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Rb and new physics: A comprehensive analysis
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We survey the implications for new physics of the discrepancy between the measurement ofRb at the CERN
e1e2 collider LEP and its standard model prediction. Two broad classes of models are considered:~i! those
in which newZb̄b couplings arise at the tree level, throughZ or b-quark mixing with new particles, and~ii !
those in which new scalars and fermions alter theZb̄b vertex at one loop. We keep our analysis as general as
possible in order to systematically determine what kinds of features can produce corrections toRb of the right
sign and magnitude. We are able to identify several successful mechanisms, which include most of those which
have recently been proposed in the literature, as well as some earlier proposals~e.g., supersymmetric models!.
By seeing how such models appear as special cases of our general treatment we are able to shed light on the
reason for, and the robustness of, their ability to explainRb. @S0556-2821~96!05617-2#

PACS number~s!: 13.38.Dg, 13.65.1i, 14.40.Nd
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I. INTRODUCTION

The standard model~SM! of electroweak interactions has
been tested and confirmed with unprecedented precision o
the past few years using measurements ofe1e2 scattering at
theZ resonance at the CERNe1e2 collider LEP@1# and the
SLAC linear collider~SLC! @2#. A particularly striking ex-
ample of the impressive SM synthesis of the data came w
the discovery, at the collider detector at fermilab~CDF! and
D0 collaborations@3#, of the top quark with a mass which is
in excellent agreement with the value implied by the me
surements at LEP.

The biggest, and only statistically important, fly to b
found so far in the proverbial SM ointment is the experime
tal surplus of bottom quarks produced inZ decays, relative to
the SM prediction. With the analysis of the 1994 data
described at last summer’s conferences@1,2#, this discrep-
ancy has become almost a 4s deviation between experimen
and SM theory. The numbers are

Rb[Gb /Ghad50.221960.0017, whileRb~SM!50.2156.
~1!

The SM prediction assumes a top quark mass ofmt5180
GeV and the strong coupling constantas(MZ)50.123, as is
obtained by optimizing the fit to the data.

There are other measurements which differ from their S
predictions at the>2s level: Rc ~2.5s!, AFB

0 ~t! ~2.0s!, and
the inconsistency~2.4s! betweenAe

0 as measured at LEP
with that obtained fromALR

0 as determined at SLC@2#. In
fact, since theRc andRb measurements are correlated, an
because they were announced together, some authors ref
this as the ‘‘Rb2Rc crisis.’’ One of the points we wish to
make in this paper is that there is noRc crisis. If theRb
discrepancy can be resolved by the addition of new phys
one then obtains an acceptable fit to the data. In other wo
Rc , as well asAFB

0 ~t! andALR
0 , can reasonably be viewed

simply as statistical fluctuations.
540556-2821/96/54~7!/4275~26!/$10.00
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On the other hand, it is difficult to treat the measure
value ofRb as a statistical fluctuation. Indeed, largely be
cause ofRb , the data at face value nowexcludethe SM at
the 98.8% confidence level. If we suppose that this disagre
ment is not an experimental artifact, then the burning que
tion is the following: What does it mean?

Our main intention in this paper is to survey a broad clas
of models to determine what kinds of new physics can brin
theory back into agreement with experiment. SinceRb is the
main culprit we focus on explaining both its sign and mag
nitude. This is nontrivial, but not impossible to do, given tha
the discrepancy is roughly the same size as, though in t
opposite direction to, the largemt-dependent SM radiative
correction. The result is therefore just within the reach o
one-loop perturbation theory.

Our purpose is to survey the theoretical possibilitie
within a reasonably broad framework, and we therefore ke
our analysis quite general, rather than focusing on individu
models. This approach has the virtue of exhibiting feature
that are generic to sundry explanations of theZ→bb̄ width,
and many of the proposals of the literature emerge as spec
cases of the alternatives which we consider.

In the end we find a number of possible explanations o
the effect, each of which would have its own potential sig
nature in future experiments. These divide roughly into tw
categories: those which introduce new physics intoRb at
tree level, and those which do so starting at the one-loo
level.

The possibilities are explored in detail in the remainder o
the article, which has the following organization. The nex
section discusses whyRb is the only statistically significant
discrepancy between theory and experiment, and summari
the kinds of interactions to which the data points. This i
followed by several sections, each of which examines a d
ferent class of models. Section III studies the tree-level po
sibilities, consisting of models in which theZ boson or theb
quark mixes with a hitherto undiscovered particle. We fin
several viable models, some of which imply comparativel
large modifications to the right-handedb-quark neutral-
4275 © 1996 The American Physical Society
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current couplings. Sections IV and V then consider loop co
tributions toRb . Section IV concerns modifications to th
t-quark sector of the SM. Although we find that we ca
reduce the discrepancy inRb to ;2s, we do not regard this
as sufficient to claim success for models of this type. Sect
V then considers the general form for loop-level modific
tions of theZb̄b vertex which arise from models with new
scalars and fermions. The general results are then applie
a number of illustrative examples. We are able to see w
simple models, like multi-Higgs-doublet and Zee-type mo
els fail to reproduce the data, as well as to examine
robustness of the difficulties of a supersymmetric explan
tion ofRb . Finally, our general expressions guide us to som
examples whichdo make experimentally successful predic
tions. Section VI discusses some future experimental test
various explanations of theRb problem. Our conclusions are
summarized in Sec. VII.

II. THE DATA SPEAKS

Taken at face value, the current LEP/SLC data exclud
the SM at the 98.8% confidence level. It is natural to a
what new physics would be required to reconcile theory a
experiment in the event that this disagreement survives f
ther experimental scrutiny. Before digging through one
theoretical repertoire for candidate models, it behooves
theorist first to ask which features are preferred in a succe
ful explanation of the data.

An efficient way to do so is to specialize to the case whe
all new particles are heavy enough to influenceZ-pole ob-
servables primarily through their lowest-dimension intera
tions in an effective Lagrangian. Then the various effecti
couplings may be fit to the data, allowing a quantitative s
tistical comparison of which ones give the best fit. Althoug
not all of the scenarios which we shall describe involve on
heavy particles, many of them do and the conclusions
draw using an effective Lagrangian often have a much wid
applicability than one might at first assume. Applications
this type of analysis to earlier data@4,5# have been recently
updated to include last summer’s data@6#, and the purpose of
this section is to summarize the results that were found.

There are two main types of effective interactions whic
play an important role in the analysis ofZ-resonance phys-
ics, and we pause first to enumerate briefly what these a
~For more details see Ref.@4#!. The first kind of interaction
consists of the lowest-dimension deviations to the ele
troweak boson self-energies, and can be parameterized u
the well-known Peskin-Takeuchi parameters1 S and T @7#.
The second class of interactions consists of nonstand
dimension-four effective neutral-current fermion coupling
which may be defined as follows:2

LeffNC5
e

swcw
Zm f̄g

m@~gL
f 1dgL

f !gL1~gR
f 1dgR

f !gR# f .

~2!

1The third parameterU also appears but does not play a role in th
Z-pole observables.
2Here we introduce a slight notation change relative to Ref.@4# in

that our couplingsdgL,R
f correspond todĝ L,R

f of Ref. @4#.
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In this expressiong L
f and gR

f denote the SM couplings,
which are normalized so thatg L

f 5I 3
f 2Qfsw

2 and
gR
f 52Qfsw

2 , whereI 3
f andQf are the third component of

weak isospin and the electric charge of the correspond
fermion, f . sw5sinuw denotes the sine of the weak mixing
angle, andgL(R)5~17g5!/2.

Fitting these effective couplings to the data leads to t
following conclusions.

(1) What must be explained.Although the measured val-
ues for several observables depart from SM predictions at
2s level and more, at the present level of experimental a
curacy it is only theRb measurement which really must be
theoretically explained. After all, some 2s fluctuations are
not surprising in any sample of twenty or more independe
measurements.~Indeed, it would be disturbing, statistically
speaking, if all measurements agreed with theory to with
1s.! This observation is reflected quantitatively in the fits o
Ref. @6#, for which the minimal modification which is re-
quired to accommodate theRb measurement, namely the ad
dition of only new effectiveZb̄b couplings, already raises
the confidence level of the fit to acceptable leve
~xmin

2 /NDF515.5/11 as compared to 27.2/13 for a SM fit!. We
therefore regard the evidence for other discrepancies with
SM, such as the value ofRc , as being inconclusive at presen
and focus instead on models which predict large enough v
ues forRb .

(2) The significance of Rc . Since the 1995 summer con-
ferences have highlighted the nonstandard measured va
for theZ branching ratio intoboth candb quarks, it is worth
making the above point more quantitatively for the particul
case of the discrepancy inRc . This was addressed in Ref.@6#
by introducing effective couplings of theZ to bothb andc
quarks, and testing how much better the resulting predictio
fit the observations. Although the goodness of fit toZ-pole
observablesdoesimprove somewhat~with xmin

2 /NDF59.8/9!,

e

FIG. 1. A fit of theZb̄b couplingsdgL,R
b to Z-pole data from

the 1995 Summer Conferences. The four solid lines respectiv
denote the 1s, 2s, 3s, and 4s error ellipsoids. The SM prediction
lies at the origin~0,0!. This fit yieldsas(MZ)50.10160.007.
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TABLE I. Required neutral-currentb-quark couplings: The last two columns display the size of th
effective correction to the left- and right-handed SMZb̄b couplings which best fit the data. The ‘‘individual
fit’’ is obtained using only one effective chiral coupling in addition to the SM parametersmt andas(MZ).
The ‘‘fit to both’’ includes both couplings. Also shown for comparison are the SM predictions for th
couplings, both the tree-level contribution~‘‘SM tree’’ !, and the dominantmt-dependent one-loop vertex
correction, evaluated atsw

250.23 ~‘‘SM top loop’’ !.

Coupling g ~SM tree! dg ~SM top loop! dg ~individual fit! dg ~fit to both!

gL
b 20.4230 0.0065 20.006760.0021 20.002960.0037

gR
b 0.0770 0 0.03460.010 0.02260.018
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it does so at the expense of driving the preferred value for
strong coupling constant up toas(MZ)50.18060.035, in
disagreement at the level of 2s with low-energy determina-
tions, which lie in the range 0.11260.003@8#. This change in
the fit value foras(Mz) is given by the experimental con-
straint that the totalZ width not change with the addition of
the newZc̄c couplings.3 Once the low-energy determina
tions of as(Mz) are also included,xmin

2 /NDF not only drops
back to the levels taken in the fit only to effectiveZb̄b cou-
plings, but the best-fit prediction forRc again moves into a
roughly 2s discrepancy with experiment.

It is nevertheless theoretically possible to introduce ne
physics to account forRc in a way which does not drive up
the value of the strong coupling constant. As argued
model-independent grounds in Ref.@6#, and more recently
within the context of specific models@9,10#, an alteration of
the c-quark neutral-current couplings can be compensa
for in the totalZ width by also altering the neutral-curren
couplings of light quarks, such as thes. We put these types
of models aside in the present paper, considering them to
insufficiently motivated by the experimental data.

(3) LH vs RH couplings.The data do not yet permit a
determination of whether it is preferable to modify the lef
handed~LH! or right-handed~RH! Zb̄b coupling. The mini-
mum values forx2 found in Ref.@6# for a fit involving LH,
RH, or both couplings are, respectively,xmin

2 /NDF ~LH!
517.0/12, xmin

2 /NDF ~RH!516.1/12, or xmin
2 /NDF ~both!

515.5/11.
(4) The size required to explain Rb . The analysis of Ref.

@6# also indicates the size of the change in the neutral-curr
b-quark couplings that is required if these are to prope
describe the data. The best fit values which are required
displayed in Fig. 1, and are listed in Table I. Table I als
includes for comparison the corresponding tree-level S
couplings, as well as the largest SM one-loop vertex corr
tions ~those which depend quadratically or logarithmical
on thet-quark mass4mt!, evaluated atsw

250.23. For making
comparisons we takemt5180 GeV.

As we now describe, the implications of the numbers a
pearing in Table I depend on the handedness~LH vs RH! of
effective new-physicsZb̄b couplings.

3Introducing effectiveb-quark couplings has precisely the oppo
site effect, since the SM prediction forGb is low and that forGc is
high relative to observations, lowering the strong coupling const
to as(MZ)50.10360.007.
4More precisely @11#, we use dgL

b5(aw/16p)@r12.88 lnr #,
wherer5mt

2/MW
2 .
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(4a) LH couplings.Table I shows that the required chang
in the LH Zb̄b couplings must be negative and comparab
in magnitude to themt-dependent loop corrections within the
SM. The sign must be negative since the prediction for t
Z→bb̄ width must be increased relative to the SM result
order to agree with experiment. This requiresdg L

b to have
the same sign as the tree-level value forg L

b, which is nega-
tive. As we shall see, this sign limits the kinds of mode
which can produce the desired effect. Comparison with t
SM loop contribution shows that the magnitude required f
dg L

b is reasonable for a one-loop calculation. Since the si
of themt-dependent part of the SM loop is enhanced by
factor ofmt

2/M W
2 , the required new-physics effect must b

larger than a generic electroweak loop correction.
(4b) RH couplings.Since the SM tree-level RH coupling

is opposite in sign to its LH counterpart and is some fiv
times smaller, the new-physics contribution required by th
data,dgR

b , is positive and comparable in size to the tree-lev
coupling. This makes it likely that any new-physics explan
tion of the data which relies on changinggR

b must arise at
tree level, rather than through loops.

(5) Absence of oblique corrections.A final proviso is that
any contribution tog L

b or gR
b should not be accompanied by

large contributions to other physical quantities. For examp
Ref. @6# finds that the best-fit values for the oblique param
etersS andT are

S520.2560.19,

T520.1260.21 ~3!

~with a relative correlation of 0.86! even whendg L,R
b are free

to float in the fit. SinceT often gets contributions similar in
size todg L

b these bounds can be quite restrictive.
Notice that we need not worry about the possibility o

having large cancellations between the new-physics con
butions to the oblique parameters anddg L

b in Rb . It is true
that such a partial cancellation actually happens forGb in the
SM, where the loop contributions proportional tomt

2 in T
anddg L

b exactly cancel in the limit thatsw
251

4, and so end up
being suppressed by a factorsw

221
4. We nevertheless need

not consider such a cancellation inRb since the oblique pa-
rameters~especiallyT! almost completely cancel betweenGb
andGhad. Quantitatively, we have@4#

Gb5Gb
SM~124.57dgL

b10.828dgR
b20.00452S10.0110T!,

Ghad5Ghad
SM~121.01dgL

b10.183dgR
b20.00518S10.0114T!,

-

ant
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so Rb5Rb
SM~123.56dgL

b10.645dgR
b10.00066S

20.0004T!. ~4!

We now turn to a discussion of the circumstances und
which the above conditions may be achieved in a broad cl
of models.

III. TREE-LEVEL EFFECTS: MIXING

At tree level theZb̄b couplings can be modified if there is
mixing amongst the charge21

3 quarks, or the neutral, colour-
less vector bosons. Being a tree-level effect it is relative
easy and straightforward to analyze and compare differ
scenarios. Also, since mixing effects can be large, mixi
can provide comparatively large corrections to theZb̄b cou-
pling, such as is needed to modifyRb through changes togR

b .
Not surprisingly, a number of recent models@9,10,12–14#
use mixing to try to resolve theRb ~andRc! discrepancy. Our
aim here is to survey the possibilities in a reasonably gene
way. We therefore postpone for the moment a more detai
phenomenological analysis of the various options.

