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Reconciling inflation with openness
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It is already understood that the increasing observational evidence for an open universe can be reconc
with inflation if our horizon is contained inside one single huge bubble nucleated during the inflationary pha
transition. In this frame of ideas, we show here that the probability of living in a bubble with the rightV0

('0.2) can be comparable to unity, rather than infinitesimally small. For this purpose we modify both qua
titatively and qualitatively an intuitive toy model of ours. Therefore, inferring from the observations tha
V0,1 not only does not conflict with the inflationary paradigm, but rather supports therein the occurrence
a primordial phase transition.@S0556-2821~96!00220-2#
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I. INTRODUCTION

An open universe, i.e., without enough matter to h
eventually its expansion, (V0'0.2), agrees with most astro
nomical observations~see, e.g., Ref.@1#! and with their in-
terpretations. For example, in connection with the formati
of large scale structure in the cold dark matter~CDM! sce-
nario, it gives the best fit to the observed clustering~see, e.g.,
Ref. @2#! yielding also the required@3# power on the large
scales; it explains the dynamics of bound objects on re
tively small scales~see, e.g., Ref.@4#!; it also increases the
age of the Universe, alleviating the conflict with the age
globular clusters~see, e.g.,@5#!; finally, it is in a better agree-
ment with direct geometrical estimates from radio sour
number counts~see e.g., Refs.@4,6#!. A low density universe
is now preferrable even for theorists~e.g., @7,8#! when they
essay to explain the small scale anisotropies measured in
cosmic microwave background~CMB!. Quite naturally, as
the flatness prediction,V051, is a basic paradigm of infla-
tion, one may resort to the addition of a vacuum energ
V05VCDM1VL51 ~for an early suggestion see, e.g., Re
@9#! and build a theory forL, see, e.g., Ref.@8#. Neverthe-
less, thatV0 may be less than one is certainly a stimulatin
challenge of modern cosmology, notwithstanding the ob
ous caveat that nothing is certain because~i! the present
small scale observations, which mostly favor a lowV0, may
be too limited to be representative of the whole Universe a
~ii ! the job of interfacing theory and observations for th
CMB perturbations is still in its infancy~see, e.g., Ref.@10#
for another solution!. On the other hand, it is also possible t
choose the initial conditions in inflation so as to giv
V0'0.2 today, either by starting with an extremely sma
density parameter at the beginning of inflation, or by assu
ing that inflation lasted less than 60e foldings or so. Both
possibilities, however, enter in conflict with the very spirit o
inflation because they introduce the fine tuning of the init
conditions that inflation overcame and we certainly do n
want to reintroduce them; moreover, there would be als
conflict with the microwave background isotropy@11#.

In this work, we move instead from the fundamental n
tion @12–14# that the inside of a primordial bubble nucleate
for quantum tunneling from a false vacuum~FV! to a true
vacuum~TV! looks like an open universe in an external d
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Sitter space. Recently, substantial progress~upon which we
build! has been achieved along this line in two differe
ways. The first is the single-bubble scenario@15,16# in one
field inflation, where theidenticalbubbles inflated for about
60 e foldings after nucleation: our visible universe is con
tained inside one of these bubbles, and appears to be loc
open. The second proposal@17# is the many-bubble scenario
in two-field inflation where one field drives the inflationar
slow rolling and the other undergoes a quantum tunneling
a direction orthogonal to the former, generating bubbleli
open universes, with all possible density parameters, fr
zero to unity. Then, there is no reason to expect a preferen
value ofV0: it must then be argued that possibly quantu
cosmology will explain why we live in anV050.2 universe.

The model of this work implements also a many-bubb
scenario, exploits fully the assets of two-field inflation@18#
and has two useful features: the peak of the bubble nuc
ation ~i! can be placed at any observedV0,1, and~ii ! can
be made narrow enough for our Universe to be regarded
typical. Furthermore, the absolute probability of residing in
bubble ~whatsoever! may be made comparable to one~at
least until some costraint is found!, so that the use of the
anthropic principle may be largely avoided. In our mod
bubble nucleation is made to end abruptly: thereafter,
external space~embodied in the residual fraction of fals
vacuum! undertakes a classical double inflationary tour e
actly such as in the literature@19# that seeks a break in the
canonical featureless perturbation power spectrum. In fa
this is an anomalous two-field inflation in which the on
scalar field present~the other, in reality, is disguised as grav
ity! is exploited twice, quantistically~for the tunneling! and
classically~for the second slow rolling!.

