
PHYSICAL REVIEW D 1 NOVEMBER 1996VOLUME 54, NUMBER 9

0556-28
Z scaling in hadron-hadron collisions at high energies
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New scaling,z scaling, in the inclusive particle production~charged hadrons,p6, K6, g) in pp or p̄p
collisions is predicted. The scaling functionH(z) is expressed via the inclusive cross section of particle
productionEd3s/dq3 and the particle multiplicity densitydN/dh at pseudorapidityh50. The dependence of
H(z) on the scaling variablez5Asx/@DM•dN(0)/dh#, the center-of-mass energyAs, and the detection angle
u is investigated. The symmetry properties of the scaling functionH(z) are found. It is shown that for the
secondary particle momentaq.0.4 GeV/c, H(z) is independent ofAs and u in a wide kinematic range of
particle production. The available experimental data confirm the universality of theH(z) function. Some
predictions forH(z) concerningp6, K6, andg using theHIJING Monte Carlo code have been made. The
obtained results can be of interest for future experiments at BNL RHIC and CERN LHC.
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I. INTRODUCTION

One of the most important problems in modern hig
energy physics is the search for the general properties
quark and gluon interactions in hadron-hadron, hadro
nucleus, and nucleus-nucleus collisions. The universal
proach to the description of the processes gives us a deta
understanding of the physical phenomena underlying s
ondary particle production. Numerous experimental data
tained frompp, pA, andAA interactions show that the gen
eral tendencies can be manifested mostly in the high-ene
region. They reflect specific characteristics of the element
constituent interactions. This is especially true with the co
nection of the commission of the large accelerators of h
rons and nuclei such as the Relativistic Heavy Ion Collid
~RHIC! at Brookhaven or the Large Hadron Collider~LHC!
at CERN. The main physical goal of the investigations
these colliders is to search for the quark-gluon plasma—
hot and superdense phase of nuclear matter. Therefore,
extremely important to find the main features ofpp interac-
tion in order to extract nuclear effects and to study the infl
ence of nuclear matter inpA andAA interactions.

Up to this date, the investigation of hadron properties
the high-energy collisions has revealed widely known sc
ing laws. From the most popular and famous, let us ment
the Bjorken scaling observed in deep inelastic scatter
~DIS! @1#, y scaling valid in DIS on nuclei@2#, limiting frag-
mentation established for nuclei fragmentation@3#, scaling
behavior of the cumulative particle production@4–6#, Koba-
Nielsen-Olesen~KNO! scaling@7#, and others.
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The common feature of these mentioned processes in
cates the local character of the interactions, which leads
the conclusion about dimensionless constituents taking p
in the interactions. However, the detailed experimental stu
of the established scaling laws has shown certain violatio
of these. This can be connected with the dynamics conce
ing the transition from the perturbative QCD quarks and gl
ons to the observed hadrons. The fact that the interaction
local, naturally leads to the conclusion of the scale inva
ance of the hadron interactions’ cross sections. The inva
ance is a special case of the automodelity principle, which
an expression of self-similarity@4,8#. This principle reflects
the dropping of certain dimensional quantities or paramete
out of the physical picture of the interactions.

In the paper the inclusive particle production inpp or
p̄p collisions at high energies is considered. Based on t
automodelity principle, the scaling functionH(z) expressed
via cross section is constructed. The properties of the fun
tionH(z) are described. It is shown that the available expe
mental data confirm the scaling behavior ofH(z). The
Monte Carlo codeHIJING @9,10# is used to simulate events in
pp collisions and to calculate the inclusive cross section
different energiesAs and anglesu of the secondary particles
in order to predictH(z) for the corresponding processes.

II. SCALING FUNCTION H „z… AND ITS GENERAL
PROPERTIES

We start with the investigation of the inclusive process

M11M2→m11X, ~1!

whereM1 andM2 are the masses of the colliding nuclei~or
hadrons! and m1 is the mass of the inclusive particle. In
accordance with Stavinsky’s ideas@5#, the gross features of
the inclusive particle distributions for the reaction~1! at high
5548 © 1996 The American Physical Society
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energies can be described in terms of the corresponding
nematical characteristics of the exclusive subprocess

~x1M1!1~x2M2!→m11~x1M11x2M21m2!. ~2!