In general we imagine that all particles having the sam
spin, color, and electric charge can be related to one ano
through mass matrices~some of whose entries might be con
strained to be zero in particular models due to gauge sy
metries or restrictions on the Higgs-field representation!.
We denote the color-triplet, chargeQ521

3, quarks in the
flavor basis byBa, and label the corresponding mas
eigenstates5 by bi . The mass-eigenstate quarks,bi , are ob-
tained from theBa by performing independent unitary rota
tions,~U L,R† )a i amongst the left- and right-handed fields. Th
b quark that has been observed in experiments is the ligh
of the mass eigenstates,b5b1, and all others are necessaril
much heavier than this state.

Similar considerations also apply for colorles
electrically-neutral spin-one particles. In this case we ima
ine the weak eigenstates,Z m

w, to be related to the mass eigen
states,Z m

m, by an orthogonal matrix,Mwm. We take the
physicalZ, whose properties are measured in such exquis
detail at LEP and SLC, to be the lightest of the mass eige
states:Zm[Z m

1 .
Assuming that all of thebi andZm ~except for the lightest

ones, the familiarb and Z particles! are too heavy to be
directly produced atZ-resonance energies, we find that th
flavor-diagonal effective neutral-current couplings releva
for Rb are

gL,R
b [~gm51!L,R

11 5 (
abw

~gw!L,R
ab UL,Ra1*UL,Rb1Mw1

5(
aw

~gw
a !L,RuUL,Ra1 u2Mw1, ~5!

5We imagine having already diagonalized the SM mass matri
so that in the absence of this non-standard mixing one of theBa

reduces to the usualb quark, with a diagonal mass matrix with the
d ands quarks.
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where the neutral-current couplings are taken to be diagon
in the flavorBa basis.6

This expression becomes reasonably simple in the co
mon situation for which only two particles are involved in
the mixing. In this case we may writeBa5(B8

B ), bi5(b8
b ),

and Zw5(Z8
Z ), and takeUL , UR , andM to be two-by-two

rotation matrices parametrized by the mixing anglesuL , uR ,
anduZ . In this case Eq.~5! reduces to

gL,R
b 5@~gZ

B!L,RcL,R
2 1~gZ

B8!L,RsL,R
2 #cZ1@~gZ8

B
!L,RcL,R

2

1~gZ8
B8!L,RsL,R

2 #sZ , ~6!

wheresL denotes sinuL , etc. IncreasingRb requires increas-
ing the combination (g L

b)21(gR
b)2. To see how this works

we now specialize to more specific alternatives.

A. Z mixing

First consider the case where two gauge bosons mix. Th
Eq. ~6! reduces to

gL,R
b 5~gZ

B!L,RcZ1~gZ8
B

!L,RsZ , ~7!

where (g Z
B)L,R is the SM coupling in the absence ofZ mix-

ing, and (gZ8
B )L,R is the b-quark coupling to the new field

Zm8 ~which might itself be generated throughb-quark mix-
ing!. It is clear that so long as theZ8b̄b coupling is nonzero,
then it is always possible to choose the angleuZ to ensure
that the total effective coupling is greater than the SM on
(g Z

B)L,R . This is because the magnitude of any function o
the form f (uZ)[AcZ1BsZ is maximized by the angle
tanuZ5B/A, for which u f umax5uA/cZu>uAu.

The model-building challenge is to ensure that the sam
type of modifications do not appear in an unacceptable w
in the effectiveZ couplings to other fermions, or in too large
an MZ shift due to the mixing. This can be ensured usin
appropriate choices for the transformation properties of th
fields under the new gauge symmetry, and sufficiently sma
Z-Z8 mixing angles. Models along these lines have bee
recently discussed in Refs.@9, 16#.

B. b-quark mixing

The second natural choice to consider is pureb-quark
mixing, with no new neutral gauge bosons. We consider on
the simple case of 232 mixings, since with only one newB8
quark mixing with the SM bottom quark, Eq.~6! simplifies
considerably. As we will discuss below, we believe this to b
sufficient to elucidate most of the features of the possib
b-mixing solutions to theRb problem.

Let us first establish some notation. We denote the we
SU~2! representations of the SMBL,R and of theBL,R8 as

ces

6Equation~5! describes the most relevant effects for theRb prob-
lem, namely the mixing ofZ andb with new states. However, in
general other indirect effects are also present, such as, for exam
a shift inMZ due to the mixing with theZ8. For a detailed analysis
of the simultaneous effects of mixing with aZ8 and new fermions,
see Ref.@15#.
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RL,R and RL,R8 , respectively, whereR5(I ,I 3). The SM
B-quark assignments areRL5~12,2

1
2!, and RR5~0,0!. By

definition, aB8 quark must have electric chargeQ521/3,
but may in principle have arbitrary weak isospinRL,R8
5(I L,R8 ,I 3L,R8 ).

In terms of the eigenvaluesI 3L8 and I 3R8 of the weak-
isospin generatorI 3 acting onBL8 andBR8 , the combination
of couplings which controlsGb becomes

Gb}~gL
b!21~gR

b !25S 2
cL
2

2
1
sw
2

3
1sL

2I 3L8 D 21S sw23 1sR
2 I 3R8 D 2.

~8!

In order to increaseGb using this expression,uL anduR must
be such as to makeg L

b more negative,gR
b more positive, or

both. Two ways to ensure this are to choose

I 3L8 ,2
1

2
or I 3R8 .0. ~9!

There are also two other alternatives, involving large mixin
angles or largeB8 representations: I 3L8 .0, with sL

2(I 3L8 1
1
2).122sw

2 /3.0.85, and I 3R8 ,0, with sR
2 uI 3R8 u.2sw

2 /3
.0.15. Note that, in the presence of LH mixing, th
Cabibbo-Kobayoshi-Maskawa elementsVqb(q5u,c,t) get
rescaled asVqb→cLVqb , thus leading to a decrease in rate
for processes in which theb quark couples to aW. Therefore
charged-current data can in principle put constraints on la
LH mixing. For example, future measurements of the vario
t-quark decays at the Tevatron will allow the extraction
Vtb in a model-independent way, thus providing a low
limit on cL . At present, however, when the assumption
three-generation unitarity is relaxed~as is implicit in our
cases! the current measurement ofB(t→Wb)/B(t→Wq)
implies only the very weak limituVtbu.0.022~at 95% C.L.!
@17#. Hence to date there are still no strong constraints
large LH mixing solutions. Regarding the RH mixings, a
discussed below there is no corresponding way to der
constraints oncR , and so largesR solutions are always pos-
sible.

We proceed now to classify the models in which the S
bottom quark mixes with other newQ521/3 fermions. Al-
though there are endless possibilities for the kind of exo
quark one could consider, the number of possibilities can
drastically reduced, and a complete classification becom
possible, after the following two assumptions are made:~i!
There are no new Higgs-boson representations beyond d
blets and singlets;~ii ! the usualB quark mixes with a single
B8, producing the mass eigenstatesb andb8. This constrains
the mass matrix to be 232:

~B̄ B̄8!LSM11

M21

M12

M22
D S BB8 D

R

. ~10!

We will examine all of the alternatives consistent wit
these assumptions, both of which we believe to be well m
tivated, and indeed not very restrictive. The resulting mod
include the ‘‘standard’’ exotic fermion scenarios@18# ~vector
singlets, vector doublets, mirror fermions!, as well as a num-
ber of others.
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Let us first discuss assumption~i!. From Table I and Eq.
~8! one sees that the mixing angles must be at least as la
as 10% to explainRb , implying that the off-diagonal entries
in the mass matrix Eq.~10! which give rise to the mixing are
of ordersL,RM22*10 GeV. If these entries are generated b
Higgs fields in higher than doublet representations, su
large vacuum expectation valves~VEV’s! would badly un-
dermine the agreement between theory and experiment
theMW/MZ mass ratio.

7

According to assumption~i!, the permitted Higgs repre-
sentations areRH5~12,6

1
2! and ~0,0!. It is then possible to

specify which representationsRL,R8 allow theB8 to mix with
theB quark of the SM.

~1! Since theB8 should be relatively heavy, we require
that M22Þ0. Then the restriction~i! on the possible Higgs
representations implies that

uI L82I R8 u50,
1

2
~11!

and

uI 3L8 2I 3R8 u50,
1

2
. ~12!

~2! To haveb-b8 mixing, at least one of the off-diagonal
entries,M12 or M21, must be nonzero. These terms aris
respectively from the gauge-invariant productsRH^RL

^ R̄R8 andRH^RR^ R̄L8 so thatR̄L(R)8 must transform as the
conjugate of the tensor productRH^RR(L) :

RL85RH^RR5~0,0!,S 12 ,61

2D , ~13!

or

RR85RH^RL5~0,0!,S 12 ,2 1

2D ,~1,21!,~1,0!. ~14!

Thus the only possible representations for theB8 are those
with I R850, 1

2, 1 andI L850, 1
2, 1,

3
2, subject to the restrictions

~11!–~14!.
As for assumption~ii !, it is of course possible that several

species ofB8 quarks mix with theB, giving rise to anN3N
mass matrix, but it seems reasonable to study the allow
types of mixing one at a time. After doing so it is easy to
extend the analysis to the combined effects of simultaneo
mixing with multiple B8 quarks. Thus~ii ! appears to be a
rather mild assumption.

7The contribution of these relatively large nonstandard VEV’
cannot be effectively compensated by new loop effects. On th
other hand, beyond Higgs doublets, the next case of a Higgs m
tiplet preserving the tree-level ratio is that ofI 3H53,YH52. We do
not consider such possibilities, which would also require the mixe
B8 to belong to similarly high-dimensional representations. We als
neglect alternative scenarios invoking, for example, more Higg
triplets and cancellations between different VEV’s, since these su
fer from severe fine-tuning problems.
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TABLE II. Models and charge assignments. All the possible models forB-B8 mixing allowed by the assumptions that~i! here are no new
Higgs representations beyond singlets and doublets, and~ii ! only mixing with a singleB8 is considered. The presence of LH or RH mixings
which can affect theb neutral current couplings is indicated under ‘‘Mixing.’’ Subleading mixings, quadratically suppressed, are giv
parentheses. Equivalent models, for the purposes ofRb , are indicated by a prime~8! in the ‘‘Model’’ column, while models satisfying Eq.
~9! and which can account for the deviations inRb with small mixing angles, are labeled by an asterisk~* !. Large RH mixing solutions are
labeled by a double asterisk~** !, while models 7, 78, and 79 allow for a solution with large LH mixing.

I L8 I 3L8 I R8 I 3R8 Model Mixing

0 0 0 0 1 Vector singlet L
1/2 21/2 2~** ! Mirror family L,R

11/2 3~* ! (L),R
1/2 21/2 0 0 4 Fourth family

1/2 21/2 5~** ! Vector doublet~I! R
1 21 6~** ! R

0 48
11/2 0 0 7 L

1/2 11/2 8~* ! Vector doublet~II ! (L),R
1 0 78 L

11 9~* ! (L),R
1 21 1 21 10~* ! Vector triplet ~I! L,(R)

1/2 21/2 11~* ! L,(R)
0 1 0 18 Vector triplet ~II ! L

1/2 21/2 28 L,(R)
3/2 23/2 1 21 12~* ! L,(R)

21/2 1 21 68 (R)
0 49

11/2 1 0 79 L
ge
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There is one sense in which~ii ! might appear to restrict
the class of phenomena we look at in a qualitative way:
is possible to obtain mixing between theB and aB8 in one of
the higher representations we have excluded by ‘‘bootstra
ping,’’ that is, by intermediate mixing with aB18 in one of the
allowed representations. The idea is that, if the SMB mixes
with such aB18 , but in turn the latter mixes with aB28 of
larger isospin, this would effectively induce aB-B28 mixing,
which is not considered here. However, since mass entr
directly couplingB to B28 are forbidden by assumption~i!,
the resultingB-B28 mixing will in general be proportional to
the B-B18 mixing, implying that these additional effects ar
subleading, i.e., of higher order in the mixing angles. Th
means that if the dominantB-B18 mixing effects are insuffi-
cient to account for the measured value ofRb , adding more
B8 quarks with larger isospin will not qualitatively chang
this situation.

There is, however, a loophole to this argument. If th
mass matrix has some symmetry which gives rise to a spe
‘‘texture,’’ then it is possible to have large mixing angles an
thus evade the suppression due to products of small mix
angles alluded to above. Indeed, we have constructed sev
examples of 333 quasidegenerate matrices with three an
four texture zeros, for which theB-B28 mixing is not sup-
pressed and, due to the degeneracy, can be maximally la
For example, let us chooseB18 in a vector doublet with
I 3L,R511/2 andB28 in a vector triplet withI 3L,R511. Be-
cause of our assumption of no Higgs triplets, directB mixing
with such aB28 is forbidden, andM135M315M1250. It is
easy to check that for a generic values of the nonvanish
mass matrix elements, the inducedsL,R

13 mixings are indeed
it
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subleading with respect tosL,R
12 . However, if we instead sup-

pose that all the nonzero elements are equal to some lar
massm, then there are two nonzero eigenvaluesmb8;m and
mb9;2m while theB-B28 mixing anglessL

13;A1/3 andsR
13

;A3/8 are unsuppressed relative tosL,R
12 .8 Although it may

be unnatural to have near equality of the mass entries gene
ated by singlet and doublet Higgs VEV’s, as is needed in thi
case and in most of the other examples we found, it is stil
possible that some interesting solutions could be constructe
along these lines.

Apart from some special cases analogous to the one ou
lined above, we can therefore conclude that neither does a
sumption~ii ! seriously limit the generality of our results.

We can now enumerate all the possibilities allowed by
assumptions~i! and ~ii !.

With the permitted values ofI R8 and I L8 listed above, and
the requirement that at least one of the two conditions~13!
and~14! is satisfied, there are 19 possibilities, listed in Table
II. Although not all of them are anomaly free, the anomalies
can always be canceled by adding other exotic fermion
which have no effect onRb . Since only the values ofI 3L8 and
I 3R8 are important for theb neutral current couplings, for our
purpose models with the sameI 3L,R8 assignments are equiva-
lent, regardless ofI L,R8 or differences in the mass matrix or
mixing pattern. Altogether there are 12 inequivalent possi
bilities. Equivalent models are indicated by a prime~8! in the
‘‘Model’’ column in Table II.

8A small perturbation of the order of a few GeV can be added to
some of the nonzero mass entries to lift the degeneracy and give
nonzero value formb .
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Due to gauge invariance and to the restriction~i! on the
Higgs sector, in several cases one of the off-diagonal ent
M12 or M21 in Eq. ~10! vanishes, leading to a hierarchy be
tween the LH and the RH mixing angles. If theb8 is much
heavier than theb, M1250 yields sR;M21/M22, while the
LH mixing is suppressed byM 22

22. If on the other hand
M2150, then the suppression forsR is quadratic, leavingsL
as the dominant mixing angle. For these cases, the subdo
nant mixings are shown in parentheses in the ‘‘Mixing’’ co
umn in Table II. Notice that while models 2 and 6 allow fo
a large right-handed mixing angle solution of theRb

anomaly, the ‘‘equivalent’’ models 28 and 68 do not, pre-
cisely because of such a suppression.

