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Heavy baryon masses in the 1/mQ and 1/Nc expansions
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The masses of baryons containing a single heavy quark are studied in a combined expansion in 1mQ ,
1/Nc , and SU(3) flavor symmetry breaking. Heavy quark baryon mass splittings are related to mass splitt
of the octet and decuplet baryons. TheSc* , Jc8 , andVc* are predicted to the level of a few MeV. A number
of bottom baryon mass splittings are predicted very accurately.@S0556-2821~96!04117-3#
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I. INTRODUCTION

The mass spectrum of baryons containing a single he
quark is tightly constrained by the presence of approxim
symmetries. In the heavy quark limit, hadrons containing
single heavy quark respect a heavy quark spin-flavor sy
metry @1#. For finitemQ , this symmetry is broken by effects
of order 1/mQ . In the large-Nc limit, baryons with an ap-
proximate flavor symmetry possess a larger spin-flavor sy
metry @2#. For finiteNc , this symmetry is broken by effects
of order 1/Nc @2–8#. The combined limitmb→`, mc→`,
Nc→` for fixed (mc /mb) and (NcLQCD/mb) results in a
light quark and heavy quark spin-flavor symmet
SU(6)l 3SU(4)h for baryons containing a single heav
quark. For finitemQ andNc , this symmetry is violated by
effects of order 1/Nc and (1/NcmQ), and by SU~3! flavor
breaking. It is the purpose of this work to explore the imp
cations of SU~3! flavor breaking and the combined 1/mQ and
1/Nc expansions for the masses of heavy quark baryons.

Section II begins with a brief review of the 1/mQ expan-
sion of heavy hadron masses in heavy quark effective the
Section III presents the operator analysis of the 1/Nc expan-
sion. Heavy baryon masses are analyzed in the combi
1/mQ and 1/Nc expansion for isospin flavor symmetry in Se
IV. The generalization to SU~3! flavor symmetry is per-
formed in Sec. V. The most precise predictions follow fro
the SU~3! mass relations of Sec. V. Readers interested o
in these results may go directly to Sec. V A where they a
presented. Isospin-violating mass splittings are considere
Sec. VI. Conclusions are presented in Sec. VII.

II. HEAVY QUARK BARYON MASSES
IN THE 1/mQ EXPANSION

The masses of hadrons containing a single heavy qu
have been studied in the 1/mQ expansion of heavy quark
effective theory. A brief review of this expansion is pre
sented in this section.

The heavy quark effective theory~HQET! Lagrangian

LHQET5Q̄v~ iv•D !Qv1Q̄v
~ iD !2

2mQ
Qv

2ZQQ̄v

gGmnsmn

4mQ
Qv1OS 1

mQ
2 D ~2.1!
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describes the interactions of a heavy quarkQ with fixed
velocity v inside a hadron containing a single heavy qua
The heavy quark massmQ is removed from the QCD La-
grangian by the heavy quark field redefinition@9#. The re-
sidual mass term has been chosen so that there is no
term in the HQET Lagrangian@10#.

The mass of a hadron containing a single heavy quark
an expansion in 1/mQ ,

M ~HQ!5mQ1L̄2
l1

2mQ
2dH

l2

2mQ
1OS 1

mQ
2 D , ~2.2!

where the order unity contributionL̄ is the mass of the light
degrees of freedom in the hadron, and the two 1/mQ contri-
butions are determined by the matrix elements

l15^HQ~v !uQ̄v~ iD !2QvuHQ~v !& ~2.3!

and

dHl25
1

2
ZQ^HQ~v !uQ̄vgGmnsmnQvuHQ~v !&. ~2.4!

In the above equation,dH is the Clebsch factor,
dH524(Jl •JQ), and ZQ is a renormalization factor with
ZQ(m5mQ)51. Renormalization group scaling between t
scalesmb andmc yieldsZb /Zc5@as(mb)/as(mc)#

9/25.
Neglecting SU~3! flavor breaking, the masses of th

lowest-lying pseudoscalar and vector mesonsD andD* for
Q5c andB andB* for Q5b are parametrized by

PQ5mQ1L̄meson2
l1
meson

2mQ
2
3l2

meson

2mQ
1•••,

PQ*5mQ1L̄meson2
l1
meson

2mQ
1

l2
meson

2mQ
1•••, ~2.5!

whereas the masses of the lowest-lying spin-1
2 antitriplet

(3̄) and spin-12 and spin-32 sextets (6) are parametrized by
4515 © 1996 The American Physical Society
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TQ5mQ1L̄T
baryon2

l1T
baryon

2mQ
1•••,

SQ5mQ1L̄S
baryon2

l1S
baryon

2mQ
2
4l2S

baryon

2mQ
1•••, ~2.6!

SQ*5mQ1L̄S
baryon2

l1S
baryon

2mQ
1
2l2S

baryon

2mQ
1•••,

to order 1/mQ
2 in the 1/mQ expansion. Note that differen

parametersL̄, l1, and l2 appear for mesons and baryon
When SU~3! flavor breaking is not neglected, different pa
rameters also appear for different members of the meson
baryon SU~3! multiplets.

III. OPERATOR ANALYSIS

The 1/Nc operator analysis for baryons containing ligh
quarks was derived in detail in Refs.@2–7#. The operator
analysis is generalized to baryons containing heavy quark
this section.

The approximate flavor symmetry of QCD with thre
light quarksu, d, ands and heavy quarksc andb is SU~3!
3U(1)c3U(1)b . The corresponding spin-flavor symmetr
for large-Nc baryons is SU~6!3SU(2)c3SU(2)b . There is a
separate spin symmetry for each flavor of heavy quark in
baryon in the large-Nc limit. This heavy quark spin symme
try is operative for baryons containing multiple heavy quar
as well as baryons containing a single heavy quark. It
important to emphasize that large-Nc heavy quark spin sym-
metry is present for baryons even if the quark flavor in que
tion is not heavy enough to have a valid 1/mQ expansion. For
this reason, it is possible to study the consequences of la
Nc heavy quark spin symmetry for baryons in the 1/Nc ex-
pansion without reference to the 1/mQ expansion. We begin
with this 1/Nc operator analysis and then generalize to t
combined 1/mQ and 1/Nc expansion.

The operator basis of the 1/Nc expansion for baryons con
taining heavy quarks is constructed out of the zero-bo
identity operator1 and the generators of the spin-flavor alg
bra SU(6)3SU(2)c3SU(2)b . The SU~6! generators are de-
fined by

Jl
i 5q†

s i

2
q,

Ta5q†
la

2
q,

Gia5q†
s ila

4
q,

where Jl
i 5Ju

i 1Jd
i 1Js

i while the charm and bottom spin
generators are defined by

Jc
i 5c†

s i

2
c,

Jb
i 5b†

s i

2
b. ~3.1!
t
s.
-
and

t
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The light quark spin-flavor algebra is given in Ref.@7#. The
heavy quark spin symmetry commutation relations are sim
ply

@JQ
i ,JQ

j #5 i e i jkJQ
k , ~3.2!

whereQ5c or b.
Operators in the 1/Nc expansion are polynomials in the

one-body operators. The set of polynomial operators is ove
complete. An operator basis which is complete and linear
independent is constructed by eliminating redundant oper
tors using operator identities. The operator identities are d
rived in Ref. @7#. The structure of the operator identities is
discussed in detail in Ref.@7#, and will not be repeated here.
For the case of baryons containingNl light quarks andNh
heavy quarks such thatNc5Nl 1Nh , the SU(2NF) identi-
ties of Ref.@7# apply for Ji replaced byJl

i andNc replaced
by Nl in Eq. ~4.2! and Tables VII and VIII. Similarly, the
SU~2!Q spin symmetry identities are the identities for one
quark flavor withNc replaced byNQ , namely,

Q†Q5NQ1,

$JQ
i ,JQ

i %5
1

2
NQ~NQ12!1. ~3.3!

The presence ofNl andNQ in the operator identities rather
thanNc follows from the group theory of the baryon repre-
sentation for a fixed number of light quarks and a fixed num
ber of heavy quarks of each flavor. Figure 1 gives the SU~6!
3SU(2)Q3SU(2)Q8 spin-flavor representation for baryons
containingNl light quarks andNh5NQ1NQ8 heavy quarks,
with Nl 1Nh5Nc , whereQ andQ8 represent two different
flavors of heavy quarkc andb. It is clear that the operator
identities apply for the quark numbersNl andNQ . For ex-
ample, the total number of quarks in the baryon is describe
by the one-body→ zero-body identities

q†q1Q†Q1Q8†Q85~Nl 1NQ1NQ8!1

5~Nl 1Nh!15Nc1. ~3.4!

The 1/Nc expansion of anl -body QCD operator acting on
baryons containingNl light quarks andNh heavy quarks has
the form

OQCD
~ l ! 5Nc

l (
m50

Nl

(
n50

Nh

c~m1n!
1

Nc
m1n Ol

~m!Oh
~n! , ~3.5!

whereOl
(m) denotes anm-body operator in the light quark

spin-flavor generatorsJl
i , Ta, andGia, andOh

(n) denotes an

FIG. 1. Baryon representation of SU(2NF)3SU(2)Q
3SU(2)Q8 spin-flavor symmetry for large finiteNc . The total num-
ber of boxes equalsNc5Nl 1Nh whereNh5NQ1NQ8.
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n-body operator in the heavy quark generators.1 The 1/Nc
operator expansion only goes up toNc-body operators since
Nc5Nl 1Nh . Each of the arbitrary coefficients of the 1/Nc
expansion,

c~m1n!S 1Nc
D , ~3.7!

is order one at leading order in the 1/Nc expansion. The
coefficients are only a function of 1/Nc sinceNl , NQ , and
NQ8 are to be regarded as fixed numbers, not operators
the present expansion. The coefficients depend implicitly
the fixed ratiosNl /Nc , NQ /Nc , andNQ8 /Nc .

