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Formation and evaporation of primordial black holes in scalar-tensor gravity theories
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We discuss how the constraints on models of the early Universe derived from considering the formation and
evaporation of primordial black holes~PBH’s! are modified if the gravitational ‘‘constant’’ varies with time.
The modifications depend crucially on whetherG has the same value everywhere~so that it maintains the
evolving background value! or whether the local value within the black hole is preserved~corresponding to
what is termed ‘‘gravitational memory’’!. The simplest varying-G scenario is Brans-Dicke theory, in which
one has a scalar fieldf ~with G;f21! and a coupling constantv0. In this case, solar system observations
imply thatv0 is very large and the modifications to the PBH constraints are negligible whether or not there is
gravitational memory. However, in more general scalar-tensor theories, the coupling ‘‘constant’’v~f! varies,
sov may be large today but small at early times. In this case, the value ofG and the dynamics of the early
Universe could be strongly modified during the period when PBH’s form. We present a class of scalar-tensor
models which exhibit this feature and discuss how the PBH constraints are modified according to whether or
not one has gravitational memory.@S0556-2821~96!01218-0#

PACS number~s!: 04.70.Dy, 04.50.1h, 97.60.Lf, 98.80.Cq
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I. INTRODUCTION

Primordial black holes~PBH’s! may have formed in the
early Universe as a result of initial inhomogeneities@1,2#,
inflation @3,4#, phase transitions@5#, bubble collisions@6,7#
or the decay of cosmic loops@8#. Such black holes are o
special interest because they are the only ones which c
be small enough to have evaporated by the present epo
a result of quantum emission@9#. There are severe con
straints on the fraction of the Universe which can have g
into PBH’s at early times—even for those which do n
evaporate—and this in turn places important restrictions
models of the early Universe~see@10# for a recent review!.

Recently, Barrow@11# has pointed out that these co
straints would be modified if the gravitational ‘‘constan
were to vary with time. This happens in various cosmolo
cal scenarios, in particular, with the scalar-tensor theory
which one has a scalar fieldf ~with G varying asf21!, a
coupling function v~f! and a cosmological ‘‘constant
l~f!. This reduces to the Brans-Dicke theory@12# whenl50
and v is constant~v5v0! and, in this case, solar syste
observations implyv0.500 @13#. However, there are als
more complicated theories in whichv0 exceeds 500 toda
but is small at early epochs. ThusG could deviate consider
ably from its present value at the time when PBH’s form
As Barrow emphasized, there are then two possibilities:
what he terms ‘‘scenario A,’’G has the same value ever
where at a given time, so that PBH evaporation is alw
determined by its current value; in ‘‘scenario B,’’ the loc
value ofG within the black hole is always preserved, so t
the evaporation is determined by the value ofG when the
PBH formed~i.e., there is ‘‘gravitational memory’’!.

The purpose of the present paper is to discuss how
various PBH constraints are modified in these two situat
and to examine how PBH limits can constrain scalar-ten
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theories. During most of the period in which PBH’s form an
evaporate, the Universe is radiation dominated and this s
plifies the situation considerably. This is because, in a
scalar-tensor gravity theory, the Friedmann radiation u
verse of general relativity is a particular exact solution of t
field equations withf constant and, in general, this solutio
is a late-time attractor in radiation-dominated models. Ho
ever, there are at least two situations in which the early U
verse will not be radiation dominated and this is why t
standard PBH constraints are modified. First, the Unive
becomes pressureless after the radiation density falls be
the matter density, around 104 yr after the big bang, and this
may also apply for some earlier period if the density w
ever dominated by nonrelativistic particles@5,14#. Secondly,
the Universe could have been vacuum dominated at su
ciently early times. This certainly happens in the inflationa
scenario but it is also a generic feature of scalar-tensor th
ries since the scalar field itself induces vacuum dominat
for some initial period. In some theories~including variants
of Brans-Dicke itself! the scalar field may even cause th
Universe to bounce~so that it avoids an initial singularity!, in
which case PBH formation will be suppressed at sufficien
early times.

The plan of this paper is as follows. In Sec. II we revie
how the formation and evaporation of PBH’s proceeds in
standard cosmological scenario~with no variation ofG! and
summarize the constraints on the fraction of the Unive
going into them. In Sec. III we examine some of the cosm
logical consequences of scalar-tensor theories, focusing
on Brans-Dicke itself and then on more general scalar-ten
theories. In either case we show that, to a good approxim
tion, the history of the Universe can be modeled by a Bra
Dicke vacuum phase followed by a standard Friedmann
diation phase. In Sec. IV we consider the formation a
evaporation of PBH’s in Brans-Dicke and more gene
3920 © 1996 The American Physical Society
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54 3921FORMATION AND EVAPORATION OF PRIMORDIAL . . .
scalar-tensor theories, covering both scenario A and scen
B. In Sec. V we infer how the standard constraints on t
fraction of the Universe going into PBH’s are modified.

II. PBH EVAPORATION IN THE STANDARD SCENARIO

Let us first recall how the formation and evaporation o
PBH’s proceeds in the standard cosmological scenario w
G constant. Providing the equation of state is hard~p5gr
with 0,g,1!, PBH’s which form from inhomogeneities at
time t must have an initial mass of order the particle horizo
mass:

Mi'MH~ t !'G21t'105~ t/s!M( , ~2.1!

where we choose units withc5\51. This is because they
must be bigger than the Jeans mass;g3/2MH in order to
collapse against the pressure but smaller thanMH itself in
order not to be a separate Universe@15#. PBH’s forming at
the Planck time~tPl;G1/2;10243 s! would, therefore, have
the Planck mass~MPl;G21/2;1025 g!, whereas those form-
ing at 10223 s would have the mass~M;1015 g! required for
PBH’s which evaporate at the present epoch. The probabi
of PBH formation on any mass scale depends on the am
tude of the density fluctuations on that scale when it ente
the particle horizon and to form PBH’s over an extende
mass range this amplitude must be scale invariant@2#. PBH’s
forming via phase transitions or bubble collisions or the co
lapse of cosmic loops might have a somewhat smaller m
than is indicated by Eq.~2.1! but they would only form over
a limited period and hence over a limited mass range.

