msp50.00 0.60 20.60 1.50 0.54
as50.35 msp50.15 0.61 20.63 1.62 0.54

msp50.30 0.67 20.76 2.13 0.61

msp50.00 0.53 20.36 0.63 0.49
as50.24 msp50.15 0.54 20.38 0.68 0.49

msp50.30 0.59 20.46 0.89 0.54
l

ht

ass

-

L̄[^Ap21m21V~r !&~m̄ !5
2

Ap S bm̄1
g

m̄
D 1V0

5~V012Agb!103
1

M

1
b2

4
Ag

bS g

b2D 1

M2 1OS 1

M3D , ~23!

Finally, E(m̄) in Eq. ~16! is expressed as a power series in
1/M :

E~m̄ !5M1L̄1
T

2M

[M1~V012Agb!1
1

2M S 32 g

b D
2Fb~32b!

4
Ag

bS g

b2D G 1

M21OS 1

M3D . ~24!

In Eq. ~24!, the M -independent terms come from
^Ap21m21V(r )&, which can be considered as the contribu-
tions from the light degrees of freedom. The term of
the order of 1/M is from the heavy quark momentum
squared^p2&, that is, from the average kinetic energy of
the heavy quark inside the heavy-light meson. Both
^Ap21m21V(r )& and ^p2& contribute to the term of the
order of 1/M2. In the HQET, the mass of a heavy-light me-
son is represented@26# by

MM5M1L̄1
1

2M
~T1n

M
V!1OS 1

M2D , ~25!

where L̄[ limM→`(MM2M ) is the contribution from the
light degrees of freedom, for which Neubert obtained@26#
L̄50.5760.07 GeV.T[^p2& is the expectation value of the
kinetic energy of the heavy quark~up to 2M ) inside a heavy-
light meson, andV is the expectation value of the energy
due to the chromomagnetic hyperfine interaction with
n
V
51/4 andn

P
523/4. In this paper we do not consider the

chromomagnetic hyperfine interaction term. We will present
a detailed study on the correspondences between the relativ
istic quark model and the heavy quark effective theory in
another forthcoming papar@27#. Here we calculated onlyT
and L̄ up to the order of 1/M2 by using Eqs.~22! and ~23!,
and obtained the values shown in Table III. In Table III, we
also show the values of the Fermi momentum parameter
pF([m̄, shown in Table II! of the ACCMM model using the
relation ~7!.

Gremmet al. @28# recently extracted the average kinetic
energy,T[^p2&, by comparing the prediction of the HQET
@29# with the shape of the inclusiveB→Xln lepton energy
spectrum@30# for El>1.5 GeV, in order to avoid the con-
tamination from the secondary leptons of cascade decays o
b→c→sln. They obtained l1 ([2T)520.3560.05
GeV2 for uVub /Vcbu50.08 and l1 ([2T)520.37
60.05 GeV2 for uVub /Vcbu50.1, which correspond to
pF50.4860.03 GeV andpF50.5060.03 GeV, repectively.
Their results are remarkably close to the our value in Eq.~5!

x

e-
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TABLE III. The average kinetic energyT ~up to 2M ) of the heavy quark, the contribution of the light
degrees of freedomL̄, and the Fermi momentum parameterpF of theB-meson system, foras50.35, 0.24
andm([msp)50.00, 0.15, 0.30 GeV. The results obtained by thex2 analysis of the recent CLEO lepton
energy spectrum, and those from the HQET and the QCD sum rule approaches are also presented.

T L̄ pF ([m̄)

msp50.00 0.45 0.44 0.54
as50.35 msp50.15 0.47 0.46 0.54

msp50.30 0.57 0.52 0.61

msp50.00 0.36 0.52 0.49
as50.24 msp50.15 0.38 0.54 0.49

msp50.30 0.45 0.61 0.54

From CLEO data@11# — — 0.5460.15
0.16

Bigi et al. @14# >0.36 — >0.49
Ball et al. @16# 0.5060.10 — 0.5860.06
Neubert@26# — 0.5760.07 —
Gremmet al. @28# uVub /Vcbu50.08 0.3560.05 — 0.4860.03
Gremmet al. @28# uVub /Vcbu50.10 0.3760.05 — 0.5060.03
extracted from the recent model-independent lepton ene
spectrum ofB→Xcln @11#, as explained in Sec. II.