The parameterm2 is a minimal mass introduced in conne
tion with internal conservation laws~for isospin, baryon
number, and strangeness!. The x1 and x2 are the scale-
invariant fractions of the incoming four-momentaP1 and
P2 of the colliding objects. The center-of-mass energy of
subprocess~2! is defined as

sx
1/25A~x1P11x2P2!

2 ~3!

and represents the energy of the colliding constituents n
essary for the production of the inclusive particle. In acc
dance with the space-time picture of hadron interactions
the parton level, the cross section for the production of
inclusive particle is governed by the minimal energy of co
liding partons

s;1/smin~x1 ,x2!. ~4!

We find the fractionsx1 and x2, which correspond to the
minimal value of Eq.~3!, under the additional constraint

]Dq~x1 ,x2!

]x1
50,

]Dq~x1 ,x2!

]x2
50, ~5!

whereDq(x1 ,x2) is given by the equation

~x1P11x2P22q!25~x1M11x2M21m2!
21Dq~x1 ,x2!

~6!

andq is the four-momentum of the secondary particle w
massm1. So we determine the fractionsx1 andx2 in a way
to minimize the value ofDq , fulfilling simultaneously the
symmetry requirement of the problem, i.e.,A1x15A2x2 for
the inclusive particle detected at 90° in the correspond
NN center-of-mass system. This gives

x1[
x̄1
A1

5
~P2q!1M2m2

~P1P2!2M1M2
, x2[

x̄2
A2

5
~P1q!1M1m2

~P1P2!2M1M2
.

~7!

Here A1 and A2 are mass numbers andx̄1 and x̄2 are the
fractions of the colliding nuclei expressed in units of th
nucleon mass. Note, thatx1 andx2 are therefore less than
for all values ofq. The minimal value ofDq corresponds to
the subprocess~2! with the minimal released energy in th
direction opposite to the inclusive particlem1.

In the rest of the paper we will confine our consideratio
to the inclusive particle production in thep( p̄)1p→h1X
processes. In accordance with the automodelity principle,
search for the solution

ds

dz
[c~z!, ~8!

wherec(z) has to be a scaling function and choose the va
ablez as a physically meaningful variable, which could r
flect the self-similarity~scale invariance! as a general pattern
of the hadron production.
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The invariant differential cross section for the production
of the inclusive particlem1 depends on two variables, say
q' and qi , throughz5z„x1(q' ,qi),x2(q' ,qi)… in the fol-
lowing way:

E
d3s

dq3
52

1

sp S dc~z!

dz

]z

]x1

]z

]x2
1c~z!

]2z

]x1]x2
D . ~9!

This can be shown easily by partially differentiating, using
the approximation to the Jacobian of the transformation~7!,
which at high energies tends to the value22q' /(sE).

In the first step, we use the simple choice

z5
sx
1/2

Q
→

Ax1x2As
Q

, ~10!

with Q as a scale, which in a first approximation does not
depend onx1 andx2. Then the expression~9! at asymptoti-
cally high energies reads

Q2E
d3s

dq3
~q' ,qi!54HS sx1/2Q D , ~11!

where the scaling functionH(z) is determined by

H~z![2
1

16p S dc~z!

dz
1

c~z!

z D . ~12!

Now, we introduce a new dynamical scaling hypothesis for
the inclusive particle production inpp or pp̄ interactions at
high energies@11#. We determine the scaleQ to be propor-
tional to the dynamical quantity—average multiplicity den-
sity dN(0)/dh—produced in the central region of the colli-
sion at a given energy. We postulate

z5
sx
1/2

DM•dN~0!/dh
, ~13!

where the coefficientDM has the dimension of energy and
we determine it as ‘‘the reaction energy of the inclusive re-
action’’ or, in other words, as the kinetic energy transmitted
from the initial channel to the final channel of the subprocess
~2!. From the total energy conservation we have

DM52M2m12~x1M1x2M1m2!5Tf
x2~Ti2ER!