In the standard picture a black hole emits particles like
blackbody with temperature@9#

T~M !5~8pGM!21'10~M /1015 g!21 MeV. ~2.2!

It therefore loses mass at a rate

2dM/dt54pRg
2f ~M !aT45a f ~M !M22, ~2.3!

whereRg(M )52GM is the radius of the black hole, the
factor f (M ) measures the number of particle species whi
can be emitted@i.e., the number of species with rest mas
belowT(M )# and

a'MPl
3 /tPl'G22'10270M(

3 s21 ~2.4!

f (M ) only has a weak dependence onM and, if we give it
the value f (Mi) associated with the initial massMi , Eq.
~2.3! can be integrated to give

M35Mi
313a f ~Mi !~ t i2t !, ~2.5!

where t i is the formation time of the PBH. The black hole
therefore evaporates completely~M50! at a time

t5@3a f ~Mi !#
21Mi

31t i . ~2.6!

Note that Eqs.~2.1! and ~2.4! imply that thet i term is neg-
ligible for Mi@MP1. The PBH’s evaporating at the presen
epoch~t0'1017 s! have a mass

M crit5~3at0f crit!
1/3'~ t0f crit /tPl!

1/3MPl'1015 g, ~2.7!
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where the factorf crit5f ~M crit! has been taken to be about 3
corresponding to the emission of zero-rest-mass partic
~i.e., photons, relativistic neutrinos, and gravitons!.

We now review the various constraints that can be plac
on the number of PBH’s@10,16,17#. If the current density
parameter associated with PBH’s forming at timet is VB(t),
then the fraction of the Universe’s mass going into su
PBH’s at that time is@2#

b~ t !5@VB~ t !/VR#~11z!21'1025VB~ t/s!1/2 ~ t,te!,
~2.8!

wherez is the redshift associated with timet andVR;1024

is the microwave background density. Equation~2.8! as-
sumes that the PBH’s form before the time of matte
radiation equality (te) and also neglects dependencies on t
Hubble parameterH0. The mass of the PBH’s forming at
time t is given by Eq.~2.1!, so the fraction of the Universe
going into PBH’s of massM is

b~M !'1028VB~M !~M /M(!1/2. ~2.9!

Any constraint onVB(M ) therefore imposes a constraint o
b(M ).

Observations of the cosmological deceleration parame
imply VB(M ),1 over all mass ranges for which PBH’s hav
not yet evaporated, so Eqs.~2.7! and ~2.9! imply

b~M !,10217~M /M crit!
1/2 ~M.M crit!. ~2.10!

Considerably stronger limits apply forM;M crit since such
PBH’s generate ag-ray background, most of the energy ap
pearing at around 100 MeV@18#. If the fraction of the emit-
ted energy which goes into photons is«g , the density of the
radiation at this energy is expected to beVg5«gVB~M crit!.
Since «g;0.1 and the observedg-ray background density
around 100 MeV isVg;1029, we inferVB,1028 and Eq.
~2.9! then implies

b~M crit!,10225. ~2.11!

~See @17# for a more precise limit.! Constraints onb(M )
associated with the evaporation of PBH’s smaller thanM crit
derive from entropy production@19#

b~M !,1028~M /1011 g!21 ~M,1011 g!, ~2.12!

distortion of the microwave background spectrum@20#

b~M !,10218~M /1011 g!21 ~1011 g,M,1013 g!,
~2.13!

and cosmological nucleosynthesis effects

b~M !,H 10215~M /109 g!21 ~109g,M,1013 g!, ~2.14a!

10221~M /1010 g!1/2 ~M.1010 g!, ~2.14b!

10216~M /109 g!21/2 ~109g,M,1010 g!. ~2.14c!

The latter constraints are associated with~a! the increase of
the photon-to-baryon ratio by PBH photons emitted after n
cleosynthesis@21#; ~b! the photodissociation of deuterium by
such photons@22#; and ~c! the modification of the neutron-
to-proton ratio by PBH nucleons emitted before nucleosy
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FIG. 1. The constraints on the fraction of the Universe going into PBH’s of massM in the standard radiation-dominated model w
constantG. These derive from upper limits on the cosmological density parameter, theg-ray background intensity, primordial entrop
production, modifications to primordial helium and deuterium production, and the density of stable Planck mass relics.
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thesis @23#. If evaporating black holes leave stable Planc
mass relicts, as some people have argued@4,24#, then one
also gets a limit

b~M !,10227~M /1025 g!3/2 ~M,1011MP1;106 g!.
~2.15!

These limits onb(M ) are summarized in Fig. 1. If the equa
tion of state in the early Universe is ever soft, then the limi
are modified~as discussed in@5#! but we do not consider this
case here.

III. MODELS WITH VARIABLE G

Most studies of cosmological models with varying grav
tational coupling have focused upon the simplest case
Brans-Dicke ~BD! theory. This particular scalar-tenso
theory was created in the early 1960’s in response to clai
that the deflection of light by the Sun was observed to
outside the range predicted by general relativity~GR!. Sub-
sequently, those observations were found to be affected
significant errors in the determination of the solar diamete
so there was no further need to consider deviations from G
However, recently scalar-tensor gravity theories have
emerged in the context of early universe studies. They p
vide scalar field sources for inflation@7,25–29# and also
serve as models for the low-energy behavior of string co
mologies @30,31# or the dimensional reduction of higher
dimensional cosmologies@32#.

The early studies of BD theories have therefore been e
tended to a more general class of scalar-tensor theories w
a coupling functionv~f! governing the interactions with the
scalar fieldf. This was first introduced by Bergmann@33#,
Wagoner@34#, and Nordvedt@35#. We will assume that the
effective gravitational ‘‘constant’’ still varies asf21 in such
theories. Nordvedt@35# and Will @13# argue that one should
add a first order correction factor@412v~f!#/@31v~f!# after
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f21, based on the study of light travel in the weak field lim
However, this factor should not appear in the cosmologi
context because, for any choice ofv~f!, one replaces the
term 8pGr in the Friedmann equation with 8pf21r, so the
effective ‘‘cosmological’’G is justf21.