Six choices satisfy one of the two conditions in Eq.~9!,
and hence can solve theRb problem using small mixing
angles. They are labeled by an asterisk~* ! in Table II. Three
of these models~10,11,12! satisfy the first condition for so-
lutions using small LH mixings. Since for all these cas
I 3R8 ,0, a large RH mixing could alternatively yield a solu
tion but becausesR is always suppressed with respect tosL ,
this latter possibility is theoretically disfavored. The oth
three choices~models3,8,9! satisfy the second condition fo
solutions using small RH mixing. It is noteworthy that in a
six models the relevant mixing needed to explainRb is au-
tomatically the dominant one, while the other, which wou
exacerbate the problem, is quadratically suppressed
hence negligible in the largemb8 limit. There are two choices
~models5,6! for which I 3R8 ,0 and there is only RH mixing,
and one~model2! for which I 3R8 ,0 andsR is unsuppressed
with respect tosL . These three cases allow for solutions wi
large RH mixings, and are labeled by a double asterisk~** !.
Finally, a solution with large LH mixing is possible~models
7, 78, and79! in which I 3L8 511/2, andI 3R8 50 implies no
RH mixing effects.

In the light of Table II we now discuss in more detail th
most popular models, as well as some other more ex
possibilities.

Vector singlet.Vector fermions by definition have identi
cal left- and right-handed gauge quantum numbers. A vec
singlet ~model 1! is one for whichI L85I R850. Inspection of
Eq. ~8! shows that mixing with such a vector-singlet qua
always acts to reduceRb .

9

Mirror family. A mirror family ~model 2! is a fourth fam-
ily but with the chiralities of the representations inte
changed. BecauseI 3L8 vanishes, LH mixing acts to reduce th
magnitude ofg L

b, and so tends to make the prediction forRb
worse than in the SM. For sufficiently large RH mixin
angles, however, this tendency may be reversed. As was
cussed immediately below Eq.~9!, since I 3R8 is negative a
comparatively large mixing angle ofsR

2*1/3 is needed to
sufficiently increaseRb . Such a large RH mixing angle is
phenomenologically permitted by all off-resonance determ
nations ofgR

b @19#. In fact, theb-quark production cross
section and asymmetry, as measured in theg-Z interference

9A Q512/3 vector singlet can however be used to reduceRc

@10,12,14#, provided that steps are taken, as suggested in Sec
above, to avoid the resulting preference for an unacceptably la
value foras(MZ).
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region @21,22#, cannot distinguish between the two values
sR
250 and 4sw/3, which yield exactly the same rates.10

Hence this kind of model can solve theRb problem, though
perhaps not in the most aesthetically pleasing way. As
shown in Fig. 2, the allowed range of mixing angles is lim
ited to a narrow strip in thesL

2-sR
2 plane.

Fourth family.A fourth family ~model 4! cannot resolve
Rb via tree-level effects because the newB8 quark has the
same isospin assignments as the SMb quark, and so they do
not mix in the neutral current.11 Two other possibilities
~models 48 and 49! yield the sameI 3L,R8 assignments as the
fourth family model, and are similarly unsuccessful in ex
plaining Rb since they do not modify theb quark neutral
current couplings.

Vector doublets.There are two possibilities which permit
a Q521

3 quark to transform as a weak isodoublet, and i
both cases mixing with the SMb is allowed. They can be
labeled by the different hypercharge value using the usu
conventionQ5I 31Y.

With the straightforward choiceI 3L8 5I 3R8 521/2 ~model
5!, we haveYL85YR851/6. This type of model is discussed in
Ref. @13#, where the isopartner of theB8 is a toplike quarkT8

. II
rge

10The current 90% C.L. upper boundsR
2,0.010@20# holds in the

small mixing angle regionsR
2!1/3.

11These models have the further difficulty that, except in certai
corners of parameter space@23#, they produce too large a contribu-
tion to the oblique parameters,S andT, to be consistent with the
data.

FIG. 2. The experimentally allowed mixing angles for a mirror
family. The thick line covers the entire area of values forsL andsR
which are needed to agree with the experimental value forRb to the
2s level or better. The thin line represents the one-parameter fam
of mixing angles which reproduce the SM prediction. Notice tha
the small-mixing solution, which passes throughsL5sR50, is
ruled out sinceI L850 implies that any LH mixing willreduce gL

b

and thus increases the discrepancy with experiment.
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having charge1 2
3. Since these are the same charge assi

ments as for the standard LHb quark, this leads to no mixing
in the neutral current amongst the LH fields, and therefo
only the right-handed mixing anglesR is relevant forRb .
SinceI 3R8 is negative a comparatively large mixing angle
sR
2*1/3 is needed to sufficiently increaseRb , in much the

same way as we found for the mirror-family scenario d
cussed above. The required mixing angle that gives the
perimental value,Rb50.221960.0017, is

sR
250.36720.014

10.013. ~15!

The other way to fit aQ521/3 quark into a vector dou-
blet corresponds toI 3L8 5I 3R8 511/2 ~model 8! and so
Y8525/6 @10#. The partner of theB8 in the doublet is then
an exotic quark,R, havingQ524/3. HereI 3L8 has the wrong
sign for satisfying Eq.~9! and so mixingdecreasesthe mag-
nitude of g L

b. On the other hand,I 3R8 has the right sign to
increasegR

b . Whether this type of model can work therefor
depends on which of the two competing effects inRb wins. It
is easy to see that in this model theM21 entry in theB-B8
mass matrix Eq.~10! vanishes, which as discussed abo
results in a suppression ofsL quadratic in the large mass, bu
only a linear suppression forsR . HencesL becomes negli-
gible in the largemb8 limit, leaving sR as the dominant mix-
ing angle inRb . The mixing angle which reproduces th
experimental value forRb then is

sR
250.05920.015

10.013. ~16!

However, in order to account for such a large value of t
mixing angle in a natural way, theb8 cannot be much heavie
than;100 GeV.

Similarly to theY8525/6 vector doublet case, models
and 9 also provide a solution through RH mixings. In mod
3, the subdominant competing effect ofsL is further sup-
pressed by a smallerI 3L8 , while in model 9 the effect ofsR is
enhanced byI 3R8 511, and hence a mixing angle a factor o
4 smaller that in Eq.~16! is sufficient to explainRb .

Vector triplets.There are three possibilities for placing
vectorB8 quark in an isotriplet representation:I 3L8 5I 3R8 5
21,0,11. The last does not allow forb mixing, if only
Higgs doublets and singlets are present, and for our p
poses,I 3L8 5I 3R8 50 ~model 18! is equivalent to the vector
singlet case already discussed. Only the assignmentI 3L8
5I 3R8 521 ~model 10! allows for a resolution of theRb
problem, and it was proposed in Ref.@12#. If B8 is the
lowest-isospin member of the triplet there is an exotic qua
of chargeQ515/3 in the model. Again in the limit of large
b8 mass one combination of mixing angles~in this casesR! is
negligible, due to the vanishing ofM12 in Eq. ~10!. As a
result,sL plays the main role inRb . Agreement with experi-
ment requires

sL
250.012760.0034. ~17!

Since the resulting change tog L
b is so small, such a slight

mixing angle would have escaped detection in all other e
periments to date.

Similarly to this case, models11 and 12 also provide a
solution through LH mixings. In model11 the unwanted ef-
gn-

re

of

is-
ex-

e

ve
t

e

he
r

3
el

f

a

ur-

rk

x-

fects ofsR are further suppressed, while for model12 a LH
mixing somewhat smaller than in Eq.~17! is sufficient to
explain the data.

Our analysis of tree level effects shows that bothZ mix-
ing andb mixing can resolve theRb discrepancy.b-quark
mixing solutions satisfying the two assumptions that~i! there
are no new Higgs representations beyond singlets and d
blets, and~ii ! only mixing with a singleB8 is relevant, have
been completely classified. The list of the exotic newB8
quarks with the right electroweak quantum numbers is give
in Table II. Solutions with smallsR andsL mixing angles are
possible when theBR8 is the member with highestI 3R8 in an
isodoublet or isotriplet, or whenBL8 is the member with low-
est I 3L8 in an isotriplet or isoquartet. In all these cases, ne
quarks with exotic electric charges are also present. So
other possible solutions correspond toI 3R8 ,0 and are due to
mixing amongst the RHb quarks involving rather large mix-
ing angles, while forI 3L8 511/2 we find another solution
requiring even larger LH mixing. It is intriguing that such
large mixing angles are consistent with all otherb-quark
phenomenology. We have not attempted to classify mode
in which mixing with new states with very large values o
I 3LR8 can arise as a result of bootstrapping through some
termediateB8 mixing. Under special circumstances, the
could allow for additional solutions.

For some of the models considered, the contributions
the oblique parameters could be problematic, yielding add
tional constraints. However, for the particular class of ve
torlike models~which includes two of the small mixing angle
solutions! loop effects are sufficiently small to remain
acceptable.12 This is because, unlike the top quark which
belongs to a chiral multiplet, vectorlike heavyb8 quarks tend
to decouple in the limit that their masses get large. Introdu
ing mixing with other fermions does produce nonzero ob
lique corrections, but these remain small enough to ha
evaded detection. Exceptions to this statement are mod
involving a large number of new fields, like entire new gen
erations, since these tend to accumulate large contributio
to S andT.

IV. ONE-LOOP EFFECTS: t-QUARK MIXING

We now turn to the modifications to theZb̄b couplings
which can arise at one loop. Recall that this option can on
explainRb if the LH b-quark coupling,g L

b, receives a nega-
tive correction comparable in size to the SMmt-dependent
contributions. As was argued in Sec. II, it is the LH couplin
we are interested in because a loop-level change ingR

b is too
small to fix the discrepancy between the SM and experime

The fact that theRb problem could be explained if the
mt-dependent one-loop contributions of the SM were abse
naturally leads to the idea that perhaps thet-quark couples
differently to theb-quark than is supposed in the SM. If the
t quark mixes significantly with a newt8 quark one might be
able to significantly reduce the relevant contributions belo
their SM values. In this section we show that it is at be

12Vectorlike models have the additional advantage of being aut
matically anomaly free.
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possible to reduce the discrepancy to;2s in models of this
type, and so they cannot claim to completely explain theRb
data.

Our survey oft-quark mixing is organized as follows. We
first describe the framework of models within which we sy
tematically search, and we identify all of the possible exo
t-quark quantum numbers which can potentially work. Th
study is carried out much in the spirit of the analysis ofb
mixing presented in Sec. III. We then describe the possiblet8
loop contributions to the neutral-currentb couplings. Since
this calculation is very similar to computing th
mt-dependent effects within the SM, we briefly review th
latter. Besides providing a useful check on our final expr
sions, we find that the SM calculation also has several l
sons for the more generalt-quark mixing models.

A. Enumerating the models

In this section we identify a broad class of models
which the SM top quark mixes with other exotic top-quar
like fermions. As in the previous section concerningb-quark
mixing, we denote the electroweak eigenstates by capit
Ta, and the mass eigenstates by lower-case letters,t i . To
avoid confusion, quantities which specifically refer to theb
sector will be labeled with the superscriptB. By definition, a
T8 quark must have electric chargeQ52/3, but may in prin-
ciple have arbitrary weak isospinRL,R8 5(I L,R8 ,I 3L,R8 ). Fol-
lowing closely the discussion in the previous section, w
make three assumptions which allow for a drastic simpl
cation in the analysis, without much loss of generality.

~i! First, the usualT quark is only allowed to mix with a
singleT8 quark at a time, producing the mass eigenstatet
and t8.

~ii ! Second, for the Higgs-boson representations, we
sume only one doublet and singlets. Additional double
would complicate the analysis of the radiative corrections
a model-dependent way due to the extra diagrams involv
charged Higgs bosons.

~iii ! Finally, certainT8-quark representations also conta
newB8 quarks. We denote theBL8 andBR8 as ‘‘exotic’’ when-
ever they have nonstandard weak isospin assignments, th
I 3L8

BÞ2 1
2or I 3R8

BÞ0. As we have already discussed, for exot
B8 quarksb-b8 mixing will modify the b neutral-current
couplings at tree level, overwhelming the loop-suppress
t-t8 mixing effects inRb . We therefore carry out our analy
sis under the requirement that anyb-b8 mixing affecting the
b neutral-current couplings be absent.

Our purpose is now to examine all of the alternativ
which can arise subject to these three assumptions. Acc
ing to ~i!, theT-T8 mass matrices we consider are 232, and
can be written in the general form

~ T̄ T̄8!LSM11

M21

M12

M22
D S TT8 D

R

. ~18!

Due to our restriction~ii ! on the Higgs sector, certain ele
ments of this mass matrix are nonzero only for particu
values of theT8 weak isospin. Moreover, wheneverTR8 be-
longs to a multiplet which also contains aQ521/3 BR8
quark, theM 12

B andM12 entries of theB-B8 andT-T8 mass
matrices are the same. In those cases in which theB8 quark
s-
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is exotic, assumption~iii ! then forces us to setM1250. In
contrast, theM21 entries are unrelated—for example, the
choiceM 21

B 50 is always possible even ifM21Þ0 for theT
andT8 quarks.

In order to select those representations,RL,R8 , which can
mix with the SMT quark, we require the following condi-
tions to be satisfied.

~1! In order to ensure a large mass for thet8, we require
M22Þ0. Analogously to Eqs.~11! and ~12!, this implies

uI L82I R8 u50,
1

2
~19!

and

uI 3L8 2I 3R8 u50,
1

2
. ~20!

~2! To ensure a nonvanishingt-t8 mixing we require at
least one of the two off-diagonal entries,M12 or M21, to be
nonvanishing. This translates into the following condition
on RL8 andRR8 :

RL85RH^RR5~0,0!,S 12 ,61

2D , ~21!

or

RR85RH^RL5~0,0!,S 12 ,1 1

2D ,~1,0!,~1,11!. ~22!

~3! WheneverRR8 contains aQ521/3 quark, and either
BL8 or BR8 have nonstandard isospin assignments, we requ
M1250. This ensures that at tree level the neutral currentb
couplings are identical to those of the SM. Clearly, in th
cases in which the particularRL8 representation implies a van-
ishing M21 element, imposing the conditionM1250 com-
pletely removes allt-t8 mixing.

We now may enumerate all the possibilities. From Eq
~19!–~22!, it is apparent that as in theB8 case the only al-
lowed representations must haveI R850,12,1 andI L850,12,1,

3
2.

Consider firstI L851 or 3
2. In this case, from Eq.~21!,

M2150. Thus we needM12Þ0 if there is to be anyt-t8
mixing. The four possibilities forRR8 are shown in Eq.~22!.
Of these,RR85(0,0) is not allowed since Eq.~19! is not
satisfied. In addition,RR85( 12,

1
2) and~1,0! both contain exotic

B8 quarks~I 3R8
B52 1

2 or 21! and soM12 is forced to vanish,
leading to not-t8 mixing. This leavesRR85(1,1) as a possi-
bility, since theBR8 is not exotic (I 3R8

B50). If we chooseRL8
such thatI 3L8

B52 1
2, then bothBL8 andBR8 are SM-like, and

b-b8 mixing is not prohibited since it does not affect theb
neutral current couplings. Thus the combinationRL85( 32,

1
2),

RR85(1,1) is allowed.
Next considerI L850 or 1

2. Here, regardless of the value of
I 3L8 , M21 can be nonzero. Thus anyRR8 representation which
satisfies Eqs.~19! and~20! is permitted. It is straight-forward
to show that there are 11 possibilities.

