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Nonlinear e*e™ pair production in a plasma by a strong electromagnetic wave
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The nonlinear process of electron-positron pair production in the field of a strong electromagnetic wave in
a plasma on the basis of the Dirac model is considered. The formulas for angular distribution and total number
of electron-positron pairs are obtained. The latter, in the center-of-mass frame of the produced particles, also
describe the process of pair production in vacuum by a uniform periodic electric field. The obtained approxi-
mate nonlinear solution of the Dirac equation is applicable in the field when the energy of interaction with the
Dirac vacuum is comparable to the electron rest mig8556-282196)02319-3

PACS numbsgs): 13.40-f, 23.20.Ra, 52.35.Hr, 52.40.Db

[. INTRODUCTION dispersion are far from those of the considered fields, and for
these fields, as will be shown belogss1. As follows from
The multiphoton production of electron-positron pairs in athe results obtained if¥4], the contribution of the wave in-
plasma by a laser radiation field is possible at ordinary dentensity in the law of dispersion becomes essential wf¥eh.
sities [1], in contrast with single-photon production Since even for the most powerful laser fields existigg1,
y—e* +e~, which is only accessible in a superdense plasmahe dispersion law of a plasma can be regarded as linear, but
(electron densityp=3x10* cm3) [2]. However, in[1] the  the pair-production process in such fields will have an essen-
multiphoton pair-production probabilities were obtained inti@l nonlinear behavior. The multiphoton degiiees defined
fields which are rather weak for the real perturbation of thePY the condition(reaction threshold

Dirac vacuum, where A/iiw<<1 and the theory of perturba- me

tion in the field is valid(e is the electric charge, ardl andw N w= R 1)

are the amplitude of the vector potential and the wave fre- [1=n%(w)]

quency, respectively The minimal degre&l,, of multipho- This paper presents the electron-positron pair-production

ton production is determined by the process thresholghocess through nonlinear channels by a strong laser field in
Nmin>mc7hw, and so the lowest order of perturbation a plasma. The problem is solved with the help of the Dirac
theory, in which pair production by a laser field is possible,model, according to which all negative-energy states are
ist Npin>1. filled with electrons and the interaction of the wave occurs
Reale®e™ pair production requires such high intensities with that vacuum.
that the energy of the interaction of the electron with the field In Sec. Il the Dirac equation in the field of the plane
over a wavelength becomes comparable to the electron restonochromatic electromagnetic wave propagating in a
mass: ecE/o=mc?. Let introduce a relativistic invariant plasma is solved. The nonlinear solutions in the center-of-
parameter of the wave intensity¢&’=—e’a3/m?c*  mass frame of the produced particles, where the field of the
(a3=agab, wherea; is the amplitude of four-vector poten- Wave transforms into a homogeneous periodic electric field
tial of the wave. For the above-mentioned fields, are found. The latter means that the obtained results also
é=eA/mcP=eEy/mcw=1, whereA, and E, are ampli- describe the electron-positron pair-production process by a
tudes of the vector potential and of the electric field of theperiodic electric field in vacuum.
wave, respectively. In Sec. Il the multiphoton pair-production probabilities in
In such fields the multiphoton pair-production processa plasma by the wave field, as well as in vacuum by the
goes in through nonlinear channels, for a description operiodic electric field, with the help of the obtained solutions
which the perturbation theory is certainly not applicable. Inof the Dirac equation are calculated. In the case of weak
this case the dispersion law of a plasma is nonlinear, too; i.efields the results obtained in Réfl] are summarized in the
the refractive index n(w) depends on the wave Nth order of the perturbation theory.
intensity: n=n(w,&?). As is known[4], because of the in-
tensity effect, the transparency range of a plasma widens antl. NONLINEAR SOLUTION OF THE DIRAC EQUATION
the dispersion lawn(w,&%)<1, which is necessary for the
production ofe™e™ pairs, holds all the more. But the inten-
sities required for the appearance of a real nonlinearity i

Let a plane transverse linearly polarized electromagnetic
Jvave with frequencyw and vector potential

