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In this paper, we reexamine in detail the effects of primordial magnetic fields on big bang nucleosynthesis
~BBN! including a discussion of the magnetic field geometry and the anomalous magnetic moment. The
presence of magnetic fields affects BBN by~1! increasing the weak reaction rates,~2! increasing the electron
density due to changes to the electron phase space, and~3! increasing the expansion rate of the universe, due
both to the magnetic field energy density and to the modified electron energy density. Of the effects considered,
the increase in the expansion rate due to the magnetic field energy is the most significant for the interests of
BBN. The allowed magnetic field intensity at the end of nucleosynthesis~0.01 MeV! is about 23109 G and
corresponds to an upper limit on the magnetic field energy density of about 28% of the neutrino energy density
~rB<0.28rn!. @S0556-2821~96!04820-5#

PACS number~s!: 98.80.Cq, 98.62.En
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I. INTRODUCTION

Big bang nucleosynthesis~BBN! provides a unique quan-
titative window for processes occurring in the early univer
@1# between temperatures of 1–0.01 MeV. The agreem
between the light element abundances predicted by BBN a
observations constrains strongly the dynamics of the u
verse at this epoch including the presence of strong magn
fields. A primeval magnetic field existing during nucleosyn
thesis would have three major effects on BBN:~i! it would
alter the weak interaction rates,~ii ! it would modify the elec-
tron densities in phase space, and~iii ! it would increase the
cosmological expansion rate. Some of these effects were
amined by a number of authors@2# and most recently by
Cheng, Schramm, and Truran@3#, Grasso and Rubinstein@4#,
and Kernanet al. @5#. In this paper, we revisit our earlier
analysis@3# and find reasonable agreement between sub
quent work by different authors@4,5# and our present results
Although some slight differences remain, the basic conc
sions seem unambiguous. Here we also show that the eff
of the spatial distribution of the magnetic fields and th
anomalous magnetic moment do not affect significantly t
results.

II. THREE MAJOR EFFECTS OF B FIELDS ON BBN

Jedamziket al. @6# have shown that neutrino decouplin
effectively damps all magnetohydrodynamic modes up to t
scales around a tenth of the Hubble radius at neutrino dec
pling. If l d is the largest scale over which the magnetic fie
becomes spatially homogeneous due to neutrino damp
then l d'0.1 H21 at T.1 MeV. This implies that if there are
magnetic fields present during BBN their spatial distributio
is very smooth on scales smaller thanl d and the field can be
540556-2821/96/54~8!/4714~5!/$10.00
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taken as constant within these scales.
The magnetic field spatial distribution needs to be tak

into account ifl d is smaller than the length scales over whic
reactions and mixing occur during BBN. The relevant sca
to be compared tol d here is the largest mixing length, which
corresponds to the neutron diffusion lengthdn . Jedamzik and
Fuller @7# showed thatdn~1 MeV!&1 m while the horizon
H21~1 MeV!.108 m. Since l d@dn , the magnetic field is
constant within correlated volumes and will be taken as co
stant below.1 We also assume that the field is randomly or
ented within each volume of radiusl B such that the expan-
sion rate is not anisotropic and that Robertson-Walker met
is valid.

In a uniform magnetic field with magnitudeB chosen to
lie along a z axis, the dispersion relation for an electro
propagating through the field is

E5@pz
21me

212eBns#
1/21mek, ~2.1!

wherens5n1 1
22sz , ~ns50,1,...!, n is the principal quan-

tum number of the Landau level andsz561/2 are spins.e is
the electron charge,pz the electron momentum,me the rest
mass of the electron, andk is the anomalous magnetic mo-
ment term @9# for an electron in the ground state~n50,
sz51/2!. For relatively weak fields~i.e.,B&7.57531016 G!,
k52(ae/4p)(eB/me

2), while for stronger fields,

1Recently, Grasso and Rubinstein@8# assumed that the magnetic
field during BBN had fluctuations on the scale of the horizon at th
electroweak transition, which is of the order of the diffusion lengt
at the end of BBN. If damping due to neutrino decoupling were n
as effective as found in Ref.@7#, the spatial variations of the mag-
netic field could affect BBN outcome.
4714 © 1996 The American Physical Society
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k5~ae/2p!@ln(2eB/me
2)#2, whereae5

1
137. The number den-

sity of states in the intervaldpz for any given value ofns in
the presence of magnetic field is described by@10#

~22dns0!
eB

~2p!2
dpz . ~2.2!

We now discuss how Eqs.~2.1! and ~2.2! affect BBN in
detail.