Scalar-tensor gravity theories have been formulated
two different ways. Steinhardt and Accetta@29# express the
Lagrangian of the theory in the form

L52 f ~F!R1 1
2 ]aF]aF116pLm , ~3.1!

whereF is a scalar field,f ~F! is the coupling to the four-
curvature, andLm is the Lagrangian of the remaining matt
fields. If we define a new scalar fieldf5f ~F! and a coupling
function

v~f!5 1
2 f ~d f /dF!22, ~3.2!

then Eq.~3.1! becomes

L52fR1f21v~f!]af]af116pLm . ~3.3!

The theory proposed by Brans and Dicke@12# arises in the
special case withv constant andf ~F!}F2. The relative mer-
its of adopting Eq.~3.1!, as do La and Steinhardt@7#, or Eq.
~3.3!, as do Barrow and Maeda@27#, have been discussed b
Liddle and Wands@36#. Here we adopt Eq.~3.3!.

By varying the action associated with Eq.~3.3! with re-
spect to the space-time metric and the scalar fieldf, respec-
tively, we obtain the generalized Einstein equations and
wave equation forf:

Rab2
1
2gabR528pf21Tab2v~f!f22$fafb2

1
2gabf if

i%

2f21$fa;b2gabhf%, ~3.4a!

$312v~f!%hf58pT2~dv/df!f if
i , ~3.4b!
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FIG. 2. The relation between the exponentn in the time dependence ofG and the Brans-Dicke parameterv. In Brans-Dicke theory itself,
v.500 but generalized scalar-tensor theories may be approximated by Brans-Dicke models withv down to23/2 for some period in the
early Universe. Models withv,23/2 are probably unrealistic since the scalar field has negative energy density. The conseque
various values ofn andv for the cosmic evolution are indicated.
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wherefa[]af, h[gab]a]b , T
ab is the energy momentum

tensor of the matter content of the theory andT is its trace.
Clearly if T vanishes~which only applies for a radiation
fluid! and iff is constant, then Eq.~3.4b! is satisfied identi-
cally and Eq.~3.4a! reduces to the standard Einstein equ
tions with a gravitational constantG5f21. Hence any exact
solution of Einstein’s equations with a trace-free matt
source~e.g., radiation! will also be a particular exact solution
of the scalar-tensor theory withf, and hencev~f!, constant.
For an isotropic and homogeneous universe containing a p
fect fluid with equation of statep5gr, Eqs.~3.4! and ~3.5!
give

H21Hḟ/f2vḟ2/~6f2!1k/a258pr/~3f!, ~3.5a!

f̈1@3H1v̇/~2v13!#ḟ58pr~123g!/~2v13!, ~3.5b!

Ḣ1H21vḟ2/~3f2!2Hḟ/f

52@8pr/~3f!#$@~3g11!v13#/~2v13!%

1v̇ḟ/@2f~2v13!#, ~3.5c!

ṙ13~g11!Hr50, ~3.5d!

wherea(t) is the scale factor,H5ȧ/a is the Hubble param-
eter,k is the curvature constant, an overdot denotes differe
tiation with respect to timet, andv5v„f(t)… is regarded as
a function oft.

A. Brans-Dicke theory

In BD theory, the isotropic homogeneous radiation mod
is not identical with the GR model: it is vacuum dominate
at early times and only approaches the GR radiation solut
(a}t1/2) at late times.@Although there exist power-law solu-
a-

er

er-

n-

el
d
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tions ~termed ‘‘Machian’’ by some authors! which areal-
waysmatter dominated@37#, the general solution approache
these at late times~if they expand forever! but not early
times.# The vacuum solutions were found by O’Hanlon an
Tupper @38# ~see also@39#!. The full k50 solution for a
perfect fluid is known@40# and is given, together with the
kÞ0 vacuum and radiation solutions, by Barrow@26#. Mi-
moso and Wands@41# have also studied the stiff and radia
tion solutions for generalk. The full radiation solution can be
well approximated by joining thek50 vacuum solution to
thek50 GR solution at some timet1 which may be regarded
as a free parameter of the theory. The exactk50 vacuum
solution has

G}f21}t2d/~11d!, a}t1/@3~11d!#,

d[v21@11A112v/3# ~3.6!

so this applies fromtPl until t1. For t.t1 , f is constant and
a}t1/2, as in the usual radiation-dominated model. Howeve
G will vary again after the timete;1011 s when the matter
density goes above the radiation density. During this era, o
has a dust equation of state and obtains

G}f21}t2n, a}t ~22n!/3, n[2/~413v!. ~3.7a!

In terms of the parametern, in some ways the most usefu
characterization of the model, the evolution ofG(t) anda(t)
during the vacuum-dominated phase@given by Eq.~3.6!# be-
comes

G}t2~n1A4n1n2!/2, a}t ~22n2A4n1n2!/6. ~3.7b!

The relationship betweenn and v is shown in Fig. 2, al-
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though not all the values indicated may be physically reas
able.

In BD theory itself, observations require thatv be large
~viz. v.500!, so thatn is small~viz. n,0.001!. In this case,
the expressions forG anda during the vacuum phase can b
simplified, Eqs.~3.7a! and ~3.7b! being approximated by

a}H t ~12An!/3

t1/2

t ~22n!/3

~ t,t1!
~ t1,t,te!
~ t.te!

~3.8!

and

G~ t !5H G0~ t1 /t !
An~ t0 /te!

n

G0~ t0te!
n

G0~ t0 /t !
n

~ t,t1!
~ t1,t,te!
~ t.te!,

~3.9!

whereG0 is the present value ofG. This behavior is indi-
cated in Fig. 3. The factor (t0/te) in Eq. ~3.9! can be approxi-
mated as 106. For if the Hubble parameter isH05100 h and
the total density parameter isV0, we have@42#

t05331017 h21f ~V0! s, te5431010 h24V0
22 s,
~3.10a!

where f ~V0! goes from 2/3 forV051 to 1 forV050, so

t0 /te583106 h3V0
2f ~V0!. ~3.10b!