It is an important physical point that the operator expa
sion for baryons containing light and heavy quarks is su
pressed by factors of 1/Nc , rather than 1/Nl and 1/Nh . This
1/Nc suppression is required for consistency of the opera
expansion. One consistency requirement is that the 1Nc
power counting of the operator expansion~3.5! be preserved
under commutation of the (m1n)-body operators
O(m1n)[Ol

(m)Oh
(n) . This feature is present for a suppressio

factor of 1/Nc
m1n , but not for 1/(Nl

mNh
n). A second consis-

tency requirement is that the operator expansion be invar
under a change of operator basis for the expansion. For
ample, it is possible to rewrite the operator basis us
J5Jl 1Jh , the total baryon spin, rather thanJl . This re-
casting of the operator expansion is obviously possible ifJ,
Jl , andJh are all suppressed by 1/Nc , but it is not consis-
tent if Jl is suppressed by 1/Nl and Jh is suppressed by
1/Nh . The conclusion that all the suppression factors a
1/Nc also follows from an analysis of the large-Nc Feynman
diagrams.

Although factors of 1/Nl and 1/Nh do not appear as ex-
plicit suppression factors in the 1/Nc operator expansion,
Nl andNh do appear implicitly through the matrix elemen
of Ol andOh . Matrix elements of the operatorOl

(m) are at
most order (Nl )

m, whereas matrix elements ofOh
(n) are at

most (Nh)
n, so that

1

Nc
m1n ^Ol

~m!Oh
~n!&&SNlNc

DmSNh

Nc
D n. ~3.8!

Both Nl /Nc andNh /Nc are suppression factors as long a
neitherNl norNh is equal toNc . Thus, for baryons contain-
ing both light and heavy quarks, higher-body operators in
1/Nc expansionare suppressed relative to lower-body oper
tors if the operator basis is written in terms of light-qua
and heavy-quark one-body operators. Alternative opera
bases are less ideal since they will not have this feature.
example, the highest spin baryon states haveJ;Nc , so that
the use of the one-body operatorJ instead ofJl will not lead
to an operator basis with this feature. For the physical sit

1For baryons containingNQ heavy quarks of typeQ and NQ8
heavy quarks of typeQ8, Oh

(n) is an n-body operator which is at
mostNQ-body in JQ

i and at mostNQ8-body in JQ8
i :

(
p1q50

Nh 1

Nc
p1q Oh

~p1q!→(
p50

NQ

(
q50

NQ8 1

Nc
p1q OQ

~p!OQ8
~q! . ~3.6!
, in
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n-
p-

tor
/
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tion of principle interest in this work, namely baryons con
taining a single heavy quark, theNl /Nc andNh /Nc suppres-
sion factors will be 2/3 and 1/3, respectively.

The large-Nc heavy quark spin symmetry is independen
of whether the quark flavor in question is heavy enough
have a valid 1/mQ expansion. If the quark flavor is suffi-
ciently heavy that it has a valid 1/mQ expansion, then heavy
quark spin symmetry is also a consequence of themQ→`
limit, independent of whether the large-Nc limit is taken. It
thus follows that heavy quark spin symmetry violation i
suppressed by (1/NcmQ) for very heavy quarks.

For the special case of baryons containing a single hea
quark, there is a heavy quark flavor symmetry in the lim
that each of the heavy quark flavors is regarded as infinite
heavy. More specifically, for baryons withNh51 in the limit
mb→` and mc→` with mc /mb held fixed, heavy quark
spin symmetry for each of the heavy flavors is promoted to
heavy-quark spin-flavor symmetry SU~4! h @1#. In the pres-
ence of heavy quark flavor symmetry~regardless of the ori-
gin of the heavy quark flavor symmetry2!, heavy-quark spin-
flavor symmetry for baryons is a consequence of the larg
Nc limit. Thus, when the large-Nc limit Nc→`, with
NcLQCD/mQ held fixed, is added to the heavy quark limit
there is a SU~6! l 3SU(4)h spin-flavor symmetry for bary-
ons with one heavy-quark@3#. The heavy-quark spin-flavor
algebra is generated by the one-body operators

Jh
i 5Q†

s i

2
Q,

I h
a5Q†

ta

2
Q, ~3.9!

Gh
ia5Q†

s ita

4
Q,

wherea51,2,3 is the heavy flavor quark index. The charm
and bottom quark spin and number operators are related
the heavy quark operators andNh through

Jh
i 5Jc

i 1Jb
i ,

I h
35

1

2
~Ncharm2Nb!, ~3.10!

Gh
i35

1

2
~Jc

i 2Jb
i !,

and Nh5Ncharm1Nb . The heavy quark flavor symmetry
only applies to baryons withNh51, and so operators in the
1/Nc expansion for these baryons will contain no more tha
one heavy-quark one-body operatorJh

i , I h
a , andGh

ia .

2For example, if there were two moderately heavy quarks of sim
lar mass in QCD, there would be a flavor symmetry among the
quarks and a spin-flavor symmetry for baryons containing the
quarks in the large-Nc limit. There would not be a spin-flavor sym-
metry for mesons in this situation.
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Finally, the expansion~3.5! can easily be generalized to
encompass baryons with differing number of light quar
and heavy quarksQ andQ8 by including all operators up to
Nc-body in the light-quark one-body operators and t
heavy-quark one-body operators, which now consist
NQ , JQ

i , NQ8, andJQ8
i Notice that the heavy quark numbe

operatorsNQ and NQ8 are now to be regarded as heav
quark one-body operators since one is not restricted to ba
ons with fixed numbers ofQ andQ8 quarks.~Because of the
constraintNc5Nl 1NQ1NQ8, it is not necessary to intro-
duceNl as an additional one-body operator as well.! The
coefficients of the expansion~3.5! contain implicitNQ /Nc
andNQ8 /Nc dependences, which appear as operators in
generalized expansion.

IV. MASSES OF HEAVY BARYONS
WITH FIXED STRANGENESS

In this section, the masses of baryons containing he
quarks are analyzed in the combined 1/mQ and 1/Nc expan-
sion for the special case of fixed strangeness. It is usefu
study this special case because it illustrates the structur
the combined expansion without the complication of flav
SU~3! breaking. The analysis here depends only on the pr
ence of isospin flavor symmetry. The general SU~3! mass
analysis is given in Secs. V and VI.

The baryons containing a single heavy quarkQ with zero
strangeness are theLQ , SQ , and SQ* . The HQET 1/mQ

expansion of these masses is given by

LQ5mQ1L̄T2
l1T

2mQ
1•••,

SQ5mQ1L̄S2
l1S

2mQ
2

4l2

2mQ
1•••, ~4.1!

SQ*5mQ1L̄S2
l1S

2mQ
1

2l2

2mQ
1•••,

to order 1/mQ
2 in the 1/mQ expansion. The leading term in

this expansion is exactlymQ to all orders in the 1/Nc expan-
sion. Each of the subleading parametersL̄, l1, andl2 has an
expansion in 1/Nc ,

L̄5c0Nc11c2
1

Nc
Jl
2 ,

l1

2mQ
5c08

1

2mQ
NQ1c28

1

Nc
2

1

2mQ
NQJl

2 , ~4.2!

2dH
l2

2mQ
5c29

2

NcmQ
~Jl •JQ!,

where the factor of 2 in thel2 expansion follows from the
factor of 4 in the definition ofdH524(Jl •JQ). The un-
known coefficients in Eq.~4.2! are a function of 1/Nc and the
QCD scaleLQCD. Each coefficient has an expansion
1/Nc beginning at order unity in the 1/Nc expansion.~The
coefficients do not depend on 1/mQ since the HQET param-
eters are defined to occur at a definite order in the 1/mQ
ks

he
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expansion.! Without loss of generality, it is possible to se
c0[L, and use this relation as the definition of a QCD scal
The remaining coefficients are now given by a dimension
power ofL times a dimensionless function of 1/Nc begin-
ning at order unity in the 1/Nc expansion. For example, the
coefficient c2 is proportional to L, whereas the
1/mQ-suppressed operators have coefficients proportional
L2.

The numbers of operators of the 1/Nc expansions forL̄,
l1, andl2 are in one-to-one correspondence with the num
bers of parametersL̄T , L̄S , l1T , l1S , andl2 appearing in
Eq. ~4.1!. The 1/Nc expansion predicts that theL̄ parameters
of the 3̄and 6 are equal toNcL with a splitting of relative
order 1/Nc

2 compared to the leading contribution. Similarly
the l1 parameters of the 3̄and 6 are order unity in the
1/Nc expansion with a splitting of relative order 1/Nc

2 . Fi-
nally, the l2 parameter for baryons is order 1/Nc . The
1/Nc scaling ofl2 can be tested by comparing the meson an
baryon hyperfine splittings resulting from the heavy-quar
spin-symmetry-violating chromomagnetic operator. Th
baryon mass splitting is only measured in the charm syste
at present.3 The charm meson hyperfine mass splitting i
given by

~D*2D !5
2l2

meson

mc
1•••, ~4.3!

whereas the analogous charm baryon mass splitting is

~Sc*2Sc!5
3l2

baryon

mc
1•••. ~4.4!

The naive 1/Nc scaling predicted by the baryon 1/Nc expan-
sion implies

l2
baryon;

1

Nc
l2
meson. ~4.5!

The measured charm meson and baryon mass differen
(D*2D)5141 MeV and (Sc*2Sc)577.16565 MeV are
in remarkable agreement with this scaling. The (D*2D)
mass difference determines the canonical heavy quark sy
metry suppression factorLQCD

2 /mc :

l2
meson

mc
;

LQCD
2

mc
5
1

2
~D*2D !. ~4.6!

The l1 parameters for baryons and mesons also can
related. The 1/Nc expansion implies

l1
baryon;l1

meson. ~4.7!