[Tf
x2Ti

x , ~14!

whereTi , Tf
x andER are the initial kinetic energy, the ki-

netic energy in the final state of the subprocess~2!, and the
energy consumed on creation of the associate multiplicity,
respectively. Inserting Eq.~13! into Eq. ~9!, we obtain the
expression

E
d3s

dq3
52

1

16p@dN~0!/dh#2M2 S dc~z!

dz
h1~x1 ,x2!

1
c~z!

z
h2~x1 ,x2! D , ~15!

where the functionsh1 andh2 are proportional to the partial
derivatives in Eq.~9!.
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For the high-energy region (As. 30 GeV!, we get the
expressions~with 2% accuracy according to the exact calcu
lations! for h1 andh2:

h154
d22~x12x2!

2

~d2x12x2!
4 , h254

d22~x12x2!
214x1x2

~d2x12x2!
4 ,

~16!

with d[22(m11m2)M
21. The exact expressions for thes

functions are given in the Appendix. We would like to not
that h1.h2 for As. 30 GeV. Therefore, according to Eqs
~15!, ~16!, and~12!, we obtain the approximate relation

H~z!5
~d2x12x2!

4M2@dN~0!/dh#2

4@d22~x12x2!
2#

E
d3s

dq3
~17!

in the high-energy region. This relation connects the incl
sive differential cross section and multiplicity densit
dN(0)/dh with the scaling functionH(z).

The properties of the scaling functionsc(z) and H(z)
under scale transformations of their argumentz can be writ-
ten in the form

z→
z

a
, ~18!

c~z!→
1

a
cS zaD , ~19!

H~z!→
1

a2
HS zaD . ~20!

These scaling properties are valid also in the general c
~15!.

We would like to present a qualitative picture, the sub
stantial elements of which are the basic characteristics of
underlying parton subprocess~2! in terms of the scaling pro-
posed. As we have mentioned above, the cross section
hadron interactions at the parton level to produce the inc
sive particle is governed by the minimal energy of collidin
partonss;1/smin(x1 ,x2). The invariant cross section~15! is
also proportional to proton structure function
f P
q (x1), f P

q (x2) and the fragmentation functionDh(z)

E
d3s

dq3
;

1

smin~x1 ,x2!
f P
q ~x1min! f P

q ~x2min!D
h~z!. ~21!

Here x1min,x2min satisfy the condition mins(x1 ,x2)
5smin(x1 ,x2). We assume that the fragmentation functio
Dh depends on the relative formation lengthz/zmax of the
produced particlem1 and is independent ofx1 andx2.

Really, the variablez can be interpreted in terms of
parton-parton collision with the subsequent formation of
string stretched by the leading quark out of which the incl
sive particle is formed. The minimal energy of the collidin
constituentssmin

1/2 is just the energy of the string which con
nects the two objects in the final state of the subprocess~2!.
The off-shell behavior of the subprocess corresponds to
scenario in which the string has the maximal possible spa
like virtuality. The string evolves further and splits into
pieces decreasing its virtuality. The resultant number
-
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string pieces is proportional to the number/density of the
final hadrons measured in the experiment. Therefore, we in
terpret the ratio

Ash[Asx/@dN~0!/dh# ~22!

as a quantity proportional to the energy of a string piece
Ash , which does not split already, but during the hadroniza-
tion converts into the observed hadron. The process of string
splitting is self-similar in the sense that the leading piece of
a string forgets the string history and its hadronization does
not depend on the number and behavior of other pieces. Th
factorDM in the definition ofz is proportional to the kinetic
energy of the two objects in the final state of the subprocess
~2! and it can be considered, therefore, as something which
reflects the tension of the string. We write finally

Ash5DM•l, ~23!

where l can be regarded as the length of the elementary
string peace or more precisely the ratio of the length to its
characteristic~e.g., average or maximal! value.

The dimensional properties of the scaling functionH(z)
confirm the above. One can see from Eq.~11! that they de-
pend on the dimension of its argument. If we require the
argumentz to be dimensionless, thenH(z) has the dimen-
sion of @ fm2#. For the dimensionless scaling function
H(z), we find the argumentz to have the dimension of
@ fm1#. From the transformation properties~18!, ~20!, and
from ~21!, it follows then

H~z!;Dh~z!. ~24!