ForV051 ~as implied by the inflationary scenario!, the ratio
has the value of 106 for H0560; for V050.3 ~the smallest
value consistent with dynamical constraints!, one needs
H05100. Both values ofH0 are reasonable, so 10

6 is always
a good approximation.

As discussed below,v may vary in scenarios other tha
BD. However, even in this case, the cosmological evolut
may still be approximated by a BD model for a limited p
riod. We therefore need to consider a wider range of val
for n andv than indicated above and this gives rise to mo

FIG. 3. The evolution of the scale factor andG in standard
Brans-Dicke theory. These both evolve in the standard way in
radiation-dominated era but they deviate from the standard mod
the late ~matter-dominated! and early ~vacuum-dominated! eras.
The form of the exponents fort,t1 assumes thatn is small, as
required in Brans-Dicke theory itself.
n-

e

on
-
es
re

exotic possibilities. Figure 2 shows that the functionn~v!
has both positive and negative branches, with the latter a
some of the former encompassing negative values ofv. Al-
though n diverges atv524/3, which is presumably un-
physical, any other value ofv might in principle be permit-
ted. However, a number of important restrictions on th
values ofn andv can be imposed from cosmological con
siderations.

~i! Equations~3.7a! and~3.7b! imply that values ofv just
below 24/3 have the interesting consequence thatG and a
increase with time very rapidly~sincen is very negative!.
Indeed one has power-law inflation~with a growing faster
than t! during any dust era withn,21 ~24/3.v.22! or
any vacuum era withn,24 ~24/3.v.23/2!. Negative
values ofn andv are not necessarily precluded. Howeve
the scalar field effectively has a negative energy density u
lessv.23/2, as can be seen by writing the Friedmann equ
tion ~3.5a! in the form

@H1ḟ/~2f!#21k/a25ḟ2~2v13!/~12f2!18pr/~3f!.
~3.11!

This precludes values ofn in the range24 to 0. Note that the
exponent oft in the expression for a during the vacuum
phase@given by Eq.~3.7b!# would also be complex for 0.n
.24 and this is another indication that such solutions cou
not be cosmologically realistic.

~ii ! In order that the Universe be expanding~with the
exponent oft in the expression fora being positive!, we
requiren,1/2 ~v.0 orv,24/3! during the vacuum era and
n,2 ~v.21 or v,24/3! during the dust era. Models with
1/2,n,2 ~21,v,0! may therefore expand during their
dust phase but bounce during their vacuum phase, ther
avoiding the initial singularity@43#. Such models are not
necessarily precluded but they have the important con
quence that no PBH’s could form before the bounce. No
that models withn52 ~v521! contract during the vacuum
phase and are static in the dust era, while models withn51/2
~v50! are static during the vacuum phase and expand ast1/2

in the dust era.
~iii ! In order that the deceleration paramete

q05(n11)/(22n) for k50, lie between 0 and 1 at the
present epoch~as indicated by observations!, Eq. ~3.8! re-
quires21,n,1/2 ~v.0 or v,22!. However, this condi-
tion need not be imposed at early times.

These restrictions are summarized in Fig. 2. We see t
only two bands of values forn ~or v! are permitted by cos-
mological considerations: 2.n>0 ~v.21! and n,24
~23/2.v.24/3!. The latter gives power-law inflation in
both the dust and vacuum phases~so no PBH’s can form! but
there is no inflationary phase for the former. In BD itself, th
experimental limitv.500 would restrict one to just a small
part of the first band. Note that the limitn52 ~v521! has an
interesting physical significance since the low-energy effe
tive action for bosonic string theory can be written in a form
that gives a description of its scalar content corresponding
n52. In this context the scalar field is referred to as th
dilation field. However, the two theories do not have th
same coupling of the scalar field to the other forms of matt
@30#.
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B. More general scalar-tensor theories

BD theory is the simplest scalar-tensor theory which p
mits time variation ofG, but in general anyv~f! is permit-
ted. These more general scalar-tensor theories will appro
GR in the weak-field limit only if v→` and
v23(dv/df)→0 simultaneously@13,34,35#. However, such
theories make a strong time variation ofG much more ac-
ceptable becausev~f! can vary significantly early on bu
asymptote to a large constant value at late times, so that
behaviour is achieved today. A number of exact cosmolo
cal solutions and a general solution-generating procedure
such v~f! theories have recently been found@26,44# and
their asymptotic behaviours are understood for a wide cl
of v~f!. As can be seen from Eqs.~3.4! and~3.5!, they have
the property that, in the radiation case, any GR solution
also a particular solution of anyv~f! theory with f ~and
hencev! constant.@However, the converse need not b
true: there exist exact vacuum solutions of BD theori
such as those given by Eq.~3.6!, which are not vacuum
solutions of GR.# This particular solution is generally a late
time attractor of radiation-dominated cosmological models
the theory approaches GR in the weak-field limit.

Observations of the cosmic light element abundances
ply that the standard big bang picture, in whichG does not
change with time, is an excellent description of the larg
scale evolution of the Universe aftert;1 s. This is because
the success of the primordial nucleosynthesis scenario
plies that the current value ofG equals that att;1 s to
within 10–20% @45#, so significant variation ofG(t) can
only have occurred prior to this. Acceptable evolution w
therefore be well described by a model which begins with
initial period of vacuum-dominated expansion~t,tv with
tv,1 s!, during which significant time variation off(t) can
occur, followed by a phase (tv,t,te) described by the
radiation-dominated Friedmann model withf constant. Dur-
ing the radiation-dominated period, the evolution will b
driven ever closer to the GR radiation solution for a ve
general class ofv~f!. In the subsequent dust-dominate
phase (t.te), the initial state is so close to that of the G
solution that there will be little evolution ofG(t) away from
the valueG(tv). If the Universe is open, so that there is
final period of curvature-dominated evolution, then the so
tion will be driven ever closer to the GR Milne solution wit
a }t andG constant during the curvature-dominated era.