A(F,t)=A, cod wt—i-T); |k|=nwlc, )
1n contrast with the stationary case, in a nonstationary plasma, dfopagate in a plasma with the dispersion law

the sharp change of the refractive index in time, pair production b)ﬁz(w_) =1- 477_pe2/mw2. _
a laser field is possible already in the single-photon channel, i.e., in It is convenient to solve the problem in the center-of-mass

the first order of perturbation theory in the figlgl. frame of the produced pailC frame, in which the wave
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vector of the photons i%’=0 (the refraction index of the - 1 0
plasma in this frame is’=0). The velocity of theC frame E'=(P'2+m?)' ¢1=X3=(0)- 2= X4= ( 1)-
with respect to the laboratory franfe frame is V=cn. The (7)
traveling electromagnetic wave is transformed in t@Ge
frame into a varying electric fielthe magnetic fieldd'=0) The solution(4) in the form(5) corresponds to an expan-
with a vector potential sion of the wave function in a complete set of orthonormal
. functions of the electrongositrons with specified momen-
- Ay . . tum [with energiesE’ = = (P'2+m?)Y? and spin projections
A1) =5 [expio"t) +exp(—iw't)], S,=+1/2]. The latter are normalized to one particle per unit
volume. According to the assumed model only the Dirac
o' =wJl—n2. (3)  Vvacuum is present prior to the turning on of the field: i.e.,
It is easily noted that with Eq(:3) taken into account the |ag(—=)[?=lag(—=) =1, |ay(—)|*= |a2(—00)|2(

reaction threshold conditiofl) is obtained from the laws of
the conservation of enerdy’ + E} =N%w’ and momentum g fig|q is turned on adiabatically & —o). From the con-
P_L+P.=Nfix'=0 in theC frame(E_L,P_, andE! ,P’  dition of conservation of the norm we have
are the energy and momentum of the electron and positron,
respectively, in theC frame. 4
To solve the problem dfl-photon production of ae™ e~ Z lai(t)]?=2, C)
pair in the given radiation fielé2), we shall make use of the =1
Dirac model (all vacuum negative-energy states are filled,yhich expresses the equality of the number of created elec-

with electrons and the interaction of the external field pro-ons and positrons, whose creation probability is, respec-
ceeds only with this vacuum: on the other hand, the interacﬂve|y la, z(t')|2 and 1-|as 4(t’)|2.

tion with the plasma electrons reduces to a refraction of the Substituting Eq(5) into Eq. (4), multiplying by the Her-

wave only. o . : + o, o
The Di%ac equation in the fiel(8) has the formhere we mitian conjugate funcnonﬂfi(o). (r’,t), and taking into ac-
sethi=c=1) count orthogonality of the eigenfunctior§) and (7), we
obtain a system of differential equations for the unknown
oW - . functions a;(t"). Since in theC frame there is symmetry
i W:[a' (P'—eA'(t"))+Bm]¥, (4)  with respect to the directioA, (the OY axis), we can take,
without loss of generality, the vectdt'’ to lie in the XY’
where plane P,=0). Further, having introduced, to simplify the
notation, the new symbols
. [0 @& I O / )
=5 o' P7lo —i ay(t")=by(t'),
are the Dirac matrices, with the Pauli matrices. Since in o P2"" PP,
the C frame the interaction Hamiltonian does not depend on aq(t)=by(t)| 1 E'Z2 E'(E'+m)
the space coordinates, the solution of E4). can be repre- )
sented in the form of a linear combination of free solutions . v
of the Dirac equation with amplitudes(t’) depending only 1= E'(E'+m)/ |’ (10)
on time:
. we obtain for the amplitudes by(t’) and
- - b,(t")(|ba(t")|=]a,(t")|) the following system of equa-
‘I’ﬁ/(r,,t,)zz ai(t/)\l,i(O)(r/’t/). (5) Uéfr]s)d 4( )| | 4( )|) g Sy q
i=1 '
Here dby(t') ePJA (L") ,
dt’ =1 E’ bl(t )
o, "4 m\ L2 ‘P}'ZIS 12\ 172
VO =S| | TP +ieAt)| 1- = )exp2iE "t
. 2E’ Il ieA(t")| 1 ; b,(t")exp(2IE't"),
E +m £12 Ay E'?
N 11
xexdi(P'-r'—E't")], dby(t") ePAl(t)) o
© qu =1 g balt)+ieAyt’)
0,21 41 E’+m)\? _?-—‘PX34 12\ 1/2
Waar )= 5z E'+m 7> X 1—E—¥2) by(t")exp(— 2iE't").
X3,4
X exqi(ﬁf F+E't)], A similar system of equations is also obtained for the ampli-

