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Heavy baryon masses in the bhg and 1N expansions
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The masses of baryons containing a single heavy quark are studied in a combined expansiog,in 1/
1/N., and SU(3) flavor symmetry breaking. Heavy quark baryon mass splittings are related to mass splittings
of the octet and decuplet baryons. Thg, E., andQ} are predicted to the level of a few MeV. A number
of bottom baryon mass splittings are predicted very accurdi8@556-282(96)04117-3

PACS numbgs): 11.15.Pg, 12.39.Hg, 14.20.Lq, 14.20.Mr

[. INTRODUCTION describes the interactions of a heavy qu&kwith fixed
velocity v inside a hadron containing a single heavy quark.
The mass spectrum of baryons containing a single heavyhe heavy quark mass, is removed from the QCD La-
quark is tightly constrained by the presence of approximatgrangian by the heavy quark field redefinitig]. The re-
symmetries. In the heavy quark limit, hadrons containing asidual mass term has been chosen so that there is no mass
single heavy quark respect a heavy quark spin-flavor symterm in the HQET Lagrangiafi0].
metry[1]. For finitemg, this symmetry is broken by effects The mass of a hadron containing a single heavy quark has
of order 1mq. In the largeN, limit, baryons with an ap- an expansion in g,
proximate flavor symmetry possess a larger spin-flavor sym-
metry[2]. For finite N, this symmetry is broken by effects N
of order 1N. [2-8]. The combined limitmy—c, m,— o, M(HQ)=mQ+/T— L dy—
N.—c for fixed (me/m,) and (N.Aocp/mp) results in a 2mg "2mq
light quark and heavy quark spin-flavor symmetry
SU(6),XSU(4), for baryons containing a single heavy
quark. For finitemg and N, this symmetry is violated by
effects of order M. and (1N.mg), and by SUW3) flavor
breaking. It is the purpose of this work to explore the impli-
cations of SU3) flavor breaking and the combinedid and o
1/N. expansions for the masses of heavy quark baryons. N 1=(Ho(v)]|Q,(iD)?Q,|Hq(v)) (2.3
Section Il begins with a brief review of thert}, expan-
sion of heavy hadron masses in heavy quark effective theory.
Section Ill presents the operator analysis of tHé léxpan- "
sion. Heavy baryon masses are analyzed in the combined
1/mg and 1N, expansion for isospin flavor symmetry in Sec. 1 _
IV. The generalization to S@3) flavor symmetry is per- dH)\ZZEZQ<HQ(v)|QngWUWQU|HQ(v)>. (2.9
formed in Sec. V. The most precise predictions follow from
the SU3) mass relations of Sec. V. Readers interested only
in these results may go directly to Sec. V A where they ardn the above equation,d, is the Clebsch factor,
presented. Isospin-violating mass splittings are considered if),, = —4(J,-Jq), and Z, is a renormalization factor with
Sec. VI. Conclusions are presented in Sec. VII. Zo(m=mg) =1. Renormalization group scaling between the
scalesm,, andm, yields Z,/Z.=[ as(my)/ as(m)]%?>.
Neglecting SW3) flavor breaking, the masses of the
lowest-lying pseudoscalar and vector mesBnandD* for
Q=c andB andB* for Q=b are parametrized by
The masses of hadrons containing a single heavy quark
have been studied in therd expansion of heavy quark meson g, meson
effective theory. A brief review of this expansion is pre- P =4 Ameson_ Lt 772
sented in this section. e~ e 2mg  2mg
The heavy quark effective theoffAQET) Lagrangian

+0

1
m—é), (2.2

where the order unity contributioA is the mass of the light
degrees of freedom in the hadron, and the twagltontri-
butions are determined by the matrix elements

Il. HEAVY QUARK BARYON MASSES
IN THE 1/mg EXPANSION

meson )\ meson
1 2

— —(iD)? P =mg+ AMeson 4 Fo (2
Luger=Qu(iv-D)Qy+Q, 5 -—Q, QTR 2mg  2mg 2.5
Q
— ZQQ_MQ +0 iz) (2.1) whereas the masses of the lowest-lying spiantitriplet
°Amg ° Mg (3) and spin3 and spin3 sextets (6) are parametrized by
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to order 11‘7_16 in the 1y expansion. Note that different

parametersA, \;, and\, appear for mesons and baryons.
When SU3) flavor breaking is not neglected, different pa-

rameters also appear for different members of the meson and

baryon SU3) multiplets.

Ill. OPERATOR ANALYSIS

The 1N, operator analysis for baryons containing light
quarks was derived in detail in Refi2—7]. The operator
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FIG. 1. Baryon representation of SU{2)XSU(2)q
XSU(2)q spin-flavor symmetry for large finitd; . The total num-
ber of boxes equalsl;=N,+ Ny whereN,=Ng+Ng..

The light quark spin-flavor algebra is given in RET]. The
heavy quark spin symmetry commutation relations are sim-

ply

[Jg.Jh]=i€MJg, (3.2
whereQ=c or b.

Operators in the N, expansion are polynomials in the
one-body operators. The set of polynomial operators is over-
complete. An operator basis which is complete and linearly
independent is constructed by eliminating redundant opera-

this section.

The approximate flavor symmetry of QCD with three
light quarksu, d, ands and heavy quarks andb is SU?3)
XU(1).xU(1),. The corresponding spin-flavor symmetry
for largeN, baryons is S(B) X SU(2), X SU(2), . There is a

rived in Ref.[7]. The structure of the operator identities is
discussed in detail in Ref7], and will not be repeated here.
For the case of baryons containihg light quarks and\,,
heavy quarks such that;=N,+ Ny, the SU(2g) identi-
ties of Ref.[7] apply forJ' replaced byd', andN, replaced

separate spin symmetry for each flavor of heavy quark in th®Y N, in Eq. (4.2) and Tables VIl and VIIl. Similarly, the

baryon in the largdN, limit. This heavy quark spin symme-

SU(2) o spin symmetry identities are the identities for one

try is operative for baryons containing multiple heavy quarksquark flavor withN. replaced byNq, namely,
as well as baryons containing a single heavy quark. It is

important to emphasize that lar¢&-heavy quark spin sym-

Q'Q=Ngl,

metry is present for baryons even if the quark flavor in ques-

tion is not heavy enough to have a validnf expansion. For
this reason, it is possible to study the consequences of larg
N heavy quark spin symmetry for baryons in th&l/ex-
pansion without reference to thenlg expansion. We begin
with this 1N, operator analysis and then generalize to th
combined Iihg and 1N, expansion.

The operator basis of theN{ expansion for baryons con-

taining heavy quarks is constructed out of the zero-body

identity operatorl and the generators of the spin-flavor alge-
bra SU(6)X SU(2).X SU(2),. The SU6) generators are de-
fined by

. O'i
J',/ZQTEQ.
a

Ta:qT7q,

o\

4

Gia:qT q
where J',=J!,+J,+J. while the charm and bottom spin
generators are defined by
i
: g
J{cch?c,
i

J=pZp 3.1)
b_ 2 . .

e

S 1
e- {Jg.Jg}=5No(Ng+2)1. 3.3

The presence dl, andNg in the operator identities rather
than N, follows from the group theory of the baryon repre-
sentation for a fixed number of light quarks and a fixed num-
ber of heavy quarks of each flavor. Figure 1 gives th¢6sU

X SU(2)aX SU(2)y spin-flavor representation for baryons
containingN - light quarks andN,=Nq+ Ng/ heavy quarks,
with N, +N,=N., whereQ andQ’ represent two different
flavors of heavy quark andb. It is clear that the operator
identities apply for the quark numbels, andNq . For ex-
ample, the total number of quarks in the baryon is described
by the one-body— zero-body identities

q'9+Q'Q+Q""Q"=(N,+Ng+Ng)1

=(N,+NpI=N1. (3.9

The 1N, expansion of ah-body QCD operator acting on
baryons containingl , light quarks and\;, heavy quarks has
the form

N,/

N2,

Np

E C(ern)

n=0

o _
QCD

(m)
/7

o) — omoM (3.5
NC

where O(/m) denotes am-body operator in the light quark
spin-flavor generatord, , T2, andG'2, andO{" denotes an
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n-body operator in the heavy quark generafofthe 1N, tion of principle interest in this work, namely baryons con-
operator expansion only goes upNig-body operators since taining a single heavy quark, tie /N, andNy, /N, suppres-
N.=N_,+N. Each of the arbitrary coefficients of theNl/  sion factors will be 2/3 and 1/3, respectively.