We will be interested in assessing the observational
plications of PBH formation occurring during the vacuum
dominated era (t,tv), whenG(t) differs from its current
value. Its variation will be determined by the specification
v~f!. It is expedient to use a model in whichf(t) exhibits
simple behavior and a wide class of theories is described
the choice

2v~f!1352bu12f/fcu2a ~3.12!

wherea, b, andfc are constants~with a.0 andb.0!. This
representation has been introduced by Garcia-Bellido
Quiros@46# and investigated by Barrow@26#. The casea50
corresponds to BD theory withb5v1~3/2!. For a.0, one
expectsv to increase witht, as required, but the discussio
of such theories by Barrow@26# shows that only a range o
values ofa permits both approach to GR at late times a
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the observed behavior of light-bending and perihelion pr
cession in the weak-field limit. The latter condition require
v23(dv/df)→0 as v→` and hencea.1/2; the former
condition requiresa,2, with f tending tofc from below
~see later!.

For simplicity, we focus on thea51 solution since this
can be solved analytically for both a radiation-dominated a
dust-dominated homogeneous, isotropic model.@Note that
the theory of Barker@47# is obtained whena51 andb5
21/2; in this case, the value ofG defined by geodesics,
G5f21~412v!/~31v!, is constant to first order.# In the
radiation-dominated case, the solution is expressed m
simply in terms of the conformal timeh, defined bydt
5adh:

f~h!54fch
l~h12h0!

l/@~h12h0!
l1hl#2,

~3.13!

a2~h!5Gh~h1h0!@~h12h0!
l1hl#2/@4fch

l~h

12h0!
l#, ~3.14!

whereG andh0 are constants and

l5A3/~2b!. ~3.15!

Thus f→fc and a(h)}h}t1/2 as h→`, so the radiation-
dominated Friedmann universe of GR is approached asym
totically. This is expected since ast→`:

2v13}u12f/fcu21}h2}t→`, ~3.16!

v23~dv/df!}u12f/fcu}h22}t21→0. ~3.17!

Although the solutions of Eq.~3.12! for other values ofa in
the range 1/2 to 2 do not admit convenient closed form, th
display the following asymptotic behavior ast→`:

a~h!}h@11Ch22/~22a!#→h, ~3.18!

f~h!}fc@12Dh22/~22a!#→fc , ~3.19!

2v13}h2a/~22a!}ta/~22a!→`, ~3.20!

v23~dv/df!}~12f/fc!
2a21}h2~122a!/~22a!

}t ~122a!/~22a!→0, ~3.21!

whereC andD are constants. This shows that such theori
always tend to GR at late times for 1/2,a,2 but not other-
wise. In the limiting case witha52, f→fc/2, andv~f!→
4b23/2 at late times.

At early times ~h→0! the a51 solution given by Eqs.
~3.13! and ~3.14! with h0.0 has the asymptotic form

a}h~12l!/2}t ~12l!/~32l!, ~3.22!

f}hl}t2l/~32l!. ~3.23!

Hence there is a singularity in the radiation density~r}a24!
at h50 ~wherea50! if l,1 or l.3. This asymptotic be-
havior also describes the early phase of models with 1
,a,2 @44#. This provides a good model for the earl
vacuum-dominated phase (t,tv) which must be completed
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prior to t;1 s. Since the transition to the radiation solutio
occurs ath;h0, tv is itself determined byh0. By requiring
that the temperature evolution (T}a21) match smoothly
onto that of the GR radiation universe attv , we find that the
temperature-time relation fort,tv must take the form

T'1010~ tv /s!
21/2~ tv /t !

~12l!/~32l! K ~ t,tv!. ~3.24!

The behavior ofa andf is indicated in Fig. 4 for different
ranges of values forl. Note that models with 1,l,3 reach
a maximum compression and bounce rather than encoun
ing a singularity. Equation~3.22! and~3.23! are equivalent to
Eq. ~3.6! with l53d/(213d), so the vacuum phase of thi
particular model resembles the vacuum phase of the
model with an ‘‘effective’’ coupling constant

v53~12l2!/~2l2!5b23/2, ~3.25!

where we have used Eq.~3.15!. The last equality also fol-
lows from Eq.~3.12! sincef→0 ast→0 for 0,l,3.

The k50 dust solution fora51 can be found using the
generating-function method of Barrow and Mimosa@28# and
is conveniently expressed in terms of a time parameteu,
defined bydt5A2v13du. The solution is given by

f~u!5fc~12Au2m!, ~3.26!

a~u!35Bfc
21u21m, ~3.27!

2v135@B~21m!um1 1
222m21#2/$3@Bum1 1

42m21#%,
~3.28!

whereA, B, andm are constants, related bymAB51, andu
is related tot by

Bu21m1~124/m!u2}t2. ~3.29!

We takem.0, so thatf→fc asu→`. At late times~u→`!,
one hasu}t2/~21m! and so

2v135B~21m!2um/3}t2m/~21m!, ~3.30!

a}u~21m!/3}t2/3. ~3.31!

This shows that the solution tends asymptotically to the st
dard GR dust form. From Eqs.~3.12!, ~3.26!, and~3.30!, m is
related to the parameterb by

b5~21m!2~6m!21. ~3.32!

At early times ~u→0!, the dust solution would have
a}t (21m)/3 andf}t2m, so Eq.~3.7a! shows it would be BD-
like with v,24/3. However, one would not expect this s
lution to apply after decoupling.

To summarize, in thea51 scalar-tensor theory the Uni
verse behaves like a BD model during the vacuum era
like the standard GR solution at all other times. Althou
these properties may not apply for more general scalar-te
theories, one might speculate that any theory can be appr
mated by a BD model with an effective value ofv providing
one restricts attention to a sufficiently short time interval.
the present context we are only interested in the value ov
during the period when the PBH’s form. From this perspe
tive, it is reasonable to consider all the values ofv permitted
n
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FIG. 4. The evolution of the scale factor andG in the ‘‘a51’’
scalar-tensor theory. These deviate from the standard model only
the vacuum period beforetv and this necessarily precedes 1 s.~a!
shows models with 0,l,1; these expand continuously from an
initial singularity. ~b! shows models with 1,l,3; these bounce
during the vacuum era.~c! shows models withl.3; these undergo
power-law inflation and haveG increasing beforetv .
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in our earlier discussion of BD theory. In this context, no
that the exponent oft in Eq. ~3.22! is negative for 3.l.1
~corresponding to 0.v.24/3! and such models should
bounce athmin;~12l!1/l. Presumably no PBH’s can form
before this epoch. It may also be impossible for PBH’s
form in models with l.3 ~corresponding to23/2,v,
24/3! since such models always undergo power-law infl
tion during the vacuum and dust eras. Henceforth we the
fore assume 0,l,1 ~corresponding tov.0!.