So, we interpret the variablez as a quantity proportional
to the length of the elementary string, or to the formation
length, on which the inclusive hadron is formed from its
QCD ancestor. In this picture we interpret the variablez as a
hadronization parameter, namely as hadronization length
The scaling functionH(z) reflects local properties of the
hadronization process.

III. Z SCALING IN pp OR p̄p COLLISIONS

In Fig. 1 we show the scaling functionH(z) as a function
of the variablez for charged hadrons emitted atu590° c.m.s.
in pp or pp̄ collisions over a wide-energy range@11#. Data
on inclusive differential cross sections are taken from
@12,13#. Similar dependences ofH(z) for p2-meson produc-
tion atAs545, 53 GeV andu52.86°–90° c.m.s. are shown
in Fig. 2. The functionH(z) and the variablez are expressed
via the multiplicity densitydN/dh at h50. It was found
that there is a strong sensitivity of the scaling behavior on the
energy dependence ofdN(0)/dh. The values of the multi-
plicity densities of charged particles produced in the central
~pseudo!rapidity region inpp or p̄p collisions are shown as
a function of the c.m.s. energyAs in Fig. 3. The full line
represents the fitdN(0)/dh50.74s0.105 to the inelastic data
taken from@15#. The nonsingle-diffractive~NSD! data and
the parametrizationdN(0)/dh50.023ln2(s)20.25ln(s)12.5
are from @16#. The values ofdN(0)/dh resulting from the
requirement of thez scaling are shown with crosses.

To study in detail the properties of the proposed scaling,
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FIG. 1. Scaling functionH(z) for charged particle production.
Experimental data on inclusive differential cross sections
charged hadrons inpp or p̄p interactions at u590° and
As523–1800 GeV are taken from Refs.@12,13#.
for
FIG. 2. Scaling functionH(z) for p2-meson production. Ex-

perimental data are taken from Refs.@13,14#.
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we have used theHIJING Monte Carlo model@9,10#. It was
shown in@10# that this model provides a comprehensive e
planation of a broad spectrum of data onpp or pp̄ collisions
in the energy range ofAs55–2000 GeV. We applied the
HIJING code to simulatepp collisions atAs5 53, 200, and
1800 GeV and to study systematically the features of
scaling function. In our analysis we have been oriented
the particles which can be observed experimentally. Follo
ing the arguments from the previous section, we have cho
the density of the secondary hadrons fordN(0)/dh at a
given energy. The values ofm1 andm2 appearing in Eq.~2!
are summarized in Table I. The procedure of obtainingm1
andm2 is described in Ref.@5# and for the case of charged
hadrons it is motivated by considerations from Ref.@11#. The
results of the simulations are shown in Figs. 4–9.

The dependence ofH(z) on z for charged hadrons de
tected atu590° in c.m.s. for three different energies
shown in Fig. 4~a!. The angular dependence of the scalin
function is presented in Fig. 4~b!. Figure 4~c! represents the
comparison of the Monte Carlo calculations with the expe
mental data obtained atu590°. The situation in the case o
the charged pion inclusive production is plotted in Figs.
and 6. As can be seen from Figs. 5~a! and 6~a!, the proposed
scaling for pions sets on at value ofz.0.2. This corresponds
roughly to the secondary pion momentaq.0.4 GeV/c in the

FIG. 3. The dependence of multiplicity densitydN(0)/dh of
charged particles produced at pseudorapidityh50 on the c.m.s.
energyAs for pp or p̄p collisions. Experimental data are take
from Refs.@15,16#.

TABLE I. The values of mass parametersm1 andm2 used in the
analysis of the scaling functionH(z).

Produced m1 m2

particle ~GeV! ~GeV!

p1 mp mn2mp

p2 mp mp

K1 mK mL2mK

K2 mK mK

g 0 0
h6 0.31 0.31
x-
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energy range considered. It should be noted that there i
practically no difference betweenp1- andp2-meson scal-
ing properties. Figures 7 and 8 show the corresponding dis
tributions for K6 mesons. For both types of secondary
strange mesons, the scaling functionH(z) does not depend
on energyAs and angleu. Figure 9 demonstrates the prop-
erties ofH(z) for g ’s. Because theg ’s are, mainly, products
of p0-meson decays, this distribution reflects the properties
of thep0-mesons scaling function.