A. Weak reaction rates

The weak interaction rates in a constant magnetic fie
without QED correction have been derived by Chen
Schramm, and Truran@11#. In an expanding universe, theB
field evolves asR22, whereR is the scale factor of the uni-
verse. During BBN,R}T n

21, whereTn is the neutrino tem-
perature. LetBi represent the magnetic field at an initia
temperatureTi51 MeV, g i5Bi /Bc , and g5B/Bc , where
Bc5me

2/e54.431013 G is the critical field at which quan-
tized cyclotron states begin to exist. The magnetic field
any temperatureT then can be written as
ld
g,

l

at

B5Bcg i S Tn

Ti
D 2 or g5g i S Tn

Ti
D 2. ~2.3!

With this notation, the rate for the reactionn1e1→p1 n̄e ,
is given by

la5
gV
2~113a2!me

5g iTn
2

4p3Ti
2 (

ns50

`

@22dns0#

3E
A112gns1k

` de~e2k!

A~e2k!22~112gns!

3
1

~11eeZe1fe!

~e1q!2e~e1q!Zn1fn

@11e~e1q!Zn1fn#
, ~2.4!

where g V
2(113a2)me

5/2p3.6.51531024 sec21, gV
51.4146310249 erg cm3, and a5gA/gV.21.262 ~Ref.
@12#!.

Similarly, for the reactionn1n→p1e2, the rate is
lb5
gV
2~113a2!me

5g iTn
2

4p3Ti
2 (

ns50

`

@22dn0#E
A112gns1k

` de~e2k!

A~e2k!22~112gns!

1

~11eeZe1fe!

~e2q!2eeZe1fe

@11e~e2q!Zn1fn#

2
gV
2~113a2!me

5g iTn
2

4p3Ti
2 (

ns50

ns max

@22dns0#EA112gns1k

q de~e2k!

A~e2k!22~112gns!

1

~11eeZe1fe!

~e2q!2eeZe1fe

@11e~e2q!Zn2fn#
,

~2.5!
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and for the reactionn→p1e21 n̄e , we have

lc5
gV
2~113a2!me

5g iTn
2

4p3Ti
2 (

ns50

ns max

@22dns0#

3E
A112gns1k

q de~e2k!

A~e2k!22~112gns!

3
1

~11eeZe1fe!

~q2e!2eeZe1fe

@11e~q2e!Zn1fn#
. ~2.6!

The total weak reaction rates for the conversion of neutro
to protons is simply the sum of the above rates:

ln→p5
gV
2~113a2!me

5g iTn
2

4p3Ti
2 (

ns50

`

@22dns0#EA112gns1k

`

de

3
~e2k!

11eeZe1fe

1

@~e2k!22~112gns!#
1/2

3F ~e1q!2e~e1q!Zn1fn

11e~q1e!Zn1fn
1

~e2q!2eeZe1fe

11e~e2q!Zn2fnG . ~2.7!

The parameters used above are defined ase5E/me ,
q5(mn2mp)/me , Ze5me/Te , Zn5me/Tn , fe5me/Te ,
andfn5mn/Tn , wheremn andmp are the rest masses of th
ns

e

neutron and proton, respectively,Te is the temperature of the
electrons,mi ~i5e, n! is the chemical potential of the elec-
tron or neutrino, andf i( i5e,n) is the degeneracy param-
eter.

For b-decay processes to occur in the presence of a ma
netic field, the quantum numberns has to satisfy

A112gns1k<q, or ns<ns max5IntF ~q2k!221

2g G ,
~2.8!

wherens max is the largest integer in@~q2k!221#/2g. @Note
that our expressions for the total rate~2.7! here is different
from that given in Ref.@4#.#

The inverse total reaction rate of the conversion of pro
tons to neutrons is computed as

lp→n5e2qZeln→p .

In order to better elucidate the effects of the field on th
rates, we calculate analytically the variations of the reactio
rates with respect to changes in the field, and we obtain

lim
g→0

dla

dg
} (
ns50

`

@22dns0#E0
`

dk f1~e!u1~g,e!.0,
~2.9!
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lim
g→0

dlb

dg
} (
ns50

`

@22dns0#E0
`

dk f2~e!u2~g,e!

2 (
ns50

ns max

@22dns0#E0
q

dk f2~e!u2~g,e!.0,

~2.10!

lim
g→0

dlc

dg
} (

ns50

ns max

@22dns0#E0
q

dk f2~e!u2~g,e!.0,

~2.11!

and

lim
g→0

dln→p

dg
} (
ns50

`

@22dns0#E0
`

dk@ f1~e!u1~g,e!