IV. PBH EVAPORATIONS
IN SCALAR-TENSOR THEORIES

In this section we will discuss how PBH formation an
evaporation is modified in scalar-tensor theories, consider
separately scenario A~in whichG evolves in the same way
everywhere! and scenario B~in which black holes locally
preserve the value ofG at their formation epoch, whileG
continues to change in the background Universe!. We will
also consider the two variants of the scalar-tensor theor
discussed in Sec. III: BD itself~in whichG varies in both the
vacuum and dust eras but only as a weak power of time! and
the ‘‘a51’’ model ~in whichG can vary as a high power of
time early on but very little thereafter!. Since the most inter-
esting PBH constraints are associated with evaporatio
which occur at late times~t.1 s!, they are essentially unaf-
fected in the ‘‘a51’’ model if one adopts scenario A. We
will therefore only discuss scenario A in the context of exa
BD theory, whereas we discuss scenario B in the context
te

to

a-
re-

d
ing

ies

ns

ct
of

both the BD and ‘‘a51’’ models.

A. Scenario A

In this scenarioG has the same value everywhere~both at
the black hole horizon and in the background Universe! at a
given epoch and it is this global value which determines
evaporation rate of a black hole. Equations~2.2! and ~2.3!
give dM/dt}Rg

2T4}G22, so one obtains an extra time de
pendence wheneverG varies. As explained above, we onl
consider this scenario in the context of BD theory itse
Although the equations below assume thatn is small ~since
observations requiren,0.001!, we also show how to extend
them to the more general case.

It is convenient to consider the evolution of the PBH’s
the period before and afterte separately. Beforete Eqs.~2.3!
and ~3.9! give

2dM/dt5 H a~ te /t0!
2nM22 ~ t1,t,te!

a~ te /t0!
2n~ t/t1!

2AnM22 ~ t,t1!,
~4.1!

wherea is still given by Eq.~2.4!, except that it has now
absorbed the factorf . ~If n were not small, the factor 2An
would be replaced byn1A4n1n2 throughout the ensuing
analysis.! Integrating Eq.~4.1! we obtain
rms
M35H Mi
313a~ te /t0!

2n
„min@1,~112An!21~ t i /t1!

2An#t i2t…

Mi
313a~112An!21~ te /t0!

2n~ t i
112Ant1

22An2t112Ant1
22An!

~ t1,t,te!
~ t,t1!,

~4.2!

whereMi is the mass of the black hole at its formation timet i and the first expression covers the cases in which the PBH fo
before and aftert1. The black hole therefore evaporates completely~M50! at a time

t5H ~3a!21~ t0 /te!
2nMi

31min@1,~112An!21~ t i /t1!
2An#t i

@~3a!21~112An!~ t0 /te!
2nM i

3t1
2An1t i

112An#1/~112An!

~ t1,t,te!
~t,t1!.

~4.3!
c.
From Eq.~2.1!, the mass of a PBH which forms at a timet i
beforete ~always the case for evaporating PBH’s! is

Mi'c3G~ t i !
21t i'HG0

21~ te /t0!
nt i

G0
21~ te /t0!

n~ t i /t1!
Ant i

~ t1,t i,te!
~ t i,t1!.

~4.4!

Since the Planck time in this model is given implicitly by

tPl5G1/25G0
1/2~ t0 /te!

n/2~ t1 /tP1!
An/2 ~4.5!

corresponding to

tPl5@G0~ t0 /te!
nt1

An#1/~21An!, ~4.6!

Eq. ~4.4! implies that thet i terms in Eq.~4.3! are negligible
for PBH’s which form after the Planck epoch. This is nece
sarily the case, so we henceforth drop thet i terms. Equation
~4.3! can then be approximated as
s-

t'H ~3a!21~ t0 /te!
2nM i

3'1017112n~Mi /10
15 g!3 s

~ t1,t,te!

$~3a!21~112An!~ t0 /te!
2nM i

3t1
2An%1/~112An!

~t,t1!.

~4.7!

Note that PBH’s evaporate beforete ~as assumed! for masses
below

Me5~ te /t0!
2n/3~3ate!

1/3'101324n g. ~4.8!

Forn50, all these equations reduce to the form given in Se
II.

We now consider the PBH evolution afterte . During this
eraG is again time dependent and Eq.~2.3! gives

2dM/dt5at0
22nt2nM22 ~ t.te!. ~4.9!

This can be integrated to give
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M35M ~ te!
313a~2n11!21t0

22n~ te
2n112t2n11!

'Mi
326an~2n11!21~ te /t0!

2nte

23a~2n11!21t2n11t0
22n, ~4.10!

whereM (te) is the mass of the black hole atte , which is
itself determined in terms ofMi by Eq. ~4.2!, and we have
assumed that such PBH’s form aftert1 ~although it makes
little difference if they form beforet1!. We now have three
cases, depending on the sign of the exponent oft in this
equation. Sincen must be small and positive, only the firs
case is applicable in BD itself, but we will consider all thre
cases for completeness.

n.21/2.The exponent oft is positive, so the black hole
evaporates completely in a time

t'@~2n11!~3a!21t0
2nM i

322nte
2n11#1/~2n11! ~ t.te!.

~4.11!

The second term on the right-hand side is negligible prov
ing Mi greatly exceeds the value given by Eq.~4.8!, i.e.,
providing the black hole evaporates well afterte , and in this
case we have

t}Mi
3/~2n11!. ~4.12!