Our model, already introduced@20# to produce large scale
power in the CDM scenario out of the remnants of the p
mordial phase transition~see also@21#!, contains now a re-
sult of @16# that specifies how to link the bubble’sV0 to the
bubble’s nucleation epochN ~number ofe foldings between
nucleation and end of inflation!,

V0~N!5@114exp$2 ~NH2N!%#21, ~1!

whereNH corresponds to the horizon, i.e., is fixed by th
request that the largest observable scale,LH52c/H0,
4760 © 1996 The American Physical Society
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54 4761RECONCILING INFLATION WITH OPENNESS
crossed out the horizonNH e foldings before the end of
inflation ~and is close to 60 for standard cosmological valu
@23#!. Notice that according to Eq.~1!, for N→`, V0→1 as
expected because the bubble is born withV050 and evolves
toward flatness with time. Also, notice the other coinciden
that bubbles born atNH have todayV050.2: this is the main
difficulty in model building, because a horizon-sized bubb
~or even smaller, were the need to arise! can easily be seen

Our procedure is the following: given any value ofV0 we
determine through Eq.~1! the correspondingN(V0) and we
end abruptly at thatNE5N the bubble production via a fea
ture in the potential~see below! that increases manifolds the
Euclidean action. The universe contains then only bubb
that have been generated earlier,N.NE , in higher number
for lower N and have now attained all the
V0(NE),V0,1. This break is also new with respect to ou
work of @20#. In Ref. @17#, the lack of completion of the
phase transition is dictated by the need to prevent us fr
seeing our bubble’s walls; here, it solves that problem, bu
a novel way, that may be useful in future improved work:
virtuous ~or cunning! potential takes care of inflating the
bubble size beyond the horizon after the bubble interior h
become radiation dominated.

II. THE MODEL

To realize our scenario we need two prerequisites,@20#.
First, we need two channels, a FV channel, to drive inflati
in the parent universe, and a TV channel, to drive a shor
but well appreciable, inflation inside the bubbles. Second,
need a tunneling rate tunable in time, in order to produc
nucleation peak at the right epoch. Our model has just th
features: it is certainly not the unique possibility, but it is
rather simple and geometrically intuitive one.

The model works in fourth order gravity@24#, and ex-
ploits two fields: one, Starobinsky’s scalaronR ~i.e., the
Ricci scalar! drives the slow-rolling inflation; the secondc
performs the first order phase transition. The phase transi
dynamics is governed both by the potential ofc and by its
coupling toR; the dynamics of the slow roll is ‘‘built in’’ in
the fourth order Lagrangian:Lgrav52R1R2/@6M2W(c)#
(c5\5G51); the matter Lagrangian is instead standa
and contains the usual potentialV(c). The coupling of the
scalaron withc can be thought of as a field-dependent effe
tive massMeff(c)5MW1/2(c)'M , just as the Brans-Dicke
scalar-tensor coupling is a field-dependent Planck mass,
remains hidden in the Yukawa corrections@25# to Newton’s
gravity at 105–106 Planck lengths@24,26#. We are interested
only in the lastNT.NH e foldings of inflation. This theory
can be conformally transformed@27# into canonical gravity:
g̃ab5e2vgab ,e

2v5u]L/]Ru512R/3Meff
2 . Then, it be-

comes undistinguishable from Einstein gravity with tw
fieldsc andv, coupled by a potentialU(c,v) linear both in
V(c) and inW(c).

The ansatzof a quarticW(c)5118lc2(c2c0)
2/c0

4 ,
with two degenerate vacua at 0 andc0 and a mass term
V(c)5m2c2/2 realizes the two conditions discussed abov
it carves, in fact, two parallel channels of different heigh
separated by a peak of heightl/2 atcPK5c0/2. The degen-
eracy ofW(c) in c50 andc5c0 is removed byV(c); the
TV channel remains exactly atcTV50, while the FV chan-
es

ce

le
.