The list of the allowed values ofI 3L8 andI 3R8 which under
our assumptions lead tot-t8 mixing is shown in Table III.
There are twelve possible combinations, including fourth
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TABLE III. Models and charge assignments. Values of the weak isospin ofTL8 andTR8 which, under the only restrictions of singlet and
doublet Higgs representations, lead to nonzerot-t8 neutral current mixing. The ‘‘Model’’ column labels the more familiar possibilities fo
theT8 quarks: vector singlets, mirror fermions, fourth family, and vector doublets. The other models are more exotic.

I L8 I 3L8 I R8 I 3R8 Model Group

3/2 11/2 1 11 A1

1/2 11/2 1 11 A2

0 B1

1/2 11/2 Vector doublet~I! B2

0 0 Fourth family C1

1/2 21/2 1 0 B3

21 B4

1/2 21/2 Vector doublet~III ! B5

0 0 C2

0 0 1/2 11/2 Mirror fermions B6

21/2 B7

0 0 Vector singlet C3
-

r
n a

,

,

generation fermions, vector singlets, vector doublets, a
mirror fermions. Not all of these possibilities are anoma
free, but as already noted one could always cancel anoma
by adding other exotic fermions which give no addition
effects inRb .

It is useful to group the twelve possibilities into thre
different classes, according to the particular constraints,
the form of theT-T8 mass matrix in Eq.~18!.

The first two entries in Table III, which we have assigne
to groupA, correspond to the special case in which theBL,R

andBL,R8 have the same third component of weak isosp
hence leaving theb neutral current unaffected by mixing
Because bothBL8 andBR8 appear in the same multiplets with
TL8 andTR8 , two elements of theB-quark andT-quark mass
matrices are equal:

M125M12
B , M225M22

B . ~23!

As we will see, this condition is important since it implies
relation between the mixings and themt ,mt8 mass eigenval-
ues. Although outside the subject of this paper, it is notew
thy that for these models the simultaneous presence of b
b-b8 and t-t8 RH mixing generates new effects in th
charged currents: right-handedWt̄b charged currents ge
induced, proportional to the product of theT andB quark
mixings sRsR

B. Compared to the modifications in the neutr
currents and in the LH charged currents, these effects ar
higher order in the mixing angles@18,19# and, most impor-
tantly, they can only change the RHb coupling. But as noted
above,gR

b is far too small to account for the measuredRb
value using loop effects of this kind. Therefore the mixin
induced RH currents allowed in modelsA1 andA2 are inef-
fective for fixing theRb discrepancy, and will not be consid
ered in the remainder of this paper.

For the models in groupB, the condition

M1250 ~24!

holds. In the four cases corresponding toRR85(1,0) ~models
B1, B3! andRR85(1/2,1/2) ~modelsB2, B6!, an exoticBR8
quark is present in the sameTR8 multiplet. HenceM12 has to
be set to zero in order to forbid the unwanted tree-leveb
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mixing effects. In the other three cases belonging to groupB,
TR8 corresponds to the lowest component of nontrivial mul
tiplets: RR85(1,21) ~model B4! and RR85(1/2,21/2)
~modelsB5, B7!. For these values ofI 3R8 , M1250 is auto-
matically ensured, due to our restriction to Higgs singlets o
doublets. Furthermore, these representations do not contai
BR8 quark, and noBL8 quark appears in the corresponding
RL8 . There is therefore nob-b8 mixing.

We should also remark that in modelB3 no BL8 quark
appears inRL8 . However, aBL8 is needed as the helicity part-
ner of theBR8 present inRR85(1,0). Because of our restric-
tion on the allowed Higgs representations,BL8 must belong to
RL85(1,0) orRL8(1/2,1/2), which in turn contain a newTL9
ÞTL8 . While the first choice corresponds to a type ofTL9
mixing which we have already excluded from our analysis
the second choice is allowed and corresponds to modelB1.
Following assumption~i!, even in this case we neglect pos-
sibleTL9 mixings of typeB1, when analyzingB3.

Finally, the remaining three models constitute groupC,
corresponding toRR85(0,0). In In this group,TR8 is an isos-
inglet, as is the SMTR , implying that only LHt-t8 mixing is
relevant. ForC2 andC3, RL8 does not contain aBL8 , while for
C1 the BL8 is not exotic. Hence in all the three cases theb
neutral-current couplings are unchanged relative to the SM
and we need not worry about tree-levelb-mixing effects.

B. t-quark loops within the standard model

Before examining the effect oft-t8 mixing on the radia-
tive correction toZb̄b, we first review the SM computation.
We follow the notation and calculation of Bernabe´u, Pich,
and Santamarı´a @11# ~BPS!. The corrections are due to the 10
diagrams of Fig. 3. All diagrams are calculated in ’t Hooft–
Feynman gauge, and we neglect theb-quark mass as well as
the differenceuVtbu

221.
Due to the neglect of theb-quark mass, and due to the LH

character of the charged-current couplings, thet-quark con-
tribution to theZb̄b vertex correction preserves helicity. Fol-
lowing BPS we write the helicity-preserving part of the
Z→bb̄ scattering amplitude as
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T52S e

swcw
D b̄~p1 ,l1!G

mb~p2 ,l2!em~q,l!, ~25!

with

Gm5G0
m1dGm, dGm5

a

2p
gmgLI ~s,r !, ~26!

wheredGm represents the loop-induced correction to theZb̄b
vertex.I (s,r ) is a dimensionless and Lorentz-invariant form
factor which depends,a priori, on the three independent ra
tios: r[mt

2/M W
2 , s[M Z

2/M W
2 , andq2/M W

2 . For applications
at theZ resonance only two of these are independent due
the mass-shell conditionq25M Z

2. Moreover, for an on-shell
Z, nonresonant box-diagram contributions toe1e2→bb̄ are
unimportant, andI (s,r ) can be treated as an effectively
gauge-invariant quantity.

The contributions due to thet quark may be isolated from
other radiative corrections by keeping only ther -dependent
part of I (s,r ). BPS therefore define the difference

F~s,r ![I ~s,r !2I ~s,0!. ~27!

Given this function, themt dependence of the widthZ→bb̄
is obtained using

Gb
SM~r !5Gb

SM~r50!F11
a

p S gL
b

~gL
b!21~gR

b !2
DFSM~s,r !

1VP~s,r !G . ~28!

FIG. 3. The Feynman diagrams through which the top qua
contributes to theZb̄b vertex within the standard model.
-

to

In this last equation VP (s,r ) denotes themt-dependent con-
tributions which enterGb through the loop corrections to the
gauge-boson vacuum polarizations.

The functionFSM(s,r ) is straightforward to compute. Al-
though the resulting expressions are somewhat obscure, th
special cases50 reveals some interesting features which are
also present in our new-physics calculations, and so we sho
the s50 limit explicitly here. Fors50, an evaluation of the
graphs of Fig. 3 gives the expressions

F1~a!52
1

2sw
2 H gLt2 F r ~r22!

~r21!2
lnr1

r

r21G1gR
t F r

~r21!2
ln r

2
r

r21G J , ~29!

F1~b!5
3cw

2

4sw
2 F r 2

~r21!2
ln r2

r

r21G , ~30!

F1~c!11~d!5
1

12 F12
3

2sw
2 G H r 2

~r21!2
ln r2

r

r21 J , ~31!

F1~e!11~ f!5
r

2 F r

~r21!2
ln r2

1

r21G , ~32!

F2~a!52
r

4sw
2 H gRt2 FD1

r ~r22!

~r21!2
ln r1

2r21

r21 G
1gL

t F r

~r21!2
ln r2

r

r21G J , ~33!

F2~b!52
1

8 F12
1

2sw
2 G r FD1

r 2

~r21!2
ln r2

1

r21G ,
~34!

F2~c!12~d!5
1

24 F12
3

2sw
2 G r FD1

r 2

~r21!2
ln r2

1

r21G ,
~35!

with

D[
2

n24
1g1 ln~MW

2 /4pm2!2
3

2
, ~36!

wheren is the spacetime dimension arising in dimensional
regularization, and

gL
t 5

1

2
2
2

3
sw
2 , gR

t 52
2

3
sw
2 . ~37!

The picture becomes much simpler after summing the dia
grams to obtain the total SM contribution:

FSM~s50,r !5 (
i51~a!

2~d!

Fi5
1

8sw
2 F r 2

r21
26

r

r21

1
r ~3r12!

~r21!2
ln r G . ~38!

rk
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There are two points of interest in this sum. First, it is ultr
violet finite since all of the divergences}1/~n24! have can-
celled. This is required on general grounds since there can
no r -dependent divergences inISM(s,r ), and so these mus
cancel inFSM(s,r ). A similar cancellation also occurs whe
new physics is included, provided that it respects t
SUL~2!3UY~1! gauge symmetry and that the complete set
new contributions is carefully included.

The second interesting feature of Eq.~38! lies in its de-
pendence on the weak mixing angle,sw . Each of the contri-
butions listed in Eqs. ~29!–~35! has the form
Fi5(xi1yisw

2 )/sw
2 ; however, all of the terms involvingyi

have cancelled in the sum, Eq.~38!. This very general result
also applies to all of the new-physics models we conside
subsequent sections. As will be proved in Sec. V, the c
cellation is guaranteed by electromagnetic gauge invarian
because the terms subleading insw

2 are proportional to the
electromagnetic b-quark vertex atq250, which must vanish.
This gives a powerful check on all of our calculations.

Rather than using complete expressions forF(s,r ), we
find it more instructive to quote our results in the limitr@1,
where powers of 1/r ands/r may be neglected. We do th
same for the ratio of masses of other new particles toM W

2

when these arise in later sections. Besides permitting co
pact formulas, this approximation also gives numerically a
curate expressions for most of the models’ parameter ran
as is already true for the SM, even thoughr in this case is
only ;4. In the large-r limit FSM(s,r ) becomes

FSM~r !→
1

8sw
2 F r1S 32

s

6
~122sw

2 ! D ln r G1••• ,

~39!

where the ellipsis denotes terms which are finite asr→`.
Several points are noteworthy in this expression.

~1! Thes-dependent term appearing in Eq.~39! is numeri-
cally very small, changing the coefficient of lnr from 3 to
2.88. This type ofs dependence is of even less interest wh
we consider new physics, since our goal is then to exam
whether the new physics can explain the discrepancy
tween theory and experiment inRb . That is, we want to see
if the radiative corrections can have the right sign and ma
nitude to changeGb by the correct amount. For these pu
poses, so long as the inclusion ofq2-dependent terms only
changes the numerical analysis by factors&25%~as opposed
to changing its overall sign! they may be neglected.

~2! The above-mentioned cancellation of the terms p
portional tosw

2 whens50 no longer occurs once thes de-
pendence is included. This is as expected since the elec
magnetic Ward identity only enforces the cancellation
q250, corresponding tos50 in the present case. Notice tha
the leading term, proportional tor , is s independent, and
because of the cancellation it is completely attributable
graph ~2a! of Fig. 3. All of the other graphs cancel in th
leading term. Due to its intrinsic relation with the cancell
tion of thesw

2 -dependent terms, the fact that only one gra
is responsible for the leading contribution todg L

b still holds
once new physics is included. This will prove useful fo
identifying which features of a given model control the ove
all sign of the new contribution todg L

b.
a-

be
t
n
he
of

r in
an-
ce,

e

m-
c-
ge,

en
ine
be-

g-
r-

ro-

tro-
at
t

to
e
a-
ph

r
r-

~3! Since the large-r limit corresponds to particle masses
~in this casemt! that are large compared toMW andMZ , this
is the limit where the effective-Lagrangian analysis de
scribed in Sec. II directly applies. Then the functionF can be
interpreted as the effectiveZb̄b coupling generated when the
heavy particle is integrated out. Quantitatively,dg L

b is re-
lated toF by

dgL
b5S a

2p DF. ~40!

~4! The vacuum polarization contributions toGb of Eq.
~28! have a similar interpretation in the heavy-particle limit
In this case the removal of the heavy particles can genera
oblique parameters, which also contribute toGb . In the
heavy-particle limit Eq.~28! therefore reduces to the first of
Eqs.~4!.

C. dgL
b in the t-quark mixing models

We may now compute how mixing in the top-quark secto
can affect the loop contributions to the processZ→bb̄. As in
the SM analysis, we setmb50. In addition, following the
discussion in the previous subsection, we neglect thes de-
pendence in all our expressions. We also ignore all vacuum
polarization effects, knowing that they essentially cancel i
Rb . Finally, in the CKM matrix, we setuVidu5uVisu50,
wherei5t,t8. Thus the charged-current couplings of interes
to us are described by a 232 mixing matrix, just as in the
neutral-current sector. In the absence oft-t8 mixing this con-
dition implies uVtbu51.

For t-t8 mixing, independent of the weak isospin of the
T8, we write

S TT8 D
L,R

5UL,RS tt8 D
L,R

, UL5S cL
2sL

sL
cL

D ,
UR5S cRsR 2sR

cR
D , ~41!

wherecL[cosuL , etc. The matricesUL,R are analogous to
theb-b8 mixing matrices defined in Eq.~5! in our tree-level
analysis ofb mixing.

In the presence oft-t8 mixing, the diagonal neutral-
current couplings are modified:

gL,R
i 5 (

a5T,T8
gL,R
a ~UL,Rai !2[gL,R

t,SM1g̃L,R
i , ~42!

wherei5t,t8, andgL,R
t,SM are the SM couplings defined in Eq.

~37!. The new termsg̃ L,R
i explicitly read

g̃L
t5S I 3L8 2

1

2D sL2, g̃R
t5I 3R8 sR

2, ~43!

g̃L
t85S I 3L8 2

1

2D cL2, g̃R
t85I 3R8 cR

2. ~44!

In addition, whenever theTL,R8 has nonstandard isospin as-
signments, I 3L8 Þ1/2 or I 3R8 Þ0, flavor-changing neutral-
current~F.C.N.C.! couplings are also induced:
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gL,R
i j 5 (

a5T,T8
gL,R
a UL,Rai UL,Ra j [g̃L,R

i j , ~45!

wherei , j5t,t8, and iÞ j . Here,

g̃L
tt85S 122I 3L8 D sLcL , g̃R

tt85I 3R8 sRcR . ~46!

Equation~41! determines the effectivet and t8 neutral-
current couplings@Eqs. ~42!–~46!#. However, the charged-
current couplings depend on the matrixV5UL†ULB . Hence we
need to consider alsob mixing, since, as discussed in Se
IV A, in those cases in which theB8 quark is not exotic
(I 3L8

B521/2, I 3R8
B50!, we have no reason to requireU LB5I

~i.e., nob-b8 mixing!. We then define the 232 charged cur-
rent mixing matrix

V5UL†ULB , Vtb[cLcL
B1sLsL

B , Vt8b[sLcL
B2cLsL

B ,
~47!

which trivially satisfies the orthogonality condition
VV†5V†V5I . In the absence ofb-b8 mixing, clearly
Vtb→cL , Vt8b→sL . We also note that, by assumption
wheneverVÞUL we necessarily haveI 3L8 511/2 ~so that
I 3L8

B521/2! in order to guarantee that theBL8 is not exotic.