Equation~4.7! could be used to estimate the magnitude o
l1
baryonif l1

mesonis known accurately. The most recent extrac
tion of l1

meson @11# is too uncertain, however, so the naive
estimate

3Recent measurements of theSb
(* ) masses by DELPHI are prob-

ably unreliable and will be ignored.
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TABLE I. Mass splittings of baryons containing a single heavy quarkQ for strangenessS50 and
S521 baryons. Each operator is an isospin singlet; theJl •JQ operator violates heavy quark spin symmetry
The operator matrix element and 1/mQ , 1/Nc , and isospin-flavor-breaking suppressions of each mass co
bination are tabulated. The singlet mass combination has a contributionmQ and a contribution of orderNc at
leading order, i.e.,mQ1NcL.

Operator „SU(2),JQ… Mass combination ^O& 1/mQ 1/Nc Flavor

1 (1,0) LQ 1 * * 1
Jl
2 (1,0) 1

3(SQ12SQ* )2LQ 2 1 1/Nc 1
Jl •JQ (1,1) SQ*2SQ

3
2 2/mQ 1/Nc 1

1 (1,0) JQ 1 * * 1
Jl
2 (1,0) 1

3(JQ8 12JQ* )2JQ 2 1 1/Nc 1
Jl •JQ (1,1) JQ*2JQ8

3
2 2/mQ 1/Nc 1
lit-
ure-

ach
vy
vy
is
a

-

e
or-
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r-
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l1
baryon

2mQ
;

LQCD
2

2mQ
, ~4.8!

is used in Eq.~4.2!.
We now proceed to analyze the masses of baryons c

taining heavy quarks using the combined 1/mQ and 1/Nc
operator expansion developed in the previous section.
consider several different mass expansions.

Let us first consider the operator expansion for stran
ness zero baryons containing a single flavor of heavy qu
Q. The three baryons massesLQ , SQ , andSQ* are param-
etrized by the three operators@3#

M5~mQ1NcL1••• !11
1

Nc
Jl
21

2

NcmQ
~Jl •JQ!, ~4.9!

where the leadingNc andmQ dependence of each operato
appears explicitly. The leading operator1 has a coefficient
given exactly bymQ1NcL up to a correction of order
1/mQ in the combined 1/mQ and 1/Nc expansion. It is to be
understood that every other operator is accompanied b
coefficient

cS L,
1

mQ
,
1

Nc
D , ~4.10!

with an expansion in 1/mQ and 1/Nc beginning at order
unity. For example, expanding to order 1/mQ

2 in the 1/mQ

expansion, there is an order(1/2mQ) contribution to the
operator1 from thel1 contribution proportional toc08 in Eq.
~4.2! and an order (1/Nc

2)(1/2mQ) contribution to the opera-
tor Jl

2 from thel1 contribution proportional toc28 . Each of
the operators in Eq.~4.9! contributes to one specific linea
combination of the three baryon masses. The operators
their corresponding mass combinations are tabulated
Table I, together with the operator matrix element and t
leading 1/mQ and 1/Nc dependence for each mass splittin
The operator matrix elements depend implicitly onNl 52
andNQ51. Up to unknown coefficients of order unity, th
combined 1/mQ and 1/Nc expansion predicts that the mas
combinationsLQ ,

1
3(SQ12SQ* )2LQ , and (SQ*2SQ) sat-

isfy a hierarchy given by (mQ1NcL), 2L/Nc , and
3
2(2L2/NcmQ). For Q5c, the experimental values of the
mass splittings are 2285.060.6 MeV, 2196363 MeV, and
on-

We

ge-
ark

r
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r
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he
g.

e
s

776565 MeV, which compares very favorably4 with the
theoretical hierarchy for canonical values ofmc andL. ~Note
that the experimental values and errors of the hyperfine sp
tings are dominated by the uncertainty in the mass meas
mentSc*525306565 MeV.!

For two flavors of heavy quarkQ5c and Q85b, the
previous analysis of the baryon mass spectrum holds for e
flavor of heavy quark separately. In the presence of hea
quark flavor symmetry, a combined analysis of the six hea
baryon masses using heavy-quark spin-flavor operators
possible. This mass expansion for baryons containing
single heavy quark of flavorQ or Q8 is given by

M5F12 ~mQ1mQ8!1NcL1 . . . G11I h
3~mQ2mQ8!

1
1

Nc
Jl
21

1

Nc
2 I h

3~Jl !2S 1

2mQ
2

1

2mQ8
D1

1

Nc
~Jl •Jh!

3S 1

mQ
1

1

mQ8
D1

1

Nc
Jl
i Gh

i3S 2

mQ
2

2

mQ8
D , ~4.11!

where leading 1/mQ and 1/Nc dependences are given explic
itly and unknown coefficients of the form Eq.~4.10! are
understood to accompany each operator@with the exception
of the ordermQ andNcL terms given explicitly on the first
line of Eq. ~4.11!#. The important new operators of th
heavy-quark spin-flavor analysis are the heavy-quark flav
violating operators which do not violate heavy quark sp
symmetry:I h

3 and I h
3(Jl )

2. The most interesting operator i
I h
3(Jl )

2. The leading orderJl
2 hyperfine splitting for heavy

baryons is a heavy-quark flavor-independent splitting of o
der 1/Nc . The I h

3(Jl )
2 operator represents heavy quark fla

vor symmetry breaking in theJl
2 hyperfine splittings. This

heavy-quark flavor-symmetry-breaking hyperfine mass sp
ting is order 1/Nc

2 times(1/2mQ21/2mQ8), and is sensitive
to the subleading (1/Nc

2)(1/2mQ) contribution to theJl
2 hy-

4The parameter valuesmc51450 MeV, LQCD5L5310 MeV,
LQCD
2 /mc566 MeV, LQCD/mc50.21, mb54757 MeV, and

mc /mb50.3 are used throughout this paper. These parameter
ues follow from the charm baryon mass analysis of this work, a
are consistent with canonical values used in the heavy quark lite
ture.
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TABLE II. I h51 heavy baryon mass splittings which violate heavy quark flavor symmetry, but preserve heavy quark spin symme
strangenessS50 andS521 baryons. The mass splittings are suppressed by(1/2mc21/2mb) and one additional factor of 1/Nc . The I h

3

mass combination has a leading contribution of (mc2mb).

Operator „SU(2),JQ… Mass combination ^O& 1/mQ 1/Nc Flavor

I h
3 (1,0) (Lc2Lb) 1 (mc2mb) 1 1

I h
3(Jl )

2 (1,0) @
1
3(Sc12Sc* )2Lc]2@

1
3(Sb12Sb* )2Lb] 2 S 1

2mc
2

1

2mb
D 1/Nc

2 1

I h
3 (1,0) (Jc2Jb) 1 (mc2mb) 1 1

I h
3(Jl )

2 (1,0) @
1
3(Jc812Jc* )2Jc]2@

1
3(Jb812Jb* )2Jb] 2 S 1

2mc
2

1

2mb
D 1/Nc

2 1
s

-
gs
in

ing
rk

on

tor
p-

-

er
perfine splitting. Similar remarks hold for the operatorI h
3

which represents heavy quark flavor symmetry breaking
the singlet1 mass, except that this case is less interest
since there is a leading contribution equal to (mQ2mQ8)
which dominates the subleading contribution proportional
(1/2mQ21/2mQ8).

The mass combinations corresponding to the opera
I h
3 and I h

3(Jl )
2 are tabulated in Table II. Both operator

probe heavy flavor violation inl1. The latter operator is
sensitive to the thel1 contribution proportional toc28 , while
the former operator depends on thel1 operator proportional
to c08 only at subleading order. TheSb

(* ) masses are not
reliably measured at present, and so theI h

3(Jl )
2 splitting

cannot be evaluated. Instead, the mass relation

1

3
~Sb12Sb* !2Lb5

1

3
~Sc12Sc* !2Lc ~4.12!

can be used to predict the bottom baryonJl
2 hyperfine split-

ting to a theoretical accuracy of order 2/Nc
2 times

L2(1/2mc21/2mb), which is about 5 MeV. Thus, the mas
splitting @ 1

3(Sb12Sb* )2Lb] is predicted to be equal to
21967 MeV using Eq. ~4.12!. The measured (Lc

12Lb
0)

splitting of 233386564 MeV gives a measure of
(mc2mb), up to corrections of orderL2(1/2mc21/2mb)
which is about 23 MeV.

The remaining operators in the expansion~4.12! corre-
pond to sum and difference combinations ofQ andQ8 split-
tings. There is no advantage to studying these combinati
rather than theQ andQ8 splittings separately, since there
no cancellation of leading order contributions in these term
For example, there is no reason to studyJl •Jh and Jl

i Gh
i3

rather thanJl •JQ andJl •JQ8, which are order 2/NcmQ and
2/NcmQ8, respectively.

Additional information about the heavy quark baryo
mass spectrum can be obtained by generalizing the exp
sion to encompass baryons with differing numbers of hea
quarks. The strangeness zero baryons for one flavor of he
quark Q consist of theNQ50 baryonsN and D; the
NQ51 baryonsLQ , SQ , and SQ* ; the NQ52 baryons
JQQ and JQQ* ; and theNQ53 baryonVQQQ* . The 1/Nc

operator basis for strangeness zero baryons w
NQ50,1,2,3 heavy quarks consists of the eight operators1,
NQ , Jl

2 , (Jl •JQ), NQJl
2 , NQ

2 , NQ(Jl •JQ), andNQ
3 . Notice

thatNQ is to be regarded as a heavy-quark one-body opera
in
ing

to

tors
s

s

ons
is
s.

n
an-
vy
avy

ith

tor

along withJQ when considering baryons with differing num-
bers of heavy quarks. Although it is interesting to study thi
expansion forNQ50,1,2,3 baryons, the principal interest of
this work will be to relate mass splittings of baryons contain
ing a single heavy quark to the well-measured mass splittin
of baryons containing no heavy quarks, namely, baryons
the spin-12 octet and spin-32 decuplet. Thus, we will restrict
the operator expansion to baryons withNQ50 and 1. The
operator expansion for strangeness zero baryons contain
no heavy quark and baryons containing a single heavy qua
of flavorQ is given by

M5NQ~mQ1••• !1NcL11
1

Nc
Jl
21

2

NcmQ
~Jl •JQ!