tudesb,(t’) andbs(t)
where To solve the systenill), we make the transformations
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B N EI 1 P),/Z 1/2
; 1(t)_2_|3;, —E72

! ! H P§ t, !
by(t)=ci(t)expi 7 | Ay(mdy
+o ,

X Sw j(Z)EZiE/t'—iSw't/ (17)
12) < 2E'—sw’ 7° '

!

Nt Py
by(t) =cy(t’)expg —i =7 f_mAy(n)dn

where thec;(t’) and thec,(t") satisfy the initial conditions, whereJy(2) is the Bessel function,

according to Eqs8) and(10), |c,(—)|=0, and|c,(—=)|=0. m P/ ek, »
For the new amplitudes, (t') andc,(t") from Egs.(11), 7=2¢ — 2, E=——, Ep=— Ao.
we obtain the system of equations E' o L ¢
/ Sinceé, is an relativistic invariant parameter, in formulas
dey(t’) , , -
——=f(t")c4(t), (17) é=eEy/mcw, wherew and Eq are the frequency and
dt amplitude of the electric field of the wave in theframe.
(13 For existing fields, wher=<1, the condition(15) always
dey(t) _ eyt satisfied B;(t")| <1, but the latter is not enough, yet, in order

dt’ nen to be confined to that term in determination of the amplitude

c,(t"). Because the resonant terB=EN=2E'/w (N>1)
where gives a real contribution in the multiphoton pair production
process and in expressigqd7), the maximal value of the
e )’,2 vz Bessel function can be shifted from the resonant value. Since
f(t)=ieA(t")| 1- E2 N>1, that shift will be as small and negligible as possible
when the argument of the Bessel functionZis N>1. So
the condition, when the pair-production process will have an
. (14)  essential nonlinear character, is

!

L 2iePy v
Xexp 2iE't" — = f,wAy(”)d”

We can obtain the solutiofill), which satisfies the initial Z=2¢ m,—¥>1. (18
conditions of the problent8), with the help of successive E'o

approximations, if
t/
’f f(r)dr

Then, for the transition amplitude,(t'), we have So the obtained approximate solution of Dirac equation is
applicable in such intensities of the electromagnetic wave,

, - , when the conditiong15) and (18) are satisfied simulta-
Cl(t ):JZO sz+l(t )1 neously

If the condition(18) is satisfied, we can be restricted to the
first term of the sun{16) for the amplitudec,(t’):
<1. (15)

Cy(t")=By(t"). (19

1
where N«gs 1. (20)

St 71
sz+1(t'):(_1)JJ' f(Tl)dTlf f*(7mp)dm,
—® — I1l. MULTIPHOTON PROBABILITIES
OF NONLINEAR PAIR PRODUCTION

72 T2j-1
X ﬂof(TS)dTS' . f*(72))d 7y According to Eqs(10) and(12), for the transition ampli-
tude of the electron from the Dirac vacuum to the state with

72 positive energyin a definite spinor stajan the wave field
X | f(72540)d 7o) 1. (18 e have:

|2 _— "2 _ \|2
We are interested in nonlinear pair production in the strong |a1(t)|* =Dy (t)[*=ex(t)".

wave field. For that let us calculate the first term of the sum

(16): To obtain the probability amplitude for the production of

electrons and positrons after the wave has been turned off we

o introduce a small detuning of the resonance in @), cor-
Bl(t’):f f(ry)d7y, responding to anN-photon transition: E'=Ne'+T

—o T'<w').