-

les

r

om
t in
a

as

on
ter,
we
e a
ese
a

tion

rd

c-

and

o

e:
t,

nel remains approximately atcFV5c0.
Let us now follow the evolution of a generic bubbl

nucleated atN. After nucleation, the bubble slow rolls down
the TV channel forN e foldings, and then exits inflation,
reaching the global minimum atv5c50, where it reheats
and enters its Friedmannian radiation-dominated era~RDE!.
At the same time, the external space also slow rolls
nearlyN e foldings down the FV channel. After this firs
inflation, however, the external space undergoes a sec
inflation along thec direction, and forv'0. This second
inflation lasts approximatelyN252pc0

2 e foldings. Only
then does the external space reach its RDE. This sec
inflation is crucial in our model. In fact, we know that th
bubble’s walls grow, as seen from inside, at the velocity
light as long as the external space is de Sitter space. Du
the first inflation, when both the bubble and the extern
space are de Sitter space, the walls expand comovingly;
bubble comoving size is thenL'LHe

N2NH. During the sec-
ond inflation, when the bubble is in RDE, the causal horiz
expands overcomovingly asa2, wherea is measured from
the inside. At the end of this era the bubble size acquir
therefore, an extra factor of a becoming
L'LHe

N2NH3eN2. When finally both the inside and the out
side of the bubble are in the Friedmannian regime, the b
ble’s walls expand again comovingly~as long as they are of
superhorizon size!: now, however, the causal horizon i
faster than comoving expansion, and the walls may beco
visible. The relevance of the second inflationary stage is t
it allows the bubble comoving size to become as large
wanted by tuningN2; in particular, the bubble can be ye
invisible because many times larger than our present horiz
Unlike the other models, in which we will never see th
walls, because the external space is always de Sitter spac
our model we will see the walls, but only in a remote futur
How remote is this future depends onN2. Since we want
N'NH , it is enough to chooseN2 larger than, say, 100, to
ensure that the bubble walls are well outside our pres
horizon. This implies a very reasonablec0.4.

With these general considerations in mind, we can p
ceed now to work out the details of the nucleation proce
@12#. The tunneling rate G can be written as
G5M4exp(2S), whereM is of the order of the energy of
the false vacuum, andS is the minimal Euclidean action, i.e.
the action for the so-called bounce solution of the Euclide
equation of motion. For the calculation ofS we can use
directly standard physics@12# provided we satisfy the thin
wall limit ~TWL!, which is not difficult to achieve. The re-
sult is @20#

S5~N/N1!
4, N1'Am3c0 /~M

2l!. ~2!

ThusN@N1 to avoid spinodal decomposition@22#. In par-
ticular, we will exploit the fact thatS decreases asN4

~bubble nucleation more likely later than earlier! and in-
creases asl2 ~a quenching opportunity!. Finally, the relevant
parameter@28# Q54pG/9H4, which measures the numbe
of bubbles per horizon volume per Hubble time can be wr
ten as@20#

Q~N!5exp„~N0
42N4!/N1

4
…,
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~M/Meff!
45~9/64p!exp„~N0 /N1!

4
…. ~3!

ThusN0 tells us when the physics is being done becaus
estimates the peak of the bubble spectrum.

To summarize, our model has four free parameters:M ,
setting the slow-rolling inflationary rate;m, setting the en-
ergy difference between vacua;l, setting the barrier height;
and finallyc0, setting the separation between vacuum cha
nels. These constants completely define the slow-rolling a
the phase transition dynamics: we should fix all four of the
but for the time being we fix only the two combination
thereof we have calledN0 andN1; we hope the remaining
freedom will suffice to meet forthcoming constraints. Fu
thermore, there is one feature we have to insert by hand;
the mechanism by which the bubble production is haltedex
abrupto. We have chosen to do this by insertingad hocat the
desired point,N5NE , a sudden ramp inl which then be-
comes effectivelyl(v). The detailed form ofl(v) is not
important as long as the increase inS is sharp and sudden
enough to quench instantaneously the bubble production
fact, givenNE as said above, we findN0 by fixing the frac-
tion X of the FV phase that we want to turn into the T
phase through Eq.~4! below. The visual difference with@20#
consists in the fact that the FV channel here does not me
into the TV channel at someN.0, but plunges onto it per-
pendicularly only atN'0. Therefore, as already mentione
whatever remains in the FV phase slow rolls classically ov
a double inflationary path@19#, an essential feature in ou
model ~see the top panel of Fig. 1!.

We now proceed to the evaluation of the tunneling pro
ability @14#: dn/dt5GVFV , where dn is the number of
bubbles per horizon nucleated in the time intervaldt,

VFV5a3~4p/3H3!exp~2I !,

and

I ~ t !5~4p/3!E 2`
t dt8G~ t8!S a~ t8!E t8

t dt9/a~ t9! D 3
..