1
1

Nc
2NQJl

2 , ~4.13!

where leading 1/mQ and 1/Nc dependences are given explic-
itly and unknown coefficients of the form Eq.~4.10! are
understood to accompany each operator with the excepti
of the ordermQ andNcL terms. Since one is only consider-
ing baryons containing upto one heavy quark, each opera
in the expansion has at most one heavy-quark one-body o
eratorNQ or JQ . Comparing with Eq.~4.9!, there are two
new operators in the present expansion:NQ and NQJl

2 .
These operators reduce to1 and Jl

2 for baryons with fixed
NQ51, reproducing expansion~4.9!. The most interesting
operator isNQJl

2 which represents the heavy-quark number
dependent contribution to theJl

2 hyperfine splittings. This
heavy-quark number-dependent mass splitting is of ord
(1/Nc

2). The NQ operator is less interesting since it corre-
sponds to the leadingNQ-dependent mass splitting which is
equal tomQ . There is a subleading order unity contribution
to this splitting.

The mass combinations corresponding toNQ andNQJl
2

are tabulated in Table III. The@LQ2 1
4(5N2D)] splittings

of 1419.260.7 and 4757.266.4 for Q5c and b, respec-
tively, give a measure ofmc andmb , up to corrections of
orderL. TheNQJl

2 mass relation

1

3
~SQ12SQ* !2LQ5

2

3
~D2N! ~4.14!
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TABLE III. Mass splittings between baryons containing a single heavy quarkQ and baryons containing no heavy quarks for strangenes
S50 andS521 baryons. The mass splittings are suppressed by an additional factor of 1/Nc. TheNQ mass combination has a leading order
contribution ofmQ .

Operator „SU(2),JQ… Mass combination ^O& 1/mQ 1/Nc Flavor

NQ (1,0) LQ2
1
4(5N2D) 1 mQ 1 1

NQJl
2 (1,0) @

1
3(SQ12SQ* )2LQ]2

2
3(D2N) 2 1 1/Nc

2 1

NQ (1,0) JQ2
1
4@

5
4(3S1L)2S* ] 1 mQ 1 1

NQJl
2 (1,0) @

1
3(JQ8 12JQ* )2JQ]2

2
3@S*2

1
4(3S1L)] 2 1 1/Nc

2 1
I

in

e

is predicted to be satisfied to of order (1/Nc
2). Relation~4.15!

has been obtained previously in the context of the Skyr
model where heavy baryons appear as bound states of S
mions and heavy mesons@12,13#. The present derivation is
model independent, and provides a prediction for the ac
racy to which the relation is satisfied. The theoretically pr
dicted accuracy can be tested in the charm baryon se
where the relevant masses are measured. The (D2N)
splitting of 29261 MeV and the
@ 1
3(Sc12Sc* )2Lc] splitting of 21964.6 MeV are both
Jl
2 /Nc splittings withJl

2 matrix elements of 3 and 2, respec
tively. The mass relation~4.14! is satisfied to 2465 MeV, to
be compared with the predicted violation of (1/Nc

2)L times
the matrix element̂NQJl

2 &52, which is about 69 MeV.@Al-
ternatively, the violation should be suppressed by a factor
(1/Nc) compared to the charm baryonJl

2 splitting of 219
MeV.# Relation ~4.14! can be used to predict the bottom
baryonJl

2 hyperfine splitting@ 1
3(Sb12Sb* )2Lb] to an ac-

curacy of (1/Nc
2) as well. The theoretical prediction is

1

3
~Sb12Sb* !2Lb5195669 MeV, ~4.15!

which is consistent with, but much less accurate than,
prediction made from the previous expansion using t
I h
3(Jl )

2 mass combination.
It is instructive to generalize the expansion~4.13! to two

heavy quark flavorsQ and Q8. The mass expansion fo
strangeness zero baryons containing zero or one heavy q
of flavorQ or Q8 is given by

M5NQ~mQ1••• !1NQ8~mQ81••• !1NcL11
1

Nc
Jl
2

1
1

Nc
2NQJl

21
1

Nc
2NQ8Jl

21
2

NcmQ
~Jl •JQ!

1
2

NcmQ8
~Jl •JQ8!, ~4.16!

where leading 1/mQ and 1/Nc dependences are given explic
itly and unknown coefficients are understood to accompa
all operators except themQ andNcL terms. This expansion
can be rewritten in terms of heavy-quark spin-flavor ope
tors as

M5
1

2
Nh@~mQ1mQ8!1•••#1I h

3~mQ2mQ8!1NcL1
me
kyr-

cu-
e-
ctor

-

of

the
he

r
uark

-
ny

ra-

1
1

Nc
Jl
21

1

Nc
2NhJl

21
1

Nc
2 I h

3~Jl !2S 1

2mQ
2

1

2mQ8
D

1
1

Nc
~Jl •Jh!S 1

mQ
1

1

mQ8
D

1
1

Nc
Jl
i Gh

i3S 2

mQ
2

2

mQ8
D , ~4.17!

where Nh5NQ1NQ8. The interesting suppressions of the
heavy-quark flavor-symmetry-violating and heavy-quark
number-dependentJl

2 splittings discussed in the preceeding
paragraphs are manifest.

The above analysis which applies toS50 baryons in the
isospin limit also can be performed in theS521 sector.
These mass combinations are provided in Tables I, II, and II
as well. The charm baryon massesJc andJc* are well mea-
sured, but the loneJc8 mass measurement is unpublished and
possibly unreliable. A precise measurement of theJc8 is
likely at CLEO in the not too distant future. A prediction of
theJc8 mass using theNQJl

2 mass relation

1

3
~JQ8 12JQ* !2JQ5

2

3 FS*2
1

4
~3S1L!G ~4.18!

is possible, but not terribly accurate. Relation~4.18! is pre-
dicted to be satisfied to an accuracy of order (2L/Nc

2), which
is about 69 MeV. The@S*2 1

4(3S1L)] mass splitting is
210.860.4 MeV, and so Eq. ~4.18! predicts
@ 1
3(Jc812Jc* )2Jc]5140.5669 MeV. The Jc

[1
2 (Jc

11Jc
0) mass is 2467.761.2 MeV and the analogous

Jc* mass is 2644.061.6 MeV, so theJc8 prediction is not
very useful. A much more precise prediction of theJc8 mass
is made in Sec. V. The bottom baryonS521 Jl

2 splitting
also is predicted by relation~4.18! to the same theoretical
accuracy. Once theJc8 mass is measured, the bottom baryon
Jl
2 splitting can be accurately predicted from the charm
baryon mass splitting.

The results of this section follow from the combined
1/mQ and 1/Nc expansion using only isospin symmetry of
the u and d quarks. The SU~3! analysis including SU~3!
flavor breaking is provided in the next section. The SU~3!
analysis leads to more precise predictions than the isosp
analysis. The isospin symmetry predictions of this section
are consistent with the mass predictions of Sec. V. Th
isospin-breaking analysis is given in Sec. VI.
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TABLE IV. Mass splittings of baryons containing a single heavy quarkQ. SU~3! flavor and heavy quark spinJQ symmetry quantum
numbers of each operator and mass combination are given explicitly. The operator matrix element for each mass combination and s
sion factors of 1/mQ , 1/Nc , and SU~3! flavor breakinge are tabulated. The singlet operator ismQ1NcL at leading order.

Operator „SU(3),JQ… Mass combination ^O& 1/mQ 1/Nc Flavor

1 (1,0) 1
3(LQ12JQ) 1 * * 1

Jl
2 (1,0) 2

1
3(LQ12JQ)

1
1
18@3(SQ12SQ* )12(JQ8 12JQ* )1(VQ12VQ* )#

2 1 1/Nc 1

Jl •JQ (1,1) 1
6@3(SQ*2SQ)12(JQ*2JQ8 )1(VQ*2VQ)#

3
2 2/mQ 1/Nc 1

T8 (8,0) (LQ2JQ)
3
2) 1 1 e

Jl
i Gi8 (8,0) 2

5
8(LQ2JQ)

1
1
24@3(SQ12SQ* )2(JQ8 12JQ* )22(VQ12VQ* )#

1
2)

15
8 1 1/Nc e

JQ
i Gi8 (8,1) JQJQ8

3
8 2/mQ 1/Nc e

(Jl •JQ)T
8 (8,1) 1

6@3(SQ*2SQ)2(JQ*2JQ8 )22(VQ*2VQ)#2
5
2) JQJQ8

1
2)

15
4 2/mQ 1/Nc

2 e

$T8,T8% (27,0) 1
6@(SQ12SQ* )22(JQ8 12JQ* )1(VQ12VQ* )#

3
2 1 1/Nc e2

JQ
i $T8,Gi8% (27,1) 1

4@(SQ*2SQ)22(JQ*2JQ8 )1(VQ*2VQ)#
9
16 2/mQ 1/Nc

2 e2
e

s

V. SU„3… ANALYSIS OF HEAVY BARYON MASSES

The SU~3! analysis of the masses of baryons containing
single heavy quark in the combined 1/mQ and 1/Nc expan-
sion is a straightforward generalization of the isospin ana
sis of the previous section. The lowest-lying baryons co
taining a single heavy quark are the spin-1

2 3̄ which consists
of the isosingletLQ and the isodoubletJQ ; the spin-12 6
which consists of the isotripletSQ , the isodoubletJQ8 , and
the isosingletVQ ; and the spin-32 6 which consists of the
isotriplet SQ* , the isodoubletJQ* , and the isosingletVQ* .
Heavy baryon masses will be denoted by their particle lab
Each of theI50 masses refers to the average mass of
isomultiplet. For example,Jc5

1
2(Jc

11Jc
0), etc. In addition

to the eight I50 heavy baryon masses, there is anI50
off-diagonal massJ̄QJQ8 5J̄Q8 JQ between the spin-12 isod-
oublets, which will be referred to asJQJQ8 throughout the
rest of the paper. TheI50 off-diagonal mass is defined to b
the average off-diagonal mass of the spin-1

2 S521 isodou-
blets:

JcJc85
1

2
~Jc

1Jc8
11Jc

0Jc
08!,

JbJb85
1

2
~Jb

0Jb8
01Jb

2Jb
28!. ~5.1!