expansion, The largeN, heavy quark spin symmetry is independent
of whether the quark flavor in question is heavy enough to

c(m+n) i 3.7 hgve a valid Iihg 'expansion.. If the quark flavor is suffi-

Ng/’ ciently heavy that it has a valid b, expansion, then heavy

quark spin symmetry is also a consequence ofrtig—~

is order one at leading order in theNL/ expansion. The |imit, independent of whether the lardé: limit is taken. It
coefficients are only a function of { sinceN,, No, and  thus follows that heavy quark spin symmetry violation is
Nq' are to be regarded as fixed numbers, not operators, isuppressed by (Mmg) for very heavy quarks.
the present expansion. The coefficients depend implicitly on  For the special case of baryons containing a single heavy
the fixed ratiosN, /N¢, No/N¢, andNg: /Nc. quark, there is a heavy quark flavor symmetry in the limit

It is an important physical point that the operator expan-that each of the heavy quark flavors is regarded as infinitely
sion for baryons containing light and heavy quarks is supheavy. More specifically, for baryons withy, = 1 in the limit
pressed by factors of M, rather than M, and 1N. This  m_—o and m.—o with m./m, held fixed, heavy quark
1/N. suppression is required for consistency of the operatogpin symmetry for each of the heavy flavors is promoted to a
expansion. One consistency requirement is that thé. 1/ heavy-quark spin-flavor symmetry $4),, [1]. In the pres-
power counting of the operator expansi@®b) be preserved ence of heavy quark flavor symmettegardless of the ori-
under commutation of the nf+n)-body operators gin of the heavy quark flavor symmetiyheavy-quark spin-
ommM=0Mo  This feature is present for a suppressionflavor symmetry for baryons is a consequence of the large-
factor of INT*", but not for /N7NP). A second consis- N, limit. Thus, when the largéd. limit N.—o, with
tency requirement is that the operator expansion be invariaM:A ocp/Mg held fixed, is added to the heavy quark limit,
under a change of operator basis for the expansion. For exhere is a SIB) X SU(4), spin-flavor symmetry for bary-
ample, it is possible to rewrite the operator basis usingons with one heavy-quar3]. The heavy-quark spin-flavor
J=J,+J,, the total baryon spin, rather thaly. This re- algebra is generated by the one-body operators
casting of the operator expansion is obviously possiblg if
J,, andJ, are all suppressed byN{, but it is not consis- i TU'
tent if J, is suppressed by W/ and J;, is suppressed by In=Q EQ'
1/Ny,. The conclusion that all the suppression factors are
1/N. also follows from an analysis of the largé: Feynman 2
diagrams. |ﬁ=QT§4; (3.9

Although factors of I, and 1N, do not appear as ex-

plicit suppression factors in the N/ operator expansion, a

i
N, andN,, do appear implicitly through the matrix elements GihazQT‘T T Q
of O, andOy,. Matrix elements of the operat®@'™ are at 4
most order N,)™, whereas matrix elements @{" are at _ _
most (N;)", so that wherea=1,2,3 is the heavy flavor quark index. The charm

' and bottom quark spin and number operators are related to

N, \™ Np\" the heavy quark operators aht, through
(OMoMy=|—=| | (3.9
Nm+n / h N N . ) ’
¢ o Jh=Jc+Jp,

Both N,/N. and N,,/N. are suppression factors as long as

neitherN , nor N,, is equal toN. Thus, for baryons contain- 3 1 _

ing both light and heavy quarks, higher-body operators in the lh_E(NChafm Nb). (3.10
1/N. expansiorare suppressed relative to lower-body opera-

tors if the operator basis is written in terms of light-quark 1

and heavy-quark one-body operators. Alternative operator GP¥=-(L-13}),

bases are less ideal since they will not have this feature. For 2

example, the highest spin baryon states hawvé\., so that and Ny =Nt Ny. The heavy quark flavor symmetry

the use of the one-body operatbinstead ofl , will not lead . . .
yop 0 only applies to baryons witN,,=1, and so operators in the

to an operator basis with this feature. For the physical situa . . X
P Py 1/N. expansion for these baryons will contain no more than

one heavy-quark one-body operafly, 12, andG2.

'For baryons containingNg heavy quarks of type) and Ng.
heavy quarks of typ®’, Of” is ann-body operator which is at

2 . . .
mostNg-body inJ'Q and at mosNo, -body inJ'Q, : For example, if there were two moderately heavy quarks of simi-

lar mass in QCD, there would be a flavor symmetry among these

Ny Ny Nor quarks and a spin-flavor symmetry for baryons containing these
uarks in the largé¥, limit. There would not be a spin-flavor sym-
E i OLD*Q)_)E 2 — O(QP)Og,). (3.6 q g limit. Ther p Y/
pia=o0 N¢ p=04g=0 N¢ metry for mesons in this situation.
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Finally, the expansiori3.5 can easily be generalized to expansion. Without loss of generality, it is possible to set
encompass baryons with differing number of light quarksc,=A, and use this relation as the definition of a QCD scale.
and heavy quark® andQ’ by including all operators up to The remaining coefficients are now given by a dimensional

N¢-body in the light-quark one-body operators and thepower of A times a dimensionless function ofNy begin-
heavy-quark one-body operators, which now consist ohing at order unity in the N, expansion. For example, the
No, J'Q, Nor, andJ'Q, Notice that the heavy quark number coefficient ¢, is proportional to A whereas .the
operatorsNg and N, are now to be regarded as heavy- 1/£nQ-suppressed operators have coefficients proportional to
quark one-body operators since one is not restricted to baryd“. _

ons with fixed numbers d@ andQ’ quarks.(Because of the The numbers of operators of theNL/expansions for\,
constraintN;=N,+Nqg+Ngq/, it is not necessary to intro- A, and\, are in one-to-one correspondence with the num-
duceN, as an additional one-body operator as wellhe  bers of parameter&t, Ag, A11, A1, and\, appearing in
coefficients of the expansiof8.5 contain implicitNg/Ne  Eq.(4.1). The 1N, expansion predicts that the parameters
andNq /N, dependences, which appear as operators in thgs the 3and 6 are equal thl.A with a splitiing of relative

generalized expansion. order 1N2 compared to the leading contribution. Similarly,

the N\, parameters of the &and 6 are order unity in the
1/N. expansion with a splitting of relative orderNé’. Fi-
nally, the A, parameter for baryons is orderNy. The

In this section, the masses of baryons containing heavy/N scaling ofx, can be tested by comparing the meson and
quarks are analyzed in the combinethd/and 1N, expan- ~ baryon hyperfine splittings resulting from the heavy-quark
sion for the special case of fixed strangeness. It is useful t§pin-symmetry-violating chromomagnetic operator. The
study this special case because it illustrates the structure ®Rryon mass splitting is only measured in the charm system
the combined expansion without the complication of flavorat present. The charm meson hyperfine mass splitting is
SU(3) breaking. The analysis here depends only on the pregiven by
ence of isospin flavor symmetry. The general($Umass

IV. MASSES OF HEAVY BARYONS
WITH FIXED STRANGENESS

analysis is given in Secs. V and VI. (D*—D)= 2)\?%0: o 43
The baryons containing a single heavy qu@rkvith zero m, ' '
strangeness are theqg, 2q, andXg. The HQET 1g
expansion of these masses is given by whereas the analogous charm baryon mass splitting is
A lZJaryon
N 1T *
=mg+Ar——+--- 2i—30)= o 4.4
AQ mQ AT 2mQ y ( Cc c) mc ( )
—  Nis 4N, The naive 1IN, scaling predicted by the baryonNy/ expan-
2Q=mQ+As—m—2—mQ+~n (4.1)  sion implies
1
— N 2\ baryon _ _— y meson
EBZmQ_H\S__lS I A2 Nc)\z - (4.5
2mg  2mg

The measured charm meson and baryon mass differences
(D*—-D)=141 MeV and Ef —X.)=77.1+5+5 MeV are

in remarkable agreement with this scaling. TH2*(D)

mass difference determines the canonical heavy quark sym-
metry suppression factotéCD/mc:

to order 1mé in the 1mg expansion. The leading term in
this expansion is exactiyg to all orders in the M. expan-
sion. Each of the subleading parameté&rs. ;, and\ , has an
expansion in M,

N 1 meson 2
A=coNgl+cp—J2, Ao Agen 1o,

N me ~ —2(D D). (4.9
L=05—NQ+CQ—2 _NQJ§, (4.2) The \; parameters fqr bgryo_ns and mesons also can be
2mq 2mq Ng 2mq related. The M, expansion implies

A 2 A baryon__ ) meson 4.
~dy5 =i = (3,-Jq), ' ' “n

2mg Ncmg ) ) ]
Equation(4.7) could be used to estimate the magnitude of

where the factor of 2 in tha, expansion follows from the A52°"if AT"®°"is known accurately. The most recent extrac-
factor of 4 in the definition ofdy=—4(J,-Jg). The un-  tion of AT°*°"[11] is too uncertain, however, so the naive
known coefficients in Eq4.2) are a function of M, and the  estimate
QCD scale Agcp. Each coefficient has an expansion in
1/N. beginning at order unity in the N, expansion(The
coefficients do not depend onni4 since the HQET param-  °Recent measurements of th¢*) masses by DELPHI are prob-
eters are defined to occur at a definite order in thegl/ ably unreliable and will be ignored.
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TABLE I. Mass splittings of baryons containing a single heavy qua@rkor strangenes$=0 and
S=—1 baryons. Each operator is an isospin singlet,thelo operator violates heavy quark spin symmetry.
The operator matrix element andvig, 1/N;, and isospin-flavor-breaking suppressions of each mass com-
bination are tabulated. The singlet mass combination has a contribng@nd a contribution of orde, at
leading order, i.e.ng+ NcA.

