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A comparative study of the fullas
4 perturbative QCD calculation of the hadronic production of theBc and

Bc* mesons and the fragmentation approximation is presented. We examined the various subprocesses in d
and the distributionC(z), wherez is twice the fraction of theBc or Bc* meson energy in the center of mass of
the subprocess, which proved insightful and revealed the importance of certain nonfragmentation contributio
We concluded that the condition for the applicability of the fragmentation approximation in hadronic collision
is that the transverse momentumPT of the producedBc andBc* be much larger than the mass of theBc meson:
i.e., PT@MBc

. Numerical results for the cross sections at the Fermilab Tevatron are also presented us
updated parton distribution functions with various kinematic cuts.@S0556-2821~96!03619-3#

PACS number~s!: 13.85.Ni, 13.87.Fh, 14.40.Nd
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The heavy flavoredb̄c meson states have attracted co
siderable interest due to their interesting properties. The
perimental search for these mesons is now under way at h
energy colliders such as the CERNe1e2 collider LEP and
the Fermilab Tevatronp̄p collider. Results are expected i
the near future. An important theoretical task, relevant
these experiments, is to calculate the production cross
tions. Since they are weakly bound states hadronization
relatively simple and their production cross sections can
accurately predicted in the framework of perturbative QC
~PQCD!. At LEP the production of the pseudoscalar grou
stateBc and the vector meson stateBc* is dominated byZ0

decay into abb̄ pair, followed by the fragmentation of ab̄
quark into theBc or Bc* meson@1,2#. Hadronic production,
as first pointed out by Chang and Chen@3#, is dominated at
high energies by the subprocessgg→Bc(Bc* )bc̄. The inter-
esting question we address here is how well the fragmen
tion approximation to the full orderas

4 calculation works for
the hadronic production of theBc and Bc* mesons and in
which kinematic region.

The hadronic production of theBc andBc* can be calcu-
lated fully to orderas

4 in PQCD, which involves a difficult
numerical calculation. Since Chang and Chen@3# first pre-
sented the numerical results for the hadronic production, c
culations have also been done by several other auth
@4–10#, not all of which are in agreement. Slabospitsky@4#
claimed an order of magnitude larger result than that
Chang and Chen@3#. Berezhnoyet al. @5# obtained a result
larger than that by Chang and Chen@3# but smaller than the
one by Slabospitsky@4#. Masetti and Sartogo@6# found a
result similar to Berezhnoyet al. @5#. More recently, Berezh-
noy et al. @8# found that a color factor 1/3 was overlooked i
their previous work@5#. After including this factor, their re-
vised result is in agreement with that of Chang and Chen@3#.
Baranov @9# independently also obtained results similar
those of Chang and Chen@3#. Kołodziejet al. @10# presented
541/96/54~7!/4344~5!/$10.00
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results using different parton distribution functions and en
ergy scale from those used by Chang and Chen@3# so it is
difficult to directly compare their final results. However
their results for the cross sections for the subprocess
similar to others@7,8#. Therefore, we are confident that the
results of the full orderas

4 PQCD calculations in Refs.@3,7–
10# are in agreement.

An alternative way to calculate the hadronic production
to use the fragmentation approximation. From the gene
factorization theorem it is clear that, for large transverse m
mentumPT of theBc or Bc* , hadronic production is domi-
nated by fragmentation. The calculation can then be cons
erably simplified using this approximation, as was first don
by Cheung@11#. Subsequently, the comparison between th
full as

4 calculation and the fragmentation approximation ha
been discussed by several authors@7,8,10#. However, very
different conclusions have been drawn, although their n
merical results are similar. Changet al. @7# found that when
Aŝ and pT are small the difference between the fragment
tion approximation and theas

4 calculation is large. Berezh-
noy et al. @8# claimed that the fragmentation approximation
breaks down even for very largePT by examining the ratio
of Bc* toBc production. Kołodziejet al. @10# claimed that the
fragmentation approximation works well ifPT exceeds about
5–10 GeV, which is comparable to theBc mass, by investi-
gating thePT distribution of theBc meson.