Many of the charm baryon masses are now measured.
measuredI50 masses are

Lc52285.060.6 MeV @14#,

Jc52467.761.2 MeV @14#,

Sc52452.960.6 MeV @14–16#, ~5.2!

Vc
05270464 MeV @14#,
a

ly-
n-

els.
the

e

The

Jc*52644.061.6 MeV @17#.

The massesJc8;2560 MeV @18# and Sc*525306565
MeV @14# are measured, but are less reliable or precise. Th
Vc* mass and the off-diagonal massJcJc8 are unmeasured.
At present, only the bottom baryon

Lb556236564 MeV @19# ~5.3!

is accurately measured. As stated earlier, the reportedSb
(* )

measurements by DELPHI are not used.
The operator analysis including SU~3! flavor breaking

decomposes5 into SU~3! flavor singlet, octet, and 27 expan-
sions:

M5M ~1!1eM ~8!1e2M ~27!, ~5.4!

wheree is an SU~3!-violating parameter whose magnitude is
governed by the quark mass difference (ms2m̂) divided by
the chiral-symmetry-breaking scaleLx . The symmetry-
breaking parametere;0.25. The flavor singlet, octet, and
27 mass expansions are given by

M ~1!5~mQ1NcL1••• !11
1

Nc
Jl
21

1

Nc

2

mQ
~Jl •JQ!,

M ~8!5T81
1

Nc
Jl
i Gi81

1

Nc

2

mQ
JQ
i Gi81

1

Nc
2

2

mQ
~Jl •JQ!T8,

~5.5!

5The analytic flavor dependence of the flavor-27 expansion i
given here. The nonanalytic contribution of ordere3/2 is propor-
tional to (13mp

22
4
3mK

21mh
2) which is numerically very small, and

does not dominate thee2 counterterm@20,21#. The ordere3/2 con-
tribution is computed in chiral perturbation theory in Ref.@22#.
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TABLE V. Heavy baryon mass hierarchy forQ5c andQ5b. The experimental charm baryon mass splittings are evaluated us
theoretically extracted values for the three massesSc*52532.565.3 MeV,Jc852582.962.5 MeV, andVc*52746.666.1 MeV. Agreement
between the theory values appearing with an asterisk and experiment is imposed by the determination of the parameter valuesmc , L,
(eLx), and (e2Lx). Comparison of the remaining theory and experimental values provides support for the theoretical hierarchy.

Mass combination Theory Q5c Expt.Q5c Q5b

1
3(LQ12JQ) mQ1NcL 2380* 2406.860.8 5687

2
1
3(LQ12JQ)1

1
18@3(SQ12SQ* )12(JQ8 12JQ* )

1(VQ12VQ* )]
2
1
Nc

L
207 176.161.9 207

1
6@3(SQ*2SQ)12(JQ*2JQ8 )1(VQ*2VQ)# 3

1
Nc

L2

mQ

66* 67.363.1 20

(LQ2JQ) 3

2A3
(eLx)

2195* 2182.761.3 2195

2
5
8(LQ2JQ)1

1
24@3(SQ12SQ* )2(JQ8 12JQ* )

22(VQ12VQ* )]
1

2A3
15
8

1
Nc

(eLx)
40.6 42.961.9 40.6

JQJQ8 3
4

1
Nc

L

mQ
(eLx)

11.8 22 3.5

1
6@3(SQ*2SQ)2(JQ*2JQ8 )22(VQ*2VQ)#2

5

2A3
JQJQ8

1

2A3
15
2

1

Nc
2

L

mQ
(eLx)

11.3
(15.463.6)2

5

2A3
JcJc8

3.4

1
6@(SQ12SQ* )22(JQ8 12JQ* )1(VQ12VQ* )# 3

2
1
Nc

(e2Lx)
24.4* 24.463.1 24.4

1
4@(SQ*2SQ)22(JQ*2JQ8 )1(VQ*2VQ)# 9

8
1

Nc
2

L

mQ
(e2Lx)

0.23 062.7 0.07
rs
l

by
ion
y-

r

s.
o-

r-

e-
M ~27!5
1

Nc
$T8,T8%1

1

Nc
2

2

mQ
JQ
i $T8,Gi8%,

where leading 1/mQ and 1/Nc dependences are given explic
itly and unknown coefficients are understood to accompa
all operators~except for the leading terms of the1 operator!.
The operators appearing in the flavor-27 expansion requ
flavor singlet and octet subtractions: these subtractions
implied, but not given explicitly throughout this paper. Th
relevant flavor-27 projection operator for an operatorOab

with two symmetric flavor indices (ab) is

da8db82
1

8
dab2

3

5
dab8d888. ~5.6!

The operators and their corresponding mass combinati
are tabulated in Table IV, together with the SU~3! and JQ
representations of the operator, the operator matrix eleme
and the leading 1/mQ , 1/Nc , and SU~3!-flavor-breaking fac-
tors. Table V combines these factors to predict a hierarchy
mass combinations. The numerical values of the theoreti
hierarchy are evaluated for canonical values of paramete6

mQ , L, (eLx), and (e2Lx) in the columns labeledQ5c
andQ5b. It is not possible to evaluate seven of the nin
mass combinations using the measured charm baryon ma

6Canonical values for the flavor octet and flavor-27 mass splittin
are eLx5225 MeV and (e2Lx)58.8 MeV. These values are ob-
tained from the octet and decuplet baryon masses. Note that
flavor-27 mass parameter is considerably smaller thane times the
octet mass parameter and may be underestimated.
-
ny

ire
are
e

ons

nt,

of
cal
rs

e
sses

without knowledge ofVc* andJcJc8 . The measured mass
combinations13(Lc12Jc) and (Lc2Jc) which appear in
column 4 were used to determine the paramete
(mc1NcL) and (eLx), and so do not test the theoretica
hierarchy.

Table V predicts a hierarchy of mass relations obtained
successively neglecting operators in the mass expans
~5.4!. The most accurate mass relation is the flavor-27 heav
quark spin-violating relation

1

4
@~SQ*2SQ!22~JQ*2JQ8 !1~VQ*2VQ!#50, ~5.7!

which is satisfied up to a correction of orde
9
8(1/Nc

2)(L2/mQ)(e
2Lx), which is about 0.23 MeV for

Q5c and 0.07 forQ5b. Thus, Eq.~5.7! is essentially an
exact relation for both the charm and the bottom baryon
The physical content of this relation is that the three chr
momagnetic mass splittings of the sextet, (SQ*2SQ),
(JQ*2JQ8 ), and (VQ*2VQ), contain only a singlet contribu-
tion and a contribution which is linear in strangeness. Diffe
ences of the splittings are equal:

~SQ*2SQ!2~JQ*2JQ8 !5~JQ*2JQ8 !2~VQ*2VQ!.
~5.8!

Equation~5.8! is the equal spacing rule of Savage@22# for
the chromomagnetic mass splittings of the sextet.

The next most accurate relation is the flavor-27 mass r
lation

gs

the
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1

6
@~SQ12SQ* !22~JQ8 12JQ* !1~VQ12VQ* !#50,

~5.9!

which is expected to be satisfied to order3
2(1/Nc)(e

2Lx), or
about 4.4 MeV forQ5c,b. This mass relation respect
heavy quark spin symmetry. It implies that the three sp
averaged masses of the sextet,13(SQ12SQ* ),
1
3(JQ8 12JQ* ), and

1
3(VQ12VQ* ), receive a singlet contribu-

tion and a contribution linear in strangeness. Differences
the splittings are predicted to be equal

1

3
~JQ8 12JQ* !2

1

3
~SQ12SQ* !5

1

3
~VQ12VQ* !

2
1

3
~JQ8 12JQ* !,

~5.10!

at the 8.8 MeV level. Equation~5.10! is an equal spacing
rule for the spin-averaged masses of the sextet.

The two flavor-27 mass relations Eqs.~5.7! and ~5.9! to-
gether imply the vanishing of the spin-1

2 and spin-32 sextet
flavor-27 combinations

SQ22JQ8 1VQ50,

SQ*22JQ*1VQ*50, ~5.11!

to a precision of about 8.8 MeV. The first of these equatio
was obtained previously by Savage@22#.

There are two additional mass relations

1

6
@3~SQ*2SQ!2~JQ*2JQ8 !22~VQ*2VQ!#2

5

2A3
JQJQ8

50, ~5.12!

JQJQ8 50,

satisfied to orders 15
4 (2/Nc

2)(L/mQ)(eLx)/2A3 and
3
4 (1/Nc)(L/mQ)(eLx), respectively, which are numerically
comparable: about 11.5 MeV forQ5c and 3.5 forQ5b.
The second relation gives an order of magnitude estimate
the I50 off-diagonal massJQJQ8 while the first relation
implies a determination of this off-diagonal mass in terms
the sextet masses. The two relations together yield the m
relation

1

6
@3~SQ*2SQ!2~JQ*2JQ8 !22~VQ*2VQ!#50,

~5.13!

which is predicted to hold to 16.6611.5MeV forQ5c and
to 5.163.5 MeV forQ5b. This relation combined with the
flavor-27 relation ~5.7! implies that the chromomagnetic
mass splittings of the sextet are equal,

~SQ*2SQ!5~JQ*2JQ8 !5~VQ*2VQ!. ~5.14!