Operator (SU(2) Jo) Mass combination (O) 1/mg 1/N, Flavor
1 (1,0) Ag 1 * * 1
J2 (1,0) (S +238)—Ag 2 1 AN, 1
3,30 (1,2) 35-30 3 2/mq 1N, 1
1 (1,0) Eo 1 * * 1
J2 (1,0) (EQ+2EE)—Eq 2 1 1N, 1
3,30 (1,1) E&—Eg 3 2/mq 1N, 1
)\?aryon Aéco 77+5+5 MeV, which compares very favoraBSiyith the
e 2ma (4.8 theoretical hierarchy for canonical valuesnaf andA . (Note
Q Q that the experimental values and errors of the hyperfine split-
is used in Eq(4.2). tings aie_domlnatef by the uncertainty in the mass measure-
We now proceed to analyze the masses of baryons cofl€Nt=¢ =2530£5£5 MeV) B -
taining heavy quarks using the combinedng/and 1N, For two flavors of heavy quarQ=c and Q'=b, the
operator expansion developed in the previous section. WRIEVious analysis of the baryon mass spectrum holds for each
consider several different mass expansions. flavor of heavy quark separately. In the presence of heavy

Let us first consider the operator expansion for strangeduark flavor symmetry, a combined analysis of the six heavy
ness zero baryons containing a single flavor of heavy quarR&7yon masses using heavy-quark spin-flavor operators is

ible. This mass expansion for baryons containing a
Q. The three baryons massés,, 3o, and3¥ are param- PSS! jor b
etrized by the three operatofi3] Q Q single heavy quark of flavaQ or Q' is given by

1

1 2
M=(mo+NA+-- )+ =+ ——(3,-Jg), (49

N, Ncmg 2
. 2 31 2 1L 1
where the leading\, andmg dependence of each operator N O o T o T ()
appears explicitly. The leading operatbihas a coefficient ¢ c Q Q ¢
given exactly bymg+N:A up to a correction of order 1 1 i 2
1/mg in the combined by and 1N, expansion. It is to be Xt —— |+ 5 ICr| | (4.19
Q Q A i mQ mQr NC mQ mQ/
understood that every other operator is accompanied by a
coefficient where leading Ihg and 1N, dependences are given explic-
ity and unknown coefficients of the form E@4.10 are
el A 11 4.10 understood to accompany each operftaith the exception
"mg N/’ ' of the ordermg andN:A terms given explicitly on the first

line of Eq. (4.11)]. The important new operators of the
with an expansion in iy and 1N. beginning at order heavy-quark spin-flavor analysis are the heavy-quark flavor-
unity. For example, expanding to ordem@ in the 1ing  violating operators which do not violate heavy quark spin
expansion, there is an ord¢i/2mg) contribution to the symmetry:lﬁ andlﬁ(J/)z. The most interesting operator is
operatorl from the\, contribution proportional te} in Eq. Iﬁ(J/)z. The leading order]?/ hyperfine splitting for heavy
(4.2) and an order (Nﬁ)(l/ZmQ) contribution to the opera- baryons is a heavy-quark flavor-independent splitting of or-
tor J2 from the\ ; contribution proportional te,. Each of  der 1N.. The13(J,)? operator represents heavy quark fla-
the operators in Eq4.9) contributes to one specific linear vor symmetry breaking in théz/ hyperfine splittings. This
combination of the three baryon masses. The operators arweavy-quark flavor-symmetry-breaking hyperfine mass split-
their corresponding mass combinations are tabulated iting is order 1N?2 times(1/2mg—1/2mg,), and is sensitive
Table I, together with the operator matrix element and theo the subleading (Nﬁ)(l/ZmQ) contribution to the]i hy-
leading 1ig and 1N, dependence for each mass splitting.
The operator matrix elements depend implicitly Np=2
andNg=1. Up to unknown coefficients of order unity, the 4The parameter valuesi,=1450 MeV, Agep=A=310 MeV,
combined Ihg and 1N; expansion predicts that the mass Aéco/mc=66 MeV, Agcp/m.=0.21, m,=4757 MeV, and
combinationsAq, 3(2q+23§)—Aq, and E5—3g) sat-  m./m,=0.3 are used throughout this paper. These parameter val-
isfy a hierarchy given by rig+NcA), 2A/N;, and ues follow from the charm baryon mass analysis of this work, and
§(2A2/Nch). For Q=c, the experimental values of the are consistent with canonical values used in the heavy quark litera-
mass splittings are 2285:0.6 MeV, 219-3+3 MeV, and ture.
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TABLE Il. I,=1 heavy baryon mass splittings which violate heavy quark flavor symmetry, but preserve heavy quark spin symmetry for
strangenes§=0 andS=—1 baryons. The mass splittings are suppresse(ilbgm,—1/2m,) and one additional factor of N.. Thel}
mass combination has a leading contribution of { my,).

Operator (SU(2) Jo) Mass combination (O) 1/mg 1/N, Flavor
13 (1,0) (Ac—Ay) 1 (Mme—my) 1 1
130,02 (10) [MSe+ 25 -Ad—[XSp+ 25 —A] 2 (%ﬁ—%}) LN? 1
13 (1,0) (E.—Ep) 1 (me—my) 1 1
130,02 (10) (ME+2E0)-Ed-[Ep+280)-Ey 2 (%—%‘0) LN? 1

perfine splitting. Similar remarks hold for the operat(ﬁr along withJg when considering baryons with differing num-

which represents heavy quark flavor symmetry breaking irbers of heavy quarks. Although it is interesting to study this

the singletl mass, except that this case is less interestingxpansion foNy=0,1,2,3 baryons, the principal interest of

since there is a leading contribution equal tmy—mg.)  this work will be to relate mass splittings of baryons contain-

which dominates the subleading contribution proportional tong a single heavy quark to the well-measured mass splittings

(1/2mg—1/2mg). of baryons containing no heavy quarks, namely, baryons in
The mass combinations corresponding to the operatordie spins octet and spirg decuplet. Thus, we will restrict

13 and 13(J,)? are tabulated in Table Il. Both operators the operator expansion to baryons wily=0 and 1. The

probe heavy flavor violation in;. The latter operator is Operator expansion for strangeness zero baryons containing

sensitive to the tha, contribution proportional te}, while N0 heavy quark and baryons containing a single heavy quark

the former operator depends on the operator proportional  ©f flavor Q is given by

to ¢ only at subleading order. ThE{*) masses are not

reliably measured at present, and so tﬁe;l/)z splitting

1 2
cannot be evaluated. Instead, the mass relation M=Ng(Mmg+---)+NAI+ N—CJ§+ VmQ(J/-JQ)

1 1
(Sot250) - Ap=5(Sc+25D)-A; (412 + N2, (.13

can be used to predict the bottom barylfnhyperﬁne split-
ting to a theoretical accuracy of order I\l%/ times  where leading g and 1N, dependences are given explic-
A?(1/2m,—1/2m,), which is about 5 MeV. Thus, the mass itly and unknown coefficients of the form E@4.10 are
splitting [3(S,+ 23¥)—Ay] is predicted to be equal to understood to accompany each operator with the exception
219+7 MeV using Eq.(4.12. The measured X —AD) _of the ordemg anchA terms. Since one is only consider-
splitting of —3338t5+4 MeV gives a measure of iNg baryons containing upto one heavy quark, each operator
(m.—my), up to corrections of orden2(1/2m,—1/2m,) N the expansion has at most one heavy-quark one-body op-
which is about 23 MeV. eratorNg or Jo. Comparing with Eq(4.9), there are two
The remaining operators in the expansi@hld corre- New operators in the present expansidty and NoJ%.
pond to sum and difference combinations@findQ’ split-  These operators reduce toand JZ/ for baryons with fixed
tings. There is no advantage to studying these combinatiolo=1, reproducing expansio#.9). The most interesting
rather than th&) andQ’ splittings separately, since there is operator isNQJi which represents the heavy-quark number-
no cancellation of leading order contributions in these termsdependent contribution to thﬂ?/ hyperfine splittings. This
For example, there is no reason to stulfy J, andJ’,G}>  heavy-quark number-dependent mass splitting is of order
rather thanJ - Jo andJ, - Jo/, which are order 2:mg and (1IN2). The N operator is less interesting since it corre-
2IN;mq/, respectively. sponds to the leadinly,-dependent mass splitting which is
Additional information about the heavy quark baryon equal tomg . There is a subleading order unity contribution
mass spectrum can be obtained by generalizing the expato this splitting.
sion to encompass baryons with differing numbers of heavy The mass combinations Corresponding[\t@ and NQJE
qguarks. The strangeness zero baryons for one flavor of heawfe tabulated in Table . TheAq— 3(5N—A)] splittings
quark Q consist of theNy=0 baryonsN and A; the  of 1419.2-0.7 and 4757.26.4 for Q=c and b, respec-
No=1 baryonsAqg, Zq, and X5; the No=2 baryons tively, give a measure afn, andm,, up to corrections of
Eqq and Egq; and theNg=3 baryonQgoo. The IN.  orderA. TheNgJZ mass relation
operator basis for strangeness zero baryons with
No=0,1,2,3 heavy quarks consists of the eight operatprs
No, 32, (3,-Jg), Ngd?2, N3, No(J,-Jo), andNg, . Notice