The situation is therefore qualitatively similar to the standa
one in thatt increases as a power ofMi , albeit with a dif-
ferent exponent. The black holes evaporating at thepresent
epoch form with an initial mass of

M*5~2n11!21/3~3at0!
1/3'1015~2n11!21/3 g. ~4.13!

Apart from the ~2n11!21/3 factor, this is the same as th
massM crit of the PBH’s currently evaporating in the standa
scenario, given by Eq.~2.7!, as expected since the curre
value ofG is unaltered. However,M

*
becomes very large a

n tends to21/2.
n,21/2.The exponent oft in Eq. ~4.10! is now negative,

so this term is dominated by the preceding one at late tim
As t→`, we have

M→@Mi
326n~2n11!21at0

22nte
2n11#1/3 ~4.14!

so complete evaporation only ever occurs for

Mi,M`[@2n/~2n11!#1/3Me , ~4.15!

whereMe is defined by Eq.~4.8!; this upper limit is only
slightly larger thanMe itself unlessn'21/2. ForMi be-
tweenMe andM` , the time for evaporation is

t5te@22n1~2n11!~Mi /Me!
3#1/~2n11! ~t.te!

~4.16!

and this goes fromte to infinity asMi goes fromMe to M` .
Contrary to the remark made by Barrow@11#, t always in-
creases withMi but the situation is very different from the
usual one in that PBH’s only slightly larger thanMe never
evaporate in this picture. Indeed the PBH’s evaporating
the present epoch have an initial mass
t
e

id-
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e
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es.

at

M*5@11~2n!21~ t0 /te!
2n11#1/3M`

'101324n@2n/~2n11!#1/3 g, ~4.17!

which is only slightly less thanM` . Note thatMe , M*
, and

M` are all approximately the same and always exceed 10
15 g

for n,21/2. The cosmological constraints discussed in Se
III suggest that models with negativen are probably only
realistic for n,24, in which case the critical mass scale
exceeds 1029 g. However, it is not clear that PBH’s can form
with n,24 since there is then power-law inflation.

n521/2.This is a special case in which Eq.~4.10! breaks
down and must be replaced by

M35M ~ te!
323at0 ln~ t/te!

'Mi
323at0@11 ln~ t/te!#. ~4.18!

Evaporation, therefore, occurs at a time

t5te exp@~Mi
3/3at0!

21#5te exp@~Mi /M crit!
321#

~4.19!

and the PBH’s evaporating at the present have an initial ma

M*5~3at0!
1/3@11 ln~ t0 /te!#5231016 g. ~4.20!

However, as discussed above, this case is probably inap
cable.

The dependence oft uponMi is these different situations
is indicated in Fig. 5. Whenn is not small, the form of the
curves for t,t1 comes from replacing 2An by n
1A4n1n2 in the above equations. Curves with negativen
~shown dotted! may be inapplicable since PBH’s can prob
ably not form in this situation.

B. Scenario B

In this scenario, we assume that the value ofG associated
with the black hole reflects the conditions when it firs
formed rather than the background cosmological value.
BD theory Eqs.~2.3! and ~3.9! then imply

FIG. 5. The dependence of the PBH evaporation time on initi
PBH mass in Brans-Dicke theory for scenario A, in which the valu
of G evolves in the same way everywhere. In practice, only sma
positive values ofn may be allowed and negative values~shown
dotted! would probably not permit PBH formation beforet1.
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2dM/dt5 H a~ te /t0!
2nM22 ~ t i.t1!

a~ te /t0!
2n~ t i /t1!

2AnM22 ~ t i,t1!.
~4.21!

The lifetime is, therefore,

t'H ~3a!21~ t0 /te!
2nMi

3'1017112n~Mi /10
15 g!3 s

~ t i.t1!

~3a!21~ t0 /te!
2n~ t1 /t i !

2AnM i
3

~ t i,t1!.
~4.22!

The mass of the PBH’s evaporating at the present epoch

M*5~ te /t0!
2n/3M crit'101524n g ~4.23!

@whereM crit is given by Eq.~2.7!# providing such PBH’s
form after t1. For PBH’s which form beforet1, Eqs. ~4.4!
and ~4.22! imply

t'G0
2/~11An!~ t0 /te!

2n/~11An!t1
2An/~11An!Mi

~31An!/~11An!

~4.24!

and, in this case, the mass evaporating now can be expre
as

M*5~ te /t0!
2n/~31An!~ t0 /t1

2!An/~31An!M crit
3/~31An!.

~4.25!

Equation~4.25! only applies for 0,n!1 but can be extende
to the more general case with the prescription used in
nario A. The dependence oft uponMi is shown in Fig. 6.

In the ‘‘a51’’ scalar-tensor model,G can be regarded a
constant in the periodt.tv but it varies as a power oft for
t,tv . We can therefore adapt Eqs.~4.21! to ~4.25! by drop-
ping (te/t0)

n terms and replacingAn by 2l/~32l!. Equation
~4.21! then becomes

2dM/dt5 HaM22 ~ t i.tv!
a~ t i /tv!

4l/~32l!M22 ~ t i,tv!,
~4.26!

so the lifetime is

FIG. 6. The dependence of the PBH evaporation time on in
PBH mass in Brans-Dicke theory for scenario B, in which the P
preserves the value ofG at its formation epoch. In this case, on
must specify both the value ofn and the value oft1 ~which specifies
when the vacuum-dominated era ends!.
is

ssed

ce-

t' H ~3a!21Mi
3'1017~Mi /10

15 g!3 s ~ t i.tv!
~3a!21~ tv /t i !

4l/~32l!Mi
3 ~ t i,tv!.

~4.27!

Sincet i is itself related toMi by Eq. ~4.4!, we can expresst
in the t i,tv case as

t'G0
2~32l!/~31l!tv

4l/~31l!Mi
~92l!/~31l! ~ t i,tv!.

~4.28!

The mass of the PBH’s evaporating at the present epoc
thereforeM crit if such PBH’s form aftert1 but

M*5M crit
3~32l!/~92l!t0

2l/~92l!tv
24l/~92l! ~4.29!

if they form beforet1. The dependence oft uponMi in this
situation is indicated in Fig. 7. Solutions withl.1 are prob-
ably inapplicable since such models either contract in
vacuum phase or undergo power-law inflation.