Equation ~5.14! was obtained previously by Savage@22#.
The combined 1/mQ , 1/Nc , and SU~3!-flavor-breaking ex-
s
in-

of

ns

of

of
ass

pansion predicts that this equation need not be very accurat
The two equalities in Eq.~5.14! are predicted to be satisfied
only to 19.9613.8 MeV forQ5c and to 6.164.2 MeV for
Q5b. The equality (SQ*2SQ)5(VQ*2VQ) is predicted to
be satisfied only to 39.8627.6 MeV for Q5c and 12.2
68.4 MeV forQ5b.

The remaining mass combinations in Table V are not sup
pressed enough to yield useful mass relations.

The two flavor-27 mass relations can be used to predic
the poorly measuredJc8 mass and the unmeasuredVc* mass.
@The massSc*5253067 MeV is known to greater precision
than the mass relation~5.13! which would be needed to ex-
tract a third charm baryon mass.# The masses
Jc852578.564.8 MeV andVc*52758.0611.7 MeV are ob-
tained using the flavor-27 sextet mass relations~5.11!. A
different, more precise, extraction of these masses will b
obtained shortly.

The analysis of Sec. IV showed that additional constraint
on the heavy baryon hierarchy follow from studying heavy
quark flavor symmetry violation and heavy quark number
dependence in the heavy baryon mass splittings which do n
violate heavy quark spin symmetry. For the SU~3! analysis,
these mass splittings correspond to the operators1, Jl

2 , T8,
Jl
i Gi8, and$T8,T8% timesI h

3 andNQ , respectively. It is use-
ful to study the mass combinations corresponding to thes
operators since the leading order contribution of each
JQ50 SU~3! splitting cancels out of the corresponding
heavy-quark flavor-violating and heavy-quark number-
dependent splitting.

The I h51 heavy-quark flavor-symmetry-violating mass
splittings are tabulated in Table VI. These mass combina
tions correspond to splittings between heavy charm and bo
tom baryons, and are suppressed by a relative factor o
1/Nc times (1/2mc21/2mb) in comparison to the leading
heavy-quark flavor-symmetric contribution to the heavy
baryon mass splitting@except for theI h

31 splitting which is
proportional to (mc2mb)#. The most accurateI h51 mass
relations in Table VI can be used to predict the bottom
baryon mass splittings from the corresponding charm baryo
mass splittings.

Heavy-quark number-violating mass splittings between
baryons containing a single heavy quarkQ and baryons con-
taining no heavy quarks are given in Table VII. These mas
combinations relate heavy baryon mass splittings to split
tings among the spin-12 octet and spin-32 decuplet baryons.
The mass combinations are suppressed by a relative factor
1/Nc in comparison to the leading contribution to the heavy
baryon mass splitting~except for theNQ1 mass splitting
which is proportional tomQ). TheNQ andNQJl

2 mass com-
binations are the SU~3! generalizations of the SU~2! mass
combinations studied in Sec. IV. The linear combination of
octet and decuplet masses appearing for these operators
the 1 andJl

2 mass combinations forNQ50 baryons derived
in Ref. @8#. The derivation of the flavor octet and flavor-27
mass combinations is more subtle. There are five flavor octe
(JQ50) operators among theNQ50 andNQ51 baryons:
T8, Jl

i Gi8, (Jl )
2T8, NQT

8, andNQJl
i Gi8. It is important to

note that the four-body operatorNQ(Jl )
2T8 is a redundant

operator. The mass combination corresponding toNQJl
i Gi8

is the mass combination with vanishing matrix elements o
the remaining four operators. Since the matrix element o
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TABLE VI. I h51 heavy baryon mass splittings which violate heavy quark flavor symmetry, but preserve heavy quark spin symm
The mass splittings are suppressed by(1/2mc21/2mb) and one additional factor of 1/Nc . The I h

3 mass combination has a leading
contribution of (mc2mb).

Operator „SU(3),JQ… Mass combination ^O& 1/m 1/Nc Flavor

I h
3 (1,0) 1

3(Lc12Jc)2
1
3(Lb12Jb) 1 (mc2mb) 1 1

I h
3(Jl )

2 (1,0) @2
1
3(Lc12Jc)1

1
18(3Sc12Jc81Vc)

1
1
9 (3Sc*12Jc*1Vc* )]

2 S 1

2mc
2

1

2mb
D 1/Nc

2 1

2@2
1
3(Lb12Jb)1

1
18(3Sb12Jb81Vb)

1
1
9 (3Sb*12Jb*1Vb* )]

I h
3T8 (8,0) (Lc2Jc)2(Lb2Jb) 3

2A3 S 1

2mc
2

1

2mb
D 1/Nc e

I h
3Jl

i Gi8 (8,0) @2
5
8(Lc2Jc)1

1
24(3Sc2Jc822Vc)

1
1
12(3Sc*2Jc*22Vc* )]

1

2A3
15
8 S 1

2mc
2

1

2mb
D 1/Nc

2 e

2@2
5
8(Lb2Jb)1

1
24(3Sb2Jb822Vb)

1
1
12(3Sb*2Jb*22Vb* )]

I h
3$T8,T8% (27,0) @

1
6(Sc22Jc81Vc)1

1
3(Sc*22Jc*1Vc* )] 3

2 S 1

2mc
2

1

2mb
D 1/Nc

2 e2

2@
1
6(Sb22Jb81Vb)1

1
3(Sb*22Jb*1Vb* )]
i-

r

e-
f

(Jl )
2T8 must vanish in this combination, the linear comb

nation of octet and decuplet masses appearing in
NQJl

i Gi8 mass combination is not simply theJl
i Gi8 mass

combination forNQ50 baryons@8#. Similar remarks apply
for the flavor-27 mass combinations. There are three flav
27 (JQ50) operators among theNQ50 andNQ51 baryons:
$T8,T8%, $T8,Jl

i Gi8%, andNQ$T8,T8%. The four-body opera-
i-
the

or-

tor NQ$T8,Jl
i Gi8% is a redundant operator. The mass comb

nation corresponding to theNQ$T8,T8% operator is the mass
combination with vanishing matrix elements of the two othe
operators.

There are two accurate mass relations obtained by n
glecting heavy-quark number-violating operators. Neglect o
the flavor-27 operatorNQ$T8,T8% yields the mass relation
he
1

6
@~SQ12SQ* !22~JQ8 12JQ* !1~VQ12VQ* !#5

1

3 F14 ~2N2S23L12J!1
1

7
~4D25S*22J*13V!G , ~5.15!

which is exact up to corrections of order (3/2Nc
2)(e2Lx). The estimate of this correction is 1.5 MeV forQ5c,b. Equation

~5.15! is a factor of 1/Nc more accurate than relation~5.9!, which sets the heavy baryon mass combination equal to zero. T
linear combination of octet and decuplet masses on the right-hand side of the equation equals24.43 MeV with negligible
error, which agrees with the estimated accuracy of Eq.~5.9!. Neglect of theNQJl

i Gi8 operator yields the mass relation

H25

8
~LQ2JQ!1

1

24
@3~SQ12SQ* !2~JQ8 12JQ* !22~VQ12VQ* !#J 52

1

24
~8N29S13L22J!1

1

12
~2D2J*2V!,

~5.16!
which is satisfied up to a correction of order 15/8~1/Nc
2)

(eLx)/2A3, which is about 13.5 MeV forQ5c,b. The lin-
ear combination of octet and decuplet masses on the rig
hand side of this equation equals 42.8960.19 MeV, and so
there was not a useful mass relation involving this hea
baryon mass splitting in expansion~5.5!. Finally, a third
mass relation following from the neglect of theNQT

8 opera-
tor provides a test of the theoretical hierarchy. This ma
relation
ht-

vy

ss

~LQ2JQ!5
1

8
~6N23S1L24J!2

1

20
~2D2J*2V!

~5.17!

is predicted to hold to order 3(1/Nc)(eLx)/2A3, which is
about 65 MeV forQ5c,b. Evaluation of the mass difference
of (Lc2Jc) and the right-hand side of Eq.~5.17! yields
43 MeV, which is a factor of 0.6 times the coefficient unity
estimation.
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TABLE VII. Mass splittings between baryons containing a single heavy quarkQ and baryons containing no heavy quarks. The mas
splittings are suppressed by an additional factor of 1/Nc . TheNQ mass combination has a leading order contribution ofmQ .

Operator „SU(3),JQ… Mass combination ^O& 1/mQ 1/Nc Flavor

NQ (1,0) 1
3(LQ12JQ)2

1
4@

5
8(2N13S1L12J)

2
1
10(4D13S*12J*1V)]

1 mQ 1 1

NQJl
2 (1,0) $2

1
3(LQ12JQ)1

1
18@3(SQ12SQ* )12(JQ8 12JQ* )

1(VQ12VQ* )] %
2 1 1/Nc

2 1

2
2
3@

1
10(4D13S*12J*1V)2 1

8(2N13S1L12J)]

NQT
8 (8,0) (LQ2JQ)2

1
8(6N23S1L24J)1 1

20(2D2J*2V) 3

2A3

1 1/Nc e

NQJl
i Gi8 (8,0) $2

5
8(LQ2JQ)1

1
24@3(SQ12SQ* )

1(JQ8 12JQ* )22(VQ12VQ* )] %
1

2A3
15
8

1 1/Nc
2 e

1
1
24(8N29S13L22J)2 1

12(2D2J*2V)

NQ$T8,T8% (27,0) 1
6@(SQ12SQ* )22(JQ8 12JQ* )1(VQ12VQ* )# 3

2
1 1/Nc

2 e2

1
1
3@2

1
4(2N2S23L12J)2 1

7(4D25S*22J*13V)]
d

-

e

-

Elimination of the mass13(VQ12VQ* ) between Eqs.
~5.15! and ~5.16! yields a prediction for the heavy baryo
mass splitting,

F13 ~SQ12SQ* !2LQG2F13 ~JQ8 12JQ* !2JQG ,
~5.18!

in terms of octet and decuplet baryon mass splittings.