From Eqs.~43!, ~44!, and ~46!, this implies thatg̃L
t5g̃L

t8

5g̃L
tt850, that is, the mixing effects on the LHt and t8

neutral-current couplings vanish.
The Feynman rules of relevance for computing theZb̄b

vertex loop corrections in the presence of a mixing in t
top-quark sector can now be easily written down:

Wt̄ib:
ig

&
Vt ibgmgL ,

f t̄ ib:
ig

&MW

Vt ibmigL ,

Zt̄i t i :
ig

cw
gm@~gL

t,SMgL1gR
t,SMgR!1~ t̃ L

t igL1g̃R
tigR!#,

Zt̄t8:
ig

cw
gm@ g̃L

tt8gL1g̃R
tt8gR#, ~48!

wheref are the unphysical charged scalars, andt i5t,t8. The
vertices listed in Eq.~48! reduce to the SM Feynman rules i
the limit of no mixing.

As pointed out at the end of Sec. IV A, in some groups
models equalities can be found between some element
the T-T8 and B-B8 mass matrices. These have importa
consequences. In particular, once expressed in terms of
physical masses and mixing angles, the equalities of Eq.~23!
~which hold in the models of groupA! can be written

@ULMdiagUR† #a25@ULBMdiag
B URB†#a25~ULB!a2mb8cR

B

~a51,2!, ~49!
c.

s

,

he

n

of
s of
nt
the

where Mdiag5diag[mt ,mt8], and we have usedMdiag
B

5di2mb8 ~recall that we takemb50!. Multiplying now on the
left by (ULB†)1a and summing overa we obtain

@V†MdiagUR† #125mtVtbsR1mt8Vt8bcR50. ~50!

For the models in groupB, the vanishing ofM12 implies no
b mixing. ThenV5UL , and Eq.~49! still holds in the limit
Vtb→cL , Vt8b→sL . For the models in groupC no particular
relation between masses and mixing angles can be deri
For example, it is clear that in the fourth family modelC1,
Eq. ~50! does not hold. However, for all these modelsI 3R8
50. Hence, noting that all theg̃R couplings in Eqs.~43!,
~44!, and ~46! are proportional toI 3R8 , and defining r 8
5mt8

2 /MW
2 , squaring Eq.~50! yields a relation which holds

for all models in Table III:

Vtb2g̃Rtr5Vt8b
2 g̃R

t8r 852VtbVt8bg̃R
tt8Arr 8. ~51!

This relation is used extensively in the calculation whic
follows.

How do we generalize the SM radiative correction to i
cludet-t8 mixing? First note that for each of the diagrams
Fig. 3, there is also a diagram in which all thet quarks are
replaced byt8 quarks. Second, there are two new diagram
~Fig. 4! due to the FCNC coupling of theZ to thet andt8. So
to generalize the SM result to the case of mixing, thr
things have to be done:~i! multiply Eqs.~29!–~35! by V tb2
for the t contribution andVt8b

2 for t8 ~with r→r 8!, ~ii ! replace
g L,R
t by the modified couplings in Eq.~42!, adding Eqs.~43!

and~44! respectively fort andt8, and,~iii ! include diagrams
3~a! and 3~b! ~Fig. 4! corresponding to the FCNC coupling
@Eqs.~45! and ~46!#.

A glance at the Feynman rules in Eq.~48! shows that in
the first step~i!, a correction proportional togL,R

t,SM, and in-
dependent of theg̃L,R couplings, is generated. This correc
tion is common to all models in Table III—it appears even
the case in which thet NC couplings are not affected~fourth
family!. In contrast, steps~ii ! and ~iii ! generate corrections
which differ for different models. It is useful to recast them
into two types, one proportional to the LH neutral curre
couplings~}VibVjbg̃L!, and the other proportional to the RH
neutral current couplings~}VibVjbg̃R!. The LH and RH cor-

FIG. 4. The additional Feynman diagrams which are requir
for models in which thet quark mixes with an exotic, heavyt8
quark.



se

i-

a

4288 54BAMERT, BURGESS, CLINE, LONDON, AND NARDI
rections vanish respectively forI 3L8 511/2 andI 3R8 50, when
the corresponding neutral-current couplings are not affec
by the mixing.

In the presence of mixing, the correction due to the d
grams of Fig. 3 involving internalt quarks becomes

(
i51~a!

2~d!

Fi5Vtb2@FSM~r !1F̃~ g̃L,R
t ,r !#, ~52!

whereFSM(r ) is given by Eq.~38! and

F̃~ g̃L,R
t ,r !5

1

8sw
2 F g̃Ltr S 22

4

r21
ln r D2g̃R

tr S D1
2r25

r21

1
r 222r14

~r21!2
ln r D G . ~53!

The third step~iii ! gives rise to a new contribution

F3~a!1F3~b!5VtbVt8bF̃~ g̃L,R
tt8 ,r ,r 8!. ~54!

Evaluating diagrams 3~a! and 3~b! ~Fig. 4! we find

F3~a!52
1

sw
2 VtbVt8bH 12 g̃L

tt8
1

r 82r F r 82

r 821
ln r 8

2
r 2

r21
ln r G2g̃R

tt8Arr 8
1

r 82r F r 8

r 821
ln r 8

2
r

r21
ln r G J , ~55!

F3~b!5
1

4sw
2 VtbVt8bH 2g̃Ltt8 rr 8

r 82r F r 8

r 821
ln r 82

r

r21
ln r G

2g̃R
tt8Arr 8S D111

1

r 82r F r 82

r 821
ln r 8

2
r 2

r21
ln r G D J . ~56!
ted

ia-

Putting all the contributions together, for the general ca
we find

F5 (
i51~a!

3~b!

Fi5 (
j51,2

Vt j b
2 @FSM~r j !1F̃~ g̃L,R

t j ,r j !#

1VtbVt8bF̃~ g̃L,R
tt8 ,r ,r 8!, ~57!

wheret j5t,t8 andr j5r ,r 8. We note that due to Eq.~51! all
the divergent terms proportional tog̃RD cancel in the sum.
Now, thecorrectiondg L

b5(a/2p)Xcorr to the SM result can
be explicitly extracted from Eq.~57! by means of the relation
Vtb2512Vt8b

2 .
Moreover, as anticipated it is possible to divide the var

ous contributions toXcorr into three different pieces: a uni-
versal correction, a correction due to LH mixing only, and
correction due to the RH mixing. Hence we write

Xcorr5F2FSM5Xcorr
univ1Xcorr

LH 1Xcorr
RH , ~58!

where

Xcorr
univ5Vt8b

2
@FSM~r 8!2FSM~r !#, ~59!

Xcorr
LH 5Vtb2F̃~ g̃L

t ,r !1Vt8b
2 F̃~ g̃L

t8 ,r 8!1VtbVt8bF̃~ g̃L
tt8 ,r ,r 8!,

~60!

Xcorr
RH5Vtb2F̃~ g̃R

t ,r !1Vt8b
2 F̃~ g̃R

t8 ,r 8!1VtbVt8bF̃~ g̃R
tt8 ,r ,r 8!.

~61!

Using the explicit expressions forg̃ L,R
t , g̃L,R

t8 , andg̃L,R
tt8 as

given in Eqs.~43!, ~44!, and~46! above, together with rela-
tion ~51! for the RH piece, these read

Xcorr
univ5Vt8b

2 f 1
corr~r ,r 8!, ~62!

Xcorr
LH 5~122I 3L8 !VtbVt8bsLcL f 2

corr~r ,r 8!, ~63!

Xcorr
RH5~2I 3R8 !Vtb2sR2 f 3corr~r ,r 8!, ~64!

with
f 1
corr~r ,r 8!5

1

8sw
2 H r 8~r 826!

r 821
1
r 8~3r 812!

~r 821!2
ln r 82

r ~r26!

r21
2
r ~3r12!

~r21!2
ln r J , ~65!

f 2
corr~r ,r 8!5

1

8sw
2 H cLVt8bsLVtb S 2r 81

2r 8

r 821
ln r 8D1

sLVtb
cLVt8b

S 2r1
2r

r21
ln r D1

2r 82~r21!

~r 821!~r 82r !
ln r 82

2r 2~r 821!

~r21!~r 82r !
ln r J ,

~66!

f 3
corr~r ,r 8!5

1

8sw
2 r H 2

1

2 F2r25

r21
1
r 222r14

~r21!2
ln r G2

1

2 F2r 825

r 821
1
r 8222r 814

~r 821!2
ln r 8G24

1

r 82r F r 8

r 821
ln r 82

r

r21
ln r G

1F11
1

r 82r S r 82

r 821
ln r 82

r 2

r21
ln r D G J . ~67!
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TABLE IV. Dependence of thet-t8 mixing results onmt8: This table indicates the dependence on the
mass of thet8 quark of the corrections togL

b due tot-t8 mixing, with thet mass fixed at 180 GeV.

mt8
~GeV! Xcorr

75 23.31Vt8b
2

21.21(122I 3L8 )Vt8b
2 Vtb211.39(2I 3R8 )Vtb2sR2

100 22.70Vt8b
2

20.71(122I 3L8 )Vt8b
2 Vtb210.59(2I 3R8 )Vtb2sR2

125 21.97Vt8b
2

20.34(122I 3L8 )Vt8b
2 Vtb210.22(2I 3R8 )Vtb2sR2

150 21.14Vt8b
2

20.10(122I 3L8 )Vt8b
2 Vtb210.05(2I 3R8 )Vtb2sR2

175 20.20Vt8b
2

20.003(122I 3L8 )Vt8b
2 Vtb210.001(2I 3R8 )Vtb2sR2

200 0.84Vt8b
2

20.04(122I 3L8 )Vt8b
2 Vtb210.02(2I 3R8 )Vtb2sR2

225 1.97Vt8b
2

20.23(122I 3L8 )Vt8b
2 Vtb210.07(2I 3R8 )Vtb2sR2

250 3.20Vt8b
2

20.55(122I 3L8 )Vt8b
2 Vtb210.15(2I 3R8 )Vtb2sR2

275 4.52Vt8b
2

21.01(122I 3L8 )Vt8b
2 Vtb210.24(2I 3R8 )Vtb2sR2

300 5.93Vt8b
2

21.61(122I 3L8 )Vt8b
2 Vtb210.34(2I 3R8 )Vtb2sR2
c-
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l

-
n
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n-

d

-

d

Note that a value ofVtb different from unity can be easily
accounted for by using the unitary conditio
uVtbu21uVt8bu

25uVtbu
2[12uVtsu

21uVtdu
2 in Eqs.~62!–~67!.

As we have already pointed out, because of our requ
ment of noB-B8 mixing when theB8 is exotic, only when
I 3L8 511/2 can we havecLÞVtb , sLÞVt8b. However, in this
caseXcorr

LH vanishes. Hence, without loss of generality, we c
set the LH neutral current mixing equal to the charged c
rent mixing inXcorr

LH , obtaining

Xcorr
LH 5~122I 3L8 !Vtb2Vt8b

2 f 2
corr~r ,r 8!, ~68!

f 2
corr~r ,r 8!5

1

8sw
2 H 2~r1r 8!1

2rr 8

r 82r
ln
r 8

r J . ~69!

From Eqs.~62!, ~64!, and~68! we see that there are only two
independent mixing parameters relevant for the compl
analysis of our problem: the LH matrix elementVtb and the
RH mixing sR . Furthermore, note that asr 8→r , all the cor-
rections in Eqs.~65!, ~67!, and ~69! vanish, independent of
the mixing angles. This comes about because of a GIM-l
mechanism for all the pieces which do not depend onI 3R8 .
The I 3R8 -dependent contribution from the RH fermions co
pling to theZ vanishes in the limitr 8→r as a consequence
of Eq. ~50!.

In the limit r ,r 8@1, for the functionsf i
corr(r ,r 8) we obtain

f 1
corr~r ,r 8!→

1

8sw
2 H r 82r13 lnS r 8r D J , ~70!

f 2
corr~r ,r 8!→

1

8sw
2 H 2~r1r 8!1

2rr 8

r 82r
lnS r 8r D J , ~71!

f 3
corr~r ,r 8!→

1

8sw
2 H 2r1

1

2 S 11
r

r 8D rr 8

r 82r
lnS r 8r D

2
3r

r 82r
lnS r 8r D1

3

2 S 11
r

r 8D J . ~72!

Let us now consider the numerical values of these corr
tions in more detail. Usingmt5180 GeV,MW580 GeV, and
sw
250.23, Eq.~38! gives a SM radiative correction of
n

ire-

an
ur-

ete

ike

u-

ec-

FSM54.01. ~73!

The question is whether it is possible to cancel this corre
tion, thus eliminating theRb problem, by choosing particular
values ofmt8 and the mixing angles. For various values o
mt8, the value ofXcorr @Eq. ~58!# is shown in Table IV.

We see that even formt8.mt , it is possible to choose
I 3L8 , I 3R8 , and the LH and RH mixing angles such that the
correction is negative. So the discrepancy inRb between
theory and experiment can indeed be reduced viat-t8 mix-
ing.

Referring to the models listed in Table IV, the optima
choice for the weak isospin of theT8 is I 3L8 521/2 andI 3R8
521, regardless of the value ofmt8. Furthermore, maximal
RH mixing, sR

2;1, is also preferred. However, even with
these choices, it is evidently impossible to completely re
move theRb problem. From the above table, the best we ca
do is to takemt8575 GeV andVt8b

2
5sL

250.6, in which case
the total correction isXcorr523.68. This leaves a 1.5s dis-
crepancy inRb , which would put it in the category of the
other marginal disagreements between experiment and t
SM. However, such a lightt8 quark has other phenomeno-
logical problems. In particular, CDF has put a lower limit of
91 GeV on charge 2/3 quarks which decay primarily toWb
@24#. Unless one adds other new physics to evade this co
straint, the lightestt8 allowed is aboutmt8;100 GeV. In this
case, maximal LH mixing (Vt8b

2
5sL

2;1) gives the largest
effect: Xcorr522.7. The predicted value ofRb is then still
some 2s below the measured number.

Another possibility is that the charge 2/3 quark observe
by CDF is in fact thet8, while the realt quark is much
lighter, saymt;100 GeV. Assuming smallt-t8 mixing, and
that thet8 is the lightest member of the new multiplet, thet8
will then decay toWb, as observed by CDF, but the SM
radiative correction will be reduced. This situation is essen
tially identical to that discussed above, in which the LHt-t8
mixing is maximal, andmt8;100 GeV: the SM value of
Rb will still differ from the experimental measurement by
about 2s. The only way for such a scenario to work is if
mt,MW . However, new physics is then once again require
to evade the constraint from Ref.@24#.

For all the possibilities of this section our conclusion is
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therefore the same: it is not possible to completely expl
Rb through t-t8 mixing. The best we can do is reduce th
discrepancy between theory and experiment to abouts,
which might turn out to be sufficient, depending on futu
measurements.