V. CONSTRAINTS ON PBH’s

Figure 1 summarizes the constraints on the fraction of
Universe going into PBH’s of massM in the standard big
bang model. In this section we discuss how the ‘‘densit
and ‘‘g-ray’’ constraints are modified in the various sc
narios considered in Sec. III. We will assume 0,n,1/2 in
the context of BD theory and 0,l,1 in the context of ‘‘a
51’’ scalar-tensor theory.

First we note that the final expression in Eq.~2.8! no
longer applies since the relationship betweenz and t is
changed. In BD theory Eq.~3.8! implies that the fraction of
the Universe’s mass going into PBH’s at a timet betweent1
and te is

b~ t !5@VB~ t !/VR#~ te /t0!
~22n!/3~ t/te!

1/2

'102n25VB~ t/s!1/2, ~5.1!

where @from the discussion after Eq.~3.10!# we have as-
sumedt0/te5106. From Eq.~4.4! PBH’s with initial massM
form at a time

ial
H
e

FIG. 7. The dependence of the PBH evaporation time on ini
PBH mass in thea51 scalar-tensor theory. This assumes that s
nario B applies, since otherwise the standard picture is unchan
In this case, one must specify both the value ofl and the value of
tv . The latter may or may not exceed the time~10223 s! at which
PBH’s evaporating at the present epoch form.
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t'G0M ~ t0 /te!
n'106n25~M /M(! s ~5.2!

so Eq.~2.9! for the fraction of the Universe going into PBH’s
of massM is replaced by

b~M !'105n28VB~M !~M /M(!1/2. ~5.3!

For PBH’s which form beforet1, Eqs.~5.1!–~5.3! become

b~ t !'102n25VB~ t1 /s!
1/2~ t/t1!

~12An!/3, ~5.4!

t'@G0M ~ t0 /te!
nt1

An#1/~11An!, ~5.5!

b~M !'104n/~11An!25VB~ t1 /s!
1/2~G0M /t1!

~12An!/3~11An!,
~5.6!

where we have assumedn!1. In the ‘‘a51’’ scalar-tensor
scenario

b~ t !'1025VB~ tv /s!
1/2~ t/tv!

~12l!/~32l!, ~5.7!

t'~G0M !~32l!/~31l!tv
2l/~31l!, ~5.8!

b~M !'1025VB~G0M /tv!
~12l!/~31l!~ tv /s!

1/2. ~5.9!

All these equations apply independently of whether o
adopts scenario A or B.

We requireVB(M ),1 for nonevaporating PBH’s and so
in BD theory, for PBH’s forming aftert1, we require

b~M !,105n28~M /M(!1/2 ~M.M* !, ~5.10!

whereM
*
is the mass of the PBH’s evaporating today.M

*

FIG. 8. Theg-ray background and cosmological density con
straints on the fraction of the Universe going into PBH’s of massM
for Brans-Dicke theory with scenariosA andB. The continuous and
broken curves show the situations witht1,10223 s andt1.10223 s
respectively. The dotted lines show the constraints in the ‘‘a51’’
scalar-tensor theory for scenariosA andB with tv.10223 s. The
heavy line corresponds to the standard situation withG constant.
ne

is given by Eq.~4.13! in scenario A and Eq.~4.23! in sce-
nario B. For PBH’s which form beforet1, Eq. ~5.6! implies

b~M !,@10~12n210An220!~ t1 /s!
~115An!

3~M /M(!~12An!#1/3~11An!

~M.M* !, ~5.11!

whereM
*
is given by Eq.~4.13! in scenario A and Eq.

~4.25! in scenario B. Ina51 scalar-tensor theory, Eq.~5.9!
implies

b~M !,@10220~M /M(!~12l!

3~ tv /s!
~113l!/2#1/~31l! ~M.M* !, ~5.12!

whereM
*
is given by Eq.~4.13! in scenario A and Eq.

~4.29! in scenario B; this assumes that the PBH’s form be
fore tv , else there is no change from the usual constraint.

For evaporating PBH’s the most important constrain
comes from theg-ray background limit@17,18#. The stron-
gest limit is always associated with the PBH’s evaporating
the present epoch but the strength of the limit depends
M
*
since this determines the energy at which the predict

background peaks. In BD theory with scenario A, the PBH
evaporating at the present epoch have nearly the stand
massM crit'1015 g, so theg-ray background still peaks at
around 100 MeV and we again inferVB(M*

),1028. A
more precise comparison in theV51 case, allowing for the
emission of quark and gluon jets, gives@17#

VB~M* !,831029 h21.95. ~5.13!

In BD theory with scenario B, assuming the PBH’s form
after the timet1, the background radiation from the PBH’s
evaporating at the present epoch peaks at a current ener

E'T'G~ te!
21M

*
21'G0

21M
*
21~ te /t0!

n'10222n MeV,
~5.14!

which is below the usualg-ray peak of 100 MeV forn.0.
Since the observedg-ray background density scales asE20.4

over the energy band 35–170 MeV, the associated limit o
the PBH density is

VB~M* !'100.8n28 ~0,n,0.2!, ~5.15!

where the upper limit onn comes from puttingE equal to 35
MeV in Eq. ~5.14!. Equation~5.10!, therefore, implies

b~M* !, H 105n225

103.8n225
~scenario A!
~scenario B!. ~5.16!

-
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If the PBH’s form beforet1, Eq. ~5.11! implies

b~M* !,@10~12n216An262!

3~ t1 /s!
115An#1/3~11An! ~scenario A!.

~5.17!

In a51 scalar-tensor theory, theg-ray limit is unaffected if
the PBH forms aftertv but, if they form beforetv , Eq.~5.12!
gives
b~M* !,@1010l262~ tv /s!
~113l!/2#1/~31l! ~scenario A!.

~5.18!

Equations~5.17! and~5.18! are modified in scenario B~since
M
*
is modified! but we do not show the equations explicit

in this case since they are complicated. Figure 8 summar
the constraints onb~M

*
! in these various situations.
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