It is nontrivial to clarify these points since the full calcu-
lation is quite complicated, the dominant subprocess invol
ing 36 Feynman diagrams; but the importance of investiga
ing this issue is twofold: From the theoretical perspective,
provides an ideal example to quantitatively examine ho
well the fragmentation approximation works for calculatin
the hadronic production of heavy flavored mesons. In th
process both the fullas

4 contributions and the fragmentation
approximation can each be calculated reliably. Experime
tally, it is important to have a better understanding of th
4344 © 1996 The American Physical Society



lar
-

he
, in
mi-

an
st

,

ac-
ms
o
bu-

er

ed
the
-

i-

e
ctly

. 1

s
i-

54 4345COMPARATIVE STUDY OF THE HADRONIC . . .
production of theBc mesons in the smallPT region where
theBc production cross section is the largest. ThePT distri-
bution decreases very rapidly asPT increases.

We carried out a detailed comparative study of the fra
mentation approximation and the fullas

4 QCD perturbative
calculation. We first studied the subprocesses carefully.
analyzing the singularities appearing in the amplitudes a
thePT distributions of the subprocesses we gained very i
portant insight into the processes. We then calculated
entire hadronic production cross section forpp̄ ~or pp) col-
lisions at the Tevatron energy. To facilitate a quantitati
comparison we found it very instructive to examine the d
tribution in z, twice the energy fraction carried by theBc
meson in the center of mass of the subprocess, which is
principle, observable. By investigating thez distribution we
found that the fragmentation contribution dominates wh
and only whenPT@MBc

. We also found that it is insufficient
to evaluate the validity of the fragmentation approximatio
by only examining thePT distribution. In fact, we found that
it is simply fortuitous that thePT distribution in the fragmen-
tation approximation for the case of theBc meson is close to
the results of the full orderas

4 calculation whenPT does not
satisfy the above condition; i.e.,PT@MBc

. It is not sufficient

for PT to simply be the same order asMBc
, as we discuss

below.
In order to obtain some insight into the process we fi

focus the discussion on the subprocess. At the lowest o
as
4 , there are 36 Feynman diagrams responsible for

dominant gluon fusion subprocessg(k1)1g(k2)→Bc(p)
1b(q2)1 c̄(q1), wherek1, k2, p, q1, andq2 are the respec-
tive momenta. When the energy in the center-of-mass sys
Aŝ is much larger than the heavy quark mass the main c
tributions to the cross section come from the kinematic
gion where certain of the amplitudes in the matrix eleme
are nearly singular; i.e., some of the quark lines or glu
lines are nearly on-shell and the related propagators in
Feynman diagrams are nearly singular. This results in
cross section for the subprocess coming from the low
twist contributions being proportional to (1/ŝ)( f Bc

2 /MBc
2 ),

where f Bc is theBc decay constant, with some logarithmi

correction terms such as ln(ŝ/MBc
2 ). Now, the possible singu-

larities in the square of the matrix element for this subpr
cess must arise from the inverse power~s! of the following
factors, or their products, which can appear in all the possi
denominators of the quark and gluon propagators in
Feynman gauge:

qi•kj , p•kj , ~a i p1qi !
2, and ~kj2a1p2q1!

2, ~1!

where i , j51,2 and a1,25mc,b /(mc1mb) is the ratio of
quark masses. It is easy to see that when thePT of the Bc

meson is large only (a i p1qi)
2 can still be small (;mi

2).
The fragmentation functions can then be extracted from
most singular part containing the inverse powers of this fa
tor in the square of the matrix element. It then follows that
the largePT region the subprocess is dominated by the fra
mentation approximation.However, when the PT of the Bc
meson is small the produced Bc , as well as the b and the
c̄ quarks, can be soft or collinear with the beam.In this
g-
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region the square of the matrix element is highly singu
becausetwo or moreof the internal quarks or gluons in cer
tain Feynman diagrams cansimultaneouslybe nearly on
mass shell. Although this region is a smaller part of t
phase space, these nearly singular Feynman diagrams
fact, make a large contribution to the cross section and do
nate the smallPT region.