V. ONE-LOOP EFFECTS: OTHER MODELS

Another way to changeg L
b at the one-loop level is to

introduce exotic new particles that couple to both theZ and
the b quark. One-loop graphs involving such particles c
then modify theZb̄b vertex as measured at LEP and SLC
Recall once more the conclusion from Sec. II: agreem
with experiment requires the LHb-quark coupling,g L

b, to
get a negative correction comparable in size to the S
mt-dependent contributions since loop-level changes togR

b

are too small to be detectable.
In this section we first exhibit the general one-loop co

rection due to exotic new scalar and spin-half particles, w
the goal of identifying the features responsible for the over
sign and magnitude of the result. We then use this gen
result to investigate a number of more specific cases.

The answer is qualitatively different depending o
whether or not the new scalars and fermions can mix, a
thus have off-diagonal couplings to theZ boson. We there-
fore treat these two alternatives separately. The simplest c
is when allZ couplings are diagonal, so that the one-loo
results depend only upon two masses, those of the ferm
and the scalar in the loop. Then the correction to theZbb̄
vertex is given by a very simple analytic formula, whic
enables us to easily explain why a number of models in t
category give the ‘‘wrong’’ sign, reducingGb rather than
increasing it.

More generally however, the new particles in the loo
have couplings to theZ which are diagonal only in the flavor
basis but not the mass eigenstate basis, so the expres
become significantly more complicated. This occurs in s
persymmetric extensions of the standard model, for exam
After proposing several sample models which can reso
theRb problem, we use our results to identify which featur
of supersymmetric models are instrumental in so doing.

A. Diagonal couplings to theZ: General results

We now present formulas for the correction to theZb̄b
vertex due to a loop involving generic scalar and spin-h
particles. In this section we make the simplifying assumpti
that all of theZ-boson couplings are flavor diagonal. Th
condition is relaxed in later sections where the complet
general expression is derived. The resulting formulas mak
possible to see at a glance whether a given model gives
right sign for alleviating the discrepancy between experime
and the SM prediction forRb .

The one-loop diagrams contributing to the decayZ→bb̄
can be grouped according to whether the loop attaches to
b quark~i.e., the vertex correction and self-energy graphs
Fig. 5! or whether the loop appears as part of the gau
boson vacuum polarization~Fig. 6!. For the types of models
we consider these two classes of graphs are separately g
invariant and finite, and so they can be understood se
rately. This is particularly clear in the limit that the particle
within the loop are heavy compared toMZ , since then the
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vacuum polarization graphs represent the contribution of th
oblique parameters,S and T, while the self-energy and
vertex-correction graphs describe loop-induced shifts to th
b-quark neutral current couplings,dg L,R

b .
Furthermore, although we must ensure that the obliqu

parameters do not become larger than the bound of Eq.~3!,
Eq. ~4! shows that they largely cancel in the ratioRb . We
therefore restrict our attention in this section to the diagram
of Fig. 5 by themselves. The sum of the contributions of Fig
5 is also finite as a result of the Ward identity which was
alluded to in Sec. III. This Ward identity relates the vertex
part graphs of Figs. 5~a! and 5~b! to the self-energy graphs of
Figs. 5~c! and 5~d!. Since this cancellation is an important
check of our results, let us explain how it comes about.

We first consider an unbroken U~1! gauge boson with a
tree-level coupling ofgb to theb quark. This gives rise to the
familiar Ward identity from quantum electrodynamics: for
external fermions with four-momentap andp8,

~p2p8!mGm5geff„SF
21~p!2SF

21~p8!…, ~74!

where Gm is the one-particle-irreducible vertex part and
SF(p) is the fermion propagator. If we denote the vertex-pa
contributions@Figs. 5~a! and 5~b!# to the effective vertex at
zero momentum transfer bydgb , and the self-energy-
induced wave function renormalization of theb quark byZb ,

FIG. 5. The one-loop vertex correction and self-energy contr
butions to theZbb̄ vertex due to fermion-scalar loops.

FIG. 6. The one-loop contributions to theZb̄b vertex due to the
gauge-boson vacuum polarizations.
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then at one loop the Ward identity~74! reduces to
gb(11Zb)(p”2p” 8)5(gb1dgb)(p”2p” 8), or

dgb2gbZb50. ~75!

This last equation is the more general context for the canc
lation which we found in Sec. III; it states that the sel
energy graphs@Figs. 5~c! and 5~d!# must precisely cancel the
vertex part@Figs. 5~a! and 5~b!# in the limit of zero momen-
tum transfer. Another way of understanding Eq.~75! is to
imagine computing the effectiveb-photon vertex due to in-
tegrating out a heavy particle. Equation~75! is the condition
that the two effective operatorsb̄]”b and b̄A” b have the right
relative normalization to be grouped into the gauge-covari
derivative: b̄D” b.

But for the externalZ boson, the Ward identity only ap
plies to those parts of the diagrams which are insensitive
the fact that the U~1! symmetry is now broken. These includ
the 1/~n24! poles from dimensional regularization, and als
the contributions to theb neutral-current coupling propor-
tional to sw

2 , since the latter arise only through mixing from
the couplings of the photon.

We now return to the diagrams of Fig. 5. The first step
to establish the Feynman rules for the various vertices wh
appear. Since we care only about the LH neutral-current c
plings, it suffices to consider couplings of the new particl
to bL :

Lscalar5yfff f̄gLb1H.c. ~76!

and we write theZ coupling to f andf as

LNC5S e

swcw
DZm@ f̄gm~gL

f gL1gR
f gR! f1 igSf

†]Jmf#.

~77!

The couplings,g5$g L
f ,gR

f ,gS%, are normalized so tha
g5I 32Qsw

2 for all fields, f L,R
a andfm.

In the examples which follow, the fieldf can represent
either an ordinary spinor~e.g.,t! or aconjugatespinor~e.g.,
tc!. This difference must be kept in mind when inferring th
corresponding charge assignments for the neutral-cur
couplings of thef . For example, the left-handed top quar
hasI 3L511

2, sog L
f 5 1

22 2
3sw

2 and I 3R50, sogR
f 52 2

3sw
2 . If

the internal fermion were a topantiquark, however, we
would instead havegR

f 52 1
21 2

3sw
2 andg L

f 51 2
3sw

2 . The lat-
ter couplings follow from the former using the transform
tion of the neutral current under charg
conjugation: gmgL↔2gmgR .

We quote the results for evaluating the graphs of Fig. 5
the limit whereMZ ~and of coursemb! are negligible com-
pared tomf andMf , since they are quite simple and illumi
nating in this approximation. It will be shown that the add
tional corrections due to the nonzero mass of theZ boson are
typically less than 10% of this leading contribution.

We find that

dgL
b5

1

32p2 (
ff

ncuyffu2@2~gL
f 2gR

f !F~r !

1~2gR
f 1gL

b1gS!„Df2F̃~r !…#, ~78!
el-
f-

ant

-
to
e
o

is
ich
ou-
es

t

e
rent
k

a-
e

in

-
i-

where F(r ) and F̃(r ) are functions of the mass ratio
r5mf

2/M f
2 ,

F~r ![
r

~r21!2
@r212 ln r #, ~79!

F̃~r ![
r

~r21!2
@r212r ln r #. ~80!

Df denotes the divergent combination
Df[2/~n24!1g1ln~M f

2/4pm2!11
2, andnc is a color factor

that depends on the SUc~3! quantum numbers of the fieldsf
and f . For example,nc51 if f;1 or f;1 ~color singlets!;
nc52 if f;3̄ andf;3̄ or 6; nc5

16
3 if f;3 andf;8.

The cancellation of divergences we expected on gener
grounds is now evident in the present example, because ele
troweak gauge invariance of the scalar interaction~76! im-
plies that the neutral-current couplings are related by

gS1gL
b2gR

f 50. ~81!

This forces the term proportional toF̃ to vanish in Eq.~78!.
As advertised the remaining term is both ultraviolet finite
and independent ofsw

2 , which cancels in the combination
g L
f 2gR

f .
We are left with the compact expression

dgL
b5

1

16p2 (
ff

ncuyffu2~gL
f 2gR

f !F~mf
2/Mf

2 !. ~82!

Interestingly, it depends only on the axial-vector coupling of
the internal fermion to the gauge bosonW3 and not on the
vector coupling. The function of the massesF(r ) is positive
and monotonically increasing, withF(r );r as r→0 and
F~`!51, as can be seen in Fig. 7.

It is straightforward to generalize Eq.~82! to include the
effect of the nonzeroZ boson mass. Expanding to first order
in M Z

2, one obtains an additional correction to the effective
vertex,

FIG. 7. From top to bottom, the functionsF~mf
2/M f

2 ),
FR(r )5FS(r ), andFL(r ) which appear in the loop contribution to
the left-handedZbb̄ vertex, Secs. V A and V C.
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dZgL
b5(

ff

uyffu2nc
96p2 SMZ

2

mf
2 D E

0

1

dx

3H x3~gLb2gR
f !12~12x!3gR

f

x~Mf
2 /mf

221!11

1
~12x!3gL

f

~x~Mf
2 /mf

221!11!2 J . ~83!

To see that this is typically an unimportant correction, co
sider the limit in which the scalar and fermion masses a
equal,r51. Then the total correction~82!1~83! is

dgL
b1dZgL

b5(
ff

uyffu2nc
32p2 S gLf 2gR

f 1
MZ

2

12mf
2 ~gL

b1gL
f

1gR
f ! D . ~84!

Although theM Z
2 correction can be significant ifg L

f 5gR
f ,

the total correction would then be too small to explain theRb
discrepancy, and would thus be irrelevant.

B. Why many models do not work

What is important for applications is the relative sign b
tween the tree and one-loop contributions of Eq.~82!. In
order to increaseRb so as to agree with the experiment
observation, one needs for them both to have the same s
and sodg L

b}(g L
f 2gR

f ),0 in Eq. ~82!. Thus an internal
fermion with the quantum numbers of theb quark has
g L
f 2gR

f 521
2 and would increaseRb . Conversely, a fermion

like the t-quark hasg L
f 2gR

f 511
2 and so causes a decreas

Moreover, because the combination (gL2gR) is invariant
under charge conjugation, the same statements hold true
the antiparticles: ab̄ running in the loop would increaseRb
whereas at̄ would decrease it.

It thus becomes quite easy to understand which mod
with diagonal couplings to theZ boson can improve the pre
diction forRb . Multi-Higgs-doublet models have a hard tim
explaining anRb excess because typically it is the top qua
that makes the dominant contribution to the loop diagra
since it has the largest Yukawa coupling,yff;1, and the
largest mass, to which the functionF is very sensitive. How-
ever, for very large tanb ~the ratio of the two Higgs VEV’s!,
the Yukawa coupling of thet quark to the charged Higgs
boson can be made small and that of theb quark can be
made large, as in Ref.@25#. Figure 7 shows that, in fact, one
must go to extreme values of these parameters, becaus
addition to needing to invert the natural hierarchy betweenyt
and yb , one must overcome the big suppression for sm
fermion masses coming from the functionF.

Precisely the same argument applies to a broad clas
Zee-type models, where the SM is supplemented by sc
multiplets whose weak isospin and hypercharge permi
Yukawa coupling to theb quark and one of the other SM
fermions. So long as the scalars do not mix and there are
new fermions to circulate in the loop, all such models ha
the same difficulty in explaining theRb discrepancy. Below
we will give some examples of models which, in contra
are able to explainRb .
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C. Generalization to nondiagonalZ couplings

We now turn to the more complicated case where mixin
introduces off-diagonal couplings among the new particle
Because of mixing the couplings of the fermions to theZ
will be matrices in the mass basis. Similar to Eqs.~42! and
~45! we write

~gL,R! f f 85(
a

@~UL,Ra f !*UL,Ra f8 I 3L,R
a 2d f f 8Qasw

2 #, ~85!

whereU L,Ra f are the mixing matrices. An analogous expres
sion gives the off-diagonal scalarZ coupling in terms of the
scalar mixing matrix,USaf. Of course if all of the mixing
particles share the same value forI 3, then unitarity of the
mixing matrices guarantees that the couplings retain th
form in any basis.

This modification of the neutral-current couplings has two
important effects on the calculation ofdg L

b. One is that the
off-diagonalZ couplings introduce the additional graphs of
the type shown in Figs. 5~a! and 5~b!, where the fermions or
scalars on either side of theZ vertex have different masses.
The other is that the mixing matrices spoil the relationship
Eq. ~81!, whereby the term proportional toF̃ canceled in Eq.
~78!. But this is only because of the mass dependence ofF
andDf . Therefore the cancellation still occurs if all of the
particles that mix with each other are degenerate, as o
would expect. Moreover, the ultraviolet divergences stil
cancel since they are mass independent.

Evaluation of the graphs gives the following result a
q25M Z

250:

dgL
b5

1

32p2 @Gdiag1Gf f 81Gff8#, ~86!

whereGdiag/32p
2 represents the contribution involving only

the diagonalZ couplings, and so is identical to the previ-
ously derived Eq.~78!. It is convenient to write it as

Gdiag5(
ff

ncuyffu2$2~gL2gR! f fF~r !1@2~gR! f f1gL
b

1~gS!
ff#„Df2F̃~r !…%. ~87!

Here and in the following expressions we use the notatio
r5mf

2/M f
2 andr 85mf 8

2 /Mf
2 . As beforeDf denotes the UV-

divergent quantityDf[2/~n24!1g1 ln~M f
2/4pm2!11

2.
The remaining terms in Eq.~86! come from the new

graphs of Figs. 5~a! and 5~b!, where the scalars or fermions
on either side of theZ vertex have different masses, due to
mixing:

Gf f 85 (
f, fÞ f 8

ncyffyf 8f
* @2~gL! f f 8FL~r ,r 8!2~gR! f f 8„Df

2FR~r ,r 8!…#, ~88!

Gff85 (
f ,fÞf8

ncyffyff8
* ~gS!

ff8@Df2FS~x,x8!#,

~89!

whereFL(r ,r 8), FR(r ,r 8), andFS(x,x8) are given by
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FL~r ,r 8!5
Arr 8
r2r 8 F r

r21
ln r2

r 8

r 821
ln r 8G , ~90!

FR~r ,r 8!5
1

r2r 8 F r 2

r21
ln r2

r 82

r 821
ln r 8G , ~91!

FS~x,x8!5
1

~x21!~x821!
~11 ln x!1

x82

~x821!~x82x!

3S 11 ln
x

x8D1
x2

~x21!~x2x8!
, ~92!

and x,x8 are the mass ratiosx5M f
2 /mf

2 and x85Mf8
2 /mf

2.
These expressions have several salient features which
now discuss. First, Eqs.~87!, ~88!, and ~89! are obviously
much more complicated than Eq.~82!. In particular, it is no
longer straightforward to simply read off the sign of the r
sult.

Second, the sum of the UV divergences in Eqs.~87!, ~88!,
and ~89!,

GD} (
f f 8ff8

yffyf 8f8
* @2~gR! f f 8dff81gL

bd f f 8dff8

1~gS!
ff8d f f 8#, ~93!

is basis independentsince a unitary transformation of the
fields cancels between the Yukawa and neutral-current c
plings. Thus it can be evaluated in the electroweak ba
where the neutral-current couplings are diagonal and prop
tional to2gR

f 1g L
b1gS , which vanishes due to conservatio

of weak isospin and hypercharge at the scalar-fermion v
tex. We are therefore free to choose the renormalization s
m2 in ln~M f

2/m2! to take any convenient value. TheMf de-
pendence ofDf makesGff8 look unsymmetric under the
interchange off andf8, but this is only an artifact of the
way it is expressed. For example when there are only t
scalars,Gff8 is indeed symmetric under the interchange
their masses.