1 2
_ + *y = — — .
thatNg is to be regarded as a heavy-quark one-body operator 3 (22200~ Aq 3 (A=N) (4.14
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TABLE Ill. Mass splittings between baryons containing a single heavy g@aakd baryons containing no heavy quarks for strangeness
S=0 andS=—1 baryons. The mass splittings are suppressed by an additional factdd of TlHieN, mass combination has a leading order
contribution ofmg,.

Operator (SU(2) Jo) Mass combination (O) 1/mg 1N, Flavor
No (1,0) Ao—3(5N—A) 1 mq 1 1
NgJ2 (1,0) [3(30+2385)—Agl — 5(A—N) 2 1 1/N? 1
Ng (1,0) Eo—[3(33+A)—3*] 1 Mo 1 1
NgJ? (1,0) [3(EQ+2E8) —Egl - {S*— 32 +A)] 2 1 1/N? 1
is predicted to be satisfied to of orderl(\l,f). Relation(4.15 1., 1 , 1, 1 1
has been obtained previously in the context of the Skyrme I N 2 h O o T o

c c c Q’

model where heavy baryons appear as bound states of Skyr-

mions and heavy mesof$2,13. The present derivation is 1

model independent, and provides a prediction for the accu- + N_(‘]/'Jh) m_+ m_>

racy to which the relation is satisfied. The theoretically pre- ¢ Q

dicted accuracy can be tested in the charm baryon sector 1 . 52 2

where the relevant masses are measured. The N) + N_CJ/Gh m~ m_Q, (4.17)

splitting of 292+ 1 MeV and the
[3(2c+23%)—A] splitting of 219+4.6 MeV are both
J2IN, splittings withJ2 matrix elements of 3 and 2, respec-
tively. The mass relatiofd.14) is satisfied to 245 MeV, to
be compared with the predicted violation of I@ﬂA times h i
the matrix eIemen¢NQJ5>=2, which is about 69 MeMAI- pa$ﬁéa§ijzrgnrgfgli:3shiCh applies$s= 0 baryons in the
ternatively, the violation should be suppressed by a factor Oifsos in limit also ():/an be erfé)rrr)ned in the= Xl sector
(1/N.) compared to the charm baryal} splitting of 219 b b X

: ) These mass combinations are provided in Tables I, II, and 11l
MeV.] Relation (4.14 can be used to predict the bottom — %
i o Il. The ch =/ Il -
baryonJZ hyperfine splitting[ $(3,+23¢)—A,] to an ac- as we e charm baryon masség and=; are well mea

curacy of (1N§) as well. The theoretical prediction is sureq, but the !onEé mass measurement s unpublishe.d and
possibly unreliable. A precise measurement of g is

1 likely at CLEO in the not too distant future. A prediction of

3(Zb+235)—Ap=195+69 MeV, (4.15  the E/ mass using thdloJZ mass relation

where N,=Ng+Ng.. The interesting suppressions of the
heavy-quark flavor-symmetry-violating and heavy-quark
number—dependenlz/ splittings discussed in the preceeding

which is consistent with, but much less accurate than, the 1, e = 2|, 1
prediction made from the previous expansion using the §(5Q+25Q)_5Q_§ D _Z(3E+A)
13(3,)? mass combination.

It is instructive to generalize the expansighl3 to two . . . . .
heavy quark flavor®Q and Q’. The mass expansion for 1S possible, but not terribly accurate. Relati@ghl8 is pre-

strangeness zero baryons containing zero or one heavy quafi€ted to be satisfied to an accuracy of ordeA (RZ) , which
of flavor Q or Q' is given by is about 69 MeV. Thg X* — (3% + A)] mass splitting is

210.8:0.4 MeV, and so Eqg. (4.18 predicts
1, [H(E.+2E¥)-EJ]=140569 MeV. The ZE,
M=Ng(mq+---)+Ng/ (Mg +---)+NAl+ N—CJ/ =1(ES+E?) mass is 2467F1.2 MeV and the analogous

(4.18

Cc
Ef mass is 264401.6 MeV, so theE/ prediction is not

very useful. A much more precise prediction of tB¢ mass
is made in Sec. V. The bottom bary@+ —1 JZ/ splitting
also is predicted by relatiofd.18 to the same theoretical
) accuracy. Once th& . mass is measured, the bottom baryon
(J/-Jq1), (4.16 g =) c )
J; spliting can be accurately predicted from the charm
baryon mass splitting.
where leading g and 1N, dependences are given explic-  The results of this section follow from the combined
ity and unknown coefficients are understood to accompany /m, and 1N, expansion using only isospin symmetry of
all operators except theg andN A terms. This expansion the y and d quarks. The S(B) analysis including S(B)
can be rewritten in terms of heavy-quark spin-flavor operaflayor breaking is provided in the next section. The(SU
tors as analysis leads to more precise predictions than the isospin
analysis. The isospin symmetry predictions of this section
are consistent with the mass predictions of Sec. V. The
isospin-breaking analysis is given in Sec. VI.

2
+ —5NgJ2+ —5NgJ2+ ——(J,-

+
Ncmg:

1
— 3
M= ENh[(mQ+ Mg)+ -+ - ]+ 15 (Mg —mg:) +NAT
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TABLE IV. Mass splittings of baryons containing a single heavy quarkSU(3) flavor and heavy quark spidy symmetry quantum
numbers of each operator and mass combination are given explicitly. The operator matrix element for each mass combination and suppres-
sion factors of Iy, 1N, , and SU3) flavor breakinge are tabulated. The singlet operatomig + N.A at leading order.

Operator (SU(3).Jo) Mass combination (O) 1/mg 1N, Flavor

1 (1,0) 3(Ag+2Eo) 1 * * 1

J2 (1,0) —3(Ao+2E0) 2 1 1N, 1
+15[3(2 g+ 235) +2(EH+2EE) + (Lo +2Q%)]

J,-do (1,2) 35S +2(E5—EQ) +(Q5—Q0)] 3 2img 1N, 1

T (8,0) (Ag—Eq) P 1 1

J,G'*® (8,0) —#(Aq—Eq) T 1 IN, €
+3i[3(Zo+238) — (Eo+2EE) —2(Qo+20%)]

IhG® (8,1) EoEh ) gls 2img 1N

8 — — [ — —_ =2

(33T (8,1) H3CE5-39)—(EE—E0)-2(Q5- Q) - 23 EqS, 254 2mg 1IN

{T8,75} (27,0) LS+ 238 —2(EH+2E8) +(Qo+208)] ; 1 1N, €

Jo(T8,G'8} (27,1) TCE—20)—2(E5—EH)+(Q5— Q)] 2 2img  1N? €

V. SU(3) ANALYSIS OF HEAVY BARYON MASSES =% =2644.0-1.6 MeV [17].

The SU3) analysis of the masses of baryons containing a
single heavy quark in the combinedrd and 1N, expan- The masses=;~2560 MeV [18] and %t =2530£5+5
sion is a straightforward generalization of the isospin analyMeV [14] are measured, but are less reliable or precise. The

= |

sis of the previous section. The lowest-lying baryons con{)} mass and the off-diagonal maSs =, are unmeasured.
taining a single heavy quark are the sgi8-which consists At present, only the bottom baryon
of the isosingletAq and the isodoubleEq; the spins 6

which consists of the isotriplél 5, the isodoubleE, and A,=5623+5+4 MeV [19] (5.3
the isosinglet()o; and the spinz 6 which consists of the
isotriplet 33, the isodoublet=g, and the isosinglef)y, . is accurately measured. As stated earlier, the repdt{gsd

Heavy baryon masses will be denoted by their particle labelaneasurements by DELPHI are not used.