Predictions

The two new mass relations~5.15! and ~5.16! together
with the most precise relation~5.7! can be used to extrac
values for theSc* , Jc8 , andVc* :

Sc*52532.565.3 MeV,

Jc852582.962.5 MeV, ~5.19!

Vc*52746.666.1 MeV.

The predictedSc* mass is consistent with the current Partic
Data Group~PDG! value of 25306565 MeV, while the
predictedJc8 mass is significantly larger than the unpub
lished WA-89 measurement of;2560 MeV. All of the other
charm baryon masses are accurately measured, and so
predicted masses forSc* , Jc8 , andVc* together with the
measured charm baryon masses can be used to evaluat
mass combinations of the combined 1/mQ and 1/Nc expan-
sion. The numerical values of the mass combinations th
can be compared with the theoretical hierarchy predicted
1/mQ , 1/Nc , and SU~3!-flavor-breaking suppressions.

Using the derived masses and the measured masses
the other charmed baryons, it is possible to evaluate the m
hierarchy of Table V. These numbers are listed in the colu
labeled ‘‘Expt.’’ in Table V. Good agreement with the theo
retical hierarchy is found. Only the predictions for theJl

2 and
Jl
i Gi8 mass combinations and the two mass combinatio
involving JcJc8 can be regarded as pure predictions sin
the choice of parametersmc , L, (eLx), and (e2Lx) affects
n

t

le

-

the

e the

en
by

of all
ass
mn
-

ns
ce

four of the mass combinations, and relation~5.7! was im-
posed to extract the unknown and inaccurately measure
charm baryon masses.

It also is worthwhile to study the implications of the pre-
dictions ~5.19! for the charm baryon mass spectrum. The
chromomagnetic mass splittings are evaluated to be

~Sc*2Sc!579.665.3 MeV,

~Jc*2Jc8!561.163.0 MeV, ~5.20!

~Vc*2Vc!542.667.3 MeV,

which implies that the linear in strangeness number contri
bution to the chromomagnetic splittings isnegative, so that
(Sc*2Sc).(Jc*2Jc8).(Vc*2Vc). This ordering seems
reasonable based on intuition from the quark model: In th
quark model, the hyperfine operatorJq•JQ is suppressed by
1/mqmQ , which is a greater suppression forq5s than for
q5u,d. The differences of these splittings are equal as dic
tated by Eq.~5.7!, and given by 18.564.6 MeV, and so Eq.
~5.14! which holds at this level is not very accurate. The
spin-averaged sextet masses are evaluated to be

1

3
~Sc12Sc* !52506.063.5 MeV,

1

3
~Jc812Jc* !52623.661.4 MeV, ~5.21!

1

3
~Vc12Vc* !52732.464.3 MeV.

The sextet mass differences

1

3
~Jc812Jc* !2

1

3
~Sc12Sc* !5117.663.8 MeV,
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1

3
~Vc12Vc* !2

1

3
~Jc812Jc* !5108.864.5 MeV

~5.22!

are equal at the 8.8 MeV level. TheJl
2 hyperfine splittings in

each strangeness sector are

1

3
~Sc12Sc* !2Lc5221.063.6 MeV,

1

3
~Jc812Jc* !2Jc5155.961.8 MeV. ~5.23!

The difference of these splittings is predicted to be large:

F13 ~Sc12Sc* !2LcG2F13 ~Jc812Jc* !2JcG
565.164.0 MeV. ~5.24!

Finally, now that all the charm baryon masses have be
determined, it is possible to return to the problem of predi
en
ct-

ing the bottom baryon masses from the charm baryo
masses. The heavy-quark spin-violating splittings of the bot
tom baryons can be obtained by rescaling the charm baryo
mass splittings by a factor (mc /mb);0.3. Thus, the chromo-
magnetic mass splittings of the bottom baryons are predicte
to be

~Sb*2Sb!;23.861.6 MeV,

~Jb*2Jb8!;18.360.9 MeV, ~5.25!

~Vb*2Vb!;12.862.2 MeV,

where the precise numerical values in Eq.~5.25! will change
outside errors if a different scale factor is used since the erro
on the scale factor has not been taken into account. For e
ample, using the more rigorous scale factor
(Zb /Zc)(mc /mb);0.24 reduces the central values by about
5 MeV. The mass relation Eq.~5.15! and the second flavor
octet mass relation of Table VI yield precise predictions for
two additional bottom baryon mass combinations
al mass
f about
1

6
@~Sb12Sb* !22~Jb812Jb* !1~Vb12Vb* !#524.4361.5 MeV,

H 2
5

8
~Lb2Jb!1

1

24
@3~Sb12Sb* !2~Jb812Jb* !22~Vb12Vb* !#J 542.8962.1 MeV, ~5.26!

where the errors represent the combined theoretical and experimental accuracy of each relation. There are two addition
relations which are less accurate, namely the second and third mass relations in Table VI, with theoretical accuracies o
4.8 and 5.1 MeV, respectively:

~Lb2Jb!52182.764.9 MeV,

2
1

3
~Lb12Jb!1

1

18
@3~Sb12Sb* !12~Jb812Jb* !1~Vb12Vb* !#5176.165.4 MeV. ~5.27!
e
re
ill
in

or

-

Combined with the measuredLb mass, these seven con
straints determine the seven massesJb , Sb , Jb8 Vb , Sb*
Jb* , and Vb* . The three chromomagnetic splittings we
given already in Eq.~5.25!. The four mass relations in Eq
~5.26! and ~5.27! together with theLb measurement deter
mine the four spin-averaged mass combinations

1

3
~Lb12Jb!55744.865.8 MeV,

1

3
~Sb12Sb* !55844.068.9 MeV,

1

3
~Jb812Jb!55961.6610.8 MeV, ~5.28!

1

3
~Vb12Vb* !56070.3623.6 MeV,
-

re
.
-

where the precision of the extraction is limited by the theo-
retical accuracy of the least accurate mass relations. Onc
two additional bottom baryon masses are measured, a mo
precise extraction of the remaining unmeasured masses w
be possible using only the most accurate mass relations
Eq. ~5.26!. Some linear combinations of the spin-averaged
mass combinations are determined accurately, however. F
example, the two mass relations in Eq.~5.26! imply

F13 ~Sb12Sb* !2LbG2F13 ~Jb812Jb* !2JbG
565.163.6 MeV. ~5.29!

VI. ISOSPIN-VIOLATING MASS SPLITTINGS

Isospin-violating mass splittings are analyzed in this sec
tion for completeness. Almost all isospin splittings will be at
the sub-MeV level, and so isospin symmetry is a very good
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symmetry for the heavy baryon masses. Isospin break
arises due to differences in theu and d quark masses and
electromagnetic charges. These two sources of isospin br
ing will be denoted by the parameterse8 and e9. Isospin
breaking due to quark mass differences is purelyI51,
whereas the electromagnetic mass splittings are second o
in the quark charge matrix and can beI51,2. Both sources
of isospin breaking produce comparable mass splittings
QCD, and soe8;e9. All I52 mass splittings are electro
magnetic mass splittings suppressed byaEM/4p, and will be
proportional to the parameter (e9Lx). The I51 mass split-
tings can arise from either source of isospin breaking. Sin
these effects are comparable, the splittings will be written
terms of the parameter (e8Lx).

The I51 flavor octet, (1011̄0), and flavor-27 mass ex
pansions are given by

M ~8!5T31
1

Nc
Jl
i Gi31

1

Nc

2

mQ
JQ
i Gi31

1

Nc
2

2

mQ
~Jl •JQ!T3,

M ~10110!5
1

Nc
2

1

mQ
~$T3,Gi8%2$T8,Gi3%!, ~6.1!

M ~27!5
1

Nc
$T3,T8%1

1

Nc
2

1

mQ
JQ
i ~$T3,Gi8%1$T8,Gi3%!,

whereas theI52 flavor-27 mass expansion is given by

M ~27!5
1

Nc
$T3,T3%1

1

Nc
2

2

mQ
JQ
i $T3,Gi3%. ~6.2!

The mass combinations corresponding to these operators
ing

eak-

rder

in
-

ce
in

-

are

tabulated in Table VIII forQ5c and Table IX forQ5b.
Table X combines the operator matrix element, 1/mQ ,
1/Nc , and flavor-breaking suppression factors to predict
hierarchy of mass relations. The numerical values of th
theoretical hierarchy are evaluated for canonical values
the parameters in the columns labeledQ5c andQ5b. The
largest isospin mass splitting is (Jc

12Jc
0) or (Jb

02Jb
2),

which are equal and of order a few MeV in magnitude. Thes
splittings can be used to determine the isospin-breaking p
rameter (e8Lx) which sets the scale of the mass hierarch
Experimentally, (Jc

02Jc
1)55.262.2 MeV @14#. The next

largest mass splitting is theI52 mass combination

1

10
~Sc

1122Sc
11Sc

0!1
2

5
~Sc*

1122Sc*
11Sc*

0!

~6.3!

or the analogous splitting forQ5b, which will be about
3.561.5 MeV. TheI51 mass splitting

2
5

8
~Jc

12Jc
0!1

1

24
@2~Sc

112Sc
0!1~Jc8

12Jc8
0!#

1
1

12
@2~Sc*

112Sc*
0!1~Jc*

12Jc*
0!# ~6.4!

or theQ5b analogue will both be about 1.060.5 MeV. All
remaining isospin mass combinations are predicted to
sub-MeV. The mass relations obtained by neglect of the
operators are given in Tables VIII and IX.