Third, all the contributionsexceptthose ofGff8 are sup-
pressed by powers ofmf /Mf in the limit that the scalars are
much heavier than the fermions. Thus to get a large eno
correction tog L

b requires that~i! not all of the scalars be
much heavier than the fermions which circulate in the loo
or ~ii ! the scalars mix significantly and have the right charg
so thatGff8 is nonnegligible and negative. We use optio
~ii ! in what follows to construct another mechanism for i
creasingRb .

Finally, even if the two fermions are degenerate, one do
not generally recover the previous expression~78! that ap-
plied in the absence of mixing. This is because Dirac m
matrices are diagonalized by a similarity transformatio
M→UL†MUR , not a unitary transformation. The left- an
right-handed mixing angles can differ even when t
diagonalized mass matrix is proportional to the identi
Thus, in contrast to Eq. ~93!, the expression
( f f 8ff8yffyf 8f8

* @(gL)
f f 82(gR)

f f 8# is not invariant under
transformations of the fields, becauseyff is rotated byUR
~recall thatyff is the Yukawa coupling only for the RHf ’s!,
whereasgL is rotated byUL .
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We can get some insight into Eqs.~88!–~92! by looking at
special values of the parameters. Let us assume there is
dominant Yukawa couplingy between the left-handedb
quark and a single species of scalar and fermion,f 1 andf1 in
the weak basis,

Lscalar5yf1 f̄ 1gLb1H.c. ~94!

In the mass basis the couplings will therefore be

yff5yUS1f~UR1 f !* . ~95!

Now gauge invariance only relates the~1,1! elements of the
neutral-current coupling matrices in the weak basis:

~gS!
111gL

b2~gR
f !1150. ~96!

There are three limiting cases in which the results becom
easier to interpret.

~1! If all the scalars are degenerate with each other, an
likewise for the fermions, then the nonmixing result of Eq.
~82! holds, except one must make the replacement

gL
f 2gR

f→~URSmUL†gLULSmUR†2gR!11, ~97!

whereSm is the diagonal matrix of the signs of the fermion
masses.

~2! If there are only two scalars and if they are much
heavier than all of the fermions, only the termGff8 is sig-
nificant. Letf1 andf2 denote the weak-eigenstate scalars
andf andf8 the mass eigenstates; then

dgL
b5

y2nc
16p2 ~ I 3

f12I 3
f2!cS

2sS
2FS~Mf

2 /Mf8
2

!; ~98!

FS~r !5
r11

2~r21!
ln r21, ~99!

wherecS andsS are the cosine and sine of the scalar mixing
angle. The functionFS(r ) is positive except atr51 where it
is zero, and so the sign ofdg L

b is completely controlled by
the factor (I 3

f12I 3
f2). We see that to increaseRb it is neces-

sary thatI 3
f1,I 3

f2.
~3! When there are only two fermions, with weak eigen-

statesf 1, f 2 and mass eigenstatesf , f 8 both much heavier
than any of the scalars, then

dgL
b5

y2nc
16p2 $gL

11cLR
2 1gL

22sLR
2 2gR

11

1~gR
222gR

11!cR
2sR

2FR~mf
2/mf 8

2
!

22~gL
222gL

11!cLsLcRsRFL~mf
2/mf 8

2
!%; ~100!

wheresLR andcLR are the sine and cosine of the difference
or sum of the LH and RH mixing angles,uL2smuR , depend-
ing on the relative signsm of the two fermion mass eigen-
values, and
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FR~r !5FS~r !5
r11

2~r21!
lnr21

and FL~r !5
Ar
r21

ln r21. ~101!

The functionFL has some of the same properties asFS5FR ,
including invariance underr→1/r , being positive semidefi-
nite and vanishing atr51. Plots of these functions are show
in Fig. 7. Note that the first line of Eq.~100! is the same as
Eq. ~97!.

To get some idea of the error we have made by neglect
the mass of theZ boson one can compute the lowest ord
correction as in Sec. V C. The answer is more complica
than for the case of diagonalZ couplings, except when the
fermions are degenerate with each other and likewise for
bosons. In that case the answer is given again by Eq.~84!
except that gR

f→(gR
f )11 and gL

f→(URSmUL†gLULSmUR†
2gR)

11, precisely as in Eq.~97!. Thus we would still expect
it to be a small correction even when there is mixing of t
particles in the loop.

These simplifying assumptions can be used to gain
semianalytic understanding of why certain regions of para
eter space are favored in complicated models, which is of
missing in analyses that treat the results for the loop integ
as a black box. The observations we make here may be
ful when searching for modifications to a model that wou
help to explainRb . The next two sections exemplify this b
creating some new models that take advantage of our
sights, and by elucidating previous findings in an alrea
existing model, supersymmetry.

D. Examples of models that work

In addition to ruling out certain classes of models, o
general considerations also suggest whatis required in order
to explainRb . Obviously new fermions and scalars are r
quired, whose Yukawa couplings allow them to circulate i
side the loop. We give two examples, one with diagonal a
one with nondiagonal couplings of the new particles to theZ
boson.

For our first example we introduce several exotic quar
F, P, andN, and a new Higgs doubletf, whose quantum
numbers are listed in Table V. The unorthodox elect
charge assignments do not ensure cancellation of e
troweak anomalies, but this can be fixed by adding additio
fermions, like mirrors of those given, which do not contrib
ute toRb .

The hypercharges in Table V allow the following Yukaw
interactions:

TABLE V. Field content and charge assignments: Ele
troweak quantum numbers for the new fields which are added to
SM to produce the observed value forRb .

Field Spin SUc~3! SUL~2! UY~1!

f 0 1 2 q2
1
6

FL
1
2 3 2 q1

1
2

PR
1
2 3 1 q11

NR
1
2 3 1 q
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Ly5yN̄RQL
i f je i j1gpP̄RFL

i H je i j1gnN̄RFL
i H̃ je i j1H.c.,

~102!

where e i j is the 232 antisymmetric tensor,H is the usual
SM Higgs doublet, andQL5(bL

tL ) is the SM doublet of third

generation LH quarks. WhenH gets its VEV,^H&5v, we
find two fermion mass eigenstates,p andn, whose masses
aremp5gpv andmn5gnv and whose electric charges are
Qp5q11 andQn5q. There are also two new scalar mass
eigenstates,w6, whose electric charges areQ15q1 1

3 and
Q25q22

3.
In the mass eigenstate basis, the Yukawa interactions w

the new scalars are

Ly5yn̄RbLw12yn̄RtLw21H.c., ~103!

from which we see that then couples to theb quark as in Eq.
~76!.

The weak isospin assignments of then are I 3L
N 521

2 and
I 3R
n 50, so thatg L

n2gR
n521

2. Therefore, from Eq.~82!, one
obtainsdg L

b,0. The central value ofRb can be reproduced if
dg L

b520.0067, which is easily obtained by takingy;1 and
r@1, so thatF(r ).1. The Yukawa coupling could be made
smaller by putting the new scalars in a higher color repre
sentation like the adjoint.

We have not explored the detailed phenomenology of th
model, but it is clearly not ruled out since we are free to
make the new fermions and scalars as heavy as we wish. A
since we can always takemp5mn , there is no contribution
to the oblique parameterT. The contribution toRb does not
vanish even as the masses become infinite, but this is co
sistent with decoupling in the same way as a heavyt quark,
since the new fermions get their masses through electrowe
symmetry breaking. The price we have to pay for such larg
masses is correspondingly large coupling constants.

Next we build a model that uses our results for nondiago
nal couplings to theZ. It is a simple modification of the SM
that goes in the right direction for fixing theRb discrepancy
but not quite far enough in magnitude. Variations on th
same theme can completely explainRb at the cost of making
the model somewhat more baroque.

Our starting point is a two-Higgs-doublet extension of the
SM. We take the two Higgs fields,

Hd5S Hd
0

Hd
2D and Hu5SHu

1

Hu
0 D ,

to transform in the usual way under the SM gauge symmetr
It was explained earlier why this model does not by itsel
produce the desired effect, but Eq.~98! suggests how to fix
this problem by introducing a third scalar doublet,D

5(D1
D11

), which mixes with the other Higgs fields. The
charge assignments of these fields, listed in Table VI, ensu
that the two fieldsH u

1 and d1 can mix even though they
have different eigenvalues forI 3.

In this model the new scalar field cannot have an
Yukawa couplings to ordinary quarks since these are forbid
den by hypercharge conservation. The only Yukawa cou
plings involving the LHb quark are those which also gener-
ate the mass of thet quark:

c-
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LYuk5yt& t̄gLbHu
11H.c., ~104!

whereyt5mt/vu is the conventionally-normalized Yukawa
coupling. We imaginevu to be of the same order as the
single-Higgs SM value, and so we expectyt to be compa-
rable to its SM size.

The scalar potential for such a model very naturally in
corporatesH u

1-D1 mixing. Gauge invariance permits quartic
scalar interactions of the forml(Hu

†D)(Hu
†Hd)1H.c., which

generate the desired off-diagonal terms:l(D1Hu
1* vu* vd

1D1Hd
2vu

2* )1H.c.

Since the weak isospin assignments areI 3
D1

52 1
2

and I
3
Hu

1

51 1
2, the color factor isnc51, and the relevant

Yukawa coupling isy5yt&, we see that Eq.~98! predicts
the following contribution due to singly-charged Higg
loops:

dgL
b52

yt
2

16p2 2cS
2sS

2FS~r !, ~105!

with r being the ratio of the scalar mass eigenstates,r
5Mf

2 /Mf8
2 . Taking optimistic values for the parameters13

~uS5p/4, 2c S
2sS

251
2, yt51, and Mf/Mf8510!, we find

dg L
b520.0043, which is two-thirds of what is

required: (dg L
b)expt520.006760.0021.

In addition to the contribution of the singly-charged scal
loops, one should consider those of the other nonstand
scalar fields we introduced. Since all of the scalars that m
have the same eigenvalue forI 3, their contribution is given
by Eq. ~82!, which is small if the scalars are much heavie
than the light fermions. Then only thet-quark contribution is
important. In this limit there are appreciable contribution
only from the three charged scalar fields, one of which
eaten by the physicalW boson and so is incorporated into th
SM t-quark calculation, and the other two of which we hav
just computed.

So, for an admittedly special region of parameter spa
this simple model considerably ameliorates theRb discrep-
ancy, reducing it to a 1s effect. It is easy to adapt it so as to
further increasedg L

b and also enlarge the allowed region o
the model’s parameter space. The simplest way is by incre
ing the size of the color factornc or the isospin difference

I 3
f82I 3

f . For instance the new scalar,D, could be put into a
4 of SUL~2! rather than a doublet, and be given weak hype

13Note that the charged-scalar mixing in this model is suppress
if one of the scalar masses gets very large compared to the w
scale.

TABLE VI. Field content and charge assignments: Elec
troweak quantum numbers for all of the scalars, including the S
Higgs doublet, of the three-doublet model.

Field Spin SUc~3! SUL~2! UY~1!

Hd 0 1 2 2
1
2

Hu 0 1 2 1
1
2

D 0 1 2 1
3
2

-
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ar
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chargeY515
2. Then the singly-charged stateD1 hasI 3

D1
5

2 3
2, making I 3

f82I 3
f522, which is twice as big as for the

doublet. More new scalars must be added to generate mix
amongst the singly-charged scalar states.

A second variation would be let the two new Higgs dou
blets be color octets since this gives more than a fivefo
enhancement ofdg L

b due to the color factornc5
16
3 . It is still

possible to write down quartic scalar interactions which ge
erate the desired scalar mixings. Either of these models h
much more room to relax the previously tight requiremen
for optimal scalar masses and mixings.

E. The supersymmetric case

Let us now apply the above results to gain some insig
into what would be necessary to explainRb in supersymmet-
ric extensions of the standard model. There are two kinds
contributions involving the top-quark Yukawa coupling
which one expects to give the dominant effect. These are t
couplings of the left-handedb quark to the second Higgs
doublet and the top quark, or to the corresponding Higgsin
and top squarks,

ytb̄Lh̃2,R
2 t̃R1ytb̄LtRh2

2 . ~106!

Of these, the second one gives a loop contribution lik
that of the two-Higgs doublet models discussed above: it h
the wrong sign for explainingRb . Since the mass of the
charged Higgs boson is a free parameter in supersymme
models, we can imagine making it large enough compared
mt so that, according to Eq.~82!, it has only a small effect on
Rb . We therefore concentrate on the Higgsino-squark pa
The charged Higgsino mixes with theW-ino, and the right-
handed top squark mixes with its chiral counterpart, so in th
notation of Eq.~94!, we havef 15h̃ 2

2, f 25W̃2, f15t̃R , and
f25t̃ L . The corresponding charge matrices for the coupling
to theW3 are

gS5S 2
3 sw

2

0

0
1
2 1 2

3 sw
2 D ;

gL5gR5S 1 1
22sw

2

0

0
112sw

2 D . ~107!

Because there are two possible color combinations for t
internal lines of the loops diagram, the color factor in Eq
~87!–~89! is nc52.

Before exploring the full expression fordg L
b we can dis-

cover what parameter ranges are the most promising by loo
ing at the limiting cases described by Eqs.~97!–~100!. The
most important lessons from these approximations follo
from the charge matrices~107!. We do not want the squarks
to be much heavier than the charginos because then Eq.~98!
would apply and give the wrong sign for the correction du
to the sign of the isospin difference between the squarks. T
other two cases, where the squarks are not much heavier t
the charginos, manifest a strong suppression of the res
unless the chargino mixing angles are such th
sin(uL2smuR) is large, wheresm is the sign of the determi-
nant of the chargino mass matrix. If on the other han
sin(uL2smuR)50, there is exact cancellation betweengL

ed
eak

-
M
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FIG. 8. The dependence ofgL
b on the various

supersymmetric parameters. SincegL
b depends

only on mass ratios in our approximation, the
units of mass are arbitrary, with the masses of all
the charginos and squarks which are not being
varied set to unity.
andgR in these equations because of the fact thatgL5gR for
the charginos. In summary, our analytic formulas indica
that the favored regions of parameter space for increasingRb
are where

tan uR tan uL52sm52sgn~mfmf 8!, ~108!

and at least one of the squarks is not much heavier than
charginos.

In supersymmetric models the Yukawa coupling that co
trols the largest contribution toRb is that of the top quark,
te

the

n-

and it depends on the ratio of the two Higgs VEV’s,
tanb5v2/v1, by

yff5
mt

v sin b
, ~109!

wherev5(v 1
21v 2

2)1/25174 GeV. Therefore it is important
to find tanb in terms of the chargino masses and mixing
angles. The chargino mass matrix is given by
S m gv2
gv1 M2

D 5UL†Smf

0
0
mf 8

DUR5S cLcRmf1sLsRmf 8
cRsLmf2sRcLmf 8

sRcLmf2cRsLmf 8
sLsRmf1cLcRmf 8

D , ~110!
o

ent
n

r

wherem is the coefficient ofH1H2 in the superpotential and
M2 is the soft-supersymmetry-breaking mass term for t
W-ino. It follows that

tanb5
mf tan uR2mf 8 tan uL
mf tan uL2mf 8 tan uR

. ~111!