Each of thel=0 masses refers to the average mass of the The operator analysis including $8) flavor breaking

isomultiplet. For examples .= 3 EC++ES), etc. In addition  decomposesinto SU3) flavor singlet, octet, and 27 expan-

to the eightl=0 heavy baryon masses, there is lan0 sions:

off-diagonal mas€q=,=E,E o between the spig-isod-

oublets, which will be referred to & o=, throughout the M=MD+eM® + M 27, (5.4

rest of the paper. Thie=0 off-diagonal mass is defined to be

the average off-diagonal mass of the spi6=—1 isodou- wheree is an SU3)-violating parameter whose magnitude is

blets: governed by the quark mass differenecas¢ m) divided by
the chiral-symmetry-breaking scal&,. The symmetry-

breaking parametee~0.25. The flavor singlet, octet, and

' 27 mass expansions are given by
=l ﬁ—(!_l et Qpet 1 Q| et — =t — M(l)— +N A+ Jl—|— 1J2+ 1 2 J J
EpEp=5(Ep=p +EpEp ) (5.1) =(Mg+NcA+---) N~/ N_cm_Q( 7Jq),
Many of the charm baryon masses are now measured. The 1 12 1 2
measured =0 masses are MB=T84 = 3,G8+ — —JG"8+ — —(J,-J9) T?,
N, N; Mg Ng mg
A,=2285.0:0.6 MeV [14], (5.9

E.=2467.71.2 MeV [14],
¢ [14] SThe analytic flavor dependence of the flavor-27 expansion is

given here. The nonanalytic contribution of orde¥? is propor-
tional to (3m%— 3mg +m?) which is numerically very small, and
0 does not dominate the? counterternf20,21]. The ordere®? con-
0 =2704-4 MeV [14], tribution is computed in chiral perturbation theory in Re#2].

3,.=2452.9-0.6 MeV [14-16, (5.2)
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TABLE V. Heavy baryon mass hierarchy f@=c and Q=Db. The experimental charm baryon mass splittings are evaluated using
theoretically extracted values for the three massgs 2532.5-5.3 MeV, 2. =2582.9-2.5 MeV, and(¥ =2746.6+ 6.1 MeV. Agreement
between the theory values appearing with an asterisk and experiment is imposed by the determination of the parameter, values
(eA)), and (62AX). Comparison of the remaining theory and experimental values provides support for the theoretical hierarchy.

Mass combination Theory Q=c Expt. Q=c Q=b
YAo+2Eq) Mg+ NA 2380 2406.8-0.8 5687
_%(AQ+2EQ)+ %[S(EQ—FZEB)—FZ(E(’D—FZEB) ZiA 207 176.11.9 207
+(Qg+203)] N¢
H3CEE-3)+2(E5—E0)+(Q5—00)] 3iA_2 66* 67.3+3.1 20
N; mq
(Ag—Eq) 3 —195* ~182.7+1.3 —-195
—=(eA,)
23
_g(AQ_EQ)"'i[3(EQ+226)_(E6+256) 1 EL(EA ) 40.6 42.9-1.9 40.6
—2(Qq+208)] 23 8 No x
Eol ¢ 31 A 11.8 - 3.5
4N, mg (€M
1[3(2* So)—(BE5—E0)—2(Q5—Q0)] > = g 1 151 A (eA,)) s (15.4+3.6) Y 34
5 —2q)—(E5—Eo)— - ——=EoE — 5 > — (e A+3.6)- —=E . E
slol=Q™%q QT =Q QT RTIEETe S E D NZmg 23 =
H(So+235)—2(Eo+2EE) +(Qg+20%)] 31, — 4.4 —4.4+31 —4.4
EN_(G A,)
Cc
520 —2(E5—Ep) + (25— Q)] 91 i(EZA) 0.23 0+2.7 0.07
8NZmg - "X

—

1 2 _ without knowledge ofQ% andE.E.. The measured mass
M<27):N_{T8,T8}+Wm_qu{T8,G18}, combinationsi(A.+2E.) and (A.—E.) which appear in

¢ c 7R column 4 were used to determine the parameters
where leading Mg and 1N, dependences are given explic- (mc+NcA) and (eA,), and so do not test the theoretical
itly and unknown coefficients are understood to accompanyiérarchy. _ _ , ,
all operatorgexcept for the leading terms of theoperatoy. Table V predicts a hierarchy of mass relations obtained by
The operators appearing in the flavor-27 expansion requirUccessively neglecting operators in the mass expansion
flavor singlet and octet subtractions: these subtractions arfe-4- The most accurate mass relation is the flavor-27 heavy-
implied, but not given explicitly throughout this paper. The Guark spin-violating relation
relevant flavor-27 projection operator for an oper

with two symmetric flavor indicesapb) is 1 ., e .
. ; Z[(EQ—EQ)—Z(:Q—:Q)+(QQ—QQ)]=0, (5.7
8 sh8 b abg 4888
56 gé"" gd deee, (5.6 . . - .
which is satisfied up to a correction of order

The operators and their corresponding mass combinatior?dllNﬁ)(Az/mQ)(ezAX), which is about 0.23 MeV for
are tabulated in Table 1V, together with the @JandJ, Q=c and 0.07 forQ=b. Thus, Eq.(5.7) is essentially an
representations of the operator, the operator matrix elemengxact relation for both the charm and the bottom baryons.
and the leading i, 1/N., and SU3)-flavor-breaking fac- The physical content of this relation is that the three chro-
tors. Table V combines these factors to predict a hierarchy aflomagnetic mass splittings of the sexteg(—2o),
mass combinations. The numerical values of the theoreticl=5,— =), and 05— {q), contain only a singlet contribu-
hierarchy are evaluated for canonical values of paranfetersion and a contribution which is linear in strangeness. Differ-
mg, A, (eA,), and (eZAX) in the columns labele@=c ences of the splittings are equal:
and Q=b. It is not possible to evaluate seven of the nine
mass combinations using the measured charm baryon masses (SH-So)—(E5—E0)=(E5-E0)— (05— 0).

(5.9

SCanonical values for the flavor octet and flavor-27 mass splittings

are eA, =225 MeV and €°A,)=8.8 MeV. These values are ob- Equation(5.8) is the equal spacing rule of Savag?] for
tained from the octet and decuplet baryon masses. Note that tHéie chromomagnetic mass splittings of the sextet.
flavor-27 mass parameter is considerably smaller #hames the The next most accurate relation is the flavor-27 mass re-
octet mass parameter and may be underestimated. lation
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1 pansion predicts that this equation need not be very accurate.
gl(2t22Q) ~2(Eq+2EQ) +(Qq+204)]1=0, The two equalities in Eq(5.14) are predicted to be satisfied
(5.9 only to 19.9+13.8 MeV forQ=c and to 6.1-4.2 MeV for
' Q=b. The equality £5—2q)=(Q5—Qg) is predicted to
which is expected to be satisfied to ordét/N.)(e’A ), or ~ be satisfied only to 39:827.6 MeV for Q=c and 12.2
about 4.4 MeV forQ=c,b. This mass relation respects *+8.4 MeV forQ=b. o
heavy quark spin symmetry. It implies that the three spin- The remaining mass combinations in Table V are not sup-
averaged masses of the Sexteté(zQJr 225)* pressed enough to yield useful mass relations. _
YEL+25%), and}(Qq+203), receive a singlet contribu- The two flavor-27 mass relations can be used to predict
tion and a contribution linear in strangeness. Differences ofhe poorly m*easureﬁc mass "_md the unmeasury mass.
the splittings are predicted to be equal The mass; =253Qt7 MeV is known to greater precision
than the mass relatiofs.13 which would be needed to ex-
1 1 1 tract a third charm baryon ma$s.The masses
§(E(’?+ 255)—§(EQ+ 235)= §(QQ+ 205) E'g=2578'.5t 4.8 MeV andQ} =2758.0:11.7 MeV are ob-
tained using the flavor-27 sextet mass relatigddl). A
1 different, more precise, extraction of these masses will be
— Z(EL+2E¥) obtained shortly.
3\7Q Qr The analysis of Sec. IV showed that additional constraints
(5.10 on the heavy baryon hierarchy follow from studying heavy
quark flavor symmetry violation and heavy quark number
dependence in the heavy baryon mass splittings which do not
violate heavy quark spin symmetry. For the (SJanalysis,
these mass splittings correspond to the operélt,oﬂé, T8,
J,G'8, and{T® T8} times|? andN, respectively. It is use-
ful to study the mass combinations corresponding to these

at the 8.8 MeV level. Equatio5.10 is an equal spacing
rule for the spin-averaged masses of the sextet.