VII. CONCLUSIONS

It has been shown that there are light-quark and heav
quark spin-flavor symmetries for baryons containing a sing
TABLE VIII. Isospin-violating mass splittings of baryons containing a single charm quark.

Operator „SU(3),Jc… Mass combination ^O& 1/mc 1/Nc Flavor

I51
T3 (8,0) (Jc

12Jc
0) 1 1 1 e8

Jl
i Gi3 (8,0) 2

5
8(Jc

12Jc
0)1 1

24@2(Sc
112Sc

0)1(Jc8
12Jc8

0)# 5
8 1 1/Nc e8

1
1
12@2(Sc*

112Sc*
0)1(Jc*

12Jc*
0)#

Jc
i Gi3 (8,1) 1

2@Lc
1Sc

11
1
2(Jc

1Jc8
12Jc

0Jc8
0)] 3A3

8

2/mc 1/Nc e8

(Jl •Jc)T
3 (8,1) 2

1
6@2(Sc

112Sc
0)1(Jc8

12Jc8
0)# 5

4 2/mc 1/Nc
2 e8

2
5

3A3 @Lc
1Sc

11
1
2(Jc

1Jc8
12Jc

0Jc8
0)]

1
1
6@2(Sc*

112Sc*
0)1(Jc*

12Jc*
0)#

$T3,T8% (27,0) 1
18@(Sc

112Sc
0)22(Jc8

12Jc8
0)# 1

A3

1 1/Nc ee8

1
1
9@(Sc*

112Sc*
0)22(Jc*

12Jc*
0)#

Jc
i ($T3,Gi8%1$T8,Gi3%) (27,1) 2

1
6@(Sc

112Sc
0)22(Jc8

12Jc8
0)# A3

2

2/mc 1/Nc
2 ee8

1
1
6@(Sc*

112Sc*
0)22(Jc*

12Jc*
0)#

Jc
i ($T3,Gi8%2$T8,Gi3%) (10110,1)

2
1
2

@Lc
1Sc

12(Jc
1Jc8

12Jc
0Jc8

0)#
3
4 2/mc 1/Nc

2 ee8

I52

$T3,T3% (27,0) 1
10(Sc

1122Sc
11Sc

0)1 2
5(Sc*

1122Sc*
11Sc*

0) 2 1 1/Nc e9

Jc
i $T3,Gi3% (27,1) 2

1
4(Sc

1122Sc
11Sc

0)1 1
4(Sc*

1122Sc*
11Sc*

0) 5
8 2/mc 1/Nc

2 e9
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TABLE IX. Isospin-violating mass splittings of baryons containing a single bottom quark.

Operator „SU(3),Jb… Mass combination ^O& 1/mb 1/Nc Flavor

I51
T3 (8,0) (Jb

02Jb
2) 1 1 1 e8

Jl
i Gi3 (8,0) 2

5
8(Jb

02Jb
2)1 1

24@2(Sb
12Sb

2)1(Jb8
02Jb8

2)# 5
8 1 1/Nc e8

1
1
12@2(Sb*

12Sb*
2)1(Jb*

02Jb*
2)#

Jb
i Gi3 (8,1) 1

2@Lb
0Sb

01
1
2(Jb

0Jb8
02Jb

2Jb8
2)] 3A3

8

2/mb 1/Nc e8

(Jl •Jb)T
3 (8,1) 2

1
6@2(Sb

12Sb
2)1(Jb8

02Jb8
2)# 5

4 2/mb 1/Nc
2 e8

2
5
3) @Lb

0Sb
01

1
2(Jb

0Jb8
02Jb

2Jb8
2)]

1
1
6@2(Sb*

12Sb*
2)1(Jb*

02Jb*
2)#

$T3,T8% (27,0) 1
18@(Sb

12Sb
2)22(Jb8

02Jb8
2)# 1

A3

1 1/Nc ee8

1
1
9@(Sb*

12Sb*
2)22(Jb*

02Jb*
2)#

Jb
i ($T3,Gi8%1$T8,Gi3%) (27,1) 2

1
6@(Sb

12Sb
2)22(Jb8

02Jb8
2)# A3

2
2/mb 1/Nc

2 ee8

1
1
6@(Sb*

12Sb*
2)22(Jb*

02Jb*
2)#

Jb
i ($T3,Gi8%2$T8,Gi3%) (10110,1) 2

1
2@Lb

0Sb
02(Jb

0Jb8
02Jb

2Jb8
2)# 3

4 2/mb 1/Nc
2 ee8

I52
$T3,T3% (27,0) 1

10(Sb
122Sb

01Sb
2)1 2

5(Sb*
122Sb*

01Sb*
2) 2 1 1/Nc e9

Jb
i $T3,Gi3% (27,1) 2

1
4(Sb

122Sb
01Sb

2)1 1
4(Sb*

122Sb*
01Sb*

2) 5
8 2/mb 1/Nc

2 e9

TABLE X. Hierarchy of heavy baryon mass splittings in decreasing order of magnitude forQ5c andQ5b. Superscripts refer to the
isospinI z of the baryon rather than the electromagnetic charge. The parameters (e8Lx) and (e9Lx) are expected to be comparable and of
the order of a few MeV.

Mass combination Theory Q5c Q5b

(JQ
1 1
22JQ

2 1
2) (e8Lx) 1.0(e8Lx) 1.0(e8Lx)

1
10(SQ

1122SQ
0 1SQ

21)1 2
5(SQ*

1122SQ*
01SQ*

21)
2
1
Nc

(e9Lx)
0.67(e9Lx) 0.67(e9Lx)

2
5
8(JQ

1 1
22JQ

2 1
2)1

1
24@2(SQ

112SQ
21)1(JQ8

1 1
22JQ8
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heavy quark in the combined heavy quark and large-Nc lim-
its. A ~spin̂ flavor! operator expansion in 1/Nc and 1/mQ
has been constructed for heavy quark baryons at finitemQ
andNc . Heavy quark spin symmetry is present forNc→` or
for mQ→`, and so any violation of heavy quark spin sym
metry is suppressed by (1/NcmQ). In the presence of heavy
quark flavor symmetry, heavy-quark spin-flavor symmetry
present forNc→`. For the physical situation of two heav
flavors Q5c and Q5b, heavy quark flavor symmetry is
justified by the heavy quark limit@1#. Heavy-quark spin-
flavor symmetry SU~4! h is a better symmetry for baryons
than for mesons because violation of the symmetry is s
pressed by (1/NcmQ), rather than 1/mQ . In addition to
heavy-quark spin-flavor symmetry, there is a light-qua
SU~6! spin-flavor symmetry for heavy quark baryons in th
large-Nc limit @3#.

The masses of baryons containing a single heavy qu
have been analyzed in a combined expansion in 1/mQ ,
1/Nc , and SU~3! flavor symmetry breaking. The naive
1/Nc scalings

L baryon;NcL
meson,

l1
baryon;l1

meson,

l2
baryon;

1

Nc
l2
meson ~7.1!

work beautifully for the baryon masses. A mass hierarchy
predicted by the 1/mQ , 1/Nc , and flavor-breaking expansion
The most suppressed operators yield mass relations w
are well satisfied experimentally. The precision of the ma
relations and the magnitude of mass combinations are p
dicted by the expansion. Heavy baryon mass splittings h
been related to octet and decuplet mass splittings. The m
accurate mass relations, Eqs.~5.7!, ~5.15!, and ~5.16!, have
been used to predict the unmeasured or poorly measu
charm baryon massesSc* , Jc8 , andVc* to a precision of
several MeV. A number of interesting features of the cha
baryon mass spectrum are found. These include the follo
ing. ~i! The mass splitting

F13 ~Sc12Sc* !2LcG2F13 ~Jc812Jc* !2JcG ~7.2!

is predicted to be large,~ii ! the chromomagnetic hyperfine
mass splittings satisfy a reverse hierarchy,

~Sc*2Sc!.~Jc*2Jc8!.~Vc*2Vc! ~7.3!
-
-
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and ~iii ! the equal spacing rule@22#

~Sc*2Sc!2~Jc*2Jc8!5~Jc*2Jc8!2~Vc*2Vc!
~7.4!

is almost exact. Bottom baryon mass splittings are predict
in terms of charm baryon mass splittings and mass splittin
of the octet and decuplet baryons. Some bottom baryon m
splittings are predicted very accurately.

As this work neared completion, Ref.@23# appeared. The
present analysis shows that Eq.~2d! of @23# is not well sat-
isfied.

Note added in proof. There are no renormalon ambigu-
ities in the operator coefficients which correspond to phys
cal mass splittings. The renormalon ambiguity of the heav
quark massmQ andL baryon;NclQCD is of orderLQCD, and
formally appears as a termNQLQCD in expansion~4.13!.

The two very accurate mass relations Eqs.~5.7! and~5.15!
yield very precise predictions forJc8 and ((c*1Vc* ). A new
CLEO measurement of(c*52518.662.2 MeV is signifi-
cantly lower than previous measurements. In addition, the
is a somewhat more accurate value forVc52699.962.9
MeV from the E687 Collaboration. The more accurateVc

value changes theJc8 prediction slightly to

Jc852580.862.1 MeV.

The lower(c* mass implies a larger value for the predicte
Vc* mass:

Vc*52760.666.4 MeV.

The mass combination quoted in Eqs.~5.20!–~5.29! will be
modified accordingly. The only significant modification is
that the differences of the chromomagnetic mass splittin
((Q*2(Q), (JQ*2JQ8 ), and (VQ*2VQ) are much smaller
than before, which implies that relation~5.13! is as small as
possible. This occurs if the magnitude of the first mass com
bination in Eq.~5.12! is dominated by theJQJQ8 mixing
term.
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