The production probability of thee™ pair, summed

substituting the concrete form of the wave vector potentiabyer the spin states, is determined by the quantity
A§(r;) from expressior{3) into expressiori14) and carrying
out the integration. Then fdB,(t') we obtain lay(t") |2+ |ay(t")[?=2]ay(t")|>=2|C4(t")|?.
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The differential probability of theN-photon process per As is seen from Eq(22), the pair-production probability
unit time and phase-space volurd@p’/(2m)3 (the normal-  decreases highly at the directions perpendicular to the field
ization volumeV=1) in the center-of-mass frame of the pro- (P;=0), and the obtained approximate nonlinear solution

duced particles is given by describes the process behavior well at the angles not too
WECt! 12 3 close ton/2. And so expressiofi23), which is a result of
o dWR(t) o fey(t)]F dp integration over all angles, does not contain a large error.
wy=——p7—=2 lim —/— ——3. (21 X . ST )
t t (2m) The quantityWy is a relativistic invariant, and so formula

v (23) defines the pair-production probability in theframe as

Substituting expressiof17) into Eq.(21) and making use of well. As for the angular distribution of the probability of
the definition of thes function in the form N-photon pair productlon in the frame, it can be obtained
from the expressiodW(t") for the differential probability

sir® Tt/ , in the C frame by a Lorentz transformation. Here the quan-
!'m T2 - o0 =628 - —No’), tity multiplying d®p’ is the expression adW§(t') [see Eq.
! (21)] transforms like the time component of the current den-
we obtain sity four-vector of the electrons in the Dirac vacu(ii <O0).
One must here take into account that the momentum of real
o N2w'2(E'2-Pj%) _[2eAP, electrons coincides with the momentum of the vacuum elec-
dwy= 1672P,2 Nl B’ tron P’, while the momentum of a positron equat$’ and

the vacuum phase-space volume elentEpt’ /(27)° (in unit
, | volume goes over correspondingly into the volume element
E T d°p’. (22) in momentum space of electrons and positrons. Further,
transforming the quantities in E€R2) from the C frame to
Integrating the expressiof22) overd®p’, we obtain the the L frame, we obtain for the differential probability of
total probability of theN-photone®e™ pair production in a  N-photon pair production per unit time in theframe:

plasma by the strong electromagnetic wave:

X 0

U AG N2 2(1-n?)(E—nP,)

WN= 2
t
wim 327Tp H 1lr2z 1672P2E
22 ) X{ﬂ_ 2 ﬁﬂ}
0 2 1-n w(E—an)
2N(2N 1)jN 1(Zo)+ 2N(2N+1)‘7N+1(Z°) No(1-1)
w(1—
— _ 3
4p’2 z2N X 8| E—nPy 5 d°p, (29

N?w’? 22N(2N+1)(N!)? -
whereE and P are the energy and momentum of the pro-

N L 5 ) duced electron or positron. Integrating E24) over the elec-
XoFa(N+3z,N+2,N+ILN+IN+3Z,-Z5) 1, (23 {on (positron energy, we obtain the angular distribution of

the probability of theN-photon production of electror(pos-

where ,F3(N+2 N+%;N+1,2N+1N+32;—-22) is the itrons per solid angle elemengo=sindddde (the azi-

generalized hypergeometric function and muthal asymmetry of the probability in theframe is due to
5 1 the linear polarization of the wave: in the case of circular
2 :ﬁ( _ 4Am ) polarization the probability distribution has azimuthal sym-
o W’ N2w'2 metry):

2 3 3 2,2 2 2
N*w?(1—n%) N?w?(1—n?) AméP, sin 9 cos ¢
L_ _p2
dwy ,,Zl 327%(P,—nE, cos 9)sin 9 coSe 4 Py, sin’d cosp .7 [ Nw?(1-n?) dode,
(25
where
_ Nnw(1-n?)cos 9+ [N?w?(1-n?)?~4m?*(1-n? cos 9)]*
L2 2(1—n%cog) ’
(26)