Analyzing the angular dependence of the scaling function,
presented in Figs. 4~b!, 5~b!, 6~b!, 7~b!, 8~b!, and 9~b!, one
can see the excellent agreement in different kinematical re
gions, i.e., the scaling functionH(z) does not depend on the
emission angle of the secondary particle. The ratios of char
acteristic ~average! formation lengthsah/p

1
5 z̄ h/ z̄ p1

for
various secondary particles are given in Table II. One can
see thatah/p

1
depends on the sort and the mass of the pro-

duced hadronh.
The obtained results on the ratios among charact-

eristic formation lengths of the different hadrons
(h5p6,0,K6,h6) demonstratez scaling in a similar way for
the fragmentation functionsDh(z) as for the scaling function
H(z). Taking into account the symmetry properties of
H(z) and ~24!, we connect the fragmentation functions
Dh(z) for different hadronsh1 andh2 by the relation

Dh1~z!5
1

~ah2 /h1!2
Dh2S z

ah2 /h1D , ~25!

and to conclude that the general property of the hadroniza
tion process is a universality of the fragmentation function.

IV. RESULTS AND DISCUSSION

Finally, we would like to discuss the qualitative picture
resulting from the proposed scheme for various types of sec
ondary particles. The different values of the factorsah/p

1
,

h5p2,K6,h6 represent the relative ratios of characteristic
~e.g., average or maximal! formation lengths for various had-
rons. The value of the variablez also depends on the factor
DM , which we interpret as a quantity proportional to the
tension of the formatted string. Let us look nearer to this
aspect of our construction. We consider two kinematical re-
gions: one characterized with high transverse momentaq' ,
which at high energies correspond to lowx1,2,0.1 and an-
other with extremely high longitudinal momentaqi , which
givesx1(x2)→1 andx11x2.1. The first region is the cen-
tral region of secondary particle production and the second
one is the fragmentation region of one of the incoming par-
ticles. The dependence ofx1 andx2 on the secondary particle
momentumq is illustrated in Fig. 10. Figure 10~b! shows the
clear difference betweenx1 andx2 in the fragmentation re-
gion of the incoming particleM1.

n

TABLE II. Relative formation lengths of hadrons produced in
pp or p̄p-collisions atAs.53 GeV andq.0.4 GeV/c.

ah/p
1

ap2/p1
aK

1/p1
aK

2/p1
ag/p1

Relative formation length 1.05 1.1 1.5 0.83
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FIG. 4. Simulation results of scaling functionH(z) for charged particle production and comparison with the experimental data obtained
at As5200 GeV andu590° c.m.s.@12#.
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The string tension in the central region is higher than
the fragmentation one. It corresponds to our ideas about
hadronization process in which the produced bare qua
dresses itself dragging out some matter~seaqq̄ pairs, gluons!
from the vacuum, forming a string. The string connects t
leading quark of the hadronm1 with the virtual object with
the effective mass (x1M11x2M21m2). The momentum of
this object compensates the high momentum of the inclus
particlem1. The quark dressing in the central region is mo
intensive than that in the fragmentation region. In our opi
ion it can be connected with the substantially lower relativ
velocities of the leading quark to the vacuum in the centr
n
the
rk

e

ve
e
-
e
al

region than those in the fragmentation one. For the slowly
moving quark, it is more easy to obtain an additional mass.
Such a quark is strongly decelerated with the string, which
has the high tension. Consequently, the hadron generate
from this quark is formed on a smaller formation length.

We study the regime of local parton interactions of inci-
dent hadrons at high energiesAs.30 GeV and for the sec-
ondary particle momentaq.0.4 GeV/c. In this regime the
quark distribution functions of the incoming hadrons are
separated and, therefore, the scaling functionH(z) describes
directly the universality of the fragmentation process of sec-
ondary partons into the observable hadrons. The universa
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behavior ofH(z) for different hadrons, taking into accoun
the symmetry properties of the function under the transfo
mationz→z/a, supports the obtained results.