Incidentally, the fact thatdn/dt is proportional to the FV
volume left at the timet ~i.e., the volume not already occu
pied by bubbles! implies that a turnaround is possible in th
bubble production. This is because, due to the doubly ex
nential nature of the process, after a certain time the
volume fraction may decrease faster than the producta3G
increases. This turnaround would indicate that the transit
is being completed: again, in this paper, unlike@20#, we in-
terrupt the transition sharply atNE just before all this hap-
pens@17#.

Now, bubble spectra can be obtained either through
merical integrations~see Fig. 2 in@20# where for the first
time realistic bubble spectra were given! or, better, through a
working analytic approximation, which is necessary to u
derstand the complex role of our four parameters. Algebr
details will be given in future work alongside with furthe
applications. Here, we outline the procedure: first, we chan
from one to the other of the four equivalent time variables
our disposal,t, N, L, andV0 whereL is the scale associ-
ated with N, as seen from the inflating background
L5LHexp(N2NH), andV0 is given in Eq.~1!, by writing
e it
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dn/dL5(dn/dN)/L52(dn/dt)/HL. Second, we get
the fraction of space in bubbles of sizeL,
(dP/dL)5(L/LT)

3(dn/dL), and third, the fraction of
space in bubbles of a givenV0, (dP/dV0)5
(dP/dN)(dV0 /dN)

21. Fourth, we evaluate the fraction of
space in useful bubbles:

X~N0 ,NE!5 ÈNE
~dP/dN!dN. ~4!

In the bottom panel of Fig. 1 we give five examples o
spectra obtained withN1521 from four values ofN0 de-
creasing from top to bottom, as shown. The leftmost broke
curve,N0561, achieves the completion of the phase trans
tion, NE50, and is hence labeled withX51. This curve is
important because it achieves turnaround approximately
V050.2 or N560: hence, when the break in the bubbl
production is introduced atNE560, the same curve, now
shown as the uppermost solid line with a vertical cut, yield
a truncated spectrum withX50.76 and the peak where
needed.A fortiori, lower values ofN0, which would achieve
later turnarounds, attain lower values ofX as shown, pro-
vided the break is kept in place, but continue to peak
V050.2.

III. CONCLUSIONS

We contributed one special toy model to the lore of th
flat, inflationary universe filled to a non-negligible fraction

FIG. 1. Upper panel: plot of the conformal potentialU(v,c) in
arbitrary units. The front slice is the planev50 whereU becomes
the parabolaV(c). The communication for the classical slow roll
between the FV channel~right! and the TV channel~left! is estab-
lished only atv'0: this allows a second inflation~of the back-
ground! of tunable length toward the absolute vacuumv5c50.
Lower panel: the four full lines show spectra of universe bubbles
density parameterV0 sharply peaked atV050.2: each curve is
labeled by the value ofN0 and by the value ofX,1 which apply;
in each case the phase transition is ended atNE560 by the ramp in
the barrier shown above. The broken line achieves insteadX51.
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by superhorizon-sized underdense bubbles, which appr
mate open universes. This, of course, reconciles the as
nomical observations in favor ofV0'0.2 with inflation. Our
own bubble universe is one of an infinite number of simil
bubbles. Contrary to the single-bubble scenario@14–16# and
the many-bubble model of Ref.@17#, in our model the exter-
nal space also ends inflation a tunable number ofe foldings
after the bubbles enter their RDE’s; the bubbles themsel
reenter the horizon in the distant future. The interesting f
tures of our model are that~i! we can tune the parameters t
achieve maximal probability for the nucleation of TW
bubbles around any observedV0,1 without assuming spe-
cial initial conditions and without destroying the CMB iso
ropy, and that~ii ! this probability is not infinitesimally small.

It is worth remarking again that the measure ofV0 along
with the assumption that the Universe had an inflationa
epoch, and that our position is generic, puts strong c
straints on the shape and on the fundamental paramete
the primordial potential and eventually will fix them, a
oxi-
tro-
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though for the time being we are limited to such combina
tions thereof likeN0 andN1.

Inside each bubble one has the usual mechanism of ge
eration of inflationary perturbations@6,15,16#. It is then pos-
sible that reducing the localV0 to 0.2 is sufficient to recon-
cile canonical CDM with large scale structure. However
evidences are increasing toward the presence of huge vo
in the distribution of matter in the present Universe, and fo
velocity fields that are difficult to explain without a new
source of strong inhomogeneities. If this were the case, th
need may arise for an additional primordial phase transitio
occurring 50 or soe foldings before the end of inflation,
exactly as in Ref.@20#.
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