Generally, in the square of the matrix element we c
isolate all the terms which contribute to the lowest twi
cross sections using singularity power counting rules@17#.
When Aŝ@MBc

the lowest twist contributions dominate

while the higher twist contributions are suppressed by a f
tor m2/ ŝ and are negligible. We can decompose the ter
which contribute to the lowest twist cross sections into tw
components: One component is the fragmentation contri
tion, which dominates the largePT region. The other is the
nonfragmentation component, which comes from the oth
singular parts of the matrix element, those in whichtwo or
more quarks or gluons are nearly on shell, as discuss
above. This nonfragmentation component dominates in
smallerPT region. The contributions of these two compo
nents are quite clearly distinguishable in thePT distribution
of the subprocess, particularly at largeAŝ. In Fig. 1 we show
thePT distribution of the subprocess whenAŝ5200 GeV for
both the fullas

4 calculation and the fragmentation approx
mation with as50.2, mb54.9 GeV, mc51.5 GeV, and
f Bc5480 MeV. In the fragmentation calculation, to reduc
the error caused by the phase space integrations, we dire
used the squared matrix elements@1,14#, from which the
fragmentation functions are derived@1,14#, rather than the
fragmentation functions themselves. It is easy to see in Fig
that whenPT is larger than about 30 GeV for theBc and

FIG. 1. ThePT distributions of theBc andBc* meson for the
subprocess withAŝ5 200 GeV. The solid and the dotted line
correspond to the fullas

4 calculation and the fragmentation approx
mation, respectively.
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about 40 GeV for theBc* the fragmentation approximation is
close to the fullas

4 calculation. However, when the value o
thePT is smaller than about 30 GeV for theBc and about 40
GeV for theBc* the deviation between the fragmentatio
approximation and the full calculation becomes large and
nonfragmentation component clearly dominates their prod
tion. This critical value ofPT is certainly much larger than
the heavy quark masses, or theBc meson mass; we also
found that it slowly increases with increasingŝ, which may
indicate that there is an additional enhancement due to lo
rithmic terms such as lnŝ/m2 in the nonfragmentation com-
ponent compared to the fragmentation component. Wh
Aŝ is not very large this two-component decomposition
less distinct, since the higher twist terms cannot be igno
@7,8,10#. In this case, the fragmentation approximation is n
a very good approximation, there being quite a large discr
ancy with the fullas

4 calculation@7,8,10#.
A similar process is the production ofBc andBc* mesons

in photon-photon collisions, which is also instructive to e
amine more carefully. A comparative study of the fu
a2as

2 calculation with the fragmentation approximation i
this process was presented in Refs.@12,13#, where it was
claimed that the fragmentation approximation is not val
There are 20 Feynman diagrams which can be divided i
four gauge-invariant subsets corresponding to various atta
ments of photons onto the quark lines; i.e., subsets I, II,
and IV corresponding, respectively, to the attachment of b
photons onto theb quark line, onto thec̄ quark line, one
photon onto theb quark line and the other onto thec̄, and the
interchange ofb andc̄. Subset I is dominated by theb̄ quark
fragmentation into theBc when PT is large, as discussed
above. Subsets III and IV, called recombination diagram
can only contribute to the nonfragmentation component a
decrease rapidly whenPT@MBc

, as also discussed above
However, subset II is somewhat unusual. Although this co
tribution is relatively suppressed by the smaller probabil
for subsequentbb̄ quark creation, it nevertheless gives qui
a large contribution to the total cross section because of
enhancement of thec quark electric charge. For example, w
found that whenAŝ5100 GeV the result of the full calcula-
tion is an order of magnitude larger than the fragmentat
calculation, even for largePT . However, whenAŝ becomes
extremely large, e.g.,Aŝ5800 GeV, the contribution of this
subset II is dominated by thec quark fragmentating into the
Bc meson whenPT@MBc

. This implies that the higher twist
terms must have very large coefficients, which violates t
naive power counting rules which imply that the higher twi
terms are suppressed byMBc

2 / ŝ and are, therefore, negligible

whenAŝ;100 GeV@MBc
. Fortunately, this type of contri-

bution, which involvesbb̄ quark pair creation, is not impor-
tant in the hadronic production of theBc and Bc* simply
because the factor of 16 enhancement due to the largec
quark electric charge is absent.