The two flavor-27 mass relations Ed5.7) and (5.9) to-
gether imply the vanishing of the spinand spini sextet
flavor-27 combinations

30— 224+ 00=0, operators since the leading order contribution of each
Q Jo=0 SU3) splitting cancels out of the corresponding
ES_ZESJFQS:Q (5.1 heavy-quark flavor-violating and heavy-quark number-

dependent splitting.
to a precision of about 8.8 MeV. The first of these equations The I,=1 heavy-quark flavor-symmetry-violating mass
was obtained previously by Savaf2?]. splittings are tabulated in Table VI. These mass combina-
There are two additional mass relations tions correspond to splittings between heavy charm and bot-
tom baryons, and are suppressed by a relative factor of
, 1/N, times (1/2m.—1/2my) in comparison to the leading
Q heavy-quark flavor-symmetric contribution to the heavy
baryon mass splittinlexcept for thel ﬁl splitting which is

5 _
PR
—

1
§[336 20~ (B6-Eo)-226-00)1- 5 5o

.
=
=1

=0, (5.12  proportional to (n,—m,)]. The most accuraté,=1 mass
relations in Table VI can be used to predict the bottom
Eo=Eq6=0, baryon mass splittings from the corresponding charm baryon
o s 5 mass splittings.
satisfied to orders (2/NZ)(A/mg)(eA,)/2y3  and Heavy-quark number-violating mass splittings between

F(IN)(A/mg)(eA ), respectively, which are numerically haryons containing a single heavy qu&gkand baryons con-
comparable: about 11.5 MeV f@@=c and 3.5 forQ=b.  taining no heavy quarks are given in Table VII. These mass
The second relation gives an order of magnitude estimate qfombinations relate heavy baryon mass splittings to split-
the =0 off-diagonal masﬁQaé while the first relation  tings among the spig-octet and spirg decuplet baryons.
implies a determination of this off-diagonal mass in terms ofThe mass combinations are suppressed by a relative factor of

the sextet masses. The two relations together yield the maggN, in comparison to the leading contribution to the heavy

relation baryon mass splittingexcept for theNgl mass splitting
1 which is proportional tang). The Ny and NQJ?/ mass com-
[3(3E—3q) —(EX—EL)—2(Q%—0,)]=0, binations are the S@3) generalizations of the SB@) mass
6[ (2972a)~ (54 o)~ 2k Q] combinations studied in Sec. IV. The linear combination of

(5.13 octet and decuplet masses appearing for these operators are

which is predicted to hold to 16:611.5MeV for Q=c and thel andJ% mass combinations fddo=0 baryons derived
to 5.1+3.5 MeV for Q=b. This relatibn combined with the in Ref. [8]. The derivation of the flavor octet and flavor-27
flavc.)r-27. relation (5.7) irﬁplies that the chromomagnetic mass combinations is more subtle. There are five flavor octet

- Jo=0) operators among thlg=0 andNgy=1 baryons:
litt f th tet , (Jo=0) QT g 2
Mass SpItings ot the sextet are equa T8, 3G, (3,)T8, NgT®, andNgJ),G'®. It is important to
(SE—30)=(E5—EL)=(Q5-Qp). (5.14  note that the four-body operatd)tQ(J/)zT8 is a redundant
Q” =) T(=q7=q Q™ Q - ; i ig
operator. The mass combination correspondin§l¢d, G
Equation (5.14 was obtained previously by Savada2]. is the mass combination with vanishing matrix elements of
The combined Mg, 1N, and SU3)-flavor-breaking ex- the remaining four operators. Since the matrix element of
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TABLE VI. I,=1 heavy baryon mass splittings which violate heavy quark flavor symmetry, but preserve heavy quark spin symmetry.
The mass splittings are suppressed (iy2m.—1/2m,) and one additional factor of M. The Iﬁ mass combination has a leading
contribution of (n,—my).

Operator (SU(3)Jo) Mass combination (O) 1/m 1N, Flavor
I (1,0) H(AcH+2E )~ 3(Ap+2E) 1 (Me—mp) 1 1
15(3,)° (1,0) [ 3(Act250) + 15(33.c+ 25+ 0 2 11 1/NZ 1
+5(32F+2EF+ON)] om. 2m,
—[—3(Ap+2E,)+ 3533+ 25+ Q)
+5(33F+2E5 +08)]
IiTe (8,0) (Ac=Eo)—(Ap—Ep) 3 11 1N, €
23 2m 2m,
133,618 (8.0) [ 8(AcT B + 24335, ~20) 71_ 15 11 NG €
+13(33¢ B¢ —207)] 238 m 2m,
~[=5(Ap—Ep) + 2(3%p— 5 -20y)
+13(335 —Ef —207)]
INTe. T (27,0 [8(3c =25+ Qo) +5(3¢ —25¢ +07)] 3 11 NG ¢
—[8(2p=2E,+Qp) +3(25 — 255 +0f)] 2 om. 2m,

(J,)?T® must vanish in this combination, the linear combi- tor No{T&,J),G'®} is a redundant operator. The mass combi-
nation of octet and decuplet masses appearing in thaation corresponding to theo{T8 T8} operator is the mass
NoJ,G'® mass combination is not simply thE.G'® mass  combination with vanishing matrix elements of the two other
combination forNg=0 baryons[8]. Similar remarks apply operators.

for the flavor-27 mass combinations. There are three flavor- There are two accurate mass relations obtained by ne-
27 (J%z 0) operators among thé,=0 andNg=1 baryons:  glecting heavy-quark number-violating operators. Neglect of
{T8,T%, {T8,3,G'®}, andNo{T8 T8}. The four-body opera- the flavor-27 operatoNo{T®,T®} yields the mass relation

1 11 1
5l(2ot22Q)—2(Eq+2EQ) +(Qot200)]=3] 7(2N-2—3A+25)+-(4A-52* —25* +30Q) |, (5.19

which is exact up to corrections of order (Bfé)(ezAX). The estimate of this correction is 1.5 MeV f@=c,b. Equation
(5.19 is a factor of 1N, more accurate than relatidb.9), which sets the heavy baryon mass combination equal to zero. The
linear combination of octet and decuplet masses on the right-hand side of the equation-e¢d@sMeV with negligible
error, which agrees with the estimated accuracy of (B). Neglect of theI\IQJ'/Gi8 operator yields the mass relation

5 1 1 1
— 5 (Ao~ EQl+ 5[3(2q+238) ~ (B +2E8) ~2(Qg+208)] | =~ 5, (BN—-93 +3A ~2E)+ (20~ E* ~Q),
(5.16

which is satisfied up to a correction of order ](EilB\Iﬁ) _ 1 _ 1 .
(€A,)/24/3, which is about 13.5 MeV fo@=c,b. The lin- (Ao~ Zq) = g(BN=32+A—45)— 55(2A-E* — ()

ear combination of octet and decuplet masses on the right- (5.19
hand side of this equation equals 428919 MeV, and so

there was not a useful mass relation involving this heavyis predicted to hold to order 3(mé)(eAX)/2\/§, which is
baryon mass splitting in expansigi.5). Finally, a third  about 65 MeV forQ=c,b. Evaluation of the mass difference
mass relation following from the neglect of the, T8 opera-  of (A.—E.) and the right-hand side of Eq5.17) yields
tor provides a test of the theoretical hierarchy. This mas€l3 MeV, which is a factor of 0.6 times the coefficient unity
relation estimation.
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TABLE VII. Mass splittings between baryons containing a single heavy q@dad baryons containing no heavy quarks. The mass
splittings are suppressed by an additional factor df;1/The Ng mass combination has a leading order contributiomgf.

Operator (SU(3)Jo) Mass combination (O) 1img 1N, Flavor
No (1,0) (AQ+2HQ) A 3(2N+33+A+2E) 1 Mg 1 1
H(AA+33* +2E* +0)]

NoJ? (1,0) {—%(AQ+25Q)+18[3(2Q+22Q)+2(E(5+2Eg) 2 1 1N2 1
+(QQ+ZQ )]}

— 4 (4A+35* +2E* + Q) — §(2N+33 + A +25)]
NoT® (8,0) (Ag—Eo)—§(6N—33+A—4E)+ 5(2A—E* - Q) 1 1IN, €
23
. . 2
NoJ,G'® (8,0) [~ 8- Eo)+ A[3(So+235) 115 1 1N €
+(EQ+2EY) - 2(QQ+2Q )]} 23 8
+35(8N—93 +3A —2E8)— 5(2A—E* - Q)
No{T®, T8 (27,0) é[(zQJrzzg)—z(EéJrz )+(QQ+ZQ )] 3 1 1/N? €
+—}2N-3-3A+2E8) - Y4A-55* —25* +3Q)] 2

Elimination of the mass3(Qq+2Q5 o) between Egs. four of the mass combinations, and relatitk7) was im-
(5.19 and (5.16 yields a prediction for the heavy baryon posed to extract the unknown and inaccurately measured
mass splitting, charm baryon masses.