The above considerations allow us to understand why v
ues of tanb near unity are necessary for a supersymmet
solution to theRb problem. From Eq.~111! and the maximi-
zation condition~108! we see that tanb is restricted to lie
between umf /mf 8u and umf 8/mf u. Equation ~108! together
with Eq. ~110! also implies

cL
2umf u1sL

2umf 8u5&MW sin b;

cL
2umf 8u1sL

2umf u5&MW cosb. ~112!
he

al-
ric

This means that the average value of the two chargin
masses can be no greater thanMw , so that the ratioumf /mf 8u
cannot differ much from unity unless one of the charginos is
much lighter than theW boson. Using the LEP 1.5 limit of
65 GeV for the lightest chargino@26# this would then require
that tanb,1.5.

In the case that none of our simplifying limits apply, we
have searched the parameter space of the three independ
ratios between the two scalar masses and the two fermio
masses, and the three mixing anglesuR ,uL ,uS to find which
regions are favorable for increasingRb . Figures 8~a!–8~d!
show the shift ing L

b as a function of pairs of these param-
eters, using the Yukawa coupling~109! corresponding to a
top quark mass of 174 GeV and the theoretical preference fo
tanb.1 ~we implement the latter by settingg L

b50 for pa-
rameters that would give tanb,1!. As shown in Table I, one
needsdg L

b520.0067 in order to explain the observed value
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of Rb . The values of the masses are taken to
Mf>Mf8>mf>mf 851 ~in arbitrary units!, except for those
that are explicitly varied in each figure. In Fig. 8~a! we look
at the situation in which tanuL5tanuR51, in contradiction
to condition~108!, and vary the scalar mixing angle and th
mass of mostlyt̃R scalar in the limit of zero squark mixing
The sign ofg L

b has the wrong value, as predicted by Eq.~98!.
Figure 8~b! shows the same situation except that no
tanuL52tanuR51, in accordance with Eq.~108!. Then the
sign of g L

b is negative, as desired, and has the right size
substantial ranges ofuS andMf . In Fig. 8~c! we keep all the
masses nearly degenerate and setuS50 to show the depen-
dence on tanuL and tanuR . It is easy to see thatg L

b has the
correct sign and largest magnitude~which is also almost as
large as needed! when condition~108! is satisfied. Finally in
Fig. 8~d! we show the dependence on the masses of
mostly W-ino fermion and on uR when uS50 and
tanuL521, showing again the preference for mixing angl
obeying Eq.~108!, as well as some enhancement when the
is a hierarchy between the two chargino masses.

One might therefore get the impression that it is easy
explainRb using supersymmetric contributions to theZbb̄
vertex. The problem is that to get a large enough contribut
one is driven to a rather special region of parameter spa
which comes close to satisfying condition~108!. As men-
tioned above, the consequent condition~112! prevents one
from making the chargino masses arbitrarily heavy. Th
coupled with the suppression inRb when the squarks are
heavier than the charginos, means that all the relevant su
symmetric particles must be relatively light, except th
charged Higgs boson which has to be heavy to suppress
wrong-sign contribution fromH12t loops. Thus in the ex-
ample of Fig. 8~c!, the preferred values ofcR51, sL561,
sR5cL50 imply thatmf5v sinb andmf 85v cosb, while
m>M2>0, which are precisely the circumstances of the s
persymmetric models considered in Refs.@27# and@28#. Fig-
ure 8~d!, on the other hand, has its maximum value ofRb at
cR5sR5cL52sL51, implying tanb51 and thus from Eq.
~112! that umf 8u1umf u52MW . Because the lightest chargin
mass is constrained by experimental lower limits, there
little parameter space for getting a large hierarchy betwe
the two chargino masses, as one would want in the pres
example in order to get the full shift14 of 20.0067 ing L

b. Our
analysis allows one to pinpoint just where the favorable
gions are for solving theRb problem.

We thus see that it is possible to understand many of
conclusions in the literature@27–31# on supersymmetry and
Rb using some rather simple analytic formulas. These
clude the preference for small values of tanb as well as light
Higgsinos and squarks.

VI. FUTURE TESTS

If we exclude the possibility that the experimental valu
of Rb is simply a 3.7s statistical fluctuation, we can expec

14An additional constraint is that the lightest Higgs boson ma
mh0 vanishes at tree level when tanb51, and a very large splitting
between the top squark masses is needed for the one-loop co
tions tomh0 to be large enough. This is why Ref.@29# finds less
than the desired shift inRb in the minimal supersymmetric standar
model. We thank J. Lopez for clarifying this point.
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that, once the LEP Collaborations have completed the
analyses of all the data collected during the five years
running at theZ pole, the ‘‘Rb crisis’’ will become an even
more serious problem for the standard model.~Of course, it
is wise to keep in mind that there may be a simple explan
tion, namely that some systematic uncertainties in the ana
sis of the experimental data are still not well understood
have been underestimated.! In Secs. III–V we have dis-
cussed a variety of models of new physics which could a
count for the experimental measurement ofRb . The next
obvious step is to consider which other measurements m
be used to reveal the presence of this new physics.

The most direct method of finding the new physics i
clearly the discovery of new particles with the correct cou
plings to theZ and theb quark. However, failing that, there
are some indirect tests. For example, many of the ne
physics mechanisms which have been analyzed in this pa
will affect the rate for some rareB decays in a predictable
way. The rates for the rare decaysB→Xsl

1l2 andB→Xsnn̄
are essentially controlled by theZb̄s effective vertexG bs

m ,
since additional contributions~such as box diagrams andZ-g
interference! are largely subleading.15 In the SM, in the ap-
proximation made throughout this paper of neglecting th
b-quark mass and momentum, a simple relation holds b
tween the dominantmt vertex effects inRb and in the effec-
tive Zb̄s vertexG bs

m :

Gbs
m,SM5

Vtb* Vts

uVtbu2
dGm,SM, ~113!

where dGm,SM is defined as in Eq.~26! with the SM form
factor as given in Eqs.~27! and ~38!. The meaning of Eq.
~113! is that, within the SM, theZb̄s effective vertex mea-
surable inZ-mediatedB decays represents adirectmeasure-
ment of themt-dependent vertex corrections contributing t
Rb , modulo a ratio of the relevant CKM matrix elements. In
particular, both corrections vanish in themt→0 limit. The
question is now the following: how is this relation affected
by the new physics invoked in Secs. III–V to explainRb?

Consider first the tree-levelb-b8 mixing effects analyzed
in Sec. III. It is straightforward to relate the corrections o
the LH and RHZb̄b couplings to new tree-level mixing-
induced FCNC couplingsg L,R

bs . In this case Eq.~5! reads

gL,R
bs 5(

aw
~gw

a !L,RUL,Rab*UL,RasMw1. ~114!

Henceg L,R
bs involve the same gauge couplings and mixin

matrices that determine thedeviation from the SM of the
flavor-diagonalb couplings.

It is also true that, for many models of new physics, th
loop corrections to theZb̄b vertex would change the effec-
tive Zb̄s vertex in much the same way, therefore inducin
computable modifications to the SM electroweak pengu
diagrams. In these models, for each loop diagram involvin

ss

rrec-

d

15Due to the absence ofZ-g interference and of large
renormalization-group-induced QCD corrections, the proce
B→Xsnn̄ represents theoretically the cleanest proof of the effectiv
Zb̄s vertex @32#.
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the new statesf , f 8 and their coupling to theb quarkgf f 8b,
there will be a similar diagram contributing toG bs

m that can
be obtained by the simple replacementgf f 8b→gf f 8s. For ex-
ample, the general analysis oft-quark mixing effects pre-
sented in Sec. IV can be straightforwardly applied
Z-mediatedB decays. Deviations from the SM prediction
for theB→Xsl

1l2 andB→Xsnn̄ decay rates can be easil
evaluated by means of a few simple replacements l
uVtbu2→Vtb* Vts and uVt8bu

2→Vt8b
* Vt8s in all our equations.16

To a large extent, this is also true for supersymmetry~SUSY!
models. Indeed, the analysis of the SUSY contributions
theZb̄s form factor@34# can teach much about SUSY effec
in Rb . And once a particular region of parameter space s
able to explain theRb problem is chosen, a definitenumeri-
cal prediction for theB→Xsl

1l2 andB→Xsnn̄ decay rates
can be made.

This brief discussion shows that, for a large class of ne
physics models, the new contributions toRb and to the ef-
fectiveG bs

m vertex are computable in terms of the same set
new-physics parameters. Therefore, for all these models,
assumption that some new physics is responsible for the
viations ofRb from the SM prediction will imply a quanti-
tative prediction of the corresponding deviations f
Z-mediatedB decays.

However, this statement cannot be applied to all ne
physics possibilities. For example, if a newZ8 boson is re-
sponsible for the measured value ofRb , then no signal can
be expected inB decays, since in this case the new phys
respects the GIM mechanism. This would also be true
mb-dependent effects are responsible for the observed de
tions inRb as could happen, for example, in the very larg
tanb region of multi-Higgs-doublet or SUSY models. Mor
generally, the loop contributions of the new statesf , f 8 can
be different, sincegf f 8s is not necessarily related togf f 8b,
and in particular, whenever the new physics involved inRb
couples principally to the third generation, it is quite possib
that no sizeable effect will show up inB decays. Still, the
study ofB→Xsl

1l2 andB→Xsnn̄ could help to distinguish
between models that do or do not significantly affect the
decays.

Unfortunately, at present only upper limits have been
on the branching ratios forB→Xsl

1l2 @35–37# and
B→Xsnn̄ @32#. Since these limits are a few times larger tha
the SM predictions, they cannot help to pin down the corr
solution to theRb problem. However, future measuremen
of these rare decays atB factories could well confirm that
new physics is affecting the rate ofb-quark production inZ
decays, as well as give some hints as to its identity. If
significant deviations from the SM expectations are detect
this would also help to restrict the remaining possibilities.

VII. CONCLUSIONS

Until recently, the SM has enjoyed enormous success
explaining all electroweak phenomena. However, a num

16For example, the particular case of mixing of the top quark w
a new isosingletT8, and the corresponding effects induced on t
Zb̄s vertex, was studied in Ref.@33# through an analysis very simi-
lar to that of Sec. IV.
to
s
y
ike

to
ts
uit-

w-

of
the
de-

or

w-

ics
if
via-
e
e

le

se

set

n
ect
ts

no
ed,

in
ber

of chinks have started to appear in its armour. There a
currently several disagreements between theory and exp
ment at the 2s level or greater. They areRb[Gb/Ghad ~3.7s!,
Rc[Gc/Ghad ~2.5s!, the inconsistency betweenAe

0 as mea-
sured at LEP with that determined at SLC~2.4s!, andAFB

0 ~t!
~2.0s!. Taken together, the data now exclude the SM at th
98.8% confidence level.

Of the above discrepancies, it is essentially onlyRb which
causes problems. IfRb by itself is assumed to be accounted
for by new physics, then the fit to the data despite the oth
discrepancies is reasonable~xmin

2 /NDF515.5/11!—the other
measurements could thus be regarded simply as statist
fluctuations.

In this paper we have performed a systematic survey
new-physics models in order to determine which featur
give corrections toRb of the right sign and magnitude. The
models considered can be separated into two broad cla
es: those in which newZb̄b couplings appear at tree level,
by Z or b-quark mixing with new particles, and those which
give loop corrections to theZb̄b vertex. The latter type in-
cludest-quark mixing and models with new scalars and fe
mions. We did not consider technicolor models or new gau
bosons appearing in loops since these cases are much m
model dependent.

The new physics can modify either the left-handed o
right-handedZb̄b couplings,g L

b or gR
b . To increaseRb to its

experimental value,dg L
b must be negative and have a mag

nitude typical of a loop correction with large Yukawa cou
plings. Thusdg L

b could either be a small tree-level effect, o
a large one-loop effect. On the other hand, the SM value
gR
b is opposite in sign to its LH counterpart and is about fiv

times smaller. Therefore one would need a large tree-lev
modification togR

b to explain forRb .
Here are our results.
(1) Tree-level effects.It is straightforward to explainRb if

theZ or b mix with new particles. WithZ2Z8 mixing there
are constraints from neutral-current measurements, but th
do not exclude all models. Usingb-b8 mixing is easier since
the experimental value ofRb can be accommodated by
bL-bL8 or bR-bR8 mixing. If the mixing is in the LBb sector,
then solutions are possible so long asI 3L8 ,21/2. An addi-
tional possibility with I 3L8 .0 and very large LH mixing,
though perhaps unappealing, is still viable. For RHb mixing,
if I 3R8 .0 then small mixing is permitted, while ifI 3R8 ,0,
large mixing is necessary. Interestingly, the required larg
b-mixing angles are still not ruled out phenomenologically
A number of papers in the literature have appealed tob-b8
mixing to explainRb . Our ‘‘master formula’’~8! and Table
II include all of these models, as well as many others.

(2) Loops: t-t8 mixing. In the presence oft-t8 mixing,
the SM radiative correction can be reduced, depending
the weak isospin quantum numbers of thet8 as well as on the
LH and RH mixing angles. However, we found that it is no
possible to completely explainRb via this method. The best
we can do is to decrease the discrepancy between theory
experiment to about 2s. Such a scenario predicts the exist
ence of a light~;100 GeV! charge 2/3 quark, decaying pri-
marily toWb.

(3) Loops: Diagonal couplings to the Z. We considered
models with exotic fermions and scalar coupling to both th
Z andb quark. We assumed that the couplings to theZ are

ith
he
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diagonal, i.e., there are no flavor-changing neutral curre
~FCNC’s!. The correctiondg L

b can then be written in a
simple form, Eq.~82!. The key point is thatdg L

b is propor-
tional to I 3L

f 2I 3R
f , where I 3L,R

f is the third component of
weak isospin of the fermion fieldf L,R in the loop. This ex-
plains at a glance why many models, such as multi-Hig
doublet models and Zee-type models, have difficulty e
plaining Rb . Since the dominant contributions in thes
models typically have top-type quarks~I 3L8 5 1

2, I 3R8 50! cir-
culating in the loop, they give corrections of the wrong sig
to Rb . However, these considerations did permit us to co
struct viable models of this type which do explainRb . Two
such examples are given in Sec. V D, and many others
be invented.

(4) Loops: Nondiagonal couplings to the Z. We also ex-
amined models with exotic fermions and scalars which we
allowed to have nondiagonal couplings to theZ. Such FC-
NC’s can occur when particles of different weak isospin m
The correctiondg L

b is much more complicated@Eq. ~86!#
nts

gs-
x-
e

n
n-

can

re

ix.

than in the previous case; even its sign is not obvious.
However, there are several interesting limiting case

where it again becomes transparent. The contributions toRb
of supersymmetry fall into this category, which we discusse
in some detail.

Note added.After completing this work we became aware
of Ref. @38#, which discusses a different region of paramete
space in SUSY models than the one we focused on. Beca
of our criterion of explaining the entireRb discrepancy rather
than only reducing its statistical significance, we exclude th
region in question.
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