Having investigated the subprocess, we next calcula
Bc andBc* production atpp̄ colliders, particularly the Fer-
milab Tevatron. From our above analysis whenPT@MBc

and, therefore,Aŝ@MBc
the process isb̄ quark fragmenta-

tion dominated. However, at smallerPT the fragmentation
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approximation breaks down. In Fig. 2, we compare thePT
distributions of theBc and theBc* mesons coming from the
full as

4 calculation with the fragmentation approximation. I
these calculations we used the CTEQ3M parton distribut
functions@15#. There is some ambiguity in the choice of th
energy scalem in as(m) and this is clearly dependent on th
form of the factorization. For example, the component of t
b̄ fragmentating into theBc can be factorized with abb̄ pair
first being created at a very short distance, with a reasona
choice of this scale beingm15Amb

21PTb
2 , followed by the

b̄ fragmentating into aBc or Bc* with a reasonable choice o
this energy scale beingm252mc . Factorization in the non-
fragmentation component is more complicated and t
choice of energy scales is not obvious. For simplicity, w
will use a uniform choice of energy scales, choosing t
same scale as set in theb̄ fragmentation component: i.e.
as
2(m1)3as

2(m2). From the numerical calculations, Fig. 2
we see that for theBc meson thePT distributions for
PT.5 GeV are very similar for the fullas

4 calculations and
the fragmentation approximation. This critical value ofPT is
much smaller than that found above in the study of the su
process. However, for theBc* meson, the result predicted b
the full as

4 calculation in Fig. 2 is a factor 1.5 to 2.0 greate
than the fragmentation calculation over a much larger ran
of PT , more consistent with what was found in the study
the subprocess. Therefore, it is difficult to decide from on
the PT distributions where the fragmentation approximatio
is reliable for the hadronic production of theBc and Bc*
mesons. In fact, we found that the use ofPT distribution
alone can be misleading.

To clarify this issue, we introduce the distribution

C~z!5E dx1dx2g~x1 ,m!g~x2 ,m!
dŝ~Aŝ,m!

dz
, ~2!

FIG. 2. ThePT distributions ofBc andBc* meson production at
the Tevatron energyAs5 1.8 TeV. The solid and the dotted line
correspond to the fullas

4 calculation and the fragmentation approx
mation, respectively.
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wherez[@2(k11k2)•p#/ ŝ and g(xi ,m) are the gluon dis-
tribution functions. In the subprocess center-of-massz is
simply twice the fraction of the total energy carried by th
Bc or Bc* meson. The distributionC(z) provides a sensitive
means to investigate the dynamics of the production proc
and the fragmentation approximation. Clearly, if the fra
mentation approximation is valid,@dŝ(Aŝ,m)#/dz can be
factorized as

dŝ~Aŝ,m!

dz
5(

i
ŝgg→QiQ̄i

^DQi→Bc
~z,m!, ~3!

whereDQi→Bc
(z,m) are the usual fragmentation function

andŝgg→QiQ̄i
is the gluon fusion subprocess cross section

production of the heavy quark pairQiQ̄i . In this approxima-
tion, the integrals overx1 andx2 can be performed, the frag
mentation function can be factored out, andC(z) is simply
proportional to a sum of the usual fragmentation functio
which is insensitive to the parton distribution functions an
to the kinematic cuts. However, if the distributionC(z) is
quite different from the fragmentation functions, it is an in
dication that the fragmentation approximation is not val
Therefore, comparingC(z) calculated in the fragmentation
approximation with the full orderas

4 calculation, provides a
quantitative criterion to judge the validity of the fragment
tion approximation. We emphasize thatz is a very useful
variable and is an experimentally measurable quantity,
least in principle.

In Fig. 3 we compare thez distributionC(z) calculated in
the fragmentation approximation with the full orderas

4 cal-
culation for Bc and Bc* meson production with a cut of
PT.10 GeV @Fig. 3~a!# and also with cuts ofPT.20 GeV
andPT.30 GeV@Fig. 3~b!#. Thez distributionC(z) is sen-
sitive to the smallestPT region for a givenPT cut because
thePT distributions of theBc andBc* mesons decrease ver
rapidly with increasingPT . From Fig. 3 some general fea
tures are evident: For theBc meson, in the fragmentation
approximation, for smallerPT cuts thez distributionsC(z)
in the higherz region are overestimated while it is undere
timated in the lowerz region; but, after integration overz,
the result is similar to the fullas

4 calculation. However, for
theBc* meson, even for the largestPT cut, thez distribution
C(z) calculated in the fragmentation approximation is unde
estimated at all values ofz and, after integration overz, the
result is definitely smaller than the fullas

4 calculation. This
feature explains why thePT distributions shown in Fig. 2 are
similar for theBc meson even down toPT;MBc

but are

different for theBc* meson. This also shows that it is simpl
fortuitous that thePT distribution of theBc calculated in the
fragmentation approximation is similar to that from the fu
as
4 calculation forPT below this value, particularly down to