1 f2~e!u2~g,e!#.0, ~2.12!

where

e5~k21112gns!
1/21k, k5

pz
2

me
2 ,

f6~e!5
~e6q!2

@11e6~eZe1fe!#@11e2@~q6e!Zn1fn##
,

u6~g,e!511
2gns

e~e6q!
7

gnsZe
e

e6~eZe1fe!

11e6~eZe1fe!

6
gnsZn

e@11e2@~q6e!Zn1fn##
.

We also computed Eqs.~2.9!–~2.12! numerically, for
variousgi andT. Both calculations show that, independen
of the temperature, the presence of a magnetic field d
increase all the weak reaction rates, including the total n
tron depletion rate. This result is consistent with the findin
in our previous works and with Grasso and Rubinstein’s r
cent calculations@4#, but inconsistent with Kernan’s recen
statement@5# that the rates of 2-2 processes decrease as
field increases. At very high temperaturesT@2.5 MeV, such
effects are insignificant because the inverse reaction ra
also increase with the field and are not much suppressed
the factor exp~2qZe!. When the temperature drops to a poin
where the reactionsn1e1→p1 n̄ andn1n→p1e2 begin
to freeze out and the neutronb-decay process dominates
then the total rate increases with the magnetic field. Ho
ever, if the primeval field is not strong enough to begin wit
then as the universe expands, it becomes too weak to af
the reaction rates at low temperatures. Our numerical cal
lations reveal that for the magnetic field to have significa
impact on the reaction rates,gi*103 or Bi*4.431016 G at 1
MeV. As we discuss below, the effect due to the change
expansion rate is already significant forgi*10 and domi-
nates over the change on the reaction rates.
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B. Electron density phase space

In a magnetic field, the phase space and energy density
electrons are modified. The number density and energy de
sity of electrons~ne andre! over phase space as a function of
magnetic field strength are given by

ne52
me
3g iTn

2

~2p!2Ti
2 (
ns50

`

~22dns0!EA112gns1k

`

de

3
e2k

A~e2k!22~112gns!

1

11eeZe1fe
~2.13!

and

re~B!52
me
4g iTn

2

~2p!2Ti
2 (
ns50

`

~22dns0!EA112gns1k

`

de

3
e~e2k!

A~e2k!22~112gns!

1

11eeZe1fe
. ~2.14!

Correspondingly, the pressure of electrons is

Pe52
me
4g iTn

2

~2p!2Ti
2 (
ns50

`

~22dns0!EA112gns1k

`

de

3
~e2k!

3e

A~e2k!22~112gns!

11eeZe1fe
. ~2.15!

These expressions will reduce to@10#

ne5
me
3

p2 E
1

`

de
eAe221

11eeZe1fe
, ~2.16a!

re5
me
4

p2 E
1

`

de
e2Ae221

11eeZe1fe
, ~2.16b!

and

Pe5
me
4

3p2 E
1

`

de
~e221!3/2

11eeZe1fe
~2.16c!

if the magnetic field is absent.
The dependences ofne , re , andPe on the magnetic field

can be seen analytically to be

lim
g→0

dne
dg

} (
ns50

`

~22dns0!E0
`

dk
1

11eeZe1fe

3S 12
gnsZe

e@11e2~eZe1fe!#
D .0, ~2.17!

lim
g→0

dre
dg

} (
ns50

`

~22dns0!E0
`

dk
e

~11eeZe1fe!

3S 11
gns
e2

2
gnsZe

e@11e2~eZe1fe!#
D .0,

~2.18!
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and

lim
g→0

dPe
dg

} (
ns50

`

~22dns0!E0
`

dk
k2

e~11eeZe1fe!

3S 12
gns
e2

2
gnsZe

e@11e2~eZe1fe!#
D .0,

~2.19!

where we assumed nondegenerate neutrinos~fn50!. These
expressions indicate that, in the presence of magnetic fie
due to the large Landau excitation energy and the decrea
cross-sectional area of each Landau level, all of the elect
thermodynamic quantities, such asne , re , andPe , increase
with increasing field strengths. This, in turn, causes a d
crease in all of the weak interaction rates and changes
temperature-time relationship in BBN calculations. Furthe
more, it results in an increase in the final neutron to prot
ratio and the abundances of the light elements. Such an ef
becomes significant forgi*103 and is subdominant to the
effect discussed below.

C. Effects on the expansion rate

The expansion rate of our universe is given by

H[
1

R

dR

dt
5A8pG

3
r, ~2.20!

whereG is the gravitational constant andr is the total energy
density. This can be expressed asr5rg1re1rn1rb1rB ,
where re5re21re1, rn5rne

1rnm
1rnt

1r n̄ e
1r n̄ m

1r n̄ t
,

and the subscriptsg, e, ne , nm , nt , b, andB stand for pho-
tons, electrons,e neutrinos,m neutrinos,t neutrinos, bary-
ons, and magnetic fields.