We summarize Sec. III by noting that the value of th
Fermi momentum parameter of the ACCMM model
pF50.5–0.6 GeV and is much larger than;0.3 GeV, as can
be seen from Table III, and the heavy quark inside the h
ron possesses much more kinetic energy than the value
might expect naively from the nonrelativistic consideratio

IV. DEPENDENCE OF zVcbz AND zVub /Vcbz
ON THE AVERAGE KINETIC ENERGY
OF HEAVY QUARK INSIDE B MESON

Now we consider the dependence on the average kin
energy of theb quark ~or equivalently Fermi momentum
parameterpF of the ACCMM model! in theB meson semi-
leptonic decay,^p2&, of the measurements ofuVcbu and
uVub /Vcbu. TheB meson inclusive branching fraction is re
lated to the CKM martixVcb andVub by

B~B→Xln!/tB5G̃cuVcbu21G̃uuVubu2'G̃cuVcbu2, ~26!

where the factorsG̃q[G̃B(B→Xqln)(pF) must be calculated
from theory. @See Eq. ~1!.# CLEO has extracted
uVcbu50.04060.00160.004 from their measurements@11#
of

B~B→Xln!5~10.4960.1760.43!%,
~27!

tB5~1.6160.04! psec,

and by assumingG̃c5(3968) psec21. If we instead theo-
retically calculate G̃c in the ACCMM model by using
pF50.5–0.6 GeV, the result of the ACCMM model becom

uVcbu5uVcbuCLEOA G̃c
~CLEO!

G̃c
~pF50.5–0.6!

'uVcbuCLEO31.150.04460.00160.004. ~28!
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We can easily understand this large correction (;10%! in
uVcbu due to the change inpF , because within ACCMM
model from Eqs.~1! and ~2!,

G̃c} mb
55W5'~mB

222mBpF!5/2,

and, therefore,

G̃c
~pF50.3!/G̃c

~pF50.5!
'1.25. ~29!

The ACCMM model also provides an inclusive lepton
energy spectrum of theB meson semileptonic decay to ob-
tain the value ofuVub /Vcbu. The lepton energy spectrum is
useful in separatingb→u transitions fromb→c, since the
end-point region of the spectrum is completely composed of
b→u decays. In applying this method one integrates Eq.~4!
in the range 2.3 GeV,El at theB meson rest-frame, where
only b→u transitions exist @31#. So we theoretically
calculate3

G̃~pF![E
2.3
dEl

dG̃B

dEl
~pF ,msp,mq ,mB!. ~30!

In Eq. ~30! we specified only thepF dependence explicitly
on the left-hand side. Then one compares the theoretically
calculatedG̃(pF) with the experimentally measured width
G̃expt in the region 2.3 GeV,El , to extract the value of
uVubu from the relation

G̃expt 5 uVubu2 G̃~pF!. ~31!

3We note that the dependences of the lepton energy spectrum on
perturbative and non-perturbative QCD corrections@8,29# as well as
on the unavoidable specific model parameters~e.g., the parameter
pF of the ACCMM model@10#! are strongest at the end-point re-
gion of the inclusivedG/dEl distribution. Therefore, Eq.~30! may
have very limited validity for the determination ofuVub /Vcbu, as
shown in@32#.



e

-

-

i-

e

5626 54DAE SUNG HWANG, C. S. KIM, AND WUK NAMGUNG
In the real experimental situations@3,4,12,31#, the only mea-
sured quantity is the number of events in this region of h
El compared to the total semileptonic events number, i.e.,
branching fractionG̃expt/G̃sl

total. Since the valueG̃sl
total is pro-

portional to uVcbu2, only the combinationuVub /Vcbu2 is ex-
tracted.

We now consider the possible dependence ofuVub /Vcbu2
as a function of the parameterpF from the following rela-
tion:

G̃expt

G̃sl
total

} U Vub

Vcb
U
pF5pF

2

G̃~pF!

5U Vub

Vcb
U
pF50.3

2

G̃~pF50.3!, ~32!

whereuVub /VcbupF5pF
2 is determined with an arbitrary valu

of the Fermi momentum parameterpF . On the right-hand
side we usedpF50.3 GeV because this value is common
used in the experimental determination ofuVub /Vcbu. Then
one can get a relation

U Vub

Vcb
U
pF5pF

5U Vub

Vcb
U
pF50.3

AG̃~0.3!

G̃~pF!
. ~33!

We numerically calculated the theoretical rat
G̃(0.3)/G̃(pF) by using Eqs.~4! and ~30! with msp50.15
GeV,mq5mu50.15 GeV, which are the values common
used by experimentalists, andmB55.28 GeV. We show the
values ofuVub(pF)/Vub(pF50.3)u as a function ofpF in Fig.
2. If we usepF50.5–0.6 GeV, instead ofpF50.3 GeV, in
the experimental analysis of the end-point region of lep
energy spectrum, the value ofuVub /Vcbu becomes signifi-
cantly changed.