PT;MBc
. It is also clear that whenPT is increased the dis-

tributions become closer. As shown in Fig. 3~b!, whenPT is
as large as 30 GeV, the curves calculated in the fragme
tion approximation are quite close to the fullas

4 calculation.
This indicates that the fragmentation approximation is va
in the largePT region, as expected. We emphasize here t
the difference between the fragmentation approximation a
full calculation is not universal, but is process dependent
e
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Finally, we examined the ratio of cross sections forBc*
production calculated in the fragmentation approximat
with the results of the fullas

4 calculation. As discussed
above, forBc* meson production the fragmentation appro
mation always underestimates the fullas

4 result. The devia-
tion from the full calculation for theBc* meson can be use
as a criterion to test the validity of the fragmentation a
proximation. The results for the total cross secti
s(PT.PTmin) for variousPT cuts are listed in Table I. We
also list the ratio of@sBc

(PT.PTmin)#/@sB
c*
(PT.PTmin)# from

the full calculation and the fragmentation approximation
variousPTmin . Taking agreement within 30% as the criterio

FIG. 3. Thez distributionsC(z) of theBc andBc* at the Teva-
tron energyAs51.8 TeV. The solid lines are the fullas

4 calculation
and the dotted lines are the fragmentation approximation~a! with
the cut PT.10 GeV and ~b! with the cuts PT.20 GeV and
PT.30 GeV.
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TABLE I. Total cross sectionss(PTBc
.PTmin) in nb for hadronic production of theBc and theBc*

mesons predicted by theas
4 calculation and the fragmentation approximation assuming variousPT cuts and

uYu,1.5. The CTEQ3M parton distribution functions were used and the valuesf Bc5480 MeV,mc51.5
GeV,mb54.9 GeV, andMBc

56.4 GeV.

PTmin ~GeV! 0 5 10 15 20 25 30

sBc
(as

4) 1.8 0.57 0.087 0.018 4.831023 1.631023 6.331024

sBc
~frag! 1.4 0.47 0.071 0.014 4.031023 1.331023 5.331024

sB
c*
(as

4) 4.4 1.4 0.22 0.041 1.131022 3.431023 1.331023

sB
c*

~frag! 2.3 0.78 0.12 0.025 6.831023 2.331023 9.231024

sB
c*
(frag)

sB
c*
(as

4)
0.52 0.55 0.56 0.61 0.63 0.67 0.70
are
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-

nt
nt
ci-
for the validity of the fragmentation approximation we als
see thatPT should exceed about 30 GeV, a value consid
ably larger than the heavy quark masses. We note that
conclusion is rather insensitive to the choice of the ene
scalem and the parton distribution functions.

Both the spectroscopy and the decays of theB mesons
have been widely studied@16,18–20#. The excited states be
low the threshold will decay to the ground stateBc by emit-
ting the photon~s! or p mesons. The golden channel to dete
the Bc meson isBc→J/c1p(r). However, the branching
ratio is quite small, around 0.2%. The exclusive semilepto
decay modeBc→J/c1 l1n l has a relatively larger branch
ratio, but there is ‘‘missing energy.’’ Our calculations shou
be helpful in searching for theBc since thePT distribution
falls so rapidly that the smallPT region is quite important.

In summary, we carried out a detailed comparative stu
of the fragmentation approximation and the full orderas

4

QCD perturbative calculation. We first studied the subp
cess and obtained some insight into the process by analy
the singularities appearing in the amplitude and thePT dis-
o
er-
this
rgy

-

ct

nic

ld

dy

ro-
zing

tribution of the subprocess. This revealed that there
Feynman diagrams present in the full orderas

4 matrix ele-
ment in whichtwo or morequarks or gluons can besimul-
taneouslynearly on-mass shell and that these can domin
the subprocess over the fragmentation approximation in c
tain regions of the phase space. We then calculated the h
ronic production process and investigated thez distribution
C(z), which was used to test the fragmentation approxim
tion. From the study of both the subprocess and the hadro
process we conclude that the fragmentation mechan
dominates when and only whenPT@MBc

. This conclusion is
independent of the choice of the energy scales and the pa
distribution functions. It is only fortuitous that thePT distri-
bution of theBc in the fragmentation approximation is simi
lar to that of the full calculation forPT as low asMBc

.
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