It also is worthwhile to study the implications of the pre-
1 dictions (5.19 for the charm baryon mass spectrum. The
=L oE*) , -
(EQ+ 235)— Aq} [3(~Q+2HQ) HQ}' chromomagnetic mass splittings are evaluated to be
(5.18

. - ¥—3.)=79.655.3 MeV,
in terms of octet and decuplet baryon mass splittings. (3c—2c)

Predictions ~E})=61.1£3.0 MeV, (5.20

The two new mass relation&.15 and (5.16) together n _ "
with the most precise relatio(b.7) can be used to extract (g —Q)=42.657.3 MeV,

values for thex ¢ , B, andQ? :
which implies that the linear in strangeness number contri-

3% =2532.5-5.3 MeV, bution to the chromomagnetic splittings negative so that
Er-3)>(EX¥—-ED>(Qf-Q.). This ordering seems
2.=2582.9-2.5 MeV, (5.19 reasonable based on intuition from the quark model: In the
quark model, the hyperfine operatly- Jg is suppressed by
O} =2746.6-6.1 MeV. 1/mymqg, which is a greater suppression fqe=s than for

g=u,d. The differences of these splittings are equal as dic-
The predicted®? mass is consistent with the current Particletated by Eq.(5.7), and given by 18.5 4.6 MeV, and so Eq.
Data Group(PDG) value of 253@¢5+5 MeV, while the (5.14 which holds at this level is not very accurate. The
predictedE. mass is significantly larger than the unpub- spin-averaged sextet masses are evaluated to be
lished WA-89 measurement ef2560 MeV. All of the other
charm baryon masses are accurately measured, and so the 1 .
predicted masses fa&&* , £/, and Q* together with the 3(2c+2%5)=2506.0:3.5 MeV,
measured charm baryon masses can be used to evaluate the
mass combinations of the combinednl/ and 1N, expan- 1
sion. The numencal. values of thg mass comblnatlo_ns then ~(EL+25*)=2623.6:1.4 MeV, (5.21)
can be compared with the theoretical hierarchy predicted by
1/mg, 1MN., and SU3)-flavor-breaking suppressions.
Using the derived masses and the measured masses of all
the other charmed baryons, it is possible to evaluate the mass §(QC+ 20%)=2732.4-4.3 MeV.
hierarchy of Table V. These numbers are listed in the column
labeled “Expt.” in Table V. Good agreement with the theo- .
retical hierarchy is found. Only the predictions for tiieand ~ The sextet mass differences
J/,G'® mass combinations and the two mass combinations

mvolvmg H.E. can be regarded as pure predictions since 1

1
HlyogEry_ = *) =
the choice of parameters,, A, (eA,), and (€?A ) affects 3(”°+2”°) 3(2°+22C) 117.623.8 MeV,
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1 1 ing the bottom baryon masses from the charm baryon
3 (Qct 207)— §(EQ+ZE§)= 108.8+4.5 MeV masses. The heavy-quark spin-violating splittings of the bot-
(5.22 tom baryons can be obtained by rescaling the charm baryon
mass splittings by a facton{;./m,) ~0.3. Thus, the chromo-
are equal at the 8.8 MeV level. Tkié hyperfine splittings in  magnetic mass splittings of the bottom baryons are predicted
each strangeness sector are to be

1 x5y
3(3ct237)~Ac=221.0:3.6 MeV, (35 =2p)~23.851.6 MeV,

(Et—E!)~18.3+0.9 MeV, (5.25

1
T 4oE* 5 =
3(‘—'c+2‘—'c) H.=155.9-1.8 MeV. (5.23 (QF —0p)~12.872.2 MeV,
The difference of these splittings is predicted to be large: where the precise numerical values in E&25 will change
1 outside errors if a different scale factor is used since the error
§(Ec+ 23%)— A, —[g(EngzEg)—Ec on the scale factor has not been taken into account. For ex-
ample, using the more rigorous scale factor
=65.1-4.0 MeV. (5.24  (Zp/Z)(mc/m,)~0.24 reduces the central values by about

5 MeV. The mass relation E¢5.15 and the second flavor
Finally, now that all the charm baryon masses have beenctet mass relation of Table VI yield precise predictions for
determined, it is possible to return to the problem of predicttwo additional bottom baryon mass combinations

1
Sl(Zp+258)~2(Ef+258) +(Qp+205)]= ~443-15 MeV,

5 1
— g(Ao=Ep)+ 5[3(Zp+258) — (54 +255) ~ 2(Qp+205)] | =42.89=2.1 MeV, (5.26

where the errors represent the combined theoretical and experimental accuracy of each relation. There are two additional mass
relations which are less accurate, namely the second and third mass relations in Table VI, with theoretical accuracies of about
4.8 and 5.1 MeV, respectively:

(Ap—Ep)=—182.74.9 MeV,

1 1
- §(Ab+ 25,)+ E[3(Eb+ 238+ 2(Ep+2E) +(Qp+207)]=176.1+5.4 MeV. (5.2

Combined with the measured, mass, these seven con- where the precision of the extraction is limited by the theo-
straints determine the seven mas&ks X,, B, Qp, 2} retical accuracy of the least accurate mass relations. Once
E}, and Qf . The three chromomagnetic splittings were tWo additional bottom baryon masses are measured, a more

given already in Eq(5.25. The four mass relations in Eq. Precise extraction of the remaining unmeasured masses will

(5.26) and (5.27) together with theA, measurement deter- be possible using only the most accurate mass relations in

mine the four spin-averaged mass combinations Eqg. (5.26. Some linear combinations of the spin-averaged
mass combinations are determined accurately, however. For

1 example, the two mass relations in E§.26 imply
§(Ab+25b):5744.8t5.8 MeV,

1 1
§(Eb+ 22;)_Ab _[g(;’:{)‘FZEE —Ep

1
3(Sp+25})=5844.0:8.9 MeV,
—65.1+3.6 MeV. (5.29

(Ep+2E,)=5961.6-10.8 MeV, (5.28 VI. ISOSPIN-VIOLATING MASS SPLITTINGS

w| =

Isospin-violating mass splittings are analyzed in this sec-
tion for completeness. Almost all isospin splittings will be at

1
— * 3
3 (Qp+20;)=6070.3-23.6 MeV, the sub-MeV level, and so isospin symmetry is a very good
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symmetry for the heavy baryon masses. Isospin breakintabulated in Table VIII forQ=c and Table IX forQ=b.
arises due to differences in theandd quark masses and Table X combines the operator matrix elementmd/
electromagnetic charges. These two sources of isospin break/N., and flavor-breaking suppression factors to predict a
ing will be denoted by the parametees and €”. Isospin  hierarchy of mass relations. The numerical values of the
breaking due to quark mass differences is purklyl, theoretical hierarchy are evaluated for canonical values of
whereas the electromagnetic mass splittings are second ordé€ parameters in the CO|.Ur_nnS.|abe@EEOC and gj b. The

in the quark charge matrix and can be 1,2. Both sources largest isospin mass splitting '§C_~c_) or (Ep= =),

of isospin breaking produce comparable mass splittings ifvhich are equal and of order a few MeV in magnitude. These
QCD, and soe’' ~€”. All =2 mass splittings are electro- splittings can be used to determine the isospin-breaking pa-
magnetic mass splittings suppresseday,/4, and will be ~ rameter €'A.) Wh'OCh_SEtS the scale of the mass hierarchy.
proportional to the parametee’(A,). Thel=1 mass split- Experimentally, Bc—Hc)=5.2£2.2 MeV [14]. The next
tings can arise from either source of isospin breaking. Sincérgest mass splitting is the=2 mass combination

these effects are comparable, the splittings will be written in 1 2
terms of the paramete(A ). 0 Sir-23r+39 +§(E§ HRE) S S|
Thel =1 flavor octet, (16-10), and flavor-27 mass ex- 6.3

pansions are given by
or the analogous splitting foQ@="b, which will be about

1. 12 . 1 2 3.5+ 1.5 MeV. Thel =1 mass splitting
(8)_T3 i ~i3 i i3 . 3
M T+ NCJ/G + N, mQJQG +_ch mQ(J/ Jo) T,

5 1
—g(BS-EO+ 23T -39+ (BT -EO)]

8
— 1 1 i i
MOOTTO— (T2, 6%~ {T8,G%),  (6.) 1
c Mo + L2 -3+ (BT -ELO)] 6.4
1 1 1 . ) ’
M(27>:N—{T3,T8}+ o m_QJb({T3'G|8}+{T8,G'3}), or theQ=b analogue will both be about (0.5 MeV. All
c C

remaining isospin mass combinations are predicted to be
whereas thé =2 flavor-27 mass expansion is given by sub-MeV. The mass relations obtained by neglect of these
operators are given in Tables VIII and IX.