Previously the CLEO@31# analyzed withpF50.3 GeV
the end-point lepton energy spectrum to get

FIG. 2. The ratio uVub(pF)/Vub(pF50.3)u as a function of
pF .
igh
the

e

ly

io

ly

ton

103uVub /Vcbu50.7660.08

~ACCMM with pF50.3 @31# !,

51.0160.10

@ Isgur, Scora, Grinstein, and Wise~ ISGW! @33##. ~34!

As can be seen, those values differ by two standard
deviations4. However, if we usepF50.5–0.6 GeV, the result
of the ACCMM model becomes

103uVub /Vcbu'1.0760.11

~ACCMM with pF50.5–0.6!, ~35!

and these two models are in a good agreement for the valu
of uVub /Vcbu.

We note here that the dependence ofuVub /Vcbu on the
parameterpF is much stronger compared to that ofuVcbu.
This is because thepF dependence of the inclusive distribu-
tion dG/dEl is particularly sensitive if we restrict ourselves
only in the limited region of the end point, as shown in Eq.
~30!. We would like to emphasize again that the measure-
ments of the hadronic invariant mass spectrum@5,6# in the
inclusive B→Xc(u)ln decays can be much more useful in
extracting uVubu with better theoretical understandings,
where we can use almost the whole region of the decay spec
trum: i.e., in the forthcoming asymmetricB experiments
with microvertex detectors, BABAR and BELLE, the total
separation ofb→u semileptonic decays from the dominant
b→c semileptonic decays would be experimentally viable
using the measurement of inclusive hadronic invariant mass
distributions. And we could determine the ratio of CKM ma-
trix elementsuVub /Vcbu from the ratio of those measured
total integrated decay rates@6#, which is theoretically de-
scribed by the phase-space factor and the well-known pertur
bative QCD correction only.

V. CONCLUSIONS

The value of the Fermi momentum parameter of the
ACCMM model pF;0.3 GeV, which has been commonly
used in experimental analyses, has no theoretical or exper
mental clear justification. Therefore, it is strongly recom-
mended to determine the value ofpF more reliably and in-
dependently, when we think of the importance of its role in
experimental analyses. It is particularly important in the de-
termination of the value ofuVub /Vcbu. We note that the de-
pendence ofuVub /Vcbu on the parameterpF is very strong,
because the inclusive lepton energy distribution is particu-
larly sensitive to the variation ofpF if we restrict ourselves
only in the limited region of the end point. A better determi-
nation of pF is also interesting theoretically since it has its

4There now exists an improved version of the ISGW model, so-
called ISGW2@34#, which gives a considerably harder end-point
spectrum than that of ISGW. Therefore, it seems clear that the
prediction of ISGW onuVub /Vcbu, Eq. ~34!, will decrease when
reanalyzed by experimentalists, even though the changes would b
small @34#.
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own physical correspondence related to the average kine
energy^p2& of the heavy quark inside theB meson. Within
the ACCMM model the average kinetic energy is calculate

as ^p2&5 3
2 pF

2, solely from the fact that the Gaussian mo
mentum probability distribution has been taken in the AC
CMM model. Therefore, the Fermi momentum paramete
pF of the ACCMM model is not a truly free parameter, but is
closely related to the average kinetic energy of heavy qua
which is theoretically calculable in principle.

In this context we theoretically calculated the value o
pF in the relativistic quark model using the quantum
mechanical variational method. It turns out tha
pF50.5–0.6 GeV, which is consistent with the value ofpF
determined by comparing the ACCMM model prediction an
the model-independent lepton energy spectrum of the CLE
measurement,pF50.5460.15

0.16GeV. We note that the value of
the Fermi momentum parameter of the ACCMM model i
much larger than;0.3 GeV, and the heavy quark inside the
hadron possesses much more kinetic energy than the va
one might expect naively from the nonrelativistic conside
ation. We also found the correspondences between the re
tivistic quark model and the heavy quark effective theory b
the 1/MQ expansion, and the result shows that they are co
sistent with each other.
tic
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If we usepF50.5–0.6 GeV, instead ofpF50.3 GeV, in
the experimental analysis of the end-point region of lepton
energy spectrum, the value ofuVub /Vcbu is increased by the
factor of 1.3–1.5 compared with the case ofpF50.3 GeV.
Here we would like to emphasize that the measurements o
the hadronic invariant mass spectrum in the inclusive
B→Xc(u)ln decays can be much more useful in extracting
uVubu with better theoretical understandings. In future asym
metricB factories with vertex detector, the hadronic invari-
ant mass spectrum will offer alternative ways@5,6# to select
b→u transitions that are much more efficient than selecting
the upper end of the lepton energy spectrum, with much les
theoretical uncertainties.
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