V. CONCLUSIONS

The inclusive particle (p6,K6,h6,g) production inpp
or p̄p collisions is considered. Based on the automodel
principle, the new scaling,z scaling, is predicted. It was
shown that the scaling functionH(z) is expressed via two
observables—the invariant inclusive cross sectio
Ed3s/dq3 and the multiplicity densitydN/dh of particle
production at pseudorapidityh50 without any free param-

FIG. 5. Simulation results of scaling functionH(z) for
p1-meson production.
t
r-

ity

n

eters. We conclude, therefore, that the predictedz scaling is
model independent and reflects the general properties of th
pp or p̄p interaction. The available experimental data and
results of Monte Carlo simulation forpp collisions over a
wide energy regionAs and angleu of the secondary particles
confirm the universal dependence of the functionH(z) on
the variablez. TheH(z) is independent ofAs andu in the
central region of particle production. The functionH(z) can
be connected with the fragmentation functionDh(z) and it is
shown that they both have the samez-symmetry properties.
The experimental verification of thez scaling inpp or p̄p
collisions at Tevatron~Fermilab!, RHIC ~BNL! and LHC
~CERN! allows one to determine general features of hadron
hadron interaction on the parton level and to establish th

FIG. 6. Simulation results of scaling functionH(z) for
p2-meson production.
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possible mechanism of hadronization@17#. The scaling pro-
posed can be an excellent ‘‘instrument’’ in searching for n
phenomena not only in hadron-hadron, but in hadro
nucleus, nucleus-nucleus, and semi-inclusive deep-inela
lepton-nucleus interactions.
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FIG. 7. Simulation results of scaling functionH(z) for
K1-meson production.
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APPENDIX

In the Appendix we present the results of the calculatio
of the functionsh1 and h2. Starting from the approximate
expression~9! for the invariant cross sectionEd3s/dq3, we
define the functionsh1 andh2 as

h1~x1 ,x2!54@dN~0!/dh#2~M11M2!
2s21

]z

]x1

]z

]x2
,

~A1!

h2~x1 ,x2!54@dN~0!/dh#2~M11M2!
2s21z

]2z

]x1]x2
.

~A2!

FIG. 8. Simulation results of scaling functionH(z) for
K2-meson production.
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We rewrite Eq.~9! into the form

E
d3s

dq3
52

1

4p~M11M2!
2@dN~0!/dh#2 S dc~z!

dz
h1~x1 ,x2!

1
c~z!

z
h2~x1 ,x2! D . ~A3!

If the scaling variablez is determined by

z5Asx/@DM•dN~0!/dh#,

DM5M11M22m12m22x1M12x2M2 , ~A4!

the direct calculation ofh1 and h2 for M15M25M gives
the result

FIG. 9. Simulation results of scaling functionH(z) for g pro-
duction.
h15$sx1x2@d22~x12x2!
2#

12M2~x12x2!
2@d~d2x12x2!14x1x2#

24M4s21~x12x2!
2@d~d22x122x2!14x1x2#%F

21,

~A5!

h25$sx1x2@d22~x12x2!
214x1x2#

12M2$~d2x12x2!@~x1
21x2

2!~x11x2!22x1x2d#

18x1x2~x12x2!
2%18M4s21~x12x2!

4%F21, ~A6!

where F5@x1x2s1(x12x2)
2M2#(d2x12x2)

4/4 and
d522(m11m2)/M , s5(P11P2)

2. In the case of different
masses of the incoming objectsM1ÞM2, these expressions
become too clumsy and we present them, therefore, in an

FIG. 10. Dependence ofx1 and x2 on the secondary particle
momentum in the central~a! and beam fragmentation region~b!.
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approximate form here. This can be obtained by writing f
z the expression~A4! with Asx;Ax1x2s. Consequently, we
get the relations

h15
D22xeff

2 14x1x2M1M2 /~M11M2!
2

~D2xeff!
4 , ~A7!
or
h25

D22xeff
2 18x1x2M1M2 /~M11M2!

2

~D2xeff!
4 , ~A8!

where D512(m11m2)/(M11M2) and xeff5(x1M1
1x2M2)/(M11M2).
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