_No(1-n?)=*n cos 9[N?w?’(1—n?)?—4m?(1-n? cos 19)]1’2
1.2 2(1—n%cos )
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The angleyp varies from 0 to 2, while { varies from O to
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This process has been studied by various methods in a

Dmax» Which is determined from the energy and momentumnumber of paper$5-12); however, the multiphoton prob-
conservation law$26). Further, depending on the value of abilities were obtained by using the perturbation theory in

the plasma refractive index, the electror(positror) produc-

tion at the given angle is possible for a particular momentuniExpressions (22) and (23) (o' =wo,

the field:e Aw<1 (for the special cas§=90° as well [11].
P'=P, E'=E,

or for one of two momenta with different magnitude. For Ay=E,/w) obtained here define the multiphoton production

values

[in this case the threshold conditidf) for the process is
certainly satisfietj we should take in Eqg$26) only the up-
per sign, corresponding to the fact that in the probabf{ity)
only »=1 (P,) remains andd,,,,=; i.e., particles are pro-
duced in all directions for the given angi# with definite

probabilities of ane™e™ pair by the field(27) in vacuum
through the nonlinear channels.

By integrating over the electraipositror) energy, we ob-
tain the angular distribution of the nonlinear production of
electrong(positrons in the periodic electric fieldin contrast
to the pair production by the photon fie{@5), here there is
azimuthal symmetrly

_N3w3 N2w2sirt 9+ 4m?cosd
© 327 (N?w?—4m?)Ycos 9

dwy

momentum. In the opposite case we must also take into ac-

count the reaction threshold condition in the region of values

of the index of refraction,
2m 1/2 4m2 1/2
(“m) <”<(1‘W) :

and an electrorfpositron is produced in a given direction
with one of two different values of momentuRy andP, in
a cone, opened forward, whose opening angle is

Fmax=Arcsin{[ (1—n?)(N2w?(1—n?)—4m?)1¥22mn.

The problem ofe*e™ pair production by the photon field

2 2 2\1/2
,| 2eEy(N“w”—4m*)~“*cos ¥
N Nw3

sin 9d4,

(29

where 9 is the angle between the directions of the momen-
tum of produced electrongositrons and the electric field.
Finally, we consider the case of weak fieldsNw<1
(¢<1/N), when the perturbation theory is applicable. In this
case, as was noted above, we cannot be confined to the first
term of the sun(16), since every ternB,g, ;(t') of the sum
at Z<1 [see EQq.(17) for the expression oF] includes a
resonant multiplier~¢Y (at 25+ 1<N) in the lowest order

is solved in theC frame and the probability expressions of perturbation theory. Then from E¢16) we obtain the
(21)—(23) in that frame are adduced with express purposeformula of perturbation theory for the pair production prob-

This is of independent physical interest, since Eg3%)—(23)

ability in the C frame, which coincides with the result of Ref.

describe the process of pair production in vacuum by a unif1], and has a more compact analytical fofinere we could

form periodic electric fieldsee Eq.(4)],

get free of the sum of unwieldy produgts

é(t)zéo cos wt, (27 37
, , dwi=27®25(2E' —NW') —3, (30)
with the reaction thresholfsee Eq.(1) whenn'=0] (2m)
N7 w=2mdc. (28)  where
|
Z\N 1 [(N-1)/2] N=2K  N=1—(Sy+-+S_1)—2K+]  N—=1—(Sp+-+ +Spc_7)
b= — "N—+
'8(2) Y IN=1)1 KE=1 3121 szzl Soe1
(_1)Sz+54+"'+32K
X
(N=S)(S1+Sy)  [N=(S;+ S+ -+ Sk 1) [(S1+ S+ - +Sxk)
2K
X P (31

(S—DIS= Dt (S~ DIN-1—

HereN=3, and parameters

E’ 12\ 1/2 mP/
B (1 y) . Z=NE—7: f<—.

=—|1-=%>
2P, E

(S1+S+- - +Su) ]|

E!2 1
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