The presence of magnetic fields alters the expansion
by the added energy density of the magnetic field

rB5
Bc
2

8p
g i
2S Tn

Ti
D 4, ~2.21!

and the change in the electron energy density which we c
write as

re[re~B50!1dre . ~2.22!

During nucleosynthesis,e1e2 annihilation transfers en-
tropy to the photons, but not to the decoupled neutrinos. T
neutrino temperature then followsTn}R21, i.e.,

dTn

dt
52HTn , ~2.23!

while the photon temperature satisfies

dTg

dt
523H

re1rg1Pe1Pg

dre /dTg1drg /dTg
. ~2.24!

These equations are solved simultaneously sinceH is a func-
tion of bothTn andTg : i.e.,
lds,
sed
ron

e-
the
r-
on
fect

rate

an

he

r~Tg ,Tn!5rn~Tn!1re„Tg ,B~Tn!…1rg~Tg!1rB~Tn!

1rb~Tg!. ~2.25!

If we define

r0[r~B50!, u[
dre
r0

, x[
rB
r0

, ~2.26!

we can estimate the effect ofu andx on the time-temperature
relation away frome1e2 annihilation:

Tg;109Kj~11u1x!21/4t21/2. ~2.27!

j54.7 for three types of neutrinos. If there is no magnetic
field, Eq. ~2.27! reduces to the formula in standard BBN
@12#:

Tg'109Kjt21/2.

The modified time-temperature relationship~2.27! sug-
gests that the contributions of the primordial magnetic field
from both the field energy density and the electron energy
density, accelerate the expansion rate of the universe an
decrease the time scale over which BBN can occur. In par
ticular, the neutrons will have less time to decay to protons
than in the field-free case, which leads to an enhanced fina
n/p ratio and ultimately elevates the abundance of4He.

Comparing the energy density from the electrons to tha
directly from magnetic fields, we find that forgi,10, the
contribution from electrons is somewhat greater than tha
from the field, but it is still too small to be interesting with
respect to the total energy density in the field free case
When theB field is stronger,gi.10, the contribution from
the magnetic field exceeds that of the electron phase spa
and dominates the total energy density.

III. LIMITS ON THE FIELD STRENGTH FROM BBN

We considered all three effects discussed above in ou
numerical calculations to set a limit on the field strength
allowed by BBN considerations. As expected, our calcula-
tions reveal that the abundances of the light elements ar
manifestly affected by strong magnetic fields~Bi*1015 G!.
Although the three effects are important for fields in excess
of Bc , the dominant process for setting an upper limit on the
magnetic field during BBN is the change in the time-
temperature relation discussed in Sec. II C in agreement wit
the results of Refs.@4# and @5#.

Our numerical calculations show that for an initial mag-
netic fieldB ~1 MeV!&1015 G, the impact on the neutron to
proton ratio from the magnetic field energy density, which
increases the neutron population, is more significant than th
other effects. By using the observed abundance of4He, D,
and3He, we find a constraint on the strength of a primordial
magnetic field, which is equivalent to an increase in the num
ber of neutrino families. To calculate explicitly these effects,
we set the neutron lifetimetn5887 s62 s ~Ref. @13#!, the
number of neutrino speciesNn53, and compute numerically
the primordial abundances. Similarly to the bound onNn , the
constraint on the magnetic field energy relies on the lowe
limit to h and the upper limit to4He. We use the D13He
lower bound on the baryon-to-photon ratio~h>2.5310210!
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and an upper limit to the4He abundance~YP<0.245! @14#
and find thatgi<85. This implies that the allowed magneti
field at the end of BBN~Tg50.01 MeV! is less than about
23109 G, which corresponds to a limit on the energy dens
of magnetic fields during BBNrB<0.28rn .

IV. CONCLUSION

In previous sections, we have provided a detailed analy
of the three major effects of a primordial magnetic field o
the final abundances of the elements formed in big ba
nucleosynthesis. We have found that of the three ma
effects—~a! increased weak interaction rates,~b! enhanced
electron densities in phase space, and~c! an increased expan-
sion rate of the universe by the energy densities of magne
field and electrons—the latter effect dominates over t
modifications arising from the first two effects whe
Bi<1015 G even when the electron magnetic moment is i
cluded. We have computed numerically these effects and
c
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tained a revised upper limit on the allowed strength of a
primordial magnetic field on scales smaller thanl d . Our re-
sults show that, in the framework of standard big bang nu
cleosynthesis, the maximum strength of a primordial mag
netic field is such thatrB<0.28rn .
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