1 1 2 .
M@= 2 (T3 T34 = —— 0 (T3,G'3), (6.2 VIl. CONCLUSIONS
NC NC mQ
It has been shown that there are light-quark and heavy-
The mass combinations corresponding to these operators ageark spin-flavor symmetries for baryons containing a single

TABLE VIII. Isospin-violating mass splittings of baryons containing a single charm quark.

Operator (SU(3)J.) Mass combination (O) 1/m, 1N Flavor
I=1
T (8,0) g2i-8° 1 1 1 €
J,G"® (8,0) —3(ES-Ed+ a2 -2+ (B -EO)] : 1 IN, ¢
+R2(EF -2+ (BE T B0
JLG'3 (8,1) HASS +3(EIEL —E2ED)] 33 2m; 1N, €
8
(3,397 (81) —d2E{ T3+ (EC-EDO)] 2 2img  1NZ ¢

1 :+:~+_:«0»:/0)]

5
_ﬂg[Agzg"‘z =c =c =cH=c
+e2( T -2+ (BT -EEY)]

{13,719 (27,0) BT -2 -2(E -EO)] 1 1 IN,
T332 25T -ELO) 3
LT3, GI® +{T8,G'%) (27,1) —dCIT-3) 2B -EO] N3 2mg INZ ee’
, _ _ _ (BT -39 -2 -EEY) 2
ST —{T%G)  (10+10,1) st (mrEromom) ; 2im;  UNZ e
2 Cc c =c =c =cHc
1=2
{13,719 (27,0 BT OOME) JA D 3y IS 0 ) AR ) 2 1 1N, €’
J{T3,G3} (27,1) e O ) RS 3y B0 SR ) Rl o S 2 2im;  1N? €'
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TABLE IX. Isospin-violating mass splittings of baryons containing a single bottom quark.
Operator (SU(3) Jp) Mass combination (O) 1/my 1/N, Flavor
=1
T (8,0) Eb-E,) 1 1 1 €
J,G" (8,0) 8BS Ee) A 2( ~ %) H (5P -E) )] 3 1 IN, ¢
+ 2035 -3 )+ (EEP-Ep )]
G (8,1) AANS L+ 3(ERE-ELEL)] 33 2m, 1IN, €
8
(3,37 (8,1) —d2(E5 ~3p) +(EL-Ep )] 7 2im, LN ¢
— [ ADEO+ 3(EREL - Ep By )]
+a2(5 T -3 H(E-ER )]
{13719 (27,0 W (25 —3p) - 2(“'0 Ei)] 1 1 IN,
(ST -25 ) -2(E5-E5 )] V3
BTG +{T8,G"%)) (27,1) — e —2p)-2(Br°-Ef)] V3 2/my, 1N ee’
—x0 2
+Ad(EF -3 ) -2(88°-E5 )]
BTGB -{T8G)  (10+10,1) — AR - (BRE - Ep Ep )] i 2lm,  1NZ ee’
=2
{T3,7% (27,0 A 25043 )+ ESE T 2510435 ) 2 1 1N, ¢
I{T3,G™% (27.) — (35 -250+3p) +3(3F - 2550+ 5E ) 3 2im,  LNZ

TABLE X. Hierarchy of heavy baryon mass splittings in decreasing order of magnitud@=far and Q=b. Superscripts refer to the

isospinl, of the baryon rather than the electromagnetic charge. The parametdrg) (and (¢"A,) are expected to be comparable and of

the order of a few MeV.

Mass combination Theory Q=c Q=b
(:5% :5%2) e . . (€'A,) 1.0(e'A,) 1.0(e'A,)
- * * * — " "
DG -25Q+3 N+ AT 25+ 35 TY 2Ni(e"AX) 0.67(€"A,) 0.67("A,)
Cc
2:5; Eod+a2C4 -3+ (Eo - Eb 2] §i(e'A) 0.21(e'A,) 0.21('A )
+3 25T -3 T H(ES :-ES D) Ne'™ X
WG -2H-2(Eg - B4 ] 11 eay 0.05("A) 0.05(¢'A,)
+d(EET -3 -2(ES - B D] Y3 NS
AAQS Y+ HESIEL 3-BEo3EL 9] 3V3 1 2A 0.09('A ) 0.03('A,)
8 N,mg €M
—Hd2dt 2Q1)+(:(’{%—E(’{z)] 5124 0.06('A ) 0.02(¢'A )
iA L+l =l -1 4ﬁ2m_(5 X)
— 3l 2(~Q2—«Q 3~ Eg3Eq 2] c 'R
+ [2(2**1 SENH(ES I-EY D)
— 35—+ +aEE T 280+ 3E Y 5—12%(5/'/\ | 0.03(¢"A ) 0.009("A )
8 N m X
— A -3 -2(E6 - Eg 9] B1aa 0.01(€'A,) 0.003('A,)
+ [(E*Jrl E* l) 2(ﬁ—4*+1.7:67%)] ?Ngm_QE(E X)
—TAYS—(BE3EL 3-EoiEl 9] 31 2A 0.009(’A ) 0.0026(' A )
AN mg (€A
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heavy quark in the combined heavy quark and |a¥geim- and (iii) the equal spacing rul22]

its. A (spin®flavor) operator expansion in N and 1fg . v e e .

has been constructed for heavy quark baryons at finige (22 -2 (B —Eo)=(E{—E)—(QF — Qo)
andN.. Heavy quark spin symmetry is present iy— oo or (7.4

for mq—c°, and so any violation of heavy quark spin sym- s aimost exact. Bottom baryon mass splittings are predicted
metry is suppressed by (4{mq). In the presence of heavy- i terms of charm baryon mass splittings and mass splittings
quark flavor symmetry, heavy-quark spin-flavor symmetry ispf the octet and decuplet baryons. Some bottom baryon mass
present forN.— . For the physical situation of two hea\_/y splittings are predicted very accurately.
flavors Q=c and Q=b, heavy quark flavor symmetry is  As this work neared completion, Ré23] appeared. The
justified by the heavy quark limif1]. Heavy-quark spin- present analysis shows that E8d) of [23] is not well sat-
flavor symmetry S\#),, is a better symmetry for baryons isfied.
than for mesons because violation of the symmetry IS SUp- Note added in proof There are no renormalon ambigu-
pressed by (Ncmg), rather than Ih,. In addition t0 jties in the operator coefficients which correspond to physi-
heavy-quark spin-flavor symmetry, there is a light-quarkca mass splittings. The renormalon ambiguity of the heavy
SU(6) spl_n-flavor symmetry for heavy quark baryons in thequark massng andearyonNNc)\QCD is of orderA gep, and
largeN limit [3]. . _ E)rmally appears as a tertfdoA ocp in expansion(4.13.

The masses of baryons contal_nlng a smgle_ hea_wy quark The two very accurate mass relations E§s?) and(5.15
E?I\\l/e b;nedn g&g;yzfgjvo'p sarr?r)nn;t)rlnel()jrezxkri)r?nﬂ?'uemr?;i/ve yield very precise predictions f&_ and € + Q). A new

¢ y y 9- CLEO measurement Gt} =2518.6+2.2 MeV is signifi-

N scalings cantly lower than previous measurements. In addition, there

A baryon_ j ‘A meson is a somewhat more accurate value f0g=2699.9+2.9
¢ ’ MeV from the E687 Collaboration. The more accurélg
Ajaryon._ ) meson value changes th& prediction slightly to
1 E.=2580.8t2.1 MeV.
baryon _ _— y meson
Nc The lower=7 mass implies a larger value for the predicted

work beautifully for the baryon masses. A mass hierarchy ig2c Mass:
predicted by the Mg, 1/N., and flavor-breaking expansion.
The most suppressed operators yield mass relations which

are well satisfied experimentally. The precision of the masghe mass combination quoted in E45.20—(5.29 will be
relations and the magnitude of mass combinations are prenodified accordingly. The only significant modification is
dicted by the expansion. Heavy baryon mass splittings havghat the differences of the chromomagnetic mass splittings
been related to octet and decuplet mass splittings. The moggB_EQ)’ (EB_Eé)v and 5—Qg) are much smaller
accurate mass relations, ES.7), (5.19, and(5.16, have  {han pefore, which implies that relatidb.13 is as small as
been used to predict ’tcheﬂu,nmeasursd or poorly measurgghssible. This occurs if the magnitude of the first mass com-
charm baryon masseS; , Z¢, and{l; to a precision of pination in Eq.(5.12 is dominated by theE o= mixing
several MeV. A number of interesting features of the charmg .

baryon mass spectrum are found. These include the follow-
ing. (i) The mass splitting ACKNOWLEDGMENTS

0*=2760.6:6